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1. INTRODUCTION

Fuzzy topology, as an important research field in fuzzy set theory, has been
developed into a quite nature discipline [4]-[6], [9], [10], [15]. In contrast to classical
topology, fuzzy topology is endowed with richer structure, to a certain extent, which
is manifested with different ways to generalize certain classical concepts. So far,
according to Ref. [5], the kind of topologies defined by Chang [1] and Goguen [2] is
called the topologies of fuzzy subsets, and further is naturally called L-topological
spaces if a lattice L of membership values has been chosen. Loosely speaking, a
topology of fuzzy subsets (resp. an L-topological space) is a family 7 of fuzzy subsets
(resp. L-fuzzy subsets) of nonempty set X, and 7 satisfies the basic conditions of
classical topologies [§].

On the other hand, the authors of [7], [11] proposed the terminologies I-fuzzy
topologies (if the set of membership values is chosen to be the unit interval [0,1])
and L-fuzzy topologies (if the corresponding set of membership values is chosen to
be lattice L). More specifically, an I-fuzzy toplogy (resp. an L-fuzzy topology) is a
(resp. an L-) fuzzy family 7 over P(X), where P(X) denotes the class of all crisp
subsets of nonempty set X. They were defined and extensively studied by Hohle,
Sostak, Kubiak, Radabaugh and others [3|, [7], [9], [10], [11].

In general, L-fuzzy topologies are investigated and described with algebraic and
analytic methods.
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In 1991, Ying [16]-[19] used the semantic method of continuous valued logic to
propose the so-called fuzzifying topology as a preliminary of the research on bifuzzy
topology and elementally develop topology in the theory of fuzzy sets from com-
pletely different direction. Briefly speaking, a fuzzifying topology on a set X assigns
each crisp subset of X to a certain degree of being open, other than being definitely
open or not. In a way, fuzzifying topologies are analogous to I-fuzzy topologies, but
the former appeal to some semantical experssions of Lukasiewicz logic as a basic tool,
and thus can be viewed as an alternative approach to fuzzy topology. Particularly, as
the author [16]-[19] indicated, by investigating fuzzifying topology we may partially
answer an important question proposed by Rosser and Turquette [12] in 1952, which
asked wether there are many valued theories beyond the level of predicates calculus.

Roughly speaking, the semantical analysis approach transforms formal statements
of interest, which are usually expressed as implication formulas in logical language,
into some inequalities in the truth value set by truth valuation rules, and then
these inequalities are demonstrated in an algebraic way and the semantic validity
of conclusions is thus established. So far, there has been significant research on
fuzzifying topologies [14, [19]. For example, Ying [19] introduced the concepts of
compactness and establised a generalization of Tychonoff’s theorem in the framework
of fuzzifying topology. In [14] the concepts of fuzzifying e-open set and fuzzifying e-
continuity were introduced and studied and also introduced and studied the concept
of fuzzifying e-separation axioms.

In [I3] the concepts of e-irresolute function and e-compactness for fuzzy topolog-
ical spaces were introducted. In this paper we introduce and study the concept of
e-irresolute function between fuzzifying topological spaces. Furthermore, we intro-
duce and study the concept of e-compactness in the framework of fuzzifying topology.
We use the finite intersection property to give a characterization of the fuzzifying
e-compact spaces.

2. PRELIMINARIES

In this section, we offer some concepts and results in fuzzifying topology, which
will used in the sequel. For the details, we refer to [14], [16]-[19]. First, we display
the Lukasiewicz logic and corresponding set theoretical notations used in this paper.
For any formula ¢, the symbol [¢] means the truth value of ¢, where the set of truth
values is the unit interval [0, 1]. We write |= ¢ if [¢] = 1 for any interpretation. By
E" ¢ (¢ is feebly valid) we mean that for any valuation it always holds that [¢] > 0,
and ¢ ="* ¢ we mean that [¢] > 0 implies [¢)] = 1. The original formulae of fuzzy
logical and corresponding set theoretical notations are:

(1) [o] = ala € [0, 1]); [p A 4] :=min((g], [¢']); [¢ — ¢] :=min(1,1 = [p] + [¢/]).
(2) If A € ¥(X), where I(X) is the family of all fuzzy sets of X, then
[z € A] := A(x).

(3) If X is the universe of discourse, then [Vxp(z)] := inﬁ([cp(m)]. In addition
S

the following derived formulae are given,
(1) [~¢] = [p = 0] := 1 — [g];
(2) [p V] = [~(=p A=) := max([¢], []);
@) pedl=le—=P) A — w)];854
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(4) [ A )= [2(p = =¢)] := max(0, [¢] + [] = 1);

(5) [Fre(r)] ﬁ=[ﬁVmﬂ@(xﬂr:=sg§Jw(wﬂ;
(6) If A, B € S(X), then
[AC B]:= Va(z € A—ze E)] := inf min(1,1 - A(z) + E(m)),
reX
where $(X) is the family of all fuzzy sets in X.
Often we do not distinguish the connectives and their truth value functions and
state strictly our results on formalization as Ying [16]-[19] did.

