Annals of Fuzzy Mathematics and Informatics

Volume 9, No. 6, (June 2015), pp. 957-974 QFMI
ISSN: 2093-9310 (print version) © Kyung Moon Sa Co.
ISSN: 2287-6235 (electronic version)

http://www.afmi.or.kr

http://www.kyungmoon.com

On prime cubic bi-ideals of semigroups
SADAF UMAR, ASMAT HADI, ASGHAR KHAN

Received 26 June 2014; Revised 20 November 2014; Accepted 12 December 2014

ABSTRACT. As we know that fuzzy sets initiated by Zadeh in 1965,
have several important extensions and generalizations, e.g., intuitionis-
tic fuzzy sets, L-fuzzy sets, bipolar fuzzy sets, interval-valued fuzzy sets
and n-dimensional fuzzy sets etc. Interval-valued fuzzy sets, also called
2-dimensional fuzzy sets are more suitable than ordinary fuzzy sets (1-
dimenional fuzzy sets) in mathematical modeling for uncertainties. Cu-
bic sets (3-dimensinal fuzzy sets) are also an important extension of 1-
dimensional fuzzy sets. It is also important to note that the (fuzzy) ideals
have an essential role in the study of algebraic structures. In this pa-
per we introduce cubic bi-ideals of semigroups and investigate interesting
characterization theorems of these classes in terms of cubic bi-ideals. We
introduce and study prime, strongly prime, semiprime, irreducible and
strongly irreducible cubic bi-ideals of semigroups and characterize semi-
groups in terms of semiprime and strongly prime cubic bi-ideals. We study
the semigroups in which each cubic bi-ideal is prime.

2010 AMS Classification: 20N25, 03E72

Keywords: Semigroups, Cubic bi-ideal, Prime cubic bi-ideal, Strongly prime cubic
bi-ideal, Semiprime cubic bi-ideal, Irreducible cubic bi-ideal, Strongly irreducible
cubic bi-ideal.

Corresponding Author:  Asghar Khan (azhar4set@yahoo.com)

1. INTRODUCTION

Fuzzy sets are initiated by Zadeh [17]. Since then fuzzy set theory developed by
different algebraists and others has created great interest among researchers working
in different branches of mathematics. Using this concept, Rosenfeld laid the foun-
dation of fuzzy groupoids/fuzzy ideals [14]. In [10) 11}, 12, 13], Kuroki introduced
and studied the concepts of fuzzy ideal, fuzzy semiprime ideal and fuzzy bi-ideals in
semigroups and characterized different classes of semigroups using these concepts.
In [15], [16] Shabir et al. introduced the notions of prime fuzzy ideal and prime fuzzy
bi-ideal of semigroups and discussed the class of those semigroups in which every
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fuzzy ideal and consequently, every fuzzy bi-ideal is prime. In [18], exactly ten years
later of the concept of a fuzzy set, Zadeh made an extension of the concept of a fuzzy
set by an interval-valued fuzzy set, i.e., a fuzzy set with an interval-valued member-
ship function instead of a real number. In traditional fuzzy logic, to represent, e.g.,
the expert’s degree of certainty in different statements, numbers from the interval [0,
1] are used. It is often difficult for an expert to exactly quantify his or her certainty;
therefore, instead of a real number, it is more adequate to represent this degree by
an interval or even by a fuzzy set. In the first case we get an interval-valued fuzzy
set. Interval-valued fuzzy sets have been actively used in real-life applications [1].
Using a fuzzy set and an interval-valued fuzzy set, Jun et al. [§] introduced a new
notion, called a cubic set, and investigated several properties of this notion. In [4],
Jun et al. introduced cubic subsemigroups and cubic left (resp. right) ideals of semi-
groups. They studied several properties of cubic subsemigroups and cubic left/right
ideals, and discussed the relation between them in semigroups. For further reading
on cubic sets, we refer to [2, 3, 4, 5] 6] [7, 8, 9]. Extending the studies of cubic ideals
of semigroups, carried out by Jun and Khan, we further studied the concept of cubic
prime bi-ideals of semigroups.

In the present work, the concept of cubic bi-ideals of a semigroup is introduced.
Using this notion cubic prime, cubic semiprime, cubic strongly prime, cubic ir-
reducible and cubic strongly irreducible bi-deals are introduced and their several
properties are investigated. The relation between cubic strongly irreducible, cubic
semiprime and cubic strongly prime bi-ideals are discussed. In the last section of
this paper, we investigate those semigroups in which each cubic bi-ideal is prime
cubic bi-ideal.

2. PRELIMINARIES

“n

A non-empty set S together with an associative binary operation is called
a semigroup. A non-empty subset A of a semigroup S is called a subsemigroup if
ab € A for all a,b € A. A subsemigroup B of S is called a bi-ideal of S if BSB C B.
A non-empty intersection of any family of bi-ideals of .S is either empty or a bi-ideal
of S. Also the product of two bi-ideals of S is a bi-ideal of S. A semigroup S is said
to be regular if for each element a € S, there exists x in S such that axa = a. A
semigroup S is said to be intra-regular if for each element a € S, there exist x and
y in S such that za?y = a.

