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Abstract. As we know that fuzzy sets initiated by Zadeh in 1965,
have several important extensions and generalizations, e.g., intuitionis-
tic fuzzy sets, L-fuzzy sets, bipolar fuzzy sets, interval-valued fuzzy sets
and n-dimensional fuzzy sets etc. Interval-valued fuzzy sets, also called
2-dimensional fuzzy sets are more suitable than ordinary fuzzy sets (1-
dimenional fuzzy sets) in mathematical modeling for uncertainties. Cu-
bic sets (3-dimensinal fuzzy sets) are also an important extension of 1-
dimensional fuzzy sets. It is also important to note that the (fuzzy) ideals
have an essential role in the study of algebraic structures. In this pa-
per we introduce cubic bi-ideals of semigroups and investigate interesting
characterization theorems of these classes in terms of cubic bi-ideals. We
introduce and study prime, strongly prime, semiprime, irreducible and
strongly irreducible cubic bi-ideals of semigroups and characterize semi-
groups in terms of semiprime and strongly prime cubic bi-ideals. We study
the semigroups in which each cubic bi-ideal is prime.
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1. Introduction

Fuzzy sets are initiated by Zadeh [17]. Since then fuzzy set theory developed by
different algebraists and others has created great interest among researchers working
in different branches of mathematics. Using this concept, Rosenfeld laid the foun-
dation of fuzzy groupoids/fuzzy ideals [14]. In [10, 11, 12, 13], Kuroki introduced
and studied the concepts of fuzzy ideal, fuzzy semiprime ideal and fuzzy bi-ideals in
semigroups and characterized different classes of semigroups using these concepts.
In [15, 16] Shabir et al. introduced the notions of prime fuzzy ideal and prime fuzzy
bi-ideal of semigroups and discussed the class of those semigroups in which every
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fuzzy ideal and consequently, every fuzzy bi-ideal is prime. In [18], exactly ten years
later of the concept of a fuzzy set, Zadeh made an extension of the concept of a fuzzy
set by an interval-valued fuzzy set, i.e., a fuzzy set with an interval-valued member-
ship function instead of a real number. In traditional fuzzy logic, to represent, e.g.,
the expert’s degree of certainty in different statements, numbers from the interval [0,
1] are used. It is often difficult for an expert to exactly quantify his or her certainty;
therefore, instead of a real number, it is more adequate to represent this degree by
an interval or even by a fuzzy set. In the first case we get an interval-valued fuzzy
set. Interval-valued fuzzy sets have been actively used in real-life applications [1].
Using a fuzzy set and an interval-valued fuzzy set, Jun et al. [8] introduced a new
notion, called a cubic set, and investigated several properties of this notion. In [4],
Jun et al. introduced cubic subsemigroups and cubic left (resp. right) ideals of semi-
groups. They studied several properties of cubic subsemigroups and cubic left/right
ideals, and discussed the relation between them in semigroups. For further reading
on cubic sets, we refer to [2, 3, 4, 5, 6, 7, 8, 9]. Extending the studies of cubic ideals
of semigroups, carried out by Jun and Khan, we further studied the concept of cubic
prime bi-ideals of semigroups.

In the present work, the concept of cubic bi-ideals of a semigroup is introduced.
Using this notion cubic prime, cubic semiprime, cubic strongly prime, cubic ir-
reducible and cubic strongly irreducible bi-deals are introduced and their several
properties are investigated. The relation between cubic strongly irreducible, cubic
semiprime and cubic strongly prime bi-ideals are discussed. In the last section of
this paper, we investigate those semigroups in which each cubic bi-ideal is prime
cubic bi-ideal.

2. Preliminaries

A non-empty set S together with an associative binary operation “·” is called
a semigroup. A non-empty subset A of a semigroup S is called a subsemigroup if
ab ∈ A for all a, b ∈ A. A subsemigroup B of S is called a bi-ideal of S if BSB ⊆ B.
A non-empty intersection of any family of bi-ideals of S is either empty or a bi-ideal
of S. Also the product of two bi-ideals of S is a bi-ideal of S. A semigroup S is said
to be regular if for each element a ∈ S, there exists x in S such that axa = a. A
semigroup S is said to be intra-regular if for each element a ∈ S, there exist x and
y in S such that xa2y = a.

A bi-ideal B of a semigroup S is called prime (strongly prime) if B1B2 ⊆ B or
(B1B2 ∩B2B1 ⊆ B) implies either B1 ⊆ B or B2 ⊆ B, for any bi-ideals B1 and B2

of S. A bi-ideal B of a semigroup S is called semiprime if B2
1 ⊆ B implies B1 ⊆ B

for any bi-ideal B1 of S. An interval valued fuzzy set (IVF set) µ̃A defined on a
non-empty set X is given by

µ̃A =
{(

x,
[
µ+

A(x), µ−A(x)
])

: x ∈ X
}

which is briefly denoted by µ̃A = [µ+
A, µ−A], where µ+

A and µ−A are two fuzzy sets in
X such that µ+

A(x) ≤ µ−A(x) for all x ∈ X.
A cubic set A in a set X is a structure having the form

958



Sadaf Umar et al./Ann. Fuzzy Math. Inform. 9 (2015), No. 6, 957–974

A = {〈x, µ̃A(x), fA(x)〉 : x ∈ X}
which is briefly denoted by A = 〈µ̃A, fA〉 where µ̃ = [µ+

A, µ−A] is an IVF set in X and
f is a fuzzy set in X.

Let C(X) denote the family of cubic sets in a set X. The order relation “v” in
the set of all cubic sets is defined by
A v B if and only if

∼
µA(x) ¹ ∼

µB(x), fA(x) ≥ fB(x) for all x ∈ X.