Second, we give some definitions and results in fuzzifying topology.

Definition 2.1 ([16]). Let X be a universe of discourse, 7 € S(P(X)) satisfy the
following condition:
(1) 7(X) =1,7(¢) = 1;
(2) for any A, B, 7(AN B) > 7(A) AT(B);
(3) forany {Ax: A e A}, 7(U Ax) > V 7(An).
AEA A€A

Then 7 is called a fuzzifying topology and (X, 7) is a fuzzifying topological space.

Definition 2.2 ([16]). The family of all fuzzifying closed sets, denoted by F €
S(P(X)), is defined as follows: A € F := (X — A) € 7, where X — A is the
complement of A.

Definition 2.3 ([16]). The fuzzifying neighbourhood system of a point z € X is
denoted by N, € (P (X)) and defined as follows: N,(A) = sup 7(B).
rz€BCA
Definition 2.4 ([16], Lemma 5.2.). The closure A of A is defined as A(z) = 1 —
Nz(X — A). In Theorem 5.3 [16], Ying proved that the closure =~ : P(X) — $(X)
is a fuzzifying closure operator (see Definition 5.3 [16]) because its extension ~
S(X) - $(X), A= | adg, A€ S(X), where A, = {z : A(z) > a} is the
ael0,1]

a-cut of A and aA(z) = a A A(z) satisfied the following kuratowski closure axioms:

1) Fo=¢ _

(2) for any A € X(X), EACA o

(3) for any A B, € $(X), E AUB = AUB; (4) for any A, B € S(X),

= (A) C A.

Definition 2.5 ([17]). For any A C X, the fuzzy set of interior points of A is called
the interior of A, and given as follows: A°(x) := N,(A). From Lemma 3.1 [16] and
the definitions of N, (A) and A° we have 7(A) = igg A°(z).

Definition 2.6 ([14]). For any A € $(X), |= (A)° = X — (X — A).
Lemma 2.7 ([14]). If[AC B] =1, then (1)= AC B (2)= (A)®° C (B)°.

Definition 2.8 ([14]). Let (X, 7) be a fuzzifying topological space.
855
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(1) The family of all fuzzifying e-open sets, denoted by 7, € (P (X)), is defined
as follows:
A€t :=Ve(zre A—x e A% UA°9) ie.,
Te(A) = ig(fqmax (A3 (z), A°7% (z)).
(2) The family of all fuzzifying e-closed sets, denoted by F. € I(P(X)), is
defined as follows:
AceF.=(X—-A) e
(3) The fuzzifying e-neighborhood system of a point € X is denoted by N¢ €
$(P(X)), is defined as follows:

NE(A) = ESEIEA Te(B).
x =

(4) The fuzzifying e-closure of a set A € P(X) is denoted by Cl. € I(X), is
defined as follows:
Cle(A)(z) =1— N5(X — A).
(5) Let (X, 7) and (Y, o) be two fuzzifying topological spaces and let f € YX.
A unary fuzzy predicate C, € S(YX), called fuzzifying e-continuity, is given
as follows

Ce(f) =VB(Beo— f~1B)€r.).
Definition 2.9 ([14]). Let Q be the class of all fuzzifying topological spaces. The
unary fuzzy predicate T (fuzzifying e-Hausdorfl) € $(Q) is defined as follows:
TﬂXJLzVﬁ@OxeXAyeXAx#yyeHBHXBGNfACGNfA

BmC:@)

Definition 2.10 ([19]). Let X be aset. If A € $(X) such that the support sup pA =
{z € X : A(x) > 0} of A is finite, then A is said to be finite and we write F'(A4). A

unary fuzzy predicate FF € $(3(X)), called fuzzy finiteness, is given as FF(A) :=
(3B)(F(B)A (A= B)) =1-inf{a€[0,1]: F(A,)} = 1 —inf{a € [0,1] : F(A)},
where A, = {z € X : A(z) > o} and g[a] ={zeX:Ax) >a}
Definition 2.11 ([19]). Let X be a set.
(1) A binary fuzzy predicate K € S(S(P(X)) x P(X)), called fuzzifying cover-
ing, is given as follows:
K(R,A) :=Vz(x € A—3IB(B € RAz € B)).
(2) Let (X, 7) be a fuzzifying topological space. A binary fuzzy predicate K, €
I(S(P(X)) x P(X)), called fuzzifying open covering, is given as follows:
KR, A):=KXR,AANRCT).