A bi-ideal B of a semigroup S is called prime (strongly prime) if B1By C B or
(B1B2 N BaBy C B) implies either By C B or By C B, for any bi-ideals B; and Bs
of S. A bi-ideal B of a semigroup S is called semiprime if B C B implies B; C B
for any bi-ideal By of S. An interval valued fuzzy set (IVF set) fia defined on a
non-empty set X is given by

fia = { (&, (15 (@), 13 (@)]) @ € X)

which is briefly denoted by g4 = [/J,X7 t4l, where NZ and p, are two fuzzy sets in
X such that ¥ (z) < p;(x) for all z € X.
A cubic set A in a set X is a structure having the form
958
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A={(&, @), fa(@) : 2 € X}
which is briefly denoted by A = (fi4, fa) where fi = [}, 1] is an IVF set in X and
f is a fuzzy set in X.
Let C(X) denote the family of cubic sets in a set X. The order relation “C” in
the set of all cubic sets is defined by
AC Bif and only if i, (z) < pug(z), fa(z) > fp(z) for all z € X.

A©B = { (. (ia3ip) (@), (fao f5) (@) s w € 5}

which is briefly denoted by <(ﬁA5;~LB) ,(fao fB)> where

~ rsup {rmin{ﬁA(y), ﬁB(z)}} if x = yz for some y,z € S,
(ia7iz) () = 3 o=

and

[0, 0] otherwise

A [max{fa(y), fe(2)}] if x = yz for some y,z € S,
(faofp)(x) =4 ==v

1 otherwise

ANB = <;7Aﬁ,7,3, faV fB> where

(Fiafifis, faV f5) (@) = (smin {ji (@), fig(2) } ,max {fa(@), fo(@)} 12 € S)
AUB = <ﬁAOﬁB, Fan fB> where

(iaig, fa A 15 ) (@) = (rmax {jia(@), fip(0) ) min (fa(@), fp(2)} sz € S)

Lemma 2.1 ([4]). For any cubic sets A= (lia, fa),B = (g, fg) and C = (¢, fc)
in a semigroup S, we have
(1) AU (BUC)=(AUB)MN(ALUC),
(2) AN(BUC)=(ANB)U(AMC),
(3)AO(BUC) = (AQB) U (AQC),
(4)AQ(BT1C) = (A©B) M (AQC).
Lemma 2.2 ([4]). For any cubic sets A= (fia, fa),B = (B, fB) and C = (fic, fc)
in a semigroup S, if AC B, then A©C C B©C and COACZCOB.

For a non-empty subset G of X, the cubic characteristic set of G in X is defined
to be a structure

xa = {2, ixe (2), fxo(2)) € X}
which is briefly denoted by x¢ = (liyes fxa)
~ [ ,1] ifzed, _J 0 ifzed,
fixe () = { [0, 0] otherwise and fyg(z) = 1 otherwise.

Lemma 2.3 ([4]). For non-empty subsets A and B of a semigroup S, we have
(1) XA©XB = XaB, i.¢., </7XAS ﬁXB’fXA o fXB> = </7ABafAB> )
(2) XA XB = Xans, ie., <;E><Aﬁ ﬁxmfo \ fXB> = <ﬁAmB7fA\/B>7
(S)XA UXB = XAuB, i€, </7XAO :EXBﬂ fo A fx3> = <ﬁAUBa fA/\B> .
959
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Definition 2.4 ([4]). A cubic set A = <;NLA, fA> of a semigroup S is called a cubic
subsemigroup of S if

(1) pa(ay) =rmin{pg (), a(y)} for all 2,y € S.
(2) fa(zy) <max{fa(x), faly)} forall z,y € S.

Lemma 2.5 ([4]). A cubic set A= <,t~LA, fA> in a semigroup S is a cubic subsemi-

group of S if and only if A©ALC A.

Lemma 2.6 ([4]). A non-empty subset A of a semigroup S is a subsemigroup of
S if and only if the cubic characteristic set xa = (lia, fa) of A in S is a cubic
subsemigroup of S.

3. CUBIC BI-IDEALS

Definition 3.1. A cubic subsemigroup A = </7A7 fA> of S is called a cubic bi-ideal
of S if

(1) p4(zyz) =rmin{ji 4 (x), 14 (2)} for all z,y,z € S.

(2) fa(zyz) <max{fa(z), fa(2)} for all z,y,z € S.
Theorem 3.2. A non-empty subset A of a semigroup S is a cubic bi-ideal of S if
and only if the cubic characteristic function xa = (Hya, fxa) of A is a cubic bi-ideal

of S.

