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1. INTRODUCTION

Chang [1], Hutton [3], Lowen [6], Pu and Liu [8], Wong [12]and others have
discussed various aspects of fuzzy topology with crisp methods. Ying [13, 141] and
Sayed and Zhao [9] introduced fuzzifying topology and elementarily developed fuzzy
topology from a new direction with the semantic method of continuous valued logic.
Briefly speaking, a fuzzifying topology on a set X assigns each crisp subset of X
to a certain degree of being open, other than being definitely open or not. In
the framework of fuzzifying topology, Shen [I1] introduced and studied Ty-, 13-,
T>(Hausdorff)-,T5 (regular)- and Ty(normal)-separation axioms in fuzzifying topol-
ogy. In [4], the concepts of the Ry- and R;- separation axioms in fuzzifying topology
were added and their relations with the T7- and T5- separation axioms, were studied,
respectively. In [13], the authers introduced and studied the concepts of fuzzifying
negibourhood structure of a point, fuzzifying interior and fuzzifying closure . Erdel
Ekici [2] introduced the concepts of e-open sets and e-continuity in general topology.
We note the concepts of e-open sets and e-continuity are considered by Seenivasan
[10] to fuzzy topology. In the present paper, we define and study the concepts of
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e-open sets and e-neighborhood in fuzzifying topology. The main purpose of the
present paper, we introduce and study, 7§-, RS-, T7-,R{-,T5-(e-Hausdorff)-, T (e-
regularity)-, Tg (e-normality)-, strong T5-, strong T¢-separation axioms in fuzzifying
topology. Also, we give some of their characterizations as well as the relations of
these axioms and Tp-, Ro-,T1-, Ri-, To(Hausdorff)-, T5(regularity)-, Ty (normality)-
separation axioms in fuzzifying topology.

2. PRELIMINARIES

First, we display the logical and corresponding set theoretical notions [13, 14]
since we need them in this paper. For any formula ¢, the symbol [p] means the
truth value of ¢, where the set of truth values is the unit interval [0, 1]. We write
E ¢ if [p] = 1 for any interpretation. The original formulae of fuzzy logical and
corresponding set theoretical notations are:

(1) [ = a(a € [0, 1]); [ A ] :=min([g], [¢]); [ = 9] :=min(1,1 — o] + [¢]);
(2) If A € (X)), where (X)) is the family of all fuzzy sets of X, then [z
A] := A(z);

(3) If X is the universe of discourse, then [Vxp(z)] := in§[¢(x)]. In addition
S

the following derived formulae are given,

(=] = [p = 0] := 1 —[p];

[p V4] o= [=(= A =¢p)] = max([e], [¢]);

[p o] i=[p = PN [ — ¢;

[ * 9] = [7(¢ = )] = max(0,[p] + [¢] — 1) (* is the Lukasiewicz

triangular-norm ( or /\));

(5) [pVe] := [~(~ )] := [~ = )] :=min(L, [¢] + [¢]);
(6) Rep(@)] = [Pvamg(@)) = suplp(a)];
(7) If A, B € $(X), then
[ACB]:=[Vz(x € A— 2z € B)]:= xlg)f( min(1,1 — A(z) + B(z)).
Second, we give some definitions and results in fuzzifying topology.
Definition 2.1 ([13]). Let X be a universe of discourse, and let 7 € J(P(X)),

where P(X) is the power set of X satifying the following conditions:

(1) FXem

(2) forany A, Be P(X),F(Aer)AN(BeT)— (ANB) € ;

(3) forany {Ax: A€ A} CP(X), EVAAEA = Ay eT) = Uyep Ar €T

Then 7 is called a fuzzifying topology and (X, 7) is a fuzzifying topological space.
The family of all fuzzifying closed sets will be denoted by F. or if there is no

confusion by F', and defined as follows: A € F:= (X — A) € 7, where X — A is the
complement of A.

Definition 2.2 ([15]). The family of fuzzy regular open sets in fuzzifying topological
space (X, 1) is denoted by RO and defined as follows:
A€ RO :=A=A"°,
140
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ie, [A € RO] = [RO(A)] = min (;relg A=°(z), inf (1—A7°(x))).

reX—A

Definition 2.3 ([13]). Let (X, 7) be a fuzzifying topological space. The fuzzifying
neighborhood system of a point « € X is denoted by N, € S(P(X)) and defined as
follows:
N,(A)= sup 7(B)
xeBCA

Definition 2.4 ([16]). Let (X, 7) be a fuzzifying topological space and let =z € X.
The d-neighborhood system of z is denoted by N2(A) € I(P(X)) and defined as
follows:
NS(A) = sup RO(B), VA€ P(X).
z€BCA
Definition 2.5 ([13]). Let (X, 7) be a fuzzifying topological space.

(1) The interior (resp. d-interior) of a set A € P(X) is denoted by A° €
(X)) (resp. A% € ¥(X)) and defined as follows:

A°(z) = N,(A) (resp. A% (x) = NI(A)).
(2) The closure (resp. d-closure) of a set A € P(X) is denoted by A € $(X)
(resp. A7¢ € §(X)) and defined as follows:
A(x) =1— Ny(X — A) (resp. A75(x) =1— NJ(X — A)).
(3) B € I(P(X)) is a base of 7 iff 7 = f(Y) (Theorem 4.1 [13]), i.e.,
f(A)= s A BB

)\LeJABA:A AEA

(4) ¢ € S(P(X)) is a subbase of 7 if ¢ is a base of T, i.e.,

7(A)= sup inf sup inf ¢(Dj,
( ) U D,\ A AEA QI Dy, =Dax i €1y ( )
) A

Lemma 2.6 ([5]). I [~§ é] =1, then
(1) EACB;
(2) = (A)° < (B)°.
Lemma 2.7 ([5]). Let (X,7) be a fuzzifying topological space. For any A, B;
(1) | X7 = X,
@) (A i
(3) = )°E() N (B)°;
(4) =4 )°° D (4)°.
Lemma 2.8 ([5]). Let (X, 1) be a fuzzifying topological space. For any A € $(X);
(1) X = (A = (X - A)
(2) EX— () =(X - A)o_
Lemma 2.9 ([5]). If [A C B] =1, then
(1) E () C (B)

C( ;
(2 FM)™c(B)™
Remark 2.10. For simiplicity we use the following notations:
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(1) K(z,y) :=3A((A€E N, Ay¢ A)V (A€ Ny Az ¢ A));

(2) H(z,y):=3B3C((BE N, Ay ¢ B)A(C € NyAxz ¢ C));

(3) M(z,y) :=3B3C(Be€ N, AC € NyABNC = ¢);

(4) V(z,D) —HAHB(AENx/\BET/\DgB/\AﬁBZ(ﬁ);

(5) W(A,B):=3G3H(GeTANHETNACGABCHAGNH = ¢).