Definition 2.12 ([19]). Let Q be the class of all fuzzifying topological spaces. A
unary fuzzy predicate I' € (1), called fuzzifying compactness, is given as follows:
(X,7) € T i= (vR) (Ko (R, X) — (3p) (9 < ®) A K (9, 4) A FF(p))),
where p < R means that for any M € P(X), p(M) < R(M).

856
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Definition 2.13 ([19]). Let X be a set. A unary fuzzy predicate fI € S(S(P(X))),
called fuzzifying finite intersection property, is given as follows:

(Hm%:W&«BSMAFFﬁyeG@WEQBEB%a@eB»)

Theorem 2.14 ([14]). Let (X, 7) be a fuzzifying topological space. Then, we have
() Ercr
(2) FFCF
(3) EF(N AN = A Fe(Ay).
AEA AEA

Theorem 2.15 ([14]). The mapping N¢ : X — SN(P(X)), » — NS, where
SN (P(X)) is the set of all normal fuzzy subset of P(X), has the following prop-
erties:

(1) FAeN; -z A

(2) EACB — (A€ N — B e N¢);

(3) FAe NJABe N, - ANB e N¢.
Conversely, if a mapping NS satisfies (2) and (3), then NS assigns a fuzzifying
topology on X which is denoted by 1. € S(P(X)) and defined as

Aer, :=Ve(r € A— Ae Nf).

Qm%w:gwm)

3. FUZZIFYING e-IRRESOLUTE FUNCTIONS

Definition 3.1. Let (X,7) and (Y, 0) be two fuzzifying topological spaces and let
f € YX. A unary fuzzy predicate I, € S(YX), called fuzzifying e-irresolute, is given
as follows: I.(f) :=VB(B € 0. — f~1(B) € 7.). Intuitively, the degree to which f
is fuzzifying e-irresolute function is

(/)] = jnf min (11— 0o(B) + 7.(f~(B))
Theorem 3.2. Let (X,7) and (Y,0) be two fuzzifying topological spaces and let

feyYX. Then
Efel.— fedC..

Proof. From Theorem 2.14] we have o(B) < 0.(B) and the result holds. O
Definition 3.3. Let (X, 7) and (Y, 0) be two fuzzifying topological spaces and let
[ € YX. we define the unary fuzzy predicates e; € (V™) where j = 1,...,5 as
follows:

(1) fe€er:=VB(BeFY — f~1(B) € FX), where FX and F are the fuzzi-
fying e-closed subsets of X and Y, respectively;

(2) f € eg:=VaVu(u € N;E;) — f~Y(u) € N&*), where N¢* and N°¢" are the
family of fuzzifying e-neighborhood systems of X and Y, respectively;

(3) fees:= VmVu(u € N]‘EZ;) —3(flv) Cu—wve fo)>;

857
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(1) f € eai=VA(F(CEX () € CIY (F(4)));

(5) f €esi= VB(czgf(f—l(B)) c f—l(ClZ(B))).
Theorem 3.4. = fel. — fee;, forj=1,...,5

Proof. (a) We will prove that = f € I. « f € e;.
Jeal=, it min(11-F(B)+ FX(f71(B)))
=, duf _min (1, 1—o.(Y = B)+ 7 (X — f*l(B)))

=, duf _min (1, 1= o, (Y = B)+ 7 (fL(Y — B)))

= ueig(fy) min (1, 1—o0c(u)+Te (f_l(u))>

=[fell].
(b) We will prove that = f € I, < f € es. First, We prove that [f € es] > [f €

I). Tt N (w) < N&* (£~ (u)), then min (1, 1— Ny (w) + NS (f_l(u))) —1>
[f € I.]. Suppose NJ?E;) (u) > N (f~Y(u)). It is clear that, if f(z) € A C u, then
x € f71(A) C f~1(u). Then,

Nil@) = N (f ) = sup oo(4) = swp 7(B)
F(z)eACu +€BCF1(u)
< sup o (A)— sup T(f7'(A))
f(z)EACu f(z)€ACu
S sup (UE(A) — Te (f_l(A))) .
f(z)EACu
So
_ e¥ eX —1 : _ —1
Lo N+ NE () 2 nd (1= 0u(4) + (7)),
Therefore
: _ ey eX -1 > : : _ —1
m1n<171 N§ (o (W) +Ng (f (u)))ff(x)nelggummo,l oc(A) +7(f (A)))
> . . _ -1 _
7U€§Dn(fy))m1n(171 oe(v) + 7 (f (v))) [f € L]
Hence

: 3 3 _ eY eX -1 >
mlélg( ueljrﬂl(fy) min (1,1 N§((w) + N; (f (u))) > [f € L].