Proof. Suppose that A is a bi-ideal of S. Then by Lemma 2.6, x4 = (liy,, fx.) is a
cubic subsemigroup of S. Let x,y, 2z € S. If x, z € A, then by hypothesis, zyz € A and
fixa (zyz) = [1,1] and fy , (zyz) = 0. Thus fiy , (zyz) = [L, 1] Zrmin{piy, (2), iy, (2)}
and f,, (zyz) =0 <max{f,, (z), fy.(2)}. If ¢ A and z ¢ A then

Case (i) If zyz ¢ A, then f1,, (zyz) = [0,0] =rmin{fi, , (z), fiy, (2)} and f(zyz) <
1 :max{fXA (:L‘), fXA (Z>}

Case (ii) If zyz € A, then piy, (zyz) = [1,1] = [0,0] =rmin{z, , (), iy, (2)} and
fxa (zyz) =0<1 :max{fXA ('73)7fXA ()}

Thus x4 = (lya, fxa) is a cubic bi-ideal of S.

Conversely, let x4 be a cubic bi-ideal of S. We have to prove that A is a bi-ideal
of S. By Lemma 2.6, A is a subsemigroup of S.

Let z,z € A, then iy, (x) = [1,1] = fiy,(2) and fy,(z) = 0 = fy,(2). Thus
fixa (wyz) zrmin{iiy, (), iy, (2)} = [1,1] and fy, (zyz) <max{fy,(2), fx.(2)} =
0. So fiy, (zyz) = [1,1] and fy,(zyz) = 0 = zyz € A for all z,y,z € S. Hence A
is a bi-ideal of S. g

Let A= </7A7f,4> be a cubic set in S. For any r € [0,1] and [s,¢] €D[0, 1], then

the cubic level set U(A; [s,t],r) of A is defined by
U(A;[s,t],r) ={x €8S :ma(z) = [s,t], falz) <r}.

Theorem 3.3. Let S be a semigroup and A = <ﬁA, fA> be a cubic subset of S. Then
the following are equivalent
(1) A= <ﬁA, fA> is a cubic bi-ideal of S.
(2) Each non-empty cubic level set U(A; [s,t],r) is a bi-ideal of S.
960
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Proof. Straightforward.

Example 3.4. Consider a semigroup S = {1,2,3,4,5} with the following Cayley

table

QY | W DN
L e el R

YN U N DN

N e B

QO | QO x| =
L IS ECA o e

Bi-ideals of S are {1},{1,3},{1,3,4} and S. Define a cubic set A = <,LNLA,fA> in S

as follows.
S pa(z) | fa(@)
1 110.8,0.9] [ 0.3
2 [[0.2,0.3] [ 0.7
3 11[0.6,0.7] | 04
4 11[0.4,0.5] | 0.5
5 11[0.2,0.3] | 0.7
and
S if [0,0] < [s,t] =< [0.2,0.3]
{1,3,4}  if [0.2,0.3] < [s,#] < [0.4,0.5]
P(a(x);[s,t]) = ¢ {1,3} if [0.4,0.5] < [s, ] =< [0.6,0.7]
{1} if [0.6,0.7] < [s,t] = [0.8,0.9]
[] if [0.8,0.9] < [s,t] = [1,1]
and
S if0.7<r<1
{1,3,4} if 0.5 <r<0.7
N(fa(z);r) =< {1,3} if04<r<05
{1} if0.3<r<04
I} if 0 <r<0.3.

Then U(A; [s,t],7) = P(is(x); [5,t])) "N (fa(x);r) is a bi-ideal of S and by Theorem

3.3, A= <ﬁA, fA> is a cubic bi-ideal of S.

Lemma 3.5. A cubic subset A = <ﬁA, fA> of a semigroup S is a cubic bi-ideal of S
if and only if A©AC A and A©xs©AC A, where xg is the cubic characteristic

function of S.
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Proof. Let A be a cubic bi-ideal of S, by Definition 3.1, A is a cubic subsemigroup.
We have A©.A C A by Lemma 2.5. Now

(aiiss3iia) () = xsup [omin { (a57,,) (1) 704 (2)}]

T=yz

= o [min froup {rmin 7y 0.7, (@} } i 2]

T=yz Yy=prq

= xow [mmin {7 () iy, @) ia ) ]

= xow [omin {7 (), [1,1], i ()}
= rsup [rmin {ji () ,jia (2)
=< rsup [jia(pa2)|

Yy=pqz
= /NJJA (l‘) )

so we have (7 457y, 574) (¢) = i (x) and

(faofisofa)(@) =\ max{(fao fis) ), fa(2)}]

= A lmaX{ A {maX{(fA(p),fo(q))}}JA(Z)H
= A lmax{ A {maX{fA(p),U}}afA(Z)H

= N [max{fa(p). fa(2)}]

> A [falpgz)]

= fA($)7

50 (fao fso fa)(z) > fa(z). Hence A©xs©.A C A.
Conversely, assume that AQxs©.A C A and A©A C A. By Lemma 2.5, A is a
cubic subsemigroup of S,

fia(a) = (BaShysora)(a)
= rsup [rmin { (a0 fiys) (v), fa(2)}]

a=yz

rsup |rnin {rsup {rmin (74 (9), s (00} ia ()}

a=yz Yy=prq

rSup rsup [rmin {724 (p), [1,1], pa(2)}]

— ;‘izg)z[rmin{ﬁA(p)aﬁA(z)}]
962
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and

fa(a) (fa o fxs o fa)(a)

= /\ [maX{(onsz)(y)afA(Z)}]

a=yz

A [m{ A {maX{fA(p)»fo(Q)}}JACZ)H

a=yz Yy=rq

A N\ max{fa(),0, fa(2)}]

a=yz y=pq

N\ [max{fa(p), fa(2)}].

a=pqz

So A= <ﬁA, fA> is a cubic bi-ideal of S. O

Lemma 3.6. The intersection of any family of cubic bi-ideals of a semigroup S is
a cubic bi-ideal of S.