Definition 2.11 ([11]). Let Q be the class of all fuzzifying topological spaces. The
unary fuzzy predicates T; € $(Q), i = 1,...,4, and R; € I(X), i = 0,1 are defined
as follows, respectively

(1) (X,7)eTy:=Vavy((xe X Nye XNz #y

( )= K

(2) (X,7)eTy:=VavVy((xe X Nye X Nz #y)— H(z, y));

(B) (X,7)eTy:=VaVy((xe X Nye X Na#y) — M(z, y));

(4) (X,7) €T3 :=VaVD((zx € XAD € FAz ¢ D) — V(z, D));

(5) (X,7) €Ty :=VAVB((A€ FABE FAANB =¢) » W(A, B));

(6) (X,7) € Ry ::Va:Vy((zeX/\yeX/\x;éy) — (K(z,y) — H(w, y))),

(7)) (X,7)e Ry :zVa:Vy((:z:GX/\yGX/\a:#y) — (K(z,y) = M(z, y)))
Theorem 2.12 ([7]). The mapping N7 : SM(P(X)), © ~ NJ, where

SNV(P(X)) is the set of all normal fuzzy subset of P( ), has the following prop-
erties:

(1) EAeN) —»x € A;

(2) FACB— (Ae N — BeNY);

(3) EAeN] -3H(HeNJANHC AAVy(y€ H— H — H € N})).

Theorem 2.13 ([7]). 7,(A) = irelgN;(A).

3. FUZZIFYING e-OPEN SETS

Definition 3.1. Let (X, 7) be a fuzzifying topological space.
(1) The family of fuzzifying e-open sets, denoted by 7. € I(P(X)), is defined
as follows: A € 7. := Ve(x € A — © € A7 U A°79), ie., 7.(4) =
Tnelij max (A7° (), A°~% ().
(2) The family of fuzzifying e-closed sets, denoted by F, € $(P (X)), is defined
as follows:

AeF,:=(X—-A) €.

Example 3.2. Let X = {a,b,c} and let 7 be a fuzzifying topology on X defined
as follows: 7(X) = 7(¢) = 7({a}) = 7({a,c}) = 1; 7({b}) = 7({a,b}) = 0; and
7({c}) = 7({b,c}) = %. From the definition of the interior and the closure of a subset
of X and the interior and the closure of a fuzzy set of X we have the following:
r(X) = 7o(9) = mel{a}) = .({a,ch) = 1; and 7.({b}) = mo({a,b}) = r({c}) =
r({bc}) = L.

Lemma 3.3. Foranya, 8,7, €I, 1—a+B)A(1=v+6) <1—(aAvy)+(BAJ).

Theorem 3.4. Let (X, 7) be a fuzzifying topological space, then

(1) Fre(X) =1 7(0) = 1;
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(2) | 7e(ANB) > 1.(A) ATe(B).
B) E7e(N A= A 7e(4))
AEA AEA

Proof. The proof of (1) is straightforward.

(2) From Lemma 3.3, we have

Te(A) A Te(B)
= irelgmin (1,1— A(z) + (A°s UA™%)(z)) /\igf min (1,1 - B(z)+ (B°* U
B~)(x))
= zeiﬂgB min ((1,1 — A(z) + (A°72 U A=°%)(x)) A (1,1 — B(z) + (B2 U
B=%)(x)))
= inf min (1,(1-A(z))+(A°TSUA™°)(2)A(1—-B(z))+(B° 5 UB~°)(x))

r€ANB

nf mm(( (1-(ANB)(x ))+(A°—smBo—s)(m)u(A—oamB—os)(x)))
< inf mm(L(l—(AﬁB)( ))+((AmB)o—s(x)u(AmB)—os(x)))

r€EANB
=71.(ANB).

IN

(3) Proof follows from (2).

d

Theorem 3.5. Let ( 7) be a fuzzifying topological space, then

(1) EF(X) =1, Fe(¢) = 15

2 AN E)> () E(B)

(B) EF( AN = /\ e(Ax)

AEA AEA

Proof. Follows from Theorem 3.4 O
Theorem 3.6. Let (X, 7) be a fuzzifying topological space. Then, we have

1) ErCre

(2) EFCF,
Proof. (1) [Aer]=[ACA°|<[AC (A s UA° )| =[A€eT)
(2) The proof is obtained from (1). O

4. FUZZIFYING e-NEIGHBOUIHOOD STRUCTURE
Definition 4.1. Let x € X. The fuzzifying e-neighborhood system of x, denoted
by Nt € S(P(X)), is defined as follows:
AeN::=3B(re BCA—Ber).

(i.e., NE(A) = xesggATc(B))

Theorem 4.2. The mapping N¢ : X — SV (P(X)), x — N, where SN (P(X)) is
the set of all normal fuzzy subset of P(X), has the following properties:
(1) FAeN: sz e A
(2) FACB— (A€ NS — Be NS,
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(3) EAe N:ANBe Nt — AN B e NE. Conversely, if a mapping NS satisfies
(2) and (3), then N assigns a fuzzifying topology on X which is denoted by
Te € S(P(X)) and defined as
Aer. :=Ve(r € A— Ae NS).

(i.e., To(A) = ziggNj(A))

Proof. (1) If[A€ Nf]= sup 7.(H) > 0, then there exists Hy such that x € Hy C
weHCA

A. Now, we have [ € A] = 1. Therefore, [A € N¢] < [z € A] always holds.
(2) The proof is immediate.
(3) From Theorem 3.4(2), we have

[ANBe NS = sup 7T.(H)= sup 7.(HiNHs)
2€HCANB r€HLCA,
r€H>,CB
> sup T(Hy) ATe(Ha2)
r€H;CA,
rcH>CB
= sup T (H1)A sup 7.(H2)
z€H, CA z€H,CB

=[A € NS ABe N
Conversely, we need to prove that 7.(4) = inxf4 N, (A) is a fuzzifying topology.
TE
From [[13], Theorem 3.2] and since 7, satisfies properties (2) and (3), 7, is a fuzzifying
topology. O

5. FUZZIFYING e-DERIVED SETS, FUZZIFYING e-CLOSURE, AND FUZZIFYING
e-INTERIOR

Definition 5.1. Let (X, 7) be a fuzzifying topological space. The fuzzifying e-
derived set of A, denoted by d. € I(P(X)), is defined as

d(A) = inf (1= Ni(B).
Lemma 5.2. d.(A)(z) =1—- NE((X — A) U {z}).

Proof. From Theorem 4.2(2), we have

d.(A)=1- swp  Ni(B)
BN(A—{z})=¢
=1- sup NE(B)
BC((X=A)u{z})
=1-N((X —A)Uu{z}). O

Theorem 5.3. For any A, | A€ F, + d.(A) C A.