Second, we prove that [f € I.] > [f € ez]. From Theorem [2.15, we have
— : _ -1
[fel]= uelg{Y) min (1, 1—0oe(u) + 7e (f (u)))

> inf mi (1,1f inf N¢ (u)+ inf N (f1 )
= uepy) 0 f(@)eu F () vef i) " (F7H )

> inf mi (1,1— inf  N¢ inf N (! )
= wep(yy ef 1 (u) fa W)+ vefoiw) T (F7H(w)
> infinfmin (1, 1— Ne&(w) + NS (f*l(u))) —[f € e].

(c) We prove that [f € es] = [f € e3]. From Theorem [2.15 we have,
858
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f €esl = inf inf min(l,l—NeYz u) + sup Ng v)
| d zeX ueP(Y) # )( ) veP(X),f(v)Cu (®)

> . . . _ eY EX 1 _ .
- zlgi uellrvl(fx) n (1’ 1 Nf(z) (u) + Nz (f (“))) [f € e

(d) We prove that [f € es] = [f € es5]. First, since for any fuzzy set A we have
[FH(f(A)) 2 A] = 1, then for any B € P(Y) we have |7 (f(CIX(/71(B))) ) 2

C’lf(f_l(B))} = 1. Also, since [f(f~1(B)) C B] = 1, then we have that

[CEX(f(F71(B))) € CL(B)] = 1.
We _have
(CIX (11 B) C (e B)] = [ (FCrX (r71B))) € e (B)]-
[ (reE i m)) < f ( WU BN)]-
(e () con ()]

>
>

Therefore

Fees)= it [CIX(1(B) € 17 (O (B))]
=t (o) <o ()]
> dnf |F(CIX () € O (F(A)| = I € ea).

Second, for each A € P(X), there exists B € P(Y) such that f(A) = B and
f~1(B) D A. Hence, we have
Teal =, ) e )

)
> i, [rex ) e s e )]
in [czgf( yc (e (£ay)]

AeP(Y)

> e[y < e )]

BeP(Y),B=f(A)

: X (-1 —1(mY _
pdf (O (1 B) € e (B)] = [f € es)
(e) We want to prove that = f € ea < f € e5.

[ ees) = it [O1X(71(B) € fC (B))]

2R

vV

_ . . _ _areX e B v
= pdBL,, Jof min (1 1 (1 Ny (X~ f (B))) +1=Ni (Y - B))
:Bégfy)xig(mm( — Nji) (Y = B) + Ng™ (1~ B))

= dnf, inf i (11— N7 () + N (7 <u>)) _[feal. O

4. FUZZIFYING e-COMPACT SPACE
Definition 4.1. A fuzzifying topological space (X,7) is said to be e-fuzzifying
topological space if 7.(AN B) > 7.(A) A 7.(B).
859
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Definition 4.2. A binary fuzzy predicate K. € S(%(P(X)) X P(X)), called fuzzi-
fying e-open covering, is given as K.(R, A) := K(R, A) A (R C 7).

Definition 4.3. Let Q be the class of all fuzzifying topological spaces. A unary
fuzzy predicate T'. € (), called fuzzifying e-compactness, is given as follows:

(1) (X,7) € T o= (WR)(Ke(R, X) = (Gp) (9 < B) A K, X) A FF(p)) );

(2) If AC X, then T.(A) :=T.(4,7/A).

Lemma 4.4. = K,(R, A) — K. (R, A).

Proof. Since from Theorem 2.14 = 7 C 7., then we have [R C 7] < [R C 7. So,
[Ko(R, A)] < [K(R, A)]. O
Theorem 4.5. = (X,7) €. — (X,7) €T.

Proof. From Lemma 4.4] the proof is immediate. O

Theorem 4.6. For any fuzzifying topolopgical spaces (X,7) and A C X,
To(4) o (M) (KR, 4) = (3p) (9 < ®) A K (9, 4) A FF(p))),
Where K. is related to .

Proof. For any R € $(3(X)), we get R € I(SI(A)) defined as R(C) = R(B) with
C=AnNB, BC X. Then

K(R,A) = inf supR(C) = inf sup R(B) = inf sup N(B) = K(R, 4),
€A zcC TEA zcC=ANB €A 4B

becaus z € A and = € B if and only if z € AN B. Therefore

[R C 7/a] = inf min (1, 1-R(C)+ Te/A(C))

cCA

::infrnhl(l,l—— sup  R(B)+  sup 7@(3))
cCA C=ANB,BCX C=ANB,BCX

> inf min (1,1 — R(B) + 7.(B))
¢cCA,C=ANB,BCX

For any p < R, we define ¢’ € S(P(X)) as follows:

ﬁwﬁzpw)ﬁBgA
0 otherwise.