Proof. Let {A;}

<rinIfﬁAi, \V fAi> is a cubic bi-ideal of S. Let z,y € .S, then
e i€l

;c1 be a family of cubic bi-ideals of S. We have to prove that M.A; =

(rienlfﬁAf) (zy) = rinf{fia; (zy) : i € I and = € 5}

= r_i€nIf{rmin {fia, (@), fia,(y)} i€l and 2,y € S}
= rmin {rienlf{ﬁAi(x),ﬁAi (y)}:ielandx,ye S}

= rmin{riglf{ﬁAi(x) ;i€ and z € S} ,rlenlf{ﬁA(y) cielandy € S’}}

(\/fm) (xy) =sup{fa,(zy):i €l and z,y € S}
iel

< sup {max {fa,(z), fa,(y)} :i €I and z,y € S}

= max {sup {fa,(x), fa,(y)} :i € I and z,y € S}

=max {sup {fa,(z) i€l and x € S}, ,sup{fa,(y): i€l andy € S}}

_ max{ <\/ ﬁAi> (@) (\/m) <y>}.

In a similar way, for x,y, z € S, we get

(riienlfﬂm) (zyz) irmin{ (gigjfﬁAJ (2), (gienlfﬁAJ (2)}

963
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and
(Vi) v smac{ (V1) @0 (Vin) 1]
i€l il il
Therefore MA; = <ri€rljfﬁAi, V fAi> is a cubic bi-ideal of S. O
g icl

Lemma 3.7. Let A and B be any cubic bi-ideals of a semigroup S. Then A©QB is
also a cubic bi-ideal of S.

Proof. Since A and B are cubic bi-ideals of S, it follows from Lemma 3.5 that

(A©B)© (A©B) = AQ©[BO (A©B)]
C A©(BOxs©B)
C A@©-B.
Then by Lemma 3.5, A©B is a cubic subsemigroup of S. And we have
(AOB) ©Oxs© (A@B) = A©[BO (xs©A) ©B]
C AQ© (BOxs©B)
C A@©B.
Hence, A@©B is a cubic bi-ideal of S, by Lemma 3.5. g

Definition 3.8. The cubic subset a5 of S defined by

(t,s) ifr=aforallzes
U(s) () = (6, 1) otherwise,

is called a cubic point of S where a € S, s € (0,1] and ¢ € D[0,1]. Let A be any

cubic subset of S, it is clear that A = A5
({,S)EA ”

Definition 3.9. Let A = (fi4, fa) be a cubic subset of a semigroup S. A non-empty
intersection of all cubic bi-ideals of S containing A is also a cubic bi-ideal of S, and
is called the cubic bi-ideal of S generated by A, denoted by B (A).

Theorem 3.10. The cubic bi-ideal generated by a cubic point a(%5) is defined at
each x € S by

B (a(is)) (.’b) = < B(at) fB(as)( )>
_ B t ifz e B(a)
fiB(ap)(T) = { 0  otherwise,

s if x € B(a)
[B(as) (@) { 1 otherwise,

where B(a) = {a} UaS'a is a bi-ideal of S generated by a € S.
964
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Proof. Let x,y,z € S. If y, z € B(a) is such that x = yz, then

B (a(?,s)) ©B (a(z,s)) () = (BB(a)hB(ay) (%), [B(as) © [B(as) (2))
(IB(ay)OB(ap)(x) = rsup [rmin {fip(a,)(¥), LB(a,)(2) }]

T=yz

rsup [rmin{%: ?}]
T=yz

t

PN

ﬁB(az)

and

(fBan © FB@)) @) =\ max{fp(a.) ), foa.)(2)}}

T=yYz

/\ max{s, s}

T=yz
= S

> fB(as)(w)'

If Y,z ¢ B(a)7 then rmin{ﬁB(ag) (y)? ﬁB(a;) (Z)} = [070] = ﬁB(a;)(l‘)
and max{ fg(a,) (%), [B(a.)(2)} =1 > [B(a.)(x). Thus

B (a(f,‘9)> ©B (a(zs)> CB (a(as)) .