Proof. From Lemma 5.2, we have
[d(A) C A= inf (1= de(A)a) = inf NE(X ~A)U{z})

= inf NE(X-A)=[X-Aer]=[A€F,] O
zeX—A
Definition 5.4. Let (X, 7) be a fuzzifying topological space. The e-closure of A is
denoted and defined as follows:
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Cl.(A)(z) = 1 — N¢(X — A) (ze CL(A)(w) = nt (1~ Fe(B))).
Theorem 5.5. (1) Cl(A)(x) =1— Ng(X — A);
(2) ECle(¢) = &
(3) | AC Cl(4).
Proof. (1) Cl.(A)(x) = m¢igf2A(l — F.(B)) = xex_igng_A(l —T (X —-B) =1-
sup T (X —B)=1—-NEg(X — A).
c€EX-BCX—A
(2) Cle(¢)(x) =1 = N(X — ¢) = 0.
(3) It is clear that for any A € P(X) and any z € X, if ¢ A, then N2(A) =

x

0.
Itz € A, then Clo(A)(x) = 1— N¢(X — A) = 1—0 = 1. Then [A C Cl,(A)] = 1. O

Theorem 5.6. For any x and A;
(1) = CL(A) = do(4) U A;
(2) ExeCl.(A) < VB(Be NS — ANB# p);
(3) FA=CIl.(A) < A€ F..

Proof. (1) Applying Lemma 5.2 and Theorem 5.5 (3), we have
x €de(A)UA=max(l — Ne((X — A)U{z})), A(z) = Cl.(A)(x).
() WB(BEN: > ANB#¢)] = inf (1-Ni(B)=1- Ni(X - 4)
= [z € Cl.(A)].
(3) From Theorem 5.5(1), we have
[A=Cl.(4)] = meinf (1=Cle(A)(x))

= 1)1(1f N (X -A)=[(X—-A)eF]=[Ae]. O
rEe
Theorem 5.7. For any A and B, | B =Cl.(A) —» B € F..
Proof. If [A C B] =0, then [B = Cl.(A)] = 0. Now, we suppose [A C B] =1, then

we have [B C Cl.(A)]=1— sup NZ(X —A)and [Cl.(A) C B] = mf NE(X -
r€EB—-A z€

A). So,
[B = Cl.(A)] = max (O’zel)I(lEBNm(X —A)— wesulz NE(X — A))
If [B=Cl.(A)] > t, then inf Ne(X —A)>t+ sup NZ(X — A). For any

T€EX— z€B—A
xe€X—B, sup 7.(C)>t+ sup NE(X — A), that is, there exists C, such
zeCCX—A zeB—A
that z € C, € X — A and 7.(C,) >t + sup NE(X — A). Now, we want to prove
B-A

that C, C X — B. If not, then there ex1sts x’ € B — A such that 2’ € C,. Hence, we

can obtain that sup NE(X —A) > NS (X —A) > 7.(Cy) >t+ sup NE(X —A).
r€EB—-A reB—-A

This is a contradiction. Therefore, F.(B) = 7.(X — B) = mf N ‘(X -B) >

ei)r(1f BTe(Cx) >t+ sup NE(X — A) > t. Since t is arbltrary, it holds that [B =
Cl(A) < [BeF]

O

Definition 5.8. Let (X, 7) be a fuzzifying topological space. For any A C X, the
e-interior of A is given as follows:
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Int.(A)(z) = N¢(A).

Theorem 5.9. For any xz, A and B,
(1) EBe1eANBCA— BC Int.(A);
(2) EA=Int.(A) < A€
B) Exelnt.(Ad) «zeANx e (X —d.(X — A));
(4) EInte(A) =X — Cl.(X — A);
(5) EB=1Int.(A) = B € 7;

(6) (a) E Int.(A) =X, (b) E Int.(A) C A.

Proof. (1) If BZ A, then [BeT. ABC Al =0.1If BC A, then
[B C Int.(A)] = in}fg Int.(A)(x)
e
— inf N¢(A) > inf N¢(B)
z€B z€B
=[Ber]=[Bet.ANBCA].
(2) [A = Int.(A)] = min (wnelg Int.(A)(@), inf (1- Inte(A)(x))>
= igg Int.(A)(z) = irelg NE(A) =[A e 7]

(3)Ifx ¢ A, then [z € Into(A)] =0 =[xz € ANz € (X —do(X — A))]. If z € A,
then [z € de(X — A)] =1 - NS(AU{z}) =1— N:(A) =1 — Int.(A)(x), so that
[re ANz e (X —de(X — A)] =[x € Int.(A))].

(4) Tt follows from Theorem 5.5(1)

(5) From (4) and Theorem 5.7, we have

[B=1Int(A)]=[X-B=Cl.(X-A)]<[X-BeF)]=[Berl

(6) (a) It is obtained from (4) above and from Theorem 5.5(2).
(b) It is obtained from (3) above. O

6. FUZZIFYING e-CONTINUOUS FUNCTIONS

Definition 6.1. Let (X, 7) and (Y, U) be two fuzzifying topological spaces. For any
f € YX aunary fuzzy predicates C, € S(YX), called e-continuity, is given as

Ce(f) =Vu(u e U — f~1(u) € 7).

Definition 6.2. Let (X, 7) and (Y, U) be two fuzzifying topological spaces. For any
f € YX, we define the unary fuzzy predicates e; € S(Y*) where j = 1,2,...,5 as
follows:
(1) e1(f) :==VB(B € F¥Y — f~1(B) € FX), where FY is the family of closed
subsets of Y and FX is the family of e-closed subsets of X;
(2) ez(f) := VaVu(u € Ny — f~H(u) € NE), where N is the neighborhood
system of Y and NS is the e-neighborhood system of X;

(3) e3(f) :=VaVu(u € Ny — J(f(v) Cu— v e Ng));
(1) ea(f) :=VA(f(CIF(A)) € CI¥ (f(A)));
(5) es(f) = VB(CIZ (f~1(B)) € f~H(CI¥(B))).

Theorem 6.3. (1) EfeCee feer;
(2) EfeCe— f€ey
(B) Efe€es fee forj=3,4,5.
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Proof. (1) We prove that [f € C.] = [f € e1]
[f €e] = Aeigfy)mln(L 1—FY(A)+ FX(f~1(A)
(

_ -1
= Aelgfy) min(1,1 -UY — A) + (X — f~1(4)))

= Aeing) min(1,1 —U(Y — A) + 7.(f~1(Y — A)))
= uelg(fy)mm(l, 1—U(u) + 7e(fH(w)))
=[f e C.