A c©B =
{〈

x,
(∼
µA◦̃

∼
µB

)
(x), (fA ◦ fB) (x)

〉
: x ∈ S

}

which is briefly denoted by
〈(∼

µA◦̃
∼
µB

)
, (fA ◦ fB)

〉
where

(∼
µA◦̃

∼
µB

)
(x) =





rsup
x=yz

[
rmin{∼µA(y),

∼
µB(z)}

]
if x = yz for some y, z ∈ S,

[0, 0] otherwise
and

(fA ◦ fB) (x) =

{ ∧
x=yz

[max {fA(y), fB(z)}] if x = yz for some y, z ∈ S,

1 otherwise

A u B =
〈∼
µA∩̃

∼
µB, fA ∨ fB

〉
where〈∼

µA∩̃
∼
µB, fA ∨ fB

〉
(x) =

〈
rmin

{∼
µA(x),

∼
µB(x)

}
, max {fA(x), fB(x)} : x ∈ S

〉

A t B =
〈∼
µA∪̃

∼
µB , fA ∧ fB

〉
where〈∼

µA∪̃
∼
µB , fA ∧ fB

〉
(x) =

〈
rmax

{∼
µA(x),

∼
µB(x)

}
, min {fA(x), fB(x)} : x ∈ S

〉

Lemma 2.1 ([4]). For any cubic sets A = 〈µ̃A, fA〉 ,B = 〈µ̃B , fB〉 and C = 〈µ̃C , fC〉
in a semigroup S, we have

(1) A t (B t C) = (A t B) u (A t C),
(2) A u (B t C) = (A u B) t (A u C),
(3)A c©(B t C) = (A c©B) t (A c©C),
(4)A c©(B u C) = (A c©B) u (A c©C).

Lemma 2.2 ([4]). For any cubic sets A = 〈µ̃A, fA〉 ,B = 〈µ̃B , fB〉 and C = 〈µ̃C , fC〉
in a semigroup S, if A v B, then A c©C v B c©C and C c©AvC c©B.

For a non-empty subset G of X, the cubic characteristic set of G in X is defined
to be a structure

χG = {〈x, µ̃χG
(x), fχG

(x)〉 : x ∈ X}
which is briefly denoted by χG = 〈µ̃χG , fχG〉

µ̃χG(x) =
{

[1, 1] if x ∈ G,
[0, 0] otherwise and fχG(x) =

{
0 if x ∈ G,
1 otherwise.

Lemma 2.3 ([4]). For non-empty subsets A and B of a semigroup S, we have
(1) χA c©χB = χAB , i.e., 〈µ̃χA ◦̃ µ̃χB , fχA ◦ fχB 〉 = 〈µ̃AB , fAB〉 ,
(2) χA u χB = χA∩B , i.e.,

〈
µ̃χA

∩̃ µ̃χB
, fχA

∨ fχB

〉
= 〈µ̃A∩B , fA∨B〉 ,

(3)χA t χB = χA∪B , i.e.,
〈
µ̃χA∪̃ µ̃χB , fχA ∧ fχB

〉
= 〈µ̃A∪B , fA∧B〉 .
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Definition 2.4 ([4]). A cubic set A =
〈∼
µA, fA

〉
of a semigroup S is called a cubic

subsemigroup of S if
(1)

∼
µA(xy) ºrmin{∼µA(x),

∼
µA(y)} for all x, y ∈ S.

(2) fA(xy) ≤max{fA(x), fA(y)} for all x, y ∈ S.

Lemma 2.5 ([4]). A cubic set A =
〈∼
µA, fA

〉
in a semigroup S is a cubic subsemi-

group of S if and only if A c©A v A.

Lemma 2.6 ([4]). A non-empty subset A of a semigroup S is a subsemigroup of
S if and only if the cubic characteristic set χA = 〈µ̃A, fA〉 of A in S is a cubic
subsemigroup of S.

3. Cubic bi-ideals

Definition 3.1. A cubic subsemigroup A =
〈∼
µA, fA

〉
of S is called a cubic bi-ideal

of S if
(1)

∼
µA(xyz) ºrmin{∼µA(x),

∼
µA(z)} for all x, y, z ∈ S.

(2) fA(xyz) ≤max{fA(x), fA(z)} for all x, y, z ∈ S.

Theorem 3.2. A non-empty subset A of a semigroup S is a cubic bi-ideal of S if
and only if the cubic characteristic function χA = 〈µ̃χA , fχA〉 of A is a cubic bi-ideal
of S.

Proof. Suppose that A is a bi-ideal of S. Then by Lemma 2.6, χA = 〈µ̃χA , fχA〉 is a
cubic subsemigroup of S. Let x, y, z ∈ S. If x, z ∈ A, then by hypothesis, xyz ∈ A and
µ̃χA

(xyz) = [1, 1] and fχA
(xyz) = 0. Thus µ̃χA

(xyz) = [1, 1] ºrmin{µ̃χA
(x), µ̃χA

(z)}
and fχA

(xyz) = 0 ≤max{fχA
(x), fχA

(z)}. If x /∈ A and z /∈ A then
Case (i) If xyz /∈ A, then µ̃χA

(xyz) º [0, 0] =rmin{µ̃χA
(x), µ̃χA

(z)} and f(xyz) ≤
1 =max{fχA(x), fχA(z)}.

Case (ii) If xyz ∈ A, then µ̃χA(xyz) = [1, 1] º [0, 0] =rmin{µ̃χA(x), µ̃χA(z)} and
fχA (xyz) = 0 ≤ 1 =max{fχA(x), fχA(z)}.

Thus χA = 〈µ̃χA
, fχA

〉 is a cubic bi-ideal of S.
Conversely, let χA be a cubic bi-ideal of S. We have to prove that A is a bi-ideal

of S. By Lemma 2.6, A is a subsemigroup of S.
Let x, z ∈ A, then µ̃χA(x) = [1, 1] = µ̃χA(z) and fχA(x) = 0 = fχA(z). Thus

µ̃χA(xyz) ºrmin{µ̃χA(x), µ̃χA(z)} = [1, 1] and fχA(xyz) ≤max{fχA(x), fχA(z)} =
0. So µ̃χA

(xyz) = [1, 1] and fχA
(xyz) = 0 =⇒ xyz ∈ A for all x, y, z ∈ S. Hence A

is a bi-ideal of S. ¤

Let A =
〈∼
µA, fA

〉
be a cubic set in S. For any r ∈ [0, 1] and [s, t] ∈D[0, 1], then

the cubic level set U(A; [s, t], r) of A is defined by
U(A; [s, t], r) = {x ∈ S : µ̃A(x) º [s, t], fA(x) ≤ r} .

Theorem 3.3. Let S be a semigroup and A =
〈∼
µA, fA

〉
be a cubic subset of S. Then

the following are equivalent
(1) A =

〈∼
µA, fA

〉
is a cubic bi-ideal of S.