> Bngli;( min (1,1 — R(B) + 7(B)) = [R C 7]

Then o' <R, FF(p') = FF(p) and K(p', A) = K(p, A).
Furthermore, we have
[I‘e(A) A K (R, A)] <

[
[ ) A K(p, A) A FF(p))]
< [@EN (0 < ®) A K(o', 4) A FF()]
[(33)((5 <R) A K(B,A) A FF(B))] .
R

Then T.(4) < [K.(R, A)] — [(33)((5 < R) A K(B, A) A FF(B))}, where
K/(RA) = [K(R, A) A (R C 7/ 4)]. Therefore '
‘ 860
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Ce(A)< | nf [Ke(m, A) — (3B) ((B < R) A K(B, A) AFF(B))]

- [(\m) (Ke(éR, A) = (3B)((B < R) A K(B,A) A FF(B)))] :

Conversely, for any ® € S(P(A)), if [R C 7./4] = Birclg‘min (1,1 — R(B) +
Te/a(B)) = A, then for any n € N and B C A4, sup R Te(C) = 7e/a(B) >
B=ANC,CCX
A+ R(B) —1— 1, and there exists Cz C X such that Cy N A = B and 7.(Cp) >
A+R(B)—1-1. Now, we define ® € F(P(X)) as R(C )—%ngﬁ(o AR(B)-1-1).
Then [R C 7.] = 1 and B
SonTe _ . o
K(R,A) ;Ielgx:ggx R(C) ;Ielgilég R(Cp) mf :lelg (A+R(B)—1—-1)
=inf supR(B)+A—-1-1 = (%A)—&-)\—l—f
J“EAJCEB
K.(R,A)=[KRAANRCT)] = [K A)] > max (0, K(R, A) + A —1—1)
>Inax(0K(§RA +A-1)— K’Q%A)—f
For any p < R, we set ¢’ € S(P(A)) as ¢/(B) = p(Cp),B C A. Then ¢’ < R,
FF(p') = FF(p) and K(p', A) = K(p, A). Therefore
[(vR) (K. (R, 4) = (3p) (9 < R) A K, A) A FF(p)) )| A TKLR, 4)) - &

IN =
—~

[(vR) (KR, 4) = (Bp) (9 < R) A K (9, A) A FF() ) | A

(irz (%, 4) - 1))
<| m 4) = 3)((p < R) A K(p, A) NFF())| A [Ke(R, 4)]
< [@0)((p < R) A K(p, 4) A FP(p))]
< (am((p R) A K (o, A) A FF()]
< [@B)((B < ®) A K(B, A) AFF(B))]

Let n — oo. We obtain
(o) (KL(R, 4) = Bp) (0 < R) A K(p, A) A FF(p)) )| A [KL(R, 4)] <
[(36) ((B<®) AK(B, A) A FF(B))} .
Then
[(7) (KR, 4) = G) (9 < R) A K, 4) A FF(p)) )|
< [Kg(ére, A) = (3B)((B < R) A K(B,A) A FF(B))}
inf [K;(gfe, A) = (3B)((B<R) AK(B, A) AFF(B))}

T ReS(P(X))
— T.(A). O

IN

Theorem 4.7. Let (X, 7) be a fuzzifying topological space.

™= (VR) ((m € S(P(X))) A(RCF)AFIR) — (Fn)(VA) A ER -z € A));
861
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7 = (YR)(3B) (((&e C F) A (B €r))A
(¥p)((p < R) A FF(p) = =(Np € B)) — ~(NR C B)).

Then ET.(X,7) & m;,i=1,2.

Proof. (a) We prove I'.(X,7) = [m1]. For any € S(P(X)), we set R(X — A) =
R(A). Then

Cole . _
R C 7] Aelgfx) min (1,1 — R(A) + 7(A))

. . ey B _ e
Xffirelfj‘——’(X)mln (1,1 =RYX — A) + Fe(X — A)) = [R° C Fe,

FF®R)=1—inf{a € [0,1]: F(Ra)} =1—inf{a € [0,1]: F(RS)} = FF(R°)
and

B< R B(M) & BY(X — M) < R(X — M) < B <R.

Therefore

Fe
\K(B°,X))))

F. = (~((3B)(B < R A FF(B)A

C
(Vo)@B)(B € B Az € B)) — ~((Va)(3A)A € RAz € A)))))}
F) = (F107) = ~((¥)3B)(A € R Az € 4))) )]

= [(YR)((R° C o) A FI(R) — (Bx)(VA)(A € R — w € A))] = [m].
(b) We prove [m1] = [m3]. Let X — B € P(X). For any R € 3(P(X)).
(RCFI)A(BET)] =[(RCF)AX—-BeF)

= inf min (1,1 —R(A) + F.(A)) A Fe(X — B)
A€P(X)

= inf min (1,1 - R(A) +F.(4)) A inf min(l,1-[A€
AEP(X) AEP(X)

{X — B} + Fe(4))
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— inf min (1, 1- [(afe U{X - B})(A)} + ]—"e(A))

AEP(X)
= [(RU{x - B}) C £
Therefore, for any B € S(P(X)), let p = B\{X — B} € S(P(X)).