(2) We prove that 62( ) Ce(f). If Npgpy(u) < NE(f(w)), the result holds.
Suppose Ny (u) > NE(f~!(u)). It is clear that if f(z) € A Cuthenz € f71(A) C
f~1(u). Then,

Ny@y(u) = Ni(f~H(uw)) = sup U(A)— sup 7(B)

f(z)eEACu z€BCf~1(u)
< sup U(4)— sup 7(f7'(4))
f(x)EACu f(z)eEACu
< sup  (U(A) = 7e(f71(A))).
f(z)eACu

So, 1= Ny (u) + Ni(f () = int (1= U(4) +7.(f~(4))

and thus

min(1, 1 — Ny (u) + NE(fF~H(u))) inf  min(1,1 - U(A) +7.(f1(A)))

f(z)EACu

. . -1
vegl(%/))mm(l, 1-U)+7(f(v)))
= CE(f)-

H f 1,L1-N Ne(f-1 > .
ence, ;gXuén;g/)mm( £y (W) + N (fH(w)) > [f € Cc]

(3) (a) We prove that |= f € ea <> f € e3. Since N¢ is monotonous (Theorem 4.2
(2)), it is clear that sup NE(w) = sup NE(v) = NE(f~H(u)).
veEP(X),f(v)Cu vEP(X),vCf 1 (u)

>
>

Then,
es(f) = inf mf mm(l 1 — Nyzy(u) + sup Nz (v))
r€X ueP vEP(X),f(v)Cu

- ;gguel;;gy) min(l,1 - Ny (o (w)) + NE(F1(w))) = ea( ).

(b) We prove that = f € eq4 +> f € es5.

Frist, for each B € P(Y), there exists A € P(X) such that f~1(B) = A and
f(A) € B.

So, [CIX(f~1(B)) € f~HCIY(B))] = [CLF(A) € f~H(CI(f(A))]-

Hence,

es(f) = duf | [CLX(/71(B)) € £~ (CTY (B))]

ZAeiIIleX)[ClX() fHCT (A))] = ea(f

)-

Second, for each A € P(X) there exists B € P(Y) such that f(A) = B and
f7H(B) 2 A. Hence, [CIX (f71(B)) C f~H(CIY(B))] < [CIF(A) € f7HCT (£(A)))]-
Thus,

ea(f)= inf [CIX(A) C fHCI(f(A)))]

AEP(X)

> inf [CIX(f~Y(B)) C f~1(C1Y(B)))]

BeP(Y),B=f(A)
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> inf [CIX(f~Y(B)) C f~HCIY(B))] = es(f).

BEP(Y)
(c) We prove that |= fe€es <—> f € eo; from Theorem 5.5(1),
es(f) =VB(CLX (f~ (B ))1 H(C1Y(B)))

=B£%ﬁgmlbl—ﬂ—N(X f7HB))) + 1= Ny (Y — B))

= inf inf 1,1— Ny (Y — B) + N¢(X — f~Y(B
Belg(Y)zngmm( ’ 7 )+ N F7(B)))

— inf inf min(1,1—-N Ne(f=1 - , O
ug%qumm<’ s (W) + NG (f7Hw)) = e2(f)

Remark 6.4. In the following theorem, we indicate the fuzzifying topologies with
respect to which we evaluate the degree to which f is continuous and C,-continuous.
Thus, the symbols (7,U)-C(f) and (7,U)-Cc(f), etc. will be understood.

Applying Theorems 3.6 one can deduce the following theorem.
Theorem 6.5. = f € (1,U)-C — f € (1,U)-Ce.
Theorem 6.6. Let (X,7) and (Y,0) be two fuzzifying topological spaces. For any
fey”,
= C(f) = Ce(f)

Proof. The proof is obtained from Theorem 3.6. O

Remark 6.7. In crisp setting, that is, in the case that the underlying fuzzifying
topology is the ordinary topology, one can have C.(f) — C(f).

But this statement may not be true in general in fuzzifying topology as illustrated
by the following example.

Example 6.8. Let (X, 7) be the fuzzifying topological space defined in example
3.2 Consider the identity function f from (X, 7) onto (Y, 0), where o is a fuzzifying
topology on Y defined as follows:

U@):{1 if 7 = {X, ¢, {a,b}}

0 if otherwise.
Then, § = Cc(f) £ C(f) =

7. FUZZIFYING e-SEPARATION AXIOMS

Remark 7.1. For simplicity we use the following notations:
(1) Ke(z,y) :=3A((AeNsAy g A)V(Ae N Az ¢ A));
(2) He(z,y) :=3B3IC((Be N Ay ¢ B)A(C e NiAx ¢ C));
(3) M.(x,y):=3B3C(B e N:NC € NyAnBNC = ?);
(@lqu)_iHBMEAWABenADCBAAmB ®);
(5) We(A,B):=3G3H(GeT.NHE€T. NACGABCHAGNH = ¢).

Definition 7.2. Let Q be the class of all fuzzifying topological spaces. The unary
fuzzy predicates e-T;(TF for short)e ¥(2),i=0,1,...,4, e—strong—Tf(TfS for short)e
(), ¢ = 3,4, and e-R;(RS for short) € (), i = 0,1 are defined as follows,
respectively
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(1) (X,7)eT§ :=Vavy((x € X Ny e X Nz #y) = Ke(z, v));

(2) (X,7)eT{ :=VaVy((zx € X Ny e X ANz #y) = He(z, y));

(3) (X,7) €T :=VaVy((x € X Ny € X Nz #y) = Me(z, y));

(4) (X.7) € TS =VavD((x € X AD € F Az ¢ D) — Vi (¢, D));

(5) (X.7) € Tf = VAVB((A€ FABE FAANB = 6) » We(A, B)):

(6) (X,T)€T3 :=VaVD((x € X AD € F, Az ¢ D) = V(z, D));

(7) (X,7) e T5" :=VAVB((A€ F.ABE€ F.AANB=¢) - W(A, B));

(8) (X,7) € R := VxVy((x eEXANyeXANx#y) = (Ke(z,y) = He(z, y))),
(9) (X,7) € RS := VmVy((:v eXANyeXAz#y) = (Ke(z,y) — Me(%y)))

Lemma 7.3. For any fuzzifying topological space (X, 1)
(1) = K(z,y) = Ke(2,y);

(2) = H(z,y) = He(z,y);

E ; = M(2,y) = Me(2,y);

()

3
4) |=V(x, D) = Ve(x, D);
5) E=WI(A,B) — W.(A, B).
Proof. From Theorem 3.6(1), = 7 C 7, and so one can deduce that N,(A) < N5(A)
for any A € P(X), the proof is immediate. O
Theorem 7.4. For any fuzzifying topological space (X, T)

1) EX, n)eT,— (X, 7)eT¢, wherei=0,...,4

(2) (X, 7)€ Tfs — (X, 1) € T;, where i = 3,4.