(2) Each non-empty cubic level set U(A; [s, t], r) is a bi-ideal of S.
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Proof. Straightforward. ¤

Example 3.4. Consider a semigroup S = {1, 2, 3, 4, 5} with the following Cayley
table

. 1 2 3 4 5
1 1 1 1 1 1
2 1 2 1 4 1
3 1 5 3 3 5
4 1 2 4 4 2
5 1 5 1 3 1

Bi-ideals of S are {1}, {1, 3}, {1, 3, 4} and S. Define a cubic set A =
〈∼
µA, fA

〉
in S

as follows.

S µ̃A(x) fA(x)
1 [0.8, 0.9] 0.3
2 [0.2, 0.3] 0.7
3 [0.6, 0.7] 0.4
4 [0.4, 0.5] 0.5
5 [0.2, 0.3] 0.7

and

P (
∼
µA(x); [s, t]) =





S if [0, 0] ≺ [s, t] ¹ [0.2, 0.3]
{1, 3, 4} if [0.2, 0.3] ≺ [s, t] ¹ [0.4, 0.5]
{1, 3} if [0.4, 0.5] ≺ [s, t] ¹ [0.6, 0.7]
{1} if [0.6, 0.7] ≺ [s, t] ¹ [0.8, 0.9]
∅ if [0.8, 0.9] ≺ [s, t] ¹ [1, 1]

and

N(fA(x); r) =





S if 0.7 ≤ r < 1
{1, 3, 4} if 0.5 ≤ r < 0.7
{1, 3} if 0.4 ≤ r < 0.5
{1} if 0.3 ≤ r < 0.4
∅ if 0 ≤ r < 0.3.

Then U(A; [s, t], r) = P (
∼
µA(x); [s, t])∩N(fA(x); r) is a bi-ideal of S and by Theorem

3.3, A =
〈∼
µA, fA

〉
is a cubic bi-ideal of S.

Lemma 3.5. A cubic subset A =
〈∼
µA, fA

〉
of a semigroup S is a cubic bi-ideal of S

if and only if A c©A v A and A c©χS c©A v A, where χS is the cubic characteristic
function of S.
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Proof. Let A be a cubic bi-ideal of S, by Definition 3.1, A is a cubic subsemigroup.
We have A c©A v A by Lemma 2.5. Now

(
∼
µA◦̃

∼
µχS

◦̃∼µA) (x) = rsup
x=yz

[
rmin

{
(
∼
µA◦̃

∼
µχS

) (y) ,
∼
µA (z)

}]

= rsup
x=yz

[
rmin

{
rsup
y=pq

{
rmin

{∼
µA (p) ,

∼
µχS

(q)
}}

,
∼
µA (z)

}]

= rsup
y=pqz

[
rmin

{∼
µA (p) ,

∼
µχS

(q) ,
∼
µA (z)

}]

= rsup
y=pqz

[
rmin

{∼
µA (p) , [1, 1],

∼
µA (z)

}]

= rsup
y=pqz

[
rmin

{∼
µA (p) ,

∼
µA (z)

}]

¹ rsup
y=pqz

[∼
µA(pqz)

]

=
∼
µA (x) ,

so we have (
∼
µA◦̃

∼
µχS

◦̃∼µA) (x) ¹ ∼
µA (x) and

(fA ◦ fχS ◦ fA) (x) =
∧

x=yz

[max {(fA ◦ fχS ) (y), fA(z)}]

=
∧

x=yz

[
max

{ ∧
y=pq

{max {(fA(p), fχS (q))}} , fA(z)

}]

=
∧

x=yz

[
max

{ ∧
y=pq

{max {fA(p), 0}} , fA(z)

}]

=
∧

x=pqz

[max {fA(p), fA(z)}]

≥
∧

x=pqz

[fA(pqz)]

= fA(x),

so (fA ◦ fS ◦ fA) (x) ≥ fA(x). Hence A c©χS c©A v A.
Conversely, assume that A c©χS c©A v A and A c©A v A. By Lemma 2.5, A is a

cubic subsemigroup of S,

µ̃A(a) º (µ̃A◦̃µ̃χS ◦̃µ̃A)(a)
= rsup

a=yz
[rmin {(µ̃A◦̃ µ̃χS ) (y), µ̃A(z)}]

= rsup
a=yz

[
rmin

{
rsup
y=pq

{rmin {µ̃A(p), µ̃χS (q)}} , µ̃A(z)
}]

= rsup
a=yz

rsup
y=pq

[rmin {µ̃A(p), [1, 1], µ̃A(z)}]

= rsup
a=pqz

[rmin {µ̃A(p), µ̃A(z)}]
962



Sadaf Umar et al./Ann. Fuzzy Math. Inform. 9 (2015), No. 6, 957–974

and

fA(a) ≤ (fA ◦ fχS
◦ fA) (a)

=
∧

a=yz

[max {(fA ◦ fχS
) (y), fA(z)}]

=
∧

a=yz

[
max

{ ∧
y=pq

{max {fA(p), fχS
(q)}} , fA(z)

}]

=
∧

a=yz

∧
y=pq

[max {fA(p), 0, fA(z)}]

=
∧

a=pqz

[max {fA(p), fA(z)}] .

So A =
〈∼
µA, fA

〉
is a cubic bi-ideal of S. ¤

Lemma 3.6. The intersection of any family of cubic bi-ideals of a semigroup S is
a cubic bi-ideal of S.

Proof. Let {Ai}i∈I be a family of cubic bi-ideals of S. We have to prove that uAi =〈
rinf
i∈I

µ̃Ai ,
∨
i∈I

fAi

〉
is a cubic bi-ideal of S. Let x, y ∈ S, then

(
rinf
i∈I

µ̃Ai

)
(xy) = rinf

i∈I
{µ̃Ai(xy) : i ∈ I and x ∈ S}

º rinf
i∈I

{rmin {µ̃Ai(x), µ̃Ai(y)} : i ∈ I and x, y ∈ S}

= rmin
{

rinf
i∈I

{µ̃Ai(x), µ̃Ai(y)} : i ∈ I and x, y ∈ S

}

= rmin
{

rinf
i∈I

{µ̃Ai(x) : i ∈ I and x ∈ S} , rinf
i∈I

{µ̃Ai(y) : i ∈ I and y ∈ S}
}

= rmin
{(

rinf
i∈I

µ̃Ai

)
(x),

(
rinf
i∈I

µ̃Ai

)
(y)

}

and (∨

i∈I

fAi

)
(xy) = sup {fAi(xy) : i ∈ I and x, y ∈ S}

≤ sup {max {fAi(x), fAi(y)} : i ∈ I and x, y ∈ S}
= max {sup {fAi(x), fAi(y)} : i ∈ I and x, y ∈ S}
= max {sup {fAi(x) : i ∈ I and x ∈ S} , sup {fAi(y) : i ∈ I and y ∈ S}}

= max

{(∨

i∈I

µ̃Ai

)
(x),

(∨

i∈I

µ̃Ai

)
(y)

}
.

