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ABSTRACT. In this paper, a common fixed point theorem is proved by
using the idea of fuzzy c-distance in fuzzy cone metric space. This theorem
extends the contractive condition of common fixed point theorem ( which
is proved in an earlier paper ) from constant real numbers to some control
functions and the theorem is justified by a suitable example.
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1. INTRODUCTION

In last few years different types of generalized metric spaces have been developed
by different authors in different approach. Some generalized metric spaces are D-
metric space [7], Cone metric space [13] etc. The idea of cone metric space was
introduced by H.Long-Guang et al.[13]. The definition of cone normed linear space
is introduced by T.K.Samanta et al.[15] and M.Eshaghi Gordji et al. [8]. In earlier
papers [2, 3], the author introduced the idea of fuzzy cone metric space as well as
fuzzy cone normed linear space and studied some basic results. The study of common
fixed points of mappings satisfying certain contractive conditions is now a vigorous
research activity. Different authors developed more results regarding common fixed
point theorem by using different types of contractive conditions for noncommuting
mappings in metric spaces as well as in cone metric spaces ( for references please
see [1}, 5 16, 10, T1]). Recently Shenghua Wang et al. [16] have been developed a
distance called c-distance on a cone metric space and prove a new common fixed
point theorem by using this concept.

In this paper, following the idea of c-distance on a metric space [16], an idea of
fuzzy c-distance in fuzzy cone metric space is introduced in [4] and by using this
concept, one common fixed point theorem is established in such space.There is an
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advantage to use fuzzy c-distance to establish common fixed point theorem, since it
is not required that contraction mapping be weakly compatible.

The organization of the paper is as follows:
Section 1, comprises some preliminary results which are used in this paper.
In Section 2, some properties of fuzzy c-distance are studied. One common fixed
point theorem is established in Section 3.

2. PRELIMINARIES

A fuzzy number is a mapping z: R — [0, 1] over the set R of all reals.
A fuzzy number z is convex if z(t) > min (x(s) , z(r)) where s < t <r.
If there exists to € R such that xz(tg) = 1, then z is called normal. For 0 < o <
1, a-level set of an upper semi continuous convex normal fuzzy number ( denoted by
[a) is a closed interval [aq, , bs], where a, = —o0 and b, = 400 are admissible.
When a, = —oo, for instance, then [a, , b,] means the interval (—oo , b,]. Similar
is the case when b, = +o0.
A fuzzy number z is called non-negative if z(t) =0, V¢t < 0.
Kaleva ( Felbin ) denoted the set of all convex, normal, upper semicontinuous fuzzy
real numbers by E ( R(I)) and the set of all non-negative, convex, normal, upper
semicontinuous fuzzy real numbers by G(R*(I)).

A partial ordering ” < ” in E is defined by n =< § if and only if ¢}, < a? and

bl < b foralla € (0, 1] where [n], = [al , bL] and [§], = [a? , b2]. The
strict inequality in E is defined by n < ¢ if and only if al, < a2 and b, < b2 for each
a €(0, 1]

Fuzzy real number 0 is defined as 0(t) = 1 if t = 0 and 0(¢) = 0 otherwise.

According to Mizumoto and Tanaka [14] , the arithmetic operations @, © on
FE x E are defined by

(x®y)(t) = Supsepmin {z(s), y(t—s)}, teR

(xoy)(t) = Supsermin {x(s) , y(s —1)}, t€R

Proposition 2.1 ([14]). Letn, § € E(R(I)) and [n]o = [ak,bl], [0]a = [a2,b2],a €
(0,1]. Then

n D dla = lag +a5 , by +b]

M © 8o = [ag — b3 , by — a7

[7765}0/ = [aavblb2}
Definition 2.2 ([12]). A sequence {7777} in E is said to be convergent and converges
to n denoted by hm N = n if hm ar = aq and lim b = b, where [n,]o =
(a2 b2] and [n]o = [an. ba] Va € (0.1].

Note 2.3 ([12]). If n, 6 € G(R*(I)) then n® 6 € G(R*(1)).

Note 2.4 ([12]). For any scalar t, the fuzzy real number tn is defined as tn(s) =0
if t=0 otherwise tn(s) = n(2).

t

Definition of fuzzy norm on a linear space as introduced by C. Felbin is given
below.