3B) E(X, n)e Tfs — (X, 1) € T¢, where i = 3,4.
Proof. (1) It is obtain from Lemma 7.3
(2) It follows from Theorem 3.6(2)
(3) It follows from (1) and (2). O

Lemma 7.5. For any fuzzifying topological space (X, T)

(1) FMe(x,y)%He(ﬂf,y);
(2) F He(z,y) = Ke(z,y);
B) | Mc(z,y) = Ke(z,y);

Proof. (1) If Ng(B) = 0or N;(C) = 0, then the result holds. Suppose that N (B) >
0 and Ny(C) > 0. By Theorem 4.2(1) we have [z € B] = 1 and [y € C] = 1. So,
{B,CeP(X):BNC=¢}C{B,CeP(X):y¢ BNz ¢ C}. Thus
[N&@zw]ZB%?¢HmKNﬂA%AEKﬂ)S sup ~ min(Ng(B), Ny(C))
NC=

y¢B,x¢C
= [He(z,y)].
(2) We have that [K(z,y)] = max (sup NZ(A), sup NS (A)) > sup NS (A)
ygA yEA y¢A
> sup (Np(A)ANg(B)) = [He(z,y)].
y¢A,x¢B
(3) It is obtained from (1) and (2). O

Theorem 7.6. For any fuzzifying topological spaces (X, T)
(1) E X, 7)eTf = (X, 7) € Tg;
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(2) (X, 1)eTy — (X, 7)€ TF.
Proof. The proof of (1) and (2) are obtained from Lemma 7.5 (2) and (1), respec-

tively. O
Corollary 7.7. For any fuzzifying topological spaces (X, T)
EX, nely - (X, 7)eT§.
Proof. From Theorem 7.6 the proof is immedicate. O
Theorem 7.8. For any fuzzifying topological space (X, T)
E(X, 1)eT§ « (VxVy(x EXNyeXAz#y— (-(zeCl.({y}))V
~(y € Cle({z}))) ).

Proof. Applying Theorem 4.2 (2) we have
(X, 1) eT§] = ir;f max (sup Ng(A), sup NE(A))
xFy yg A g A
= inf max (NE(X = {5, Ny (X — {+})
= ;r;g max (1 - Cl.({y})(z),1 = Cle({z})(y))
;1;1;’/ (=Cl.({y})(x) v =Cl.({z})(y))
{Vsz(x eXNyeXAr#y— (—'(113 € C’le({y}))) Va(y e Cle({x})))} O]

Theorem 7.9. Let (X, 7) be a fuzzifying topological space. Then
E (X, 7) e Tf <> Vz({z} € F.).
Proof. For any x1, xo, x1 # x2, from Theorem 4.2 we have
N € F,)| = inf F, = inf 7.(X — = inf inf NX -
[Vx({e} € Fo)] = inf Fe({e}) = inf (X —{o}) = inf _inf Nj(X —{z})

< inf  NS(X —{z2}) < N5 (X — {z2}) = sup Ny (4).
yeX —{z2} T2 A
According to the same reason we can prove that

[Vz({z} € F.)] < sup Ng (A).
z1¢B

Therefore

[Vz({z} € F.)] < inf min( sup Ng (A), sup N;‘2(B))
Il;éxz wzﬁA 11¢B
~ inf S min (N;l (A), Ne, (B)) - [(X, )€ Tf}.

On the other hand
[(X,7) € TE] = inf min( sup N¢ (A), sup NE, (B))
‘/I’.l#Iz CE2¢A IlgB
— inf min (N;l (X — {@2}), N¢ (X — {xl}))

T1F£T2
S g, Mt = i ) M X )
= wifgx%(X —{a2}) = ;g{ Te(X — {z}) = [Vz({z} € F.)].
Thus [(X,7) € TY] = [Vz({z} € F.)]. " O
1
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Definition 7.10. The fuzzifying e-local base ef, of z is a function from P(X) into
I such that the following conditions are satisfied:

(1) EeBs C NG
(2) FAe N - 3B(Beef, Nz € BCA).

Lemma 7.11. A€ NS < 3B(Be€ef, Nz € BCA).

Proof. From the condition (1) in Defintion 7.10 and Theorem 4.2 (2) then NZ(A) >
NE&(B) > ef,(B) for each B C X such that x € B C A. So, NS(A) > sup ef,(B).

z€BCA
From condition (2) in Definition 3.1, N¢(A) < sup efB,(B). Hence, N5(A) =
z€BCA
sup ef,(B). O
z€BCA

Theorem 7.12. If ef3, is a fuzzifying e-local basis of x, then
= (X, 7)€ TS & VxVy((x EXAyeXAz#y)— (AB(Beefanyd Cle(B)))).

Proof. Applying Lemma 7.11 we have
[Va:Vy((x €EXNyeXAz#y)— (3B(BeeB Ny ¢ Cle(B))))}

= inf su}))( min (eﬁx(B),Nye(X - B))

T#Y BC
= inf sup min (eﬂw(B)7 sup €ﬁz(c))
T#Y BCX yeCC(X-B)

= inf sup sup  min (eﬂz(B),eﬁy(C))

7Y BCX yeCC(X—B)

= inf sup sup min (eBE(B),eﬂy(E)>
*#Y BNC=¢ € DCB,yc ECC

= inf sup min( sup ef.(D), sup eﬁy(E)>

T#Y BNC=6¢ z€DCB yeEECC
= inf sup min (Nj(B),N;(C))
T#Y BNC=¢
= [(X,T) € Tf] 0

Theorem 7.13. Let (X, 7) be a fuzzifying topological space. Then
(1) E(X, 7)€ R — (X, 7) € R§.
(2) If To(X, 7) =1, then
(a) E(X, 7)€ Ry — (X,7) € R§.
(b) E(X, 7)€ Ry — (X,7) € RS.

Proof. (1) From Lemma 7.5 (1) we have
[(X7 T)E RS] = inf min (1, 1— Ke(x,y) + He(x,y)>
TAY
> inf min (1,1 - K (,y) + Me(a,9)) = [(X,7) € RS].

TH#Y
(2) Since Typ(X, 7) = 1, then for each z,y € X and x # y we have, K(z,y) = 1 and

so, K.(xz,y) = 1.
(a) Applying Lemma 7.3(2) we have
[(X. 7) € Ro] = inf min (1, 1 - K(z,y) + H(a, y))
@y
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> inf min (1, 1-K(z,y)+ He(x,y))

zFy

= inf min (1, 1—Ke(z,y)+ He(:my))

zH#Y
= [(X, 7) € R§].
(b) Applying Lemma 7.3 (3) we have

(X, 7)€ R] = aijggmin (1, 1— K(z,y) + M(x,y))
> inf min (1, 1—K(z,y) + Me(x,y))

TH#Y
= ;?i, min (1, 1—Ke(z,y)+ Me(x,y))
= [(X, 7) € Rg]. O
Theorem 7.14. Let (X, 1) be a fuzzifying topological space. Then
(1) = (X, 1) eTf = (X, 7) € R;
(2) E (X, ) €T —» (X, 7) € R§ A (X, 7) € T§);
(3) If T§(X,7) =1, then = (X, 7) € Tf +» (X, 7) € R§ A (X, 7) € TF).
Proof. (1) By some calculations we have
Tle(XaT) = H;if [He(xay)] < H;éf min (la 1- [Kﬁ(xvy)} + [He(x,y)]) = RS(X,T).
Ty Ty

(2) It is obtained from (1) and from Theorem 7.6 (1).