Hence by Lemma 2.5, B <a(zs)) is a cubic subsemigroup of S.
Let z,y,z € S. If 2,z € B(a) then zyz € B(a) and so

B (ag.)) (o2) = (e (@y2), S (@92))
where

fip(ay)(xyz) =t = rmin{fip(a,) (%), Ap(a,)(2)}
and

[B(ay)(xy2) = s = max{fp(a,)(T), fB(a.)(2)}

If z ¢ B(a) and z ¢ B(a), then tmin{fip(q;)(7), ip(a;)(2)} = [0,0] X [ip(a;) (vy2)
and max{ fB(4.)(*), fB(a,)(2)} =1 > fB(a.)(zyz). Thus B (a(;’s)> is a cubic bi-ideal
of S. Clearly UG € B (a(;’5)>

Let C = (fic, fc) be a cubic bi-ideal of S containing ag ) and let z € S. If © ¢
B(a), then

B (a;) () = [0,0] = fic(w) and fp.,)(z) =1 > fo(w).
965
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If z € B(a) = {a} UaS'a, then B (a(;’5)> (z) = (t,s). If z = a, then a5 () =
(t,s) € C(x). If x = aya for some y € S', then
Clx) = (uc(=), fo(x))
= (pc(aya), folaya))

fic(aya) = rmin{uc(a), pc(a)}
= rmin{a;(a),a;(a)}
= 1
and
felaya) < max{fc(a), fo(a)}
< max{as(a),as(a)}
= s,
B(ag,) (@) = (5s)€C).
Hence
B (a(gﬁs)) (z) C C().
Thus B (a(gvs)) (2) is the smallest cubic bi-ideal of S containing a . a

4. PRIME CUBIC BI-IDEALS
Definition 4.1. A cubic bi-ideal A = </7A, fA> of a semigroup S is called a prime
cubic bi-ideal if for any cubic bi-ideals B = <ﬁB, fB> and C = <ﬁc, fc> of §, BOC CA
implies either BC Aor CC A.

Theorem 4.2. A non-empty subset A of a semigroup S is a prime bi-ideal of S if
and only if the cubic characteristic function xa of A is a prime cubic bi-ideal of S.

Proof. Let A be a bi-ideal of S. Then by Theorem 3.2, x4 is a cubic bi-ideal of S.
Let B = {(iip, fg) and C = (ic, fc) be any cubic bi-ideals of S such that BEQC C x 4.
If ip 2 iy, and fg # fy., then there exists a cubic point T € B such that

T, ¢ xa. For any yg € C,

(1) B (26.)) ©B (y6) C BOC C xa,

we have for all z € S

() B(2a.) ©B (hem) (2) = {(ineninw) ), (e © 5,)(2)

(o 3100 (2) = { pinth T} 1 2 € Bl)B(y)
and )
(fB(2.) © [B(ay))(2) = { ma}i{s’p} i Ziﬁéﬁf@
Thus by (1) and (2)
B()B(y) C A
966
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Now from hypothesis it follows that
B(z) C Aor B(y) C A.
Since L) ¢ xa,wehave C= |J y@p E xa, thus x4 is a prime cubic bi-ideal

Yr,p)ec

of S.

Conversely, let B and C' be bi-ideals of S such that BC C A. Then xp and x¢
are cubic bi-ideals of S. By Lemma 2.3, xg©x¢c = xBc E xa. This implies that
XB C x4 or x¢ C xa by hypothesis. Thus B C A or C C A. Hence A is a prime
bi-ideal of S. O

Definition 4.3. A cubic bi-ideal A = (jia, fa) of a semigroup S is called strongly
prime cubic bi-ideal, if (B©C) N (COB) C A implies that either BC A or C C A,
for any cubic bi-ideals B = (ug, fg) and C = (¢, fc) of S.

Theorem 4.4. Let A be a non-empty subset of a semigroup S, then the following
assertions are equivalent,

(1) A is a strongly prime bi-ideal of S.

(2) Cubic characteristic function x4 = (liy., fxa) 0f A is a strongly prime cubic
bi-ideal of S.

Proof. Follows from Theorem 4.2. O

Definition 4.5. Let S be a semigroup, a cubic bi-ideal A = (fia, f4) of a semigroup
S is called idempotent if A2 = A©A = A.

Definition 4.6. A cubic bi-ideal A of a semigroup S is a semiprime cubic bi-ideal
of S if BOB = B? C A implies B C A, for every cubic bi-ideal B of S.

Theorem 4.7. A non-empty subset A of a semigroup S is a semiprime bi-ideal of S
if and only if the cubic characteristic function x4 of A is a semiprime cubic bi-ideal

of S.
Proof. Straightforward. O

Remark 4.8. A prime cubic bi-ideal of S is not necessarily strongly prime cubic
bi-ideal of S. This is clear from the following example.

Example 4.9. Consider the semigroup S = {p, ¢, 7} with the following Cayley table.

.lplg|r
p|p|pP|P
a|p|gq.|4
riplr|r

Bi-ideals of S are {p},{p,q},{p,7},S. Here {p} is a prime bi-ideal but it is not

strongly prime as ({p,q}Hp,7}) N ({p,rH{p.q}) = {p} € {p} but {p,q} & {p}, and
{p,7} & {p}. Hence by Theorem 4.2 and 4.4, x(p} is a prime cubic bi-ideal of S but

not a strongly prime cubic bi-ideal of S.