In a similar way, for x, y, z ∈ S, we get
(

rinf
i∈I

µ̃Ai

)
(xyz) ºrmin

{(
rinf
i∈I

µ̃Ai

)
(x),

(
rinf
i∈I

µ̃Ai

)
(z)

}
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and
( ∨

i∈I

fAi

)
(xyz) ≤max

{( ∨
i∈I

fAi

)
(x),

( ∨
i∈I

fAi

)
(z)

}
.

Therefore uAi =
〈

rinf
i∈I

µ̃Ai ,
∨
i∈I

fAi

〉
is a cubic bi-ideal of S. ¤

Lemma 3.7. Let A and B be any cubic bi-ideals of a semigroup S. Then A c©B is
also a cubic bi-ideal of S.

Proof. Since A and B are cubic bi-ideals of S, it follows from Lemma 3.5 that

(A c©B) c© (A c©B) = A c© [B c© (A c©B)]
v A c© (B c©χS c©B)
v A c©B.

Then by Lemma 3.5, A c©B is a cubic subsemigroup of S. And we have

(A c©B) c©χS c© (A c©B) = A c© [B c© (χS c©A) c©B]
v A c© (B c©χS c©B)
v A c©B.

Hence, A c©B is a cubic bi-ideal of S, by Lemma 3.5. ¤

Definition 3.8. The cubic subset a(t̃,s) of S defined by

a(t̃,s)(x) =

{ (
t̃, s

)
if x = a for all x ∈ S(

0̃, 1
)

otherwise,

is called a cubic point of S where a ∈ S, s ∈ (0, 1] and t̃ ∈ D[0, 1]. Let A be any
cubic subset of S, it is clear that A =

(t̃,s)∈A
a(t̃,s).

Definition 3.9. Let A = 〈µ̃A, fA〉 be a cubic subset of a semigroup S. A non-empty
intersection of all cubic bi-ideals of S containing A is also a cubic bi-ideal of S, and
is called the cubic bi-ideal of S generated by A, denoted by B (A).

Theorem 3.10. The cubic bi-ideal generated by a cubic point a(t̃,s) is defined at
each x ∈ S by

B
(
a(t̃,s)

)
(x) =

〈
µ̃B(at̃)

(x), fB(as)(x)
〉
,

µ̃B(at̃)
(x) =

{
t̃ if x ∈ B(a)
0̃ otherwise,

fB(as)(x) =
{

s if x ∈ B(a)
1 otherwise,

where B(a) = {a} ∪ aS1a is a bi-ideal of S generated by a ∈ S.
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Proof. Let x, y, z ∈ S. If y, z ∈ B(a) is such that x = yz, then

B
(
a(t̃,s)

)
c©B

(
a(t̃,s)

)
(x) =

〈
µ̃B(at̃)

◦̃µ̃B(at̃)
(x) , fB(as) ◦ fB(as) (x)

〉

(µ̃B(at̃)
◦̃µ̃B(at̃)

)(x) = rsup
x=yz

[
rmin

{
µ̃B(at̃)

(y), µ̃B(at̃)
(z)

}]

= rsup
x=yz

[
rmin{t̃, t̃}]

= t̃

¹ µ̃B(at̃)

and

(fB(as) ◦ fB(as))(x) =
∧

x=yz

max{fB(as)(y), fB(as)(z)}}

=
∧

x=yz

max{s, s}

= s

≥ fB(as)(x).

If y, z /∈ B(a), then rmin{µ̃B(at̃)
(y), µ̃B(at̃)

(z)} = [0, 0] ¹ µ̃B(at̃)
(x)

and max{fB(as)(y), fB(as)(z)} = 1 ≥ fB(as)(x). Thus

B
(
a(t̃,s)

)
c©B

(
a(t̃,s)

)
v B

(
a(t̃,s)

)
.

Hence by Lemma 2.5, B
(
a(t̃,s)

)
is a cubic subsemigroup of S.

Let x, y, z ∈ S. If x, z ∈ B(a) then xyz ∈ B(a) and so

B
(
a(t̃,s)

)
(xyz) =

〈
µ̃B(at̃)

(xyz), fB(as)(xyz)
〉

where

µ̃B(at̃)
(xyz) = t̃ = rmin{µ̃B(at̃)

(x), µ̃B(at̃)
(z)}

and

fB(as)(xyz) = s = max{fB(as)(x), fB(as)(z)}.

If x /∈ B(a) and z /∈ B(a), then rmin{µ̃B(at̃)
(x), µ̃B(at̃)

(z)} = [0, 0] ¹ µ̃B(at̃)
(xyz)

and max{fB(as)(x), fB(as)(z)} = 1 ≥ fB(as)(xyz). Thus B
(
a(t̃,s)

)
is a cubic bi-ideal

of S. Clearly a(t̃,s) ∈ B
(
a(t̃,s)

)
.

Let C = 〈µ̃C , fC〉 be a cubic bi-ideal of S containing a(t̃,s) and let x ∈ S. If x /∈
B(a), then

µ̃B(at̃)
(x) = [0, 0] ¹ µ̃C(x) and fB(as)(x) = 1 ≥ fC(x).
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If x ∈ B(a) = {a} ∪ aS1a, then B
(
a(t̃,s)

)
(x) = (t̃, s). If x = a, then a(t̃,s)(x) =

(t̃, s) ∈ C(x). If x = aya for some y ∈ S1, then

C(x) = 〈µ̃C(x), fC(x)〉
= 〈µ̃C(aya), fC(aya)〉 ,

µ̃C(aya) º rmin{µ̃C(a), µ̃C(a)}
º rmin{at̃(a), at̃(a)}
= t̃

and

fC(aya) ≤ max{fC(a), fC(a)}
≤ max{as(a), as(a)}
= s,

B
(
a(t̃,s)

)
(x) = (t̃, s) ∈ C(x).