Definition 2.5 ([9]). Let X be a vector space over R.
Let || || : X — R*(J) and let the mappings
882
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LU :[0, 1 x][0, 1] — [0, 1] be symmetric, nondecreasing in both arguments
and satisfy
LO,0)= 0andU(1, 1)= 1.

[z|[la = [llz]|% , ||z]2] for z € X, 0 <« <1 and suppose for all z € X, x # 0,
there exists ap € (0, 1] independent of = such that for all @ < ay,

(A) [l][3 < oo

(B) inf||z||} > o.

The quadruple (X , || ||, L, U) is called a fuzzy normed linear space and || || is
a fuzzy norm if

(i) [|z|]| = Oif and only ifx = 0

(i)[frz| = [r[||z]|, z € X, r € R;

(iii) for all z,y € X,

(a) whenever s < [lal[}, t < [lyll} and s+¢ < ||z +yll},
|z +yll(s +1) = L([l=[l(s) , llylI(*)),

(b) whenever s > ||z||}, t > ||y||} and s+t > ||z + ]|},
|z +yll(s +8) < U(ll2ll(s) , [lyll(£)

Remark 2.6 (|9]). Felbin proved that,
if L = A(Min) and U = \/(Max) then the triangle inequality (iii) in the Definition
1.3 is equivalent to
o +yll = llzl| @ Il

Further || ||%; ¢ = 1,2 are crisp norms on X for each a € (0, 1]. In that case we
simply denote (X , || [])-

Definition 2.7 ([2]). Let (E,|| ||) be a fuzzy real Banach space ( Felben sense )
where || || : E — R*(I).
Denote the range of || || by £*(I). Thus E*(I) C R*(I).

Definition 2.8 ([2]). A subset of F of E*(I) is said to be fuzzy closed if for any
sequence {n,} such that lim n, =»n implies n € F.

Definition 2.9 (]2]). A subset P of E*(I) is called a fuzzy cone if

(i) P is fuzzy closed, nonempty and P # {0};

(ii) a,b € R, a,b>0, 1,0 € P= an® bé € P;

(i) ne Pand —ne P =n=0.

Given a fuzzy cone P C E*(I), define a partial ordering < with respect to P by
n<Jiff §&n e P and n < § indicates that n < d but n # ¢ while n < ¢ will stand
for 6 © n €IntP where IntP denotes the interior of P.

The fuzzy cone P is called normal if there is a number K > 0 such that for all
n’ 6 E E* (I))
with 0 < 7 < 6 implies 7 < K§. The least positive number satisfying above is called
the normal constant of P.

The fuzzy cone P is called regular if every increasing sequence which is bounded

from above is convergent. That is if {n,} is a sequence such that n; <ns < ........ <

Mn < ... < 1 for some n € E*(I), then there is 6 € E*(I) such that 7, — § as

n — oo.

Equivalently, the fuzzy cone P is regular if every decreasing sequence which is
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bounded below is convergent. It is clear that a regular fuzzy cone is a normal
fuzzy cone.

In the following we always assume that E is a fuzzy real Banach ( Felbin sense )
space, P is a fuzzy cone in E with IntP # ¢ and < is a partial ordering with respect
to P.

Definition 2.10 ([2]). Let X be a nonempty set. Suppose the mapping
d: X x X — E*(I) satisfies
(Fd1) 0 < d(z,y) Vz,y € X and d(z,y) =0 iff z = y;
(Fd2) d(z,y) = d(y,z) Vz,y € X;
(Fd3) d(z,y) < d(z,z) ®d(z,y) Vo,y,z € X.
Then d is called a fuzzy cone metric and (X, d) is called a fuzzy cone metric space.

Definition 2.11 ([2]). Let (X,d) be a fuzzy cone metric space. Let{z,} be a
sequence in X and z € X. If for every ¢ € E with 0 < ||c|| there is a positive integer
N such that for all n > N, d(x,,z) < ||c||, then {z,} is said to be convergent and
converges to x and x is called the limit of {x, }. We denote it by lim z, = x.

n—oo
Lemma 2.12 (|2]). Let (X,d) be a fuzzy cone metric space and P be a normal fuzzy
cone with normal constant K. Let{x,} be a sequence in X. If {x,} is convergent
then its limit is unique.

