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1. INTRODUCTION

The concept of fuzzy sets has been primarily introduced for representing sets
containing uncertainty or vagueness by Zadeh [19] as fuzzy set theory. Then, fuzzy
set theory has been applied in various areas such as economics, management science,
engineering, optimization theory, operations research, etc. (Gupta and Dangar [5],
Kurano et al. [8], Mahapatra et al. [12], Saraj and Sadeghi [14], Wu [15} [16, [17],
and Yoshida [18]). Fuzzy numbers and fuzzy vectors are often used in applications.
A fuzzy number is a fuzzy set on R with some restrictions, and is interpreted as the
fuzzy set of real numbers around some real number. A fuzzy vector is a fuzzy set on
R™ with some restrictions, and is interpreted as the fuzzy set of vectors around some
vector. The usual restrictions are support boundedness, closedness, convexity, and
normality (Bortolan and Degani [I], Dubois et al. [3], Furukawa [4], Kurano et al. [9],
Maeda [11], and Ramik and Riméanek [13]). Properties of operations (addition and
scalar multiplication), orderings, and fuzzy set-valued convex mappings for general
fuzzy sets rather than fuzzy numbers or fuzzy vectors are investigated by Kon [7].

In the present paper, a fuzzy inner product and a fuzzy product space for general
fuzzy sets are proposed, and their properties with respect to operations, orderings,
and fuzzy set-valued convex mappings are investigated.
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The remainder of the present paper is organized as follows. In Section 2, some
notations and auxiliary results are presented. In Section 3, we investigate funda-
mental properties of an inner product and product sets for crisp sets with respect to
operations and orderings. In Section 4, operations and the (strict) fuzzy max order
of fuzzy sets are defined, and their properties are presented. In Section 5, the fuzzy
inner product of fuzzy sets is defined, and relationships between it and the (strict)
fuzzy max order are investigated. In Section 6, we consider the fuzzy product space,
and investigate properties of operations, the (strict) fuzzy max order, and the fuzzy
inner product on the fuzzy product space. In Section 7, the definition of fuzzy set-
valued convex mappings is presented, and its properties are investigated. Finally,
conclusions are presented in Section 8.

2. PRELIMINARIES

In this section, some notations and auxiliary results are presented.

For a,b € R, we set [a,b0] = {zr e R:a <z <bhfab={reR:a<z<
b},]a,b] = {x € R : a < x < b}, and Ja,b[= {x € R : a < z < b}. We set
R} ={x € R" : & > 0} and R"” = {x € R" : < 0}. Let {e1,ez, - ,e,} be the
canonical basis of R"™. For S C R", we denote the interior of S by int(S). Let C(R™),
BC(R™), K(R™), and BCI(R™) be sets of all closed, compact, convex, and compact
convex subsets of R™, respectively.

For the notational convenience, we identify a fuzzy set s on R™ with its member-
ship function §: R™ — [0, 1]. Let F(R™) be the set of all fuzzy sets on R™.

Let 5 € F(R™). For each « €]0,1], the set [s]o = {x € R" : 5(x) > a} is called
the a-level set of 5. The set supp(s) = {x € R™ : §(x) > 0} is called the support of
s, and hgt(s) = supgeprn S(x) is called the height of 5. The fuzzy set 5 is said to be
normal if hgt(s) = 1. We set I(3) = {« €]0,1] : [§]a # 2}.

For a crisp set S C R™, a function ¢g : R™ — {0, 1} defined as cg(x) =1 ifx € S,
and cg(x) =0 if & ¢ S for each x € R™ is called the indicator function of S. For
0 € R, we set 0 = c0y € F(R").

A fuzzy set s € F(R™) can be represented as
(2.1) 5= sup acp,,

«a€]0,1]
which is well-known as the decomposition theorem (Dubois et al. [2]).

Let 5 € F(R™). The fuzzy set s is said to be closed if 5 is an upper semicontinuous
function, and 5 is closed if and only if [5], € C(R™) for any o €]0, 1]. The fuzzy set
3 is said to be convex if S(Ax + (1 — N)y) > min{s(x), s(y)} for any x,y € R™ and
any A\ € [0,1]. That is, 5 is said to be convex if § is a quasiconcave function, and §
is convex if and only if [3], € K(R") for any o € ]0,1]. The fuzzy set s is said to be
compact if [s], € BC(R™) for any « €]0, 1]. If § is support bounded and closed, then
s is compact. Note that s is not always support bounded even if s is compact. Let
FC(R™), FBC(R™), FK(R™), and FBCK(R™) be sets of all closed, compact, convex,
and compact convex fuzzy sets on R", respectively.

We set
S(R™) = {{Sa}ae]o,l] : So CR™ « €]0,1],

and Sg D S, for 8,7 €]0,1] with 5 < ~},
754
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and define M : S(R") — F(R") as

(2.3) M({Sa}ac)o,1]) = sup acs,
a€]0,1]

for each {Sa}ac)o,1] € S(R™). For {Sa}tacpo,) € S(R™) and « € R”, it follows that
M({Sa}tag)o1))(®) = supyejoq) @cs, () = sup{a €]0,1] : @ € S, }, where sup @ = 0.
The decomposition theorem (2.1) can be represented as 5 = M ({[5]a}acjo,1)) for
5€ F(R™). When 5 = M({Sa}aejo,1)) for s € F(R") and {Sa}acjo,1) € S(R™), 5is
called the fuzzy set generated by {Sa}aejo,1], and {Sa }aejo,1) is called the generator
of s.

The following proposition shows a relationship between the inclusion relation of
two generators of two fuzzy sets and the inclusion relation of the two fuzzy sets.

Proposition 2.1. (Kon [6]) Let {Sa}acjo,1), {Tatac)o, € S(R?). If So C Ty for
any a €]0,1], then M ({Sa}ae)o,1]) £ M{Ta}tae)o,])-

The following proposition shows a relationship between a generator of a fuzzy set
and level sets of the fuzzy set.

Proposition 2.2. (Kon [6]) Let {Sa}acjo1