Hence
B

(
a(t̃,s)

)
(x) v C(x).

Thus B
(
a(t̃,s)

)
(x) is the smallest cubic bi-ideal of S containing a(t̃,s). ¤

4. Prime cubic bi-ideals

Definition 4.1. A cubic bi-ideal A =
〈∼
µA, fA

〉
of a semigroup S is called a prime

cubic bi-ideal if for any cubic bi-ideals B =
〈∼
µB , fB

〉
and C =

〈∼
µC , fC

〉
of S, B c©C vA

implies either B v A or C v A.

Theorem 4.2. A non-empty subset A of a semigroup S is a prime bi-ideal of S if
and only if the cubic characteristic function χA of A is a prime cubic bi-ideal of S.

Proof. Let A be a bi-ideal of S. Then by Theorem 3.2, χA is a cubic bi-ideal of S.
Let B = 〈µ̃B , fB〉 and C = 〈µ̃C , fC〉 be any cubic bi-ideals of S such that B c©C v χA.
If µ̃B � µ̃χA

and fB � fχA
, then there exists a cubic point x(t̃,s) ∈ B such that

x(t̃,s) /∈ χA. For any y(r̃,p)∈ C,

(1) B
(
x(t̃,s)

)
c©B

(
y(r̃,p)

) v B c©C v χA,

we have for all z ∈ S

(2) B
(
x(t̃,s)

)
c©B

(
y(r̃,p)

)
(z) =

〈
(µ̃B(xt̃)

◦̃µB(yr̃))(z), (fB(xs) ◦ fB(ap))(z)
〉

(µ̃B(xt̃)
◦̃µB(yr̃))(z) =

{
rmin{t̃, r̃} if z ∈ B(x)B(y)

0̃ otherwise
and

(fB(xs) ◦ fB(ap))(z) =
{

max{s, p} if z ∈ B(x)B(y)
1 otherwise.

Thus by (1) and (2)
B(x)B(y) ⊆ A.
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Now from hypothesis it follows that

B(x) ⊆ A or B(y) ⊆ A.

Since x(t̃,s) /∈ χA , we have C =
⋃

y(r̃,p)∈C
y(r̃,p) v χA, thus χA is a prime cubic bi-ideal

of S.
Conversely, let B and C be bi-ideals of S such that BC ⊆ A. Then χB and χC

are cubic bi-ideals of S. By Lemma 2.3, χB c©χC = χBC v χA. This implies that
χB v χA or χC v χA by hypothesis. Thus B ⊆ A or C ⊆ A. Hence A is a prime
bi-ideal of S. ¤

Definition 4.3. A cubic bi-ideal A = 〈µ̃A, fA〉 of a semigroup S is called strongly
prime cubic bi-ideal, if (B c©C) u (C c©B) v A implies that either B v A or C v A,
for any cubic bi-ideals B = 〈µ̃B , fB〉 and C = 〈µ̃C , fC〉 of S.

Theorem 4.4. Let A be a non-empty subset of a semigroup S, then the following
assertions are equivalent,

(1) A is a strongly prime bi-ideal of S.
(2) Cubic characteristic function χA = 〈µ̃χA

, fχA
〉 of A is a strongly prime cubic

bi-ideal of S.

Proof. Follows from Theorem 4.2. ¤

Definition 4.5. Let S be a semigroup, a cubic bi-ideal A = 〈µ̃A, fA〉 of a semigroup
S is called idempotent if A2 = A c©A = A.

Definition 4.6. A cubic bi-ideal A of a semigroup S is a semiprime cubic bi-ideal
of S if B c©B = B2 v A implies B v A, for every cubic bi-ideal B of S.

Theorem 4.7. A non-empty subset A of a semigroup S is a semiprime bi-ideal of S
if and only if the cubic characteristic function χA of A is a semiprime cubic bi-ideal
of S.

Proof. Straightforward. ¤

Remark 4.8. A prime cubic bi-ideal of S is not necessarily strongly prime cubic
bi-ideal of S. This is clear from the following example.

Example 4.9. Consider the semigroup S = {p, q, r} with the following Cayley table.

. p q r
p p p p
q p q q
r p r r

Bi-ideals of S are {p}, {p, q}, {p, r}, S. Here {p} is a prime bi-ideal but it is not
strongly prime as ({p, q}{p, r}) ∩ ({p, r}{p, q}) = {p} ⊆ {p} but {p, q}  {p}, and
{p, r}  {p}. Hence by Theorem 4.2 and 4.4, χ{p} is a prime cubic bi-ideal of S but
not a strongly prime cubic bi-ideal of S.

Lemma 4.10. For a semigroup S, the intersection of any family of prime cubic
bi-ideals of S is a semiprime cubic bi-ideal of S.
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Proof. Let {Ai : i ∈ I} be a family of prime cubic bi-ideals of S. Then u
i∈I
Ai is a

cubic bi-ideal of S, by Lemma 4.6. Let B be any cubic bi-ideal of S such that
B c©B v u

i∈I
Ai, then B c©B v Ai, for all i ∈ I. Since each Ai is a prime cubic bi-ideal

of S, so B v Ai for all i ∈ I. Hence B v u
i∈I
Ai. Thus u

i∈I
Ai is a semiprime cubic

bi-ideal of S. ¤
Definition 4.11. A cubic bi-ideal A =(µ̃A, fA) of a semigroup S is said to be
an irreducible (strongly irreducible) cubic bi-ideal of S, if for any cubic bi-ideals
B = 〈µ̃B , fB〉 and C = 〈µ̃C , fC〉 of S, B u C = A (B u C v A) implies that either
B = A or C = A (B v A or C v A) .

Theorem 4.12. A non-empty subset A of a semigroup S is an irreducible (strongly
irreducible) bi-ideal of S if and only if the cubic characteristic function χA = 〈µ̃χA

, fχA
〉

of A is an irreducible (strongly irreducible) cubic bi-ideal of S.

Proof. Follows from Theorem 4.2. ¤
Every strongly irreducible cubic bi-ideal of S is an irreducible cubic bi-ideal of S

but every irreducible cubic bi-ideal of S is not a strongly irreducible cubic bi-ideal
of S as shown in the following example.