Definition 2.13 ([2]). Let (X,d) be a fuzzy cone metric space and {z,} be a
sequence in X. If for any ¢ € E with 0 << [|c||, there exists a natural number N
such that Vm,n > N, d(z,,zn) < |||, then {z,} is called a Cauchy sequence in
X.

Definition 2.14 ([2]). Let (X,d) be a fuzzy cone metric space. If every Cauchy
sequence is convergent in X, then X is called a complete fuzzy cone metric space.

Definition 2.15 ([I]). Let f and g be self mappings defined on a set X. If w =
f(x) = g(x) for some = € X, then x is called a coincidence point of f and g and w
is called a point of coincidence of f and g.

Proposition 2.16 ([1]). Let f and g be weakly compatible self-mappings of a set X.
If f and g have a unique point of coincidence w = f(z) = g(x), then w is the unique
common fized point of f and g.

Definition 2.17 ([4]). Let (X, d) be a fuzzy cone metric space. Then the mapping
Q: X xX — E*(I) is called a c-fuzzy distance on X if the following conditions
hold:

(Q1) 0 < Q) Yo,y € X;

(Q2) Q(,2) < Qw,1) © Qy, 2) Vo, y,2 € X

(Q3) Vx € X, if Q(z,yn) < n for some n=n(zx) € P, n > 1,

then Q(z,y) < n whenever {y,} is a sequence in X converging to a point y € X;
(Q4) Ve € E with 0 < ||c|]|, Je € F with 0 < ||e|| such that Q(z,z) < |le|| and
Q(z,y) < |le]] imply d(z,y) < |[c]|.

3. SOME RESULTS OF FUZZY C-DISTANCE ON FUZZY CONE METRIC SPACE

Observation 3.1. If Q be a fuzzy c-distance on a fuzzy cone metric space (X, d)
then
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(A) Q(z,y) = Q(y, z) does not necessarily hold Vz,y € X.
(B) Q(z,y) = 0 is not necessarily equivalent to x = y Va,y € X.

Proof. To justify the above results we consider the following Example. d

Example 3.2. Let E=R ( set of real numbers ).

Define || || : E — R*(I) by
% ift > |z|,x#6
lzf[(t)=q 1 ift=lz|=0
0 otherwise
Then (E, || ||) is a complete fuzzy normed linear space ( Felbin’s sense )

where [||z|]a = [|z], %l] Va € (0,1] ( please see Example 3.4[2] ).
Let X =[0,00) and P={z € E: ||z|| = 0}.
Define a mapping d: X x X — E*(I) by d(z,y) = ||z — y|| Va,y € X.
If we chose the ordering < of E w.r.t. P as < then (X,d) is a fuzzy cone metric
space with normal cone P.
Now define a mapping @ : X x X — E*(I) by Q(z,y) = ||y|| Yx,y € X. Then Q is
a fuzzy c-distance on (X, d).
In fact, (Q1)-(Q2) are obvious. Let {y,} be a sequence in X converging to a point
yeX.
We have, z € X, Q(z,y,) <X n(x), n € P implies [|y,|| < n(x).
Now [ly[| = [ly = ynl| ® [lynl]
= [lylle < lly = ynlls + lyally for i = 1,2 and a € (0,1]
= 1ylfe < T [lynls, < for i = 1,2 and a € (0,1]
NINEY
= Q(z,y) =n Vo e X.
So (Q3) holds.
Let |le|| = 0 be given where e € E. Set ||c|| = ”;”.
If Q(z,2) = [lz]| < [lc]| and Q(z,y) = [[yl| < ||| then
d(zy) = Iz — gl = 21| & [l < 2llel] = [lell.
Thus (Q4) holds and hence Q is a fuzzy c-distance.
Choose g, yo € X where z # yo. So |zo| # |yo| and hence ||zo]| # ||vol|-
Now, Q(z,y0) = ||yo]| Yz € X. So in particular Q(zo, yo) = ||yol|-
Similarly Q(yo, z0) = |[zol]. So Q(z0,0) # Q(yo, o).
Since xg,yo € X are arbitrary, thus Q(z,y) = Q(y,x) does necessarily hold Vz,y €
X.
So (A) is proved.
Again Q(z,y) =0=|0|| Vz,y € X
=>y=0VreX
=>c#yVeeX(z#0) (3.2.1).
Next suppose xg = yo € X.
If g = yo = 0 then Q(x0,90) = |lyol| =0
If wo = yo # 0 then Q(z0,y0) = |[yo|| # 0. B
Thus x = y Va,y € X does not imply Q(z,y) =0 (3.2.2).
From (3.2.1) and (3.2.2) (B) is proved.
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Proposition 3.3. Let (X,d, <) be a fuzzy cone metric space and Q be a fuzzy c-
distance on X and {x,} be a sequence in X. Suppose that {||u,||} is a sequence in
P (u, € E) converging to 0. If Q(xy, Tm) < |Jun|| Ym > n, then {z,} is a Cauchy
sequence in X.