(3) Since T (X, 7) = 1, then for every z,y € X such that = # y we have [K.(z,y)] =
1. Therefore,

[(X,7) € R A (X,7) € T§] = [(X,7) € R§] = inf min (1,1 — [K.(z,9)] + [He(z,9)])

TFY

= inf [H,(2,y)] = [(X.7) € Ty =

Theorem 7.15. Let (X, 1) be a fuzzifying topological space. Then
(1) (X, 7)€ Rf = (X,7) € T§) — (X, 7) € T};
(2) IfT§(X,7) =1, then = (X, 7) € R« (X, 1) € T§) « (X, 1) € T¥.
Proof. (1)[(X,7) € RS * (X, 7) € Te} = max (o, RS(X,7) + T¢(X,7) — 1)
= max (0, inf min(1, 1=K, (x.9)}+ [H (@, )+ inf [K (@ 5)]) 1)
< max (0, mf (mln (1, 1—[Ke(z,y)| + [He(x,y)]) + [Ke(z,y)] — 1))
= inf (23] = [(X,7) € T3]
@) (067 € R (1) €175 = [R5, ) = inf min (1,1 = [Ke (@,)] + [He(z.9)])
= inf [H.(2.y)] = [(X.7) € 7],

because T (X,7) = 1, we have for each x,y € X such that x # y we have
[Ke(z,y)] = 1. O

Theorem 7.16. Let (X, 1) be a fuzzifying topological space. Then
(1) = (X,7) eTs — (XT € R§ — (X,7) € TY);
(2) E(X,7) € R5— ((X,7) e T§ — (X,T)eTf).
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Proof. (1) From Theorems 7.14(1) and 7.15 (1) we have
[(X,7) e T§ — ((X,7) € R§ — (X,7) € TY)]

= min (1, 1— [(X,7) € T¢] +min(1,1 — [(X,7) € R§] + [(X,7) € Tf]))

= min (1, 1- [(X,7) € T¢] +1 - [(X,7) € RS] + [(X,7) € Tf])

= min (1,1 ([(X,7) € Tg] + [(X,7) € Rg] = 1) + [(X,7) € T¥] ) =1
(2) From Theorem 7.6(1) and 7.15(1) the proof is similar to (1). O

Theorem 7.17. Let (X, 1) be a fuzzifying topological space. Then
1) E(X, 1) eT§ — (X, 1) € RS.

(2) F (X, 1) eTs - ((X, 7)€ R{A(X,7) € T5).
(3) IFTS(X,7) =1, then |= (X, 7) € TS ¢ ((X, 7Y ERA(X,7) € Toe).
Proof. (1) we have
T3 (X,7) = inf [Me(z,y)] < inf [Ke(2,y) = Me(2,y)] = Ry (X, 7).

THY

(2) It is obtained from (1) and from Corollary 7.7
(3) Since T¢ (X, 7) = 1, then for every z,y € X such that z # y we have [K.(x,y)] =
1. Therefore,

T5(X,m) = inf [Me(2,y)] = inf [Ke(2,y) = Me(2,y)] = By(X, 7)

— RS(X,7) ATE(X, 7). O

Theorem 7.18. Let (X, 1) be a fuzzifying topological space. Then
(1) E((X, 7)€ RS x(X,7) € T§) — (X, 1) € T§;

(2) IFTE(X,7) =1, then = (X, 7) € RS % (X, 7) € T¢) « (X, 7) € T§.
Proof. (1) By some calculations we have
[(X,7) € R * (X, 7) € T§] = max (0, R§(X, 1) + T§(X,7) — 1)
= maxx (0, inf min (1,1~ [Ke (2.9)] + (M. (2,9)]) + inf [Ke(o)]) ~ 1)
< max (0 inf (min (1,1~ [Ke(,9)] + [Me (2, )]) + [Ke(z,9)]) - 1)
= inf[M (JC ’y)] =T5(X, 7).

(2) Since T (X 7) = 1, then for every z,y € X such that x # y we have [K.(z,y)] =

1. Therefore,

(X, 7) € Bi = (X, 7) € Tg] = [(X,7) € Ri] = inf min (L1 [Ke(z,y)] + [Me(z,9)])
x#y

= inf (M. ()] = T5(X, 7). O
Theorem 7.19. Let (X, 1) be a fuzzzfymg topological space. Then

(1);:()(7 )T — ((X,7) € RS — (X,7) € T%);

(2) E(X,7) € R — ((X,7) € T§ — (X,T) €Ty).
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Proof. (1) From Theorems 7.17(1) and 7.18(1) we have

(X,7) € T¢ — (X, 7) € RS — (X, 7) € TS)] = min (1, 1 - Te(X,7) +
min (1,1— R$(X, T)+T§(X,T))) = min (1,1—[(X,7) € T¢]+1—[(X,7) €
R{] +[(X,7) € T5])

= min (1,1 ([(X,7) € T§] +[(X,7) € R{] - 1) +[(X,7) € T5]) = 1.
(2) From Corollary 7.7 and Theorem 7.18(1) the proof is similar to (1). O

Theorem 7.20. Let (X, 7) be a fuzzifying topological space. If [(X,7) € T§] = 1,
then

(1) k= ((X,7) € T5 = ((X,7) € R — (X,7) € TY))
/\((XT €Tt = ~((X,7) € T¢ = ~((X,7) € RS)

) = ((X,7) € RS — ((X,7) € T — (X, 7) € Tl))

/\((XT €TE — ~((X,7) € R§ — ~((X,7) € T¢)
X, 7)€ R§ — (X, 7) € T§ — (XT)ETl))
/\((XT)ETl—>ﬁ((XT)€RO—>ﬁ (X, 7) € T¢)

(
|:<XT€TO ((X,7) € R§ — (XT)GTl))
W = ((

)
/\(XT € T¢ = ~((X,7) € T — ~((X,7) € RY) )
)
)

Proof. For simplicity we put [(X, 7) € T¢] =n, [(X, 7) € R§] = ¢ and [(X, T) €
T¢] = €. Now, applying Theorem 7.15 (2), the proof is obtained with some relations
in fuzzy logic as follows.
(1) (1= (€= ) A(E === C) = (1= ~(Cx =€) A (§ = =(n — ()
= (% =(=(¢* =€) A=(€* (n = =0))
= (n*Cx &) A= (E%(n*())
=*x(=ON(E=n*x)=nA( =1
Since * is commutative one can have the proof of statements (2)-(4) in a similar
way as (1). O