Example 4.13. Consider the semigroup S = {1, 2, 3, 4, 5, 6} with the following
Cayley table.

. 1 2 3 4 5 6
1 1 1 1 1 1 1
2 1 2 2 2 2 2
3 1 2 3 4 2 2
4 1 2 2 2 3 4
5 1 2 5 6 2 2
6 1 2 2 2 5 6

All bi-ideals of S are {1}, {1, 2}, {1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 2, 6}, {1, 2, 3, 5},
{1, 2, 4, 6}, {1, 2, 3, 4}, {1, 2, 5, 6} and S. Here {1}, {1, 2, 3, 5}, {1, 2, 4, 5}, {1, 2, 3, 4},
{1, 2, 5, 6} and S are irreducible but only {a} and S are strongly irreducible. If
A = {1, 2, 3, 5}, B = {1, 2, 4, 5}, C = {1, 2, 3, 4} and D = {1, 2, 5, 6}, then by
Theorem 4.12, χA, χB , χC , χD are irreducible cubic bi-ideals of S which are not
strongly irreducible cubic bi-ideals of S.

Proposition 4.14. Every strongly irreducible, semiprime cubic bi-ideal of a semi-
group S is a strongly prime cubic bi-ideal of S.

Proof. Let A = 〈µ̃A, fA〉 be a strongly irreducible, semiprime cubic bi-ideal of S. Let
B = 〈µ̃B , fB〉 and C = 〈µ̃C , fC〉 be any two cubic bi-ideals of S such that

(B c©C)u (C c©B) v A.

Since B u C v B and B u C v C, so we have (B u C) c© (B u C) v B c©C and
(B u C) c© (B u C) v C c©B. Thus (B u C) c© (B u C) v (B c©C) u (C c©B) v A. This
implies that (B u C) v A, because A is a semiprime cubic bi-ideal of S. Since A is
a strongly irreducible cubic bi-ideal of S, we have B v A or C v A. Hence A is a
strongly prime cubic bi-ideal of S. ¤
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5. Semigroups in which each cubic bi-ideal is strongly prime

In this section, we study those semigroups in which each cubic bi-ideal is semiprime,
we also observe the semigroups in which each cubic bi-ideal is strongly prime.

Proposition 5.1. Let A = 〈µ̃A, fA〉 be a cubic bi-ideal of a semigroup S with A(a) =
〈µ̃A(a), fA(a)〉 = (α̃, β), where a ∈ S and α̃ ∈D[0, 1], β ∈ (0, 1]. Then there exists an
irreducible cubic bi-ideal B = 〈µ̃B , fB〉 of S such that A v B and B(a) = (α̃, β).

Proof. Let X = {C : C is a cubic bi-ideal of S, C(a) = (α̃, β) and A v C} . Then X 6=
∅, because A ∈ X. The collection X is a partially ordered set under inclusion. If
Y = {Ci : Ci is a cubic bi-ideal of S, Ci(a) = (α̃, β) and A v Ci for all i ∈ I} is any

totally orderd subset of X, then t
i∈I
Ci =

〈 ∨
i∈I

µ̃Ci ,
∧
i∈I

fCi

〉
is a cubic bi-ideal of S

such that A v t
i∈I

Ci. Indeed, if a, b, c ∈ S, then
(

rsup
i∈I

µ̃Ci

)
(ab) = rsup

i∈I
(µ̃Ci

(ab))

º rsup
i∈I

[rmin {µ̃Ci (a) , µ̃Ci (b)}] (Ci= 〈µ̃C , fC〉 is a cubic subsemigroup of S)

= rmin
{

rsup
i∈I

µ̃Ci(a), rsup
i∈I

µ̃Ci(b)
}

= rmin
{(

rsup
i∈I

µ̃Ci

)
(a),

(
rsup
i∈I

µ̃Ci

)
(b)

}

and (∧

i∈I

fCi

)
(ab) =

∧

i∈I

(fCi (ab))

≤
∧

i∈I

{max {fCi (a) , fCi (b)}}

= max

{∧

i∈I

fCi(a),
∧

i∈I

fCi(b)

}

= max

{(∧

i∈I

fCi

)
(a),

(∧

i∈I

fCi

)
(b)

}
.

This implies that t
i∈I
Ci is a cubic subsemigroup of S. Now

(
rsup
i∈I

µ̃Ci

)
(abc) = rsup

i∈I
(µ̃Ci (abc))

º rsup
i∈I

[rmin {µ̃Ci (a) , µ̃Ci (c)}] (Ci= 〈µ̃C , fC〉 is a cubic bi-ideal of S)

= rmin
{

rsup
i∈I

µ̃Ci(a), rsup
i∈I

µ̃Ci(c)
}

= rmin
{(

rsup
i∈I

µ̃Ci

)
(a),

(
rsup
i∈I

µ̃Ci

)
(c)

}
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and
(∧

i∈I

fCi

)
(abc) =

∧

i∈I

(fCi
(abc))

≤
∧

i∈I

{max {fCi
(a) , fCi

(c)}}

= max

{∧

i∈I

fCi(a),
∧

i∈I

fCi(c)

}

= max

{(∧

i∈I

fCi

)
(a),

(∧

i∈I

fCi

)
(c)

}
.

Thus t
i∈I
Ci is a cubic bi-ideal of S. Since A v Ci for all i ∈ I, we have A v t

i∈I
Ci.

Also
(
t

i∈I
Ci

)
(a) = t

i∈I
Ci (a) = (α̃, β). Thus t

i∈I
Ci ∈ Y and t

i∈I
Ci is an upper bound

of S. Hence, by Zorn’s Lemma, there exists a cubic bi-ideal B of S which is maximal
with respect to the property that A v B and B(a) = (α̃, β). Now, let B1,B2 be any
cubic bi-ideals of S such that B1uB2 = B. This implies B v B1 and B v B2. We
claim that B = B1 or B =B2. Let us suppose B 6= B1 and B 6=B2. So B1(a) 6= α and
B2(a) 6= α. Hence (B1 u B2) (a) = B1(a) u B2(a) 6= (α̃, β), which is a contradiction
to the fact that B1(a)uB2(a) = B(a) = (α̃, β). Hence either B = B1 or B =B2. Thus
B is an irreducible cubic bi-ideal of S. ¤

In the next theorm we discuss those semigroups in which each cubic bi-ideal is
semiprime.