T i

Then p < B, pU{X — B} > B, [FF(@)] = [FF(B)},
[p <R = [B<RU{X - B})]

and
((V0) (9 < ®) A FF(p) = Gr)(VA) (A € (pU{X — B}) = (w € 4))]

= inf min (1, L= [FE@)] +sup inf (90X = BY)(A) — A(:U)))

< aqoiflyy ™ (11 PRI +sop gt (B04) — 4(2)

= fI(RU{X — B}).
Furthermore, we have
A [((% C Fe) AN(B € 7o) A () ((0 < R) A FF(p) — ~(Np © B))}
=m A [(éRu{X—B} C Fe) A (Vp)
(0 <R AFF(p) = Ga)(vA)(A € (pU{X - B}) -z € 4)]
= A [(éRU{X—B} CF) (\f[(éRU{X—B})}
< [(EIJ;)(VA) (Ae (RU{X—B}) —»ze A)} = [~(n® C B)].

Therefore
m < inf su RCF.ABer)AN (Y <R)AFF —
1 _%GS(P(X))BQI;)( (( =Je e) ‘ ( p)((@_ ) ‘ (@)

=(Np € B)) — =(NR C B)) = m,.
Conversely,

m A [(RCF)ASIR)] = mn [(RUBHULBY) € .| A [F1(RVBHU{BY)]
=7 A (R S F)A (X = Ber) A(¥e)((p < R) AFF(p) —

(B2)(VA) (A € (pU{B}) = a € A))]
= A [(%R’ CF)NX =B er)n(vp)((p<R)AFF(p) —

~(Np € X — B))}
< [+(n% C X - B)] = [(ax)(\m) (Ae (RU{B}) = (v e A))]

- [(Eix)(VA)(A ER—(ze A))].
Therefore
m it [(RCF)AFIR) = o)A (A€ R — (v € 4))| = .
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5. SOME PROPERTIES OF FUZZIFYING e-COMPACTNESS
Theorem 5.1. For any fuzzifying topological space (X,7) and A C X,
ET (X, 7)NAeF. —T(A).
Proof. For any R € S(P(A)), we define R € S(P(X)) as follows:
7 R(B) if BCA,
0 otherwise.

Then FF(R) =1 —inf{a € [0,1] : F(Ra)} = 1 —inf{a € [0,1] : F(Ra)} =
FF(R) and

U L R = sup (<w££,4<1 RE)) A (g3t~ R(B))
= sup (L int (1= R(B) Asup (L int (1~ R(B))

reX $¢BCA

= sup ( inf 1 —
IGA nggA

If £ ¢ A, then for any 2’ € A we have

(B))
R(5))
—sup (_inf (1-%(B)))
R(B))) vsup ( inf (1-R(B)))

z¢ A \T¢BCA

mgi}lslng (1-R(B)) = 1nf (7 R(B)) < ’éi%fEA (1-R(B)).
Therefore, zsg)( mggljralfCA (1 —R(B)) = :lelg I¢1§£A (1-— §R(B)),
[FI(R)] = [(VB)<(B < R) A FF(B) B)((B (z € B)))]
:é&meln (1 1—FF(B)+S§§)($¢11131£X( - ))
= l;gre min (1, 1—-FF(B)+ jlelg I¢IB£A (1- S‘E(B))) = [fI(RN)].
We want to prove that F.(A) A [?R C Fe/A] < [@ - .7-"6]. In fact, from Theorem
914 (3) '
we have
FAA) AR C Fofa) = max (0, F.(4) + inf mln(l 1= R(B) + F/4(B)) ~ 1)
gég(l §)“3(3))+( +F/A( )—1)
< juf (1= R(B)) + (F(A) A F/a(B))
— érglfA (1-R(B)) + (F. B’ﬂAilg?B'QX F.(B))
= BlrclfA (1-R(B)) + sup (Fe(A) N Fo(B))
C B'NA=B,B'CX
= Buéf;é} (1 %(B)) + B/mAS%pB,CX (.7:9(14 NB ))
= (L= + < )

= BirglfA min (1, 1-R(B)+ Fe(B)) = [RC Fo].

Furthermore, from Theorem 4.7 we have
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F(XT)/\]:() [é}ECF/A]/\fI( ) <To(X,7) A [%CF]AfI(%)

< J— - .
208 i (1~ R) =y, (1 ()
Then
To(X,7) AFe(A) < [RC F/a] A fIR) — sup  inf (1 - R(B))
: : zeX c¢BCA

< i C — — = .
< pednt (IR C Fefal A FI(R) sup nf (1 R(B))) =T.(4) 0

Theorem 5.2. Let (X,7) and (Y,0) be any two fuzzifying topological spaces and
f € YX is surjection. Then =T.(X,7)AC.(f) — L(f(X)).