Theorem 7.21. Let (X, 7) be a fuzzifying topological space. If [(X,T) € T§] = 1,
then

W - (6 T (e ) £79)
/\(< ET€—>_‘( ,T ETOC—)_‘((XaT)GRT)));

( )e RS — (Xmeﬂﬁﬂxﬂeﬁﬂ
((x 7)€ Ts = ~((X,7) € Tg — ~((X,7) € Bf)));

(X,7) e TS — T)ER6—>(XT)ET§))
((X ™) € T§ = ~((X,7) € B = ~((X,7) € T5)) )
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(4) F ((X7) € By = ((X,7) € Tg = (X,7) € T5) )
A(X7) € Ts > ~((X,7) € RS = ~((X,7) € T5)) )

Proof. The proof is similar to that of Theorem 7.20 a
Lemma 7.22. (1) If D C B, then
sup NE(A) = sup NE(A)
ANB=¢ ANB=¢,DCB
(2) sup inf NJ(X —A) = sup Te(B).
ANB=¢ YED ANB=¢,DCB
Proof. (1) Since D C B, then we have
sup No(A)= sup NYA)A[DCBl= sup  Ni(A).
ANB=¢ ANB=¢ ANB=¢,DCB
(2) Let y € D and AN B = ¢. Then
sup  T(B) = sup T (B)A[y€ D] = sup Te(B).
ANB=¢,DCB ANB=¢,DCB yeDCBCX—A
= sup T.(B)=Nj(X-A)
yeBCX—A
= inf NS(X — A) = s inf N¢(X — A). U
N = e N A

Definition 7.23. Let (X, 7) be a fuzzifying topological space. Then
eT{"(X,7) i=va¥D((v € X AD € FAw ¢ D) - JA(A € NeA

(Cl.()n D =9))).

Theorem 7.24. Let (X, 1) be a fuzzifying topological space.
= (X,7) € TS + (X,7) € eTiV.

Proof. Now,
X, 7)€ 7V = inf min 1,1-7(X—D)+ sup min (NS(A), inf (1-Cl.(A
(7)€ 13 = it min (L 1-7(X-D)+ sup min (N5(4), int (1-CL(A)w))
= inf min (1,1 —7(X — D) + in (NVS(A), inf NE(X — A)) ).
inf mm( 7( ) Asgl(ax)mm( (4), Inf Nj( )))
and
[(X,7) € T¢] = inf min (17 1-7(X-D)+ sup  min (N;(A),TS(B))>.
xgD ANB=¢,DeB
So, the result holds if we prove that
(7.1) sup min(N;(A), inf Ny (X — A)) = sup min(Ng(A), 7.(B))
AEP(X) yeD ANB=¢,DCB

In fact, in the left side of 7.1 when A N D # ¢ then there exists y € X such that
ye€Dandy € A. Namely, ye D and y ¢ X — A. So, ingNye(X — A) =0 and thus
ye

7.1 becomes

sup min (Ng(A), inf N¢(X — A)) = sup  min (NS(A), 7.(B)),
A€P(X),ANB=¢ yeD ANB=¢,DCB
which is obtained from Lemma 7.22 O

Definition 7.25. Let (X, 7) be a fuzzifying topological space. Then
T (X, 1) := VaVB((z € BA B € 1) — (JA(A € NE A ClL.(A) C B))).
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Theorem 7.26. Let (X, 1) be a fuzzifying topological space. Then
= (X,7) € TS  (X,7) € eT{?.

Proof. From Theorem 7.24, we have

X,7)eTs| = inf min (1,1-7(X—D)+ sup min (INV(A), inf NJ(X—-A
[(X.7) € T] = gt min (1,1=7(X ~D)+ sup _min (N5(4), int, Nj(X ~4))
Now, if we put B =X — D, then

2y _ . . . . e . e .
(X,7) € T3] = igjfgmln (1, 1—-7(B)+ Aesg%)x)mln (NI(A),ye(l)r(lf_B)Ny(X

= inf min (1,1-7(X —-D)+ sup min (NS(A), inf NS(X—-A)) ).
inf min (1,1-7(X ~D)+ sup  min (N5(4), fnf Nj(X -~ )

=[(X,7) € T%]. O
Definition 7.27. Let (X, 7) be a fuzzifying topological space and ¢ be a subbase
of 7 then (X,7) € eT{¥ = VxVD(x €DADep—3B(Be NEACL(B) C D)).

Theorem 7.28. |= (X,7) € T§ <> (X,7) € eTég).

Proof. Since [¢ C 7] = 1, and with regards to Theorem 7.24 and 7.26 we have
eT?f?’) (X,7) > eT?Ez)(X,T) = T$(X,7). So, it remains to prove that eTz)f?’) (X,7) <
6T3(2) (X, 7) and this is obtained if we prove for any z € A,
min (1,1 —7(A)+ sup min(Ng(B), inf NE(X — B))) > [(X,7) € 6T3(3)].
BeP(X) yeX—A
Set [(X,7) € eTég)] = 4. Then, for any z € X and any Dy, € P(X), \; € I\(Ix
denotes a finite index set), A € A,

U ﬂ D)\i =A
AEA N ETN
We have
1— (D) + sup min (N;(B), inf_ NS(X — B)) > 5> 0 — e, where € is
BeP(X) yEX—Dy;

any positive number. Thus
in (N¢(B), inf NYX —B))>p(Dy)—1+0—e
Besgl(px)mm( 2 )ye;?iDM 5 ( )) ¢(Dy,) €
Set BM = {B : B g D)\i}. Then
inf  su min(N;B, inf N@X—B).
/\iEIABGPI()X) ( )yG(X*DAi) v )
= sup inf min ( NZ(f(N)), inf NE(X — f(N\
e min (NSO, NG = F))
= su min ( inf NS(f(N\;)), inf inf Ne(X — f(\ )
fen{ﬂxf:iel)\} ()\iEIA (f( )) Xi€1y ye(X—DM) y( f( ))
= sup min( inf NZ(f(N\)), inf NE(X — f(N;
e Se | min (ing NGO, NG D)
PN N;ETy
= sup min( inf N¢(B), inf N;(X—B))

BeP(X) A€l ye U (X—-Dy,)
N EIy ’
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— sup min(N;B, inf NeXfB),
BeP(X) (B) ye U (X-Dx;) y( )
N €Ty
where B = f(\;).
Similary, we can prove
inf sup min (N;‘ B), inf NS(X — B )
AEA BEPI()X) ( ) ye U (X_Dk,i) y( )
N €Ty
= sup min (NZ(B), inf N¢(X — B
BEPI(:)X) ( =(B) ye U U (X-Dy;) U( ))
NEAN;ET
< su min(N;B, inf N@X—B)
BGP?X) (B) ye N U (X-Dx;) y( )
NEAN;ETy
< sup min(Nf;B, inf NeXfB),
BeP(X) ( )yefo y( )
we have
sup min(N_; B), inf N&(X - B)
BeP(X) ( )yefo ( )