Lemma 4.10. For a semigroup S, the intersection of any family of prime cubic
bi-ideals of S is a semiprime cubic bi-ideal of S.
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Proof. Let {A; :i € I} be a family of prime cubic bi-ideals of S. Then iQIAi is a
cubic bi-ideal of S, by Lemma 4.6. Let B be any cubic bi-ideal of S such that
BB C iE]Ai’ then BOB C A;, for all i € I. Since each A; is a prime cubic bi-ideal
of S,s0 BC A, for all ¢ € I. Hence B C ZEllAi. Thus ingi is a semiprime cubic
bi-ideal of S. O

Definition 4.11. A cubic bi-ideal A = (jia, fa) of a semigroup S is said to be
an irreducible (strongly irreducible) cubic bi-ideal of S, if for any cubic bi-ideals
B = (g, fp) and C =(fic, fc) of S, BMC = A (BMCLC A) implies that either
B=AorC=A(BCAorCC A).

Theorem 4.12. A non-empty subset A of a semigroup S is an irreducible (strongly

irreducible) bi-ideal of S if and only if the cubic characteristic function xa = (fiyas fxa)
of A is an irreducible (strongly irreducible) cubic bi-ideal of S.

Proof. Follows from Theorem 4.2. U

Every strongly irreducible cubic bi-ideal of S is an irreducible cubic bi-ideal of S
but every irreducible cubic bi-ideal of S is not a strongly irreducible cubic bi-ideal
of S as shown in the following example.

Example 4.13. Counsider the semigroup S = {1,2,3,4,5,6} with the following
Cayley table.

112|1314]15|6
1111|111
211122222
311123 (141]2]|2
41112|1212(3]|4
o(1]2|5]|6|2]2
6111212256

All bi-ideals of S are {1}, {1,2}, {1,2,3}, {1,2,4}, {1,2,5}, {1,2,6}, {1,2,3,5},
{1,2,4,6}, {1,2,3,4}, {1,2,5,6} and S. Here {1}, {1,2,3,5}, {1,2,4,5}, {1,2,3,4},
{1,2,5,6} and S are irreducible but only {a} and S are strongly irreducible. If
A = {1,2,3,5}, B = {1,2,4,5}, C = {1,2,3,4} and D = {1,2,5,6}, then by
Theorem 4.12, x4, XB,Xc, XD are irreducible cubic bi-ideals of S which are not
strongly irreducible cubic bi-ideals of S.

Proposition 4.14. FEvery strongly irreducible, semiprime cubic bi-ideal of a semi-
group S is a strongly prime cubic bi-ideal of S.

Proof. Let A= {(Jia, fa) be a strongly irreducible, semiprime cubic bi-ideal of S. Let
B ={(lip, fg) and C = (jic, fc') be any two cubic bi-ideals of S such that

(BOC)N(CO©B) C A.
Since BMC C B and BMNC C C, so we have (BMNC)© (BNC) C BEC and
(BNC)©(BMC) CCOB. Thus (BNC)© (BMNC) E (BOC) M (COB) C A. This
implies that (BMC) C A, because A is a semiprime cubic bi-ideal of S. Since A is

a strongly irreducible cubic bi-ideal of S, we have B C A or C C A. Hence A is a
strongly prime cubic bi-ideal of S. 0
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5. SEMIGROUPS IN WHICH EACH CUBIC BI-IDEAL IS STRONGLY PRIME

In this section, we study those semigroups in which each cubic bi-ideal is semiprime,
we also observe the semigroups in which each cubic bi-ideal is strongly prime.

Proposition 5.1. Let A =(fia, fa) be a cubic bi-ideal of a semigroup S with A(a) =
(ta(a), fa(a)) = (&, B), where a € S and & €D[0,1], 8 € (0,1]. Then there exists an
irreducible cubic bi-ideal B = (ip, fB) of S such that AC B and B(a) = (@, 3).

Proof. Let X = {C : C is a cubic bi-ideal of S, C(a) = (&, ) and AC C}. Then X #

&, because A € X. The collection X is a partially ordered set under inclusion. If

Y = {C; : C; is a cubic bi-ideal of S, C;(a) = (@, 8) and AC C; for all ¢ € I} is any

totally orderd subset of X, then ‘I_IICZ- = <\//70“ N fcl.> is a cubic bi-ideal of S
e iel iel

such that A C _gl C;. Indeed, if a,b,c € S, then

(1supiie, ) () = s G, (a0

i€l i€l

= rsup [rmin { ¢, (a), pe, (b)}] (Ci={fc, fc) is a cubic subsemigroup of )
icl

= rmin {I'Sllpﬁci (a)a rsupﬁCi (b) }

i€l iel

= min{ (s ) (0. (rupiic ) 0

and
icl iel
< /\{max{fci (a)7fCi (b)}}

i€l

= max{/\fci(a)» /\fc,(b)}

i€l i€l

el () (g0) o}

This implies that _uICi is a cubic subsemigroup of S. Now
1€

(1supie, ) (abe) = s G, ()

i€l iel

= rsup [rmin {fic, (a), fic, (¢)}] (Ci= (¢, fc) is a cubic bi-ideal of S)
iel

i {supiic, o) supiic, €}
el el

= min { (s ) 0. (i) 0
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and

</\fC'i> (abc) = /\ (sz (abc))
i€l el
< /\ {max {fc1 (CL) ’ fCi (C)}}

icl

= maX{/\fCi(a)’/\fCi(C)}

icl el

— max { (/G\Ifc> (a), </E\Ifc> <c)} :