Proof. For any B € S(P(Y)), we define & € J(P(X)) as follows:
R(A) = f~H(B)(A) = B(f(4)).

Then
K(R,X) = inf sup R(A) = inf sup B(f(4))
z€X zcA z€X zcA
= inf sup B(B)= inf supB(B)= K(B, f(X)),
z€X f(z)eB yef(z) yeB

[BColA : [C.(f)] = BiIglf;/InlI’l (1, 1—-B(B)+ U(B)) /.\Birglf;/min (1, 1—0o(B)+

Te(f_l(B)))
= max (O, Bnglf;/ min (1,1 — B(B) + ¢(B)) + érglfy min (1, 1-—0o(B)+

Te(f_l(B))) - 1)
< jnf max (0,min (1,1-B(B)+o(B)) +min (1. 1-0(B) +7.(f1(B)) ) ~1)

< jnf min (1, 1-B(B)+ Te(ffl(B))> = jof_nf  min (1,1 — B(B)+
(f71(B))

= inf  inf min(1,1— B(B)+7.(4)) = inf min (1,17
ACX f-1(B)=A ACX

sup B(B)+ Te(A))
f~1(B)=A

= Ainf min (1,1 — R(A) + 7(4)) = [R C 7].
For any p < R, we set ¢ € S(P(Y)) defined as follows:
o(f(4)) = f(p)(f(4) = p(4), AC X.

Then G(f(A)) = f(p)(f(A)) < FR)(f(A)) = F(fH(B)(f(A)) < B(f(A)),
FF(p)=1- mf{a €10,1]: (p[a])} =1—inf {a €1[0,1]: F(f(p[a]))}

FF(f(p)) < FF(p)

and
K(p, f(X)) = inf su B inf su A) > inf su A
&, 7(X)) yEf(X)yeg p(B) = yEf(X)yeB:I;(A) ol4) yef(X) -1 (yI))eAgJ( )
= JInf sup p(4) = K(p, X).
T z€
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Futhermore

[Ce(X, )] A [Celf A[K B, /(X))

= Do (X, 7)] A I [K (B, F(X)| ABC o]

< [Fe(X, T)] [%CTe] VKR, X)) = [Te(X, 7)) A \[Ke (R, X))
< @) (9 < R) A K(p, X) A FF(p))]

< [B)((¢ <R A K(9!, (X)) AFF(e))]

where K is related to o. Therefore, from Theorem 4.6/ we obtain

(X, 7] A [Ce(f)
< K/(B, [(X)) = Ge)((¢/ <) A K/, /(X)) AFF(¢))
< oot o (K2(B.700) = G6)((0) < B) A K (), 1(X)) A FE()))
= [[(f(X))]. O
Theorem 5.3. Let (X,7) and (Y,0) be any two fuzzifying topological spaces and
f € YX is surjection. Then =T (X, T) AIe(f) — I'(f(X)).
Proof. From the proof of Theorem [5.2] we have for any B € I(P(Y)) we define
R e S(P(X)) as
R(A) = f1(B)(A) = B(f(4)).
Then K(R, X) = K(B, /(X)) and [B C 0] A [L(f)] < [R C 7.]. For any < ¥,
( =

we get @ € F(P(Y)) defined as o(f(A)) = f(p )( (A)) = p(A), A C X and we have
FF(p) < FF(p), K(p, f(X)) > K(p, X). Therefore
)

)

(X, 7] A L] A [ (B, (X))

DAL A K (B, F0)| MBS o
AR C ] A [K(R,X)] = [P(X, 7)) A [K (R, X)]

(9 <) A K(p, X) A FF(p))]

(0 < R) A K(p, f(X)) A FF(9))]

() (¢ < B) A K (', f(X)) AFF())],

Where K., is related to o. Therefore, from Theorem 4.6 we obtain

[Ce(X, T)] [Le(f)]
< K (B, f(X)) - (39)((@ B)/\K(p’,f(X))AFF(@’))

INIA A A

< el ) (KL(B.SX) = Bo)((0) < B) AK (91, F(X)) AFE())
= [Fe(f(X))}' 0

Theorem 5.4. Let (X, 1) be any fuzzifying e-topological space and A, B C X. Then
(1) T5(X,7) A (De(A) ATL(B)) AAN B = ¢ = T5(X,7) —
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AEVI (U et ) ANV ETI)NACU)A(BCV)AUNV =9));
(2) Ts(X,T) A T (A) Y T5(X, 1) — A€ F..