> inf inf s (NSB, inf N6X7B>
jnf Jof Sup min(Ne(B),  nf & =D

> inf inf -1 —e.
)1\12/\/\1121A ©(Dy,) +d—¢€

For any I and A that satisfy
U ﬂ D)\i =A

AEA N €T

the above inequality is true. So,
sup min (NZ(B), inf NZ(X - B))>
BeP(X) (N:(B) ye(X—4) 2 )
sup  inf sup inf @p(Dy,)—14+6—ce.
U Da=AXA N Dy, =D,y MEIN ( )
XEA €Ty

=7(A)— 1446 —c¢,

i.e., min (1, 1—7(A)+ sup min(Ng(B), inf NS(X — B))) >0—e
BeP(X) ye(X—-A)
Because € is any positive number, when ¢ — 0 we have

(X,7) € eTi®] > 6 = [(X,7) € eTiY).
So, k= (z,7) € TS < (2,7) € TS, O
Definition 7.29. Let (X,7) be the fuzzifying topological space and let
1. (X,7) € eSTV = VxVD(((:c €X)A(D€EF)A(x ¢ D))
— JA(A € N,A(CIA)ND = ¢) )
2. (X,7) € eST? = VxVB(((:r € B)A (B € 7)) — JA(A € NE A (CI(A) N
B)));
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3. (X,7)eerV = VAVB(((A eT)A(BEF)A(ANB = ¢))

—3G((G € )A(A C G)A(CL(G)NB = ¢)));

4. (X, 1) eer? = VAVB(((A € F)A(BeT)A(ACB))

—3G((GeT)A(AC G)A(Cle(G)ﬂB)));

5. (X,7) € eSTV = VAVB<((A €T)A(BEF.)A(ANB = ¢))

— 3G((G € T)MA S G)A(CL(G)NB = ¢>)));

6. (X,7) €eST? = VAVB(((A € F)A(BeT,)A(AC B))

S 3G((GeTINAC G)/\(Cle(G)ﬂB))).

By a similar proof of Theorem 7.24 and 7.26 we have the following theorem.

Theorem 7.30. Let (X 7) be any fuzzifying topological space. Then

) E (X
2

5

(1

(2)
3)
(4)
()
(6)

eT3
eTs’
eTy <
eTy <
ey’

~(X,1) € eST3(1);

«(X,1) € eSTg(Z);
(X,7) € e1y;
(X,7) € eT4(2);

— (X,7) € eSTf);
« (X,71) € eST4(2)

8. RELATION AMONG SEPARATION AXIOMS

Theorem 8.1. = ((X,7) € TS = (X,7) € T1) — (X, 1) € T§;
Proof. From Theorem 2.2 [11] we have, T1(X,7) = in}f(T(X —{z}). So, [(X,7) €
ze

Ts] + (X, 7) € Th]

= inf min(1,1-7(X = D)+  sup  min(NS(A),7(B))) + Zig’(T(X —{z})

¢ D

{z})

rzeX,x#y yeX

ANB=¢,DCB

< inf inf min (1,1 -7(X —{y})+ sup min(NZ(A), Ng(B)))+ inf 7(X —
ANB=¢ ze€X

= inf (;gf(min(l,l—T(X—{y})—i— sup min(NE(A), NE(B)))+

zeX,z#y

ANB=6¢

inf 7(X — {z}))

zeX

< inf inf (min(1,1—r(X—{y})+ sup min(N;(A),N;(B)))+T(X—{y}))
ANB=¢

rzeX,zAyyeX

< inf <1+ sup min(N;f(A),N?f(B))>

zFy

ANB=¢

<1+ inf sup min(NE(A), NS5(B))) =1+[(X,7) € Ts],

T#Y ANB=¢
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namely, [(X,7) € T§] > [(X,7) € T§] + [(X,7) € T1] — 1. Thus, [(X,7) € T5] >
max (0, [(X,7) € T§] + [(X,7) € T1] — 1). O

Theorem 8.2. = ((X,7) € T§ = (X,7) € T1) — (X, 1) € T§;

Proof. 1t is equivalent to prove that [(X,7) € T§| > [(X, 1) € Tf|+[(X,7) € T1] - 1.
In fact,

(X,7) e Tf] + [(X,7) € Th] = Emi%fzqsmin (1,1 —min (r(X — E),7(X — D))
- AﬂB:(lelEA)DgBmin (TE(A)7 Te<B))) + Zléli T(X — {Z})

< Elng min (1, 1 —min (7(X — {z}),7(X — D))
5w min (N<(A), Te(B))) + inf 7(X — {=})

< inf min (1, max(l —7(X — D) + sup min (NZ(A), 7e(B)),

x¢D ANB=¢,DCB
1-7(X—{z})+ sup  min(NZ(A), T;(B)))) +inf 7(X—{z})
ANB=¢,DCB z€X
= inf max ( min (1,1 —7(X — D) + su min (NS$(A), 7e(B))),
g max (in (1,1 = 7(X = D)+ sup - anin (NF(4),7.(5)))

min (1, l—T(X—{a:})—i—AmBs:lg)DgBmin (NE(A), TC(B))))+Zié1§(T(X—{z})

< inf max (min (1,1-7(X-D)+  sup min (N5(A), 7e(B)) +7(X —{z}),

z¢D ANB=¢,DCB
min (1,1 —7(X — {z}) + sup min (N(A), Te(B)))> +
ANB=¢,DCB
(X —{z})
< inf max (min (1,1-7(X-D)+  sup min (N¢(A), 7e(B)))+7(X —{z}),
z¢D ANB=¢,DCB
14 sup min (Nﬁ(A), Te(B))>
ANB=¢,DCB
< zlélfD (min (1, 1-7(X-D)+ AOBS:%}?DQB min (N;(A), Te(B))) + 1)

< inf (1—7'(X—D)+ sup min (Nj(A),TAB))) +1=[(X,7)eT$]+1.
z¢D ANB=¢,DCB
By a similar procedures of Theorems 8.1-8.2 we have the following Theorems

respectively. O
Theorem 8.3. = ((X,7) € T * (X, 1) € T¢) — (X,7) € Ti;

Theorem 8.4. = (X,7) € T¢" * (X,7) € T¢) — (X,7) € TS ;
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From the above discussion one can have the following diagram
T « T8 + T « T

\I/S S
A Ts — Ty
4 4
TO — Tl «— T2 — T3 — T4
4 I \ I 4
Ty <17 << T3 T3 — Ty
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