Proof. Let ¢ € E with 0 < ||¢|].

Then 3 a positive § such that ||c|| © ||z|| € intP for any z € E with ||z|| < J.

For, 0 < ||c]| = ||e[| © 0 = [|¢]| € intP.

Now, [[z]| = [lel| © (l[ell © [|=[]) < 6

= ||c]| © ||z|| € intP. B

Since {||un||} to 0, there exists a positive integer N such that ||u,|| <0 Vn > N

= [[unl| = [le]| © (]| © [[unl]) < 6 Vn > N

= |lc]| © ||lun|| € intP ¥n > N

= |Jun|| < ||c|| Vrn > N.

By the hypothesis, Q(zn, Tm) < ||un|| < ||¢]| Ym > n with n > N.

This implies that Q(zn, Zn+1) < [[un|| < ]| and Q(@n, Tmi1) < [Jun|| < ||c[| Vm >
n with n > N.

From (Q4), for e € E with ||e|| = ||c]|, it follows that

d(xps+1, Tm1) < ||c]| Ym > n with n > N.

This implies that {z,} is a Cauchy sequence in X. O

4. COMMON FIXED POINT THEOREM IN FUZZY CONE METRIC SPACES

In this Section a common fixed point theorem is proved by using the idea of fuzzy
c-distance in fuzzy cone metric space.

Theorem 4.1. Let (X,d,<’) be a fuzzy cone metric space and P be a fuzzy normal
cone with normal constant K. Let Q : X x X — E*(I) be a fuzzy c-distance on
Xand S, T : X — X be two mappings such that T(X) C S(X) and S(X) be a
complete subspace of X. Suppose that there exist mappings 3,7, 06, : X — [0,1] such
that the following conditions hold:
1. B(Tw) < B(Sa), A(Tx) < A(Sx), 5(Tx) < 8(Sx) and u(Tw) < p(S) Vo € X
2. (B+y+d+up)(z) <1VreX;
5. Q(Tw,Ty) <' B(Sx)Q(Sa, Sy)® ~(S2)Q(Sz, Ty)® 5(S2)Q(Sa, T)

® p(Sz)Q(Sy, Ty) Vr,y € X;
4. For some g € (0,1],
inf{Qh, (Tx,y) + QL (Sz,y) + QL (Sz,Tx): z€ X} >0, Vy e X withy # Ty or
y # Sy. Then S and T have a common fized point in X.

Proof. Let zy € X be an arbitrary point. Since T(X) C S(X), Jz; € X such that
T.’I?Q = Sml.
By induction, we construct a sequence {z,} in X such that Szg = Tz,_1, forn > 1
From (1) and (3) we have,
Q(S:L'na an+l) = Q(Txn—la Txn)
SI /B(Sﬁrnfl)Q(anfly Smn)@ly(sxnfl)@(smnfh Txn)GB(S(S:Enfl)Q(anfla Tl'n,1)
Ou(Swn_1)Q(Sp, Txy)
= ﬁ(Txn—2)Q(S-Tn—ly S-/En) @’Y(Txn—Q)Q(an—lv S$n+1) @6(Txn—2)Q(S$n—17 S-rn)
ST xn—2)Q(STn, STny1)
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S/ ﬁ(S-’I;n72)Q<S$n71’ Smn)@y(smn72)Q(sxnflv SmnH)EBé(an,g)Q(an,l, Swn)

@M(an—Q)Q(an7sxn+1)

ie. Q(Szy, Stnt1) < B(Sz0)Q(STr—1,5Ts) B Y(Sx0)Q(STp_1,5Cn+1)

@DI(S20)Q(STp—1,5T,) Bu(Sx0)Q(STn, STri1)

S/ ﬂ(SxO)Q(anflv Smn) 5> 7(51‘0)[@(5557171; an) @ Q(ana Sanrl)]

@®(Sx0)Q(STp-1,STn) ® u(Sx0)Q(Sxr, STpt1)

= [B(Swo) +v(Sz0) + 525330)]%(855% 5%’ Sxy) @ [v(Swo) + p(S20)]Q(STp, STry1)

- Q(szzgx;m();’) i(gov);s”io)”ﬁszo L Q(Sn-1, Sz) Yn > 1 (4.1.1).
o)+ xo)+ x

Let k = 1_()7(5’;0)_0“(5550) & < 1by (2).

By repeating (4.1.1) we get,

Q(Sl’n, SIn+1) S/ an(SﬂC(), Sl’l) (412)
Now for m > n > 1, from (4.1.2) we have,

Q(Sxp, Stm) <" Q(Sxn, STpi1) ® Q(STpi1, STpia) ® ..... & Q(STm-1,5Tm)

< an(Sl‘o, le) (&) k”+1Q(Sxo, Sl‘l) D..... (&) km_lQ(S{L‘Q, Sl‘l)

= fij(SanS:El)

Q(Swy, Sxm) <’ 1 K 17 Q(Szo, Sz1) (4.1.3).
Since P is a normal cone with normal constant K, we have from (4.1.3),

Q(Szy, Szy,) =X K7 kT T Q(Szo, Sx1)

= Q' (Sn, STm) j Kling(Sgco,S’:lcl)7 a€ (0,1,i=1,2

= lim Q'(Sxp, STp) =0 a € (0,1],i=1,2

= lim Q(Szy,,Srm,)=0.

Thus {Sz,} is a Cauchy sequence in S(X). Since S(X) is complete, 3 a point z € S(X)
such that

S, — z asn — oo.

Again from (3.1.4) and (Q3), we have

Q(Szy, 2) < £5Q(Sxo, Sz1) Yn > 1.

Since P is a normal cone with normal constant K we have,

Q(Szn, 2) = K(£5)Q(Sxo, Sz1) ¥n > 1 (4.1.4)
= Q' (Szy,2) < (ljk)Qg(Smo,le) Yn>1, a€(0,1], i=1,2.

If possible that Tz # z or Sz # z.

Then by hypothesis and form (4.1.4) and (4.1.5) we have for some g € (0, 1],

0< InflQ4, (T, 2) + Q4 (S, 2) + Q4 (Sz, Tx) : v € X}

< Inf{QL, (Tan,2) + QL (Swn, 2) + QL. (S, Ta) i1 > 1}

= Inf{Qag(an+17 z) + sz (San,z) + Q}xo (S, Stpir) in > 1}

< Inf{K(E20)QL, (Sxo, Sz1) + K(£5)QL, (Swo, Sa1) + K (£5)QL, (Swo, Sa1) -

n>1}
= 0 which is a contradiction. Thus z = Sz =Tz.
Theorem 4.1 is justified by the following Example. O
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Example 4.2. Let E= R and || || : E — R*(I) defined by

|z

Toift > |z x £ 0
lzll(t)=q 1 ift=]z|=0
0 otherwise
Then [[|z][]o = [|z], 2] Va € (0,1].
It can be verified that || || satisfies all the conditions in Definition 1.5 and hence
(E, || |) is a fuzzy normed linear space ( Felbin’s sense ).