Theorem 5.2. For a semigroup S, the following are equivalent:
(1) S is both regular and intra-regular,
(2) A c©A = A for every cubic bi-ideal A of S,
(3) B u C =(B c©C) u (C c©B) for all cubic bi-ideals of B and C of S,
(4) Each cubic bi-ideal of S is semiprime,
(5) Each proper cubic bi-ideal of S is the intersection of irreducible semiprime

cubic bi-ideals of S which contains it.

Proof. (1)⇒(2) Let A = 〈µ̃A, fA〉 be a cubic bi-ideal of S. Then by Lemma 2.5,
A c©A v A. Now let a ∈ S. Since S is both regular and intraregular, there exist x, y, z
in S such a = axa and a = ya2z. Then a = axaxa = ax(ya2z)xa = (axya)(azxa).
Thus we have

(
∼
µA◦̃

∼
µA) (a) = rsup

a=(axya)(azxa)

[
rmin

{∼
µA (axya) ,

∼
µA (azxa)

}]

º rsup
a=(axya)(azxa)

[
rmin

{∼
µA(a),

∼
µA(a)

}]

=
∼
µA(a),
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and

(fA ◦ fA) (a) =
∧

a=(axya)(azxa)

[max {fA(axya), fA(azxa)}]

≤
∧

a=(axya)(azxa)

[max {fA(a), fA(a)}]

= fA(a).

This implies that A v A c©A. Hence A c©A = A.
(2)⇒(3) Let B = 〈µ̃B , fB〉 and C = 〈µ̃C , fC〉 be any two cubic bi-ideals of S. Then

by Lemma 3.6, B u C is also a cubic bi-ideal of S. Thus by hypothesis, we have
BuC =(B u C) c© (B u C). Since BuC v B and BuC v C, then (B u C) c© (B u C) v
B c©C. This implies (B u C)v (B c©C) . Similarly (B u C)v (C c©B) .

Now B c©C and C c©B are cubic bi-ideals of S by Lemma 3.7. Thus (B c©C)u(C c©B)
is a cubic ideal of S by Lemma 3.6. Thus by hypothesis, we have

((B c©C) u (C c©B)) = ((B c©C) u (C c©B)) c© ((B c©C) u (C c©B))
v B c©C c©C c©B
= B c©(C c©C) c©B
= B c©C c©B (since C c©C = C)
v B c©χS c©B
v B.

Hence ((B c©C) u (C c©B)) v B. Similarly ((B c©C) u (C c©B)) v C.
Thus ((B c©C) u (C c©B)) v B u C. Therefore ((B c©C) u (C c©B)) = B u C.
(3)⇒(4) Let B be any cubic bi-ideal of S such that A c©A v B for any cubic

bi-ideal A of S. Then by hypothesis,

A = A uA
= (A c©A)u (A c©A)
= A c©A
v B.

This implies A v B. Thus A is a semiprime cubic bi-ideal of S. Hence every cubic
bi-ideal of S semiprime.

(4)⇒(5) Let A = 〈µ̃A, fA〉 be a proper cubic bi-ideal of S and {Ai : i ∈ I} be the
collection of all irreducible cubic bi-ideals of S such that A v Ai for all i ∈ I. This
implies that

A v u
i∈I
Ai.

Let a ∈ S and α ∈ (0, 1] be such that A(a) = (α̃, β). Then by Theorem 5.1, there
exists an irreducible cubic bi-ideal Aa of S such that A v Aα and A(a) = (α̃, β).
This implies Aα ∈ {Ai : i ∈ I} . Hence

u
i∈I
Ai v Aa
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so u
i∈I
Ai(a) v Aa(a) = A(a) for all a ∈ S. By hypothesis, each cubic bi-ideal

of S is semiprime, thus each cubic bi-ideal of S is the intersection of all irreducible
semiprime cubic bi-ideals of S which contain it.

(5)⇒(2). Let A be a cubic bi-ideal of S. Then by Lemma 2.5, we have A c©A v A.
Also A c©A is a cubic bi-ideal of S. Thus by hypoythesis A c©A = u

i∈I
Ai, where each

Ai is an irreducible semiprime cubic bi-ideal of S, such that A c©A v Ai for all i ∈ I.
This implies that A v Ai for all i ∈ I, because each Ai is a semiprime cubic bi-ideal
of S. Thus A v u

i∈I
Ai = A c©A. Hence A c©A = A. ¤

Proposition 5.3. Let S be a regular and intra-regular semigroup. Then the follow-
ing assertions for a cubic bi-ideal A of S are equivalent:

(1) A is strongly irreducible.
(2) A is strongly prime.

Proof. (1)⇒(2) Let A = 〈µ̃A, fA〉 be a strongly irreducible cubic bi-ideal of S. Sup-
pose that B = 〈µ̃B , fB〉 and C = 〈µ̃C , fC〉 be any cubic bi-ideals of S such that
(B c©C) u (C c©B) v A. Since S is both regular and intra-regular, we have by
Theorem 5.2, B u C =(B c©C) u (C c©B) v A. This implies that B v A or C v A,
because A is strongly irreducible. Thus A is a strongly prime cubic bi-ideal of S.

(2)⇒(1) Suppose A is a strongly prime cubic bi-ideal of S. Let B = 〈µ̃B , fB〉 and
C = 〈µ̃C , fC〉 be any cubic bi-ideals of S such that B u C v A. Since S is both regular
and intra-regular, we have by Theorm 5.2, (B c©C) u (C c©B) = B u C v A. This
implies that either B v A or C v A, because A is a strongly prime cubic bi-ideal of
S. Thus A is a strongly irreducible cubic bi-ideal of S. ¤
Theorem 5.4. Each cubic bi-ideal of a semigroup S is strongly prime if and only
if S is regular and intra-regular and the set of cubic bi-ideals of S is totally orderd
by inclusion.

Proof. Suppose that each cubic bi-ideal of S is strongly prime. Then each cubic
bi-ideal of S is semiprime. By Theorem 5.2, S is both regular and intra-regular.
Now, let B = 〈µ̃B , fB〉 and C = 〈µ̃C , fC〉 be any two cubic bi-ideals of S. Then by
Theorem 5.2, B u C =(B c©C) u (C c©B). Since each cubic bi-ideal of S is strongly
prime, so B u C is strongly prime. Hence either B v B u C or C v B u C. Now, if
B v B u C, then B v C and if C v B u C, then C v B.