Proof. (1) Assume ANB = ¢ and T§(X,7) = t. Let € A. Then for any y € B and
A < t, we have from Theorem [2.15 that

Sup{Te(P)/\Te(Q) :xeP,yeQ,PﬂQ:qﬁ}
:sup{Te(P)ATe(Q);xePgU,ynguUmV:¢}

= sup { sup T.(P)A sup Te(Q)}Z sup {Nﬁ(U)/\Nye(V)}

UnV=¢ \ zePCU yEQCV Unv=é
> inf sup {N;(U) A N;(V)} S TS(X,7)=t> A ie.,
TEY UNV =¢

there exist P,, @, such that x € Py, y € Qy, P,NQy = ¢ and 7p(P,) > A,
7P(Qy) > A. Set B(Qy) = 7p(Qy) for y € B. Since [B C 7] = 1, we have

[Ke(B, B)] = [K(B, B)] = [nf, 2233(0) > inf B(Qy) = inf TP(Qy) =2 A

On other hand, since T% (X, 7)A (Te(A)AT(B)) > 0, then 1—t < T'c(A)ATe(B) <
T.(A).
Therefore, for any A € (1 —T.(A4), t)7 it holds that

1= A<Te(A) S 1= [Ko(B.B)] + sup {[K (0. B)] A FF(p) }

<1—X\+sup {[K(Q7B)] /\FF({O)}a
e<B :

i.e.,sup {K(p,B) A FF(p)} > 0 and there exists p < B such that K(p, B) +
p<B :
FF(p) —1 > 0, i, 1 — FF(p) < K(p, B). Then, inf{a : F(@g)} < K(p,B).
Now, there exist 6; such that 6; < K(p, B) and F(py, ). Since p < B, we may write
90, ={Qys-- -, Qy,}. Weput Uy ={Py, N---N Py, }, Vo ={Qy, N---NQy,} and
have Vu, O B, U, NV, = ¢, 7e(Ug) > Te(Py,) A -+ ATe(Py,) > X because (X, 7) is
fuzzifying e-topological space. Also, 7e(Vy) > Te(Qy,) A -+ A Te(Qy,,) > A. In fact,
ig}fg sup p(D) = K(p, B) > 61, and for any y € B, there exists D such that y € D
Y yeD
and p(D) > 61, D € gy, . Similarly, if A € (1 — [Te(4) /\Fe(B)],t>, then we can find
T1yeeosTm € Awith Us =Uy, U---UU, , O A. By putting Vo =V, NNV, we
obtain V, D B, U, NV, = ¢ and
(HU)(HV)((U ETIANV ETIANACU)ABCV)AUNY = q/)))
> Te(Us) A Te(Vo) > 'glin Te(Ug;) A _g{lin Te(Vi,) > A

i
)

Finally, we let A — t and complete the proof.
(2) Assume ="* T5(X,7) ATe(A). For any € X — Awe have from (1)

sup  7.(U) > sup {Te(U) ANTe(V):2 eU ACV,UNV = d)} > [T5(X, )]
zeUCX—-A
From Theorem 2.15, we obtain,

A)= inf N¢X—A)= inf ‘ > [T(X, 7).
Fe(A) = nf N ) zeIQfoJgg_ATe(U)—[ 5 (X, 7)]
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d

Definition 5.5. Let (X, 7) and (Y, 0) be two fuzzifying topological spaces. A unary
fuzzy predicate Q. € (YY), called fuzzifying e-closedness, is given as follows:
Qc(f) :=VB(BeFX — f~1(B) e FY),

where FX and FY are the fuzzy families of 7, o-e-closed in X and Y respectively

Theorem 5.6. Let (X,7) a fuzzifying topological space, (Y,0) be an e-fuzzifying
topological space and f € Y. Then = To(X,7) ANTS(Y,0) A L(f) — Qc(f).

Proof. For any A C X, we have the following:
(i) From Theorm 5.1l we have [Fe(X, T) A FX(A)] < Fe(A);

(i) (/)= dnfmin (1,1 = 0e(U) +7e/a((F/2)7'(©0))
:Ueigfy)min(l,lfcrg )+ re/a(ANfL ))
= gy min (L1 =)+ Anfh=pna «(2))
> nf  min (1,1—Ue(U)+Te(f 'U ))) e(f)-

(iii) From Theorem 5.3, we have [FQ(A) AL(f/ A)} <T.(f(A)).
(iv) From Theorem 5.4(2) we have Ts (X, 7) AT (A) Y Ts(Y,0) — f(A) € FY,
which implies = T5(Y,0) AT (f(4)) — f(A) € F)'. By combining (i)-(iv) we have
[Le(X,7) AT (V,0) ALe(f)] < [(FE(A) = TelA) A L(f/2) AT (Y, 0)]
< [(FE(A) = (T ) AL(F/0) AT (V,0)]
< [FX(A) = () AT5(Y, 0)]

< [FX @) - 7 (1)

Therefore
T A TS0 T) A L] < [FX () = 7 (7(4))]
<t ([Froy - W) =ewm. o
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