Thus »'éc” is a cubic bi-ideal of S. Since A C C; for all i € I, we have A C 'léllci'
1 (]

Also <i|€|IC¢) (a) = iIEIICi (a) = (&, 8). Thus iIEIICi €Y and iIEIICi is an upper bound

of S. Hence, by Zorn’s Lemma, there exists a cubic bi-ideal B of S which is maximal
with respect to the property that A C B and B(a) = (&, 3). Now, let By,Bs be any
cubic bi-ideals of S such that B1MBy = B. This implies B C B; and B C By. We
claim that B = By or B =Bs. Let us suppose B # By and B #Bs. So Bi(a) # « and
Bz(a) # a. Hence (B M Bs) (a) = Bi(a) M Ba(a) # (e, B), which is a contradiction
to the fact that By(a)MBz(a) = B(a) = (@, 3). Hence either B = By or B =Bs. Thus
B is an irreducible cubic bi-ideal of S. O

In the next theorm we discuss those semigroups in which each cubic bi-ideal is
semiprime.

Theorem 5.2. For a semigroup S, the following are equivalent:

(1) S is both regular and intra-regular,

(2) A©A = A for every cubic bi-ideal A of S,

(8) BNC =(BEC) N (CEB) for all cubic bi-ideals of B and C of S,

(4) Each cubic bi-ideal of S is semiprime,

(5) Each proper cubic bi-ideal of S is the intersection of irreducible semiprime
cubic bi-ideals of S which contains it.

Proof. (1)=>(2) Let A =(jia, fa) be a cubic bi-ideal of S. Then by Lemma 2.5,
A©A C A. Now let a € S. Since S is both regular and intraregular, there exist x, y, 2
in S such a = aza and a = ya®z. Then a = azaza = ax(ya®z)ra = (awya)(azza).
Thus we have

(adia) (@) = wsup [omin {ji, (azya) ,fig (azza) }]

a=(azya)(azza)

1Y

rsup [rmin {,LNLA(G), ﬁA(a)H

a=(azya)(azza)

= :LNLA ((1)7
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and

(fao fa)(a) = A [max { fa(azya), fa(azza)}]

a=(azya)(azza)

< N max{fae). fa(@)]

a=(azya)(azza)
= fala).

This implies that A C A©.A. Hence A©A = A.

(2)=(3) Let B = (g, fp) and C = (fic, fc) be any two cubic bi-ideals of S. Then
by Lemma 3.6, B C is also a cubic bi-ideal of S. Thus by hypothesis, we have
BNC=(BMNC)@© (BMNC). Since BMC C Band BNC CC, then (BMNC)@© (BNC) C
B@©C. This implies (BMC) C(BEC) . Similarly (BMC)C (COBL).

Now B@©C and C@©B are cubic bi-ideals of S by Lemma 3.7. Thus (B@©C)M(COB)
is a cubic ideal of S by Lemma 3.6. Thus by hypothesis, we have

(BEC)N(COB)) = (BOC)M(COB))© ((BOC)M(COB))
BO©COCOB

= BOCOC)©B

= B@ECEOB (since C©C =C)

BOxs©B

B.

I

11

Hence ((B©C) M (C©B)) C B. Similarly ((B©C) N (C©B)) CC.

Thus ((B©C) M (C©B)) C BriC. Therefore ((BEOC) M (C©B)) = Brc.

(3)=(4) Let B be any cubic bi-ideal of S such that A©.A C B for any cubic
bi-ideal A of S. Then by hypothesis,

A = ANA
= (AOA)M(ADA)
= A@A
C B

This implies A C B. Thus A is a semiprime cubic bi-ideal of S. Hence every cubic
bi-ideal of S semiprime.

(4)=(5) Let A = (14, fa) be a proper cubic bi-ideal of S and {A4; : ¢ € I'} be the
collection of all irreducible cubic bi-ideals of S such that A C A; for all ¢ € I. This
implies that

AC MA,;.
iel

Let a € S and « € (0,1] be such that A(a) = (&, 8). Then by Theorem 5.1, there
exists an irreducible cubic bi-ideal A, of S such that A C A, and A(a) = (&, ).
This implies A, € {A; : i € I}. Hence

M A’L E -Aa
i€l
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S0 VEI.AZ‘(CL) C A,(a) = A(a) for all @ € S. By hypothesis, each cubic bi-ideal

of S is semiprime, thus each cubic bi-ideal of S is the intersection of all irreducible
semiprime cubic bi-ideals of S which contain it.