Conversely, suppose that S is regular and intra-regular and the set of cubic bi-
ideals of S is totally ordered by inclusion. Let A = 〈µ̃A, fA〉, B = 〈µ̃B , fB〉 and
C = 〈µ̃C , fC〉 be any cubic bi-ideals of S such that (B c©C) u (C c©B) v A. Since S is
both regular and intra-regular, we have by Theorem 5.2,

B u C = (B c©C) u (C c©B) v A.

Since the set of cubic bi-ideals of S is totally ordered by inclusion, we have either
B v C or C v B, that is either B u C = B or B u C = C. This implies that B v A or
C v A. Hence A is a strongly prime cubic bi-ideal of S. ¤
Theorem 5.5. If the set of cubic bi-ideals of a semigroup S is totally ordered under
inclusion, then S is both regular and intra-regular if and only if each cubic bi-ideal
of S is prime.
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Proof. Suppose S is both regular and intra-regular. Let A = 〈µ̃A, fA〉, B = 〈µ̃B , fB〉
and C = 〈µ̃C , fC〉 be any cubic bi-ideals of S such that (B c©C) v A. Since the set
of cubic bi-ideals of S is totally ordered, we have either B v C or C v B. If B v C,
then B c©B v B c©C v A. This implies that B v A, as A is semiprime by Theorem
5.2. Hence A is a prime cubic bi-ideal of S.

Conversely, suppose that every cubic bi-ideal of S is prime, since every prime cubic
bi-ideal is semiprime. By Theorem 5.2, S is both regular and intra-regular. ¤
Theorem 5.6. For a semigroup S, the following assertions are equivalent.

(1) The set of cubic bi-ideals of S is totally ordered under inclusion,
(2) Each cubic bi-ideal of S is strongly irreducible,
(3) Each cubic bi-ideal of S is irreducible.

Proof. (1)⇒(2) Let A = 〈µ̃A, fA〉, B = 〈µ̃B , fB〉 and C = 〈µ̃C , fC〉 be any cubic bi-
ideals of S such that B u C v A. Since the set of cubic bi-ideals of S is totally
ordered, so either B v C or C v B. Thus either B u C = B or B u C = C. Hence
B uC v A implies that B v A or C v A. Therefore A is a strongly irreducible cubic
bi-ideal of S.

(3)⇒(1) Let B and C be any cubic bi-ideals of S. Then BuC is also a cubic bi-ideal
of S. Also B u C = B u C. So by hypothesis, either B = B u C or C = B u C, that is
either B v C or C v B. Hence the set of cubic bi-ideals of S is totally ordered. ¤

References

[1] J. Y. Ahn, K. S. Han, S. Y. OH and C. D. Lee, An application of interval-valued intuitionistic
fuzzy sets for medical diagnosis of headache, Information and Control 7 (2011) 2755–2762.

[2] M. Aslam, T. Aroob and N. Yaqoob, On cubic γ-hyperideals in left almost semigroups, Ann.
Fuzzy Math. Inform. 5 (2011) 169–182.

[3] Y. B. Jun, S. T. Jung and M. S. Kim, Cubic subgroups, Ann. Fuzzy Math. Inform. 2 (2011)
9–15.

[4] Y. B. Jun and A. Khan, Cubic ideals in semigroups, Honam Math. J. 35 (2013) 607–623.
[5] Y. B. Jun, C. S. Kim and M. S. Kang, Cubic subalgebras and ideals of BCK/BCI-Algebras,

Far East. J. Math. Sci. 44 (2010) 239–250.
[6] Y. B. Jun, C. S. Kim, and J. G. Kang, Cubic q-ideals of BCI-algebras, Ann. Fuzzy Math.

Inform. 1 (2011) 25–34.
[7] Y. B. Jun, C. S. Kim and M. S. Kang, Cubic structures applied to ideals of BCI-algebras,

Comput. Math. Appl. 6 (2011) 3334–3342.
[8] Y. B. Jun, C. S. Kim and K. O. Yang, Cubic sets, Ann. Fuzzy Math. Inform. 4 (2012) 83–98.
[9] Y. B. Jun and K. J. Lee, Closed cubic ideals and cubic sub-algebras in BCK/BCI-algebras,

Appl. Math. Sci. 4 (2010) 3395–3402.
[10] N. Kuroki, Fuzzy bi-ideals in semigroups, Comment. Math. Univ. St. Paul. 28(1) (1980) 17–21.
[11] N. Kuroki, Fuzzy ideals and fuzzy bi-ideals in semigroups, Fuzzy Sets and Systems 5 (1981)

203–215.
[12] N. Kuroki, Fuzzy semiprime ideals in semigroups, Fuzzy Sets and Systems 8 (1982) 71–80.
[13] N. Kuroki, On fuzzy semigroups, Inform. Sci. 53 (1991) 203–236.
[14] A. Rosenfeld, Fuzzy groups, J. Math. Anal. Appl. 35 (1971) 512–517.
[15] M. Shabir, Y. B. Jun and M. Bano, On prime fuzzy bi-ideals of semigroups, Iran. J. Fuzzy

Syst. 4 (2010) 115–128.
[16] M. Shabir and N. Kanwal, Prime bi-ideals in semigroups, Southeast Asian Bull. Math. 31

(2007) 757–764.
[17] L. A. Zadeh, Fuzzy sets, Information and Control 8 (1965) 338–353.
[18] L. A. Zadeh, The concept of a linguistic variable and its application to approximate reasoning-

I, Inform. Sci. 8 (1975) 199–249.

973



Sadaf Umar et al./Ann. Fuzzy Math. Inform. 9 (2015), No. 6, 957–974

Sadaf Umar (sadafumar90@yahoo.com)
Department of Mathematics, Abdul Wali Khan University Mardan, KPK, Pakistan

Asmat Hadi (khanmujtaba2011@hotmail.com)
Department of Mathematics, Abdul Wali Khan University Mardan, KPK, Pakistan

Asghar Khan (azhar4set@yahoo.com)
Department of Mathematics, Abdul Wali Khan University Mardan, KPK, Pakistan

974