If we choose < as the ordering in E and define P = {n € E*(I) : n = 0} then P is a
cone on E.
Again since for z,y € E, ||z|| = |ly|]| © |z| < |y|, thus P is a normal cone with
normal constant 1.
Take X =[0,1) and define d : X x X — E*(I) by d(z,y) = ||r —y|| Vz,y € X. Then
d is a fuzzy cone metric and (X, d) is a fuzzy cone metric space.
Define Q : X x X — E*(I) by Q(z,y) = 2d(z,y) Vx,y € X. Then Q is a c-fuzzy
distance.
(Q1) and (Q2) are obvious.
For (Q3), let {y,} be a sequence in X such that y, — y € X.
Now for z € X, n > 1,
Qz,yn) = |Jull for some [[u] = [[u(z)|| € P
S 2 ) < |ul]
= 2d" (x,yn) < ||ul]y, for a € (0,1], i =1,2
= 2d¢ (z,y) < |Jull, for a € (0,1], i =1,2
= 2d(z,5) < |lul
= Q) = Ilul
So (Q3) holds.
(Q4). Let ¢ € E with 0 < ||¢|| and put ||e]| = ||¢||.
Now for Q(z,7) < |le|| and Q(z,y) < ||e|| we have,
d(z,y) < d(z,2) @ d(z,y) = $Q(z,2) ® 1Q(z,y) < Ll @ Ll = lef| = |||,
Thus d(z,y) < ||c||. Hence Q is a c-fuzzy distance.
Let S,T: X — X defined by S(z) =z and T(z) = g—; Vo e X.
Take mappings 3,7,d, 1 : X — [0,1] by
Bx) =~(x) = %5, 6(z) = 243 and p(z) = 3452 Vo e X.
Now,
(1) B(Tz) = 7(Tx) = (5 +1) < 5(2® +1) < 5L = 5(Sx) = (Sz) Vz € X.

,02

<

(2) 8(T2) = 6(%) = 255 < L (222 4 3) < 2253 = §5(Sw).
(3) u(Tw) = (%) = & (352) < 3242 < 3242 — (9a) Va € X.
() (8+2y +6 1 p)(e) = 4 2o 4 omid g st mas oy
So (B+2y+d6+p)(z) =2 <1 Vo e X.

2 2 2 —
(5) QL(Te, Ty) = QL(2, 1) = 201 (£, ) = 2[5 82| = a2 —y?| = Eh) el
ie. QL(Tz,Ty) < ("Hl) lz—
Similarly Qi(Tx,Ty) <
Now,

é( 1 )Izzyl Vo e X, ae(0,1].
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QL(Sz, Sy) = 2d(Sz, Sy) = 2|lz—y| > =Y (4.2.1)
QL(Sz,Ty) = 2d.,(Sxz, Ty) = 2|z — g—;

> 2lz— | > 2lz—y| = gl > Izl (4.2.2)
QL (Sz,Tx) = 2d.(Sx, Tx) = 2|z — L| > 2w — &| = Z3L|z| > L2zl (4.2.3)
QL(Sy, Ty) = 2d},(Sy, Ty) = 2y — L] > 2y — | > [y| > 123 (4.2.4)

By using (4), (5), (4.2.1), (4.2.2), (4.2.3) and (4.2.4) we get,

Qo (Tz,Ty) < B(2)Qq(Sz, Sy) +~(2)Qq(Sz, Ty)

+0(2)QL(Sx, Tx) + u(x)QL(Sy, Ty) Yo,y € X, a € (0,1] (4.2.5).
Similarly we have,

Qz(Tz, Ty) < p(x)Qa (S, Sy) + 7(2)Q%(Sx, Ty)

+8(2)Q2 (Sx, Tx)+u(x)Q2%(Sy, Ty) Y,y € X, a € (0,1] (4.2.6).
From (4.2.5) and (4.2.6) we get,

Q(Tx, Ty) = B(x)Q(Sz, Sy)ery(2)Q(Sz, Ty)ed(2)Q(Sz, To)ou(x)Q(Sy, Ty) Ya,y €
X.

Again for a € (0,1] and for any y # Ty (i.e. y > 0) we get,

Inf{QL(Ta,y) + QL(Sx, ) + QL(Sz, Ta) : « € X}

= Inf{2|% —yl+ 2z —yl+ 2o - 2lireX)

= Inf{dly— 5} >0,

Thus all the conditions of the Theorem 4.1 are satisfied. So we can conclude that S
and T have a common fixed point. This common fixed point is x = 0.

5. CONCLUSION

Following the concept of c-distance in cone metric space introduced by Sheughua
Wang et al., in this paper, an idea of fuzzy c-distance in fuzzy cone metric space
is introduced. By using this concept, common fixed point theorems for contraction
mapping are established in fuzzy cone metric spaces. Generally to establish common
fixed point theorems in cone metric spaces as well as in fuzzy cone metric spaces,
contraction mappings should be weakly compatible. Here fuzzy c-distance is used to
establish common fixed point theorems shown that it is not required that mappings
are weakly compatible. I think that there is a wide scope of research to develop
fixed point results in fuzzy cone metric spaces by using fuzzy c-distance.
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