(5)=(2). Let A be a cubic bi-ideal of S. Then by Lemma 2.5, we have A©.A C A.
Also A©A is a cubic bi-ideal of S. Thus by hypoythesis A©.A = Z_I;IIAi, where each

Aj; is an irreducible semiprime cubic bi-ideal of S, such that A©.A C A; for alli € I.

This implies that A C A; for all ¢ € I, because each A; is a semiprime cubic bi-ideal

of S. Thus AC ,ITIAZ- = A@©.A. Hence A©A = A. O
1€

Proposition 5.3. Let S be a reqular and intra-regular semigroup. Then the follow-
ing assertions for a cubic bi-ideal A of S are equivalent:

(1) A is strongly irreducible.

(2) A is strongly prime.

Proof. (1)=(2) Let A = (jia, fa) be a strongly irreducible cubic bi-ideal of S. Sup-
pose that B =(ug, fg) and C = (lic, fc) be any cubic bi-ideals of S such that
(BOC) M (C@©B) £ A. Since S is both regular and intra-regular, we have by
Theorem 5.2, BMNC =(B©C) N (C©B) C A. This implies that BC A or C C A,
because A is strongly irreducible. Thus A is a strongly prime cubic bi-ideal of S.
(2)=(1) Suppose A is a strongly prime cubic bi-ideal of S. Let B = (115, f5) and
C = {(lic, fc) be any cubic bi-ideals of S such that BMC C A. Since S is both regular
and intra-regular, we have by Theorm 5.2, (B©C) N (C©B) = BnNC C A. This
implies that either B C A or C C A, because A is a strongly prime cubic bi-ideal of
S. Thus A is a strongly irreducible cubic bi-ideal of S. 0

Theorem 5.4. Fach cubic bi-ideal of a semigroup S is strongly prime if and only
if S is regular and intra-regular and the set of cubic bi-ideals of S is totally orderd
by inclusion.

Proof. Suppose that each cubic bi-ideal of S is strongly prime. Then each cubic
bi-ideal of S is semiprime. By Theorem 5.2, S is both regular and intra-regular.
Now, let B ={(jup, fg) and C = (fic, fc) be any two cubic bi-ideals of S. Then by
Theorem 5.2, BN C =(BEC) N (CO©B). Since each cubic bi-ideal of S is strongly
prime, so BT C is strongly prime. Hence either B C BT C or C E BT C. Now, if
BC BMNC, then BC C and if C C BMC, then C C B.

Conversely, suppose that S is regular and intra-regular and the set of cubic bi-
ideals of S is totally ordered by inclusion. Let A = (fia, fa), B={(up, fg) and
C = (lic, fc) be any cubic bi-ideals of S such that (BEC) M (C©B) C A. Since S is
both regular and intra-regular, we have by Theorem 5.2,

BrC =(B@C)M (COB) C A.

Since the set of cubic bi-ideals of S is totally ordered by inclusion, we have either
BEC or C C B, that is either BMC = B or BMC = C. This implies that B C A or
C C A. Hence A is a strongly prime cubic bi-ideal of S. O

Theorem 5.5. If the set of cubic bi-ideals of a semigroup S is totally ordered under
inclusion, then S is both reqular and intra-reqular if and only if each cubic bi-ideal
of S is prime.
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Proof. Suppose S is both regular and intra-regular. Let A ={pia, fa), B={5, fB)
and C = (fic, fc) be any cubic bi-ideals of S such that (B©C) C A. Since the set
of cubic bi-ideals of S is totally ordered, we have either BC Cor CC B. If BCC,
then BOB C B@©C C A. This implies that B C A, as A is semiprime by Theorem
5.2. Hence A is a prime cubic bi-ideal of S.

Conversely, suppose that every cubic bi-ideal of S is prime, since every prime cubic
bi-ideal is semiprime. By Theorem 5.2, S is both regular and intra-regular. U

Theorem 5.6. For a semigroup S, the following assertions are equivalent.
(1) The set of cubic bi-ideals of S is totally ordered under inclusion,
(2) Each cubic bi-ideal of S is strongly irreducible,
(3) Each cubic bi-ideal of S is irreducible.

Proof. (1)=(2) Let A= (pa, fa), B={(lip, fp) and C = (fic, fc) be any cubic bi-
ideals of S such that BMC C A. Since the set of cubic bi-ideals of S is totally
ordered, so either B C C or C C B. Thus either BN C =8B or BMNC=C. Hence
BMC C A implies that B E A or C C A. Therefore A is a strongly irreducible cubic
bi-ideal of S.

(3)=(1) Let B and C be any cubic bi-ideals of S. Then BMC is also a cubic bi-ideal
of S. Also BMC = BMC. So by hypothesis, either 5= BTMC or C =BnMC, that is
either B C C or C C B. Hence the set of cubic bi-ideals of S is totally ordered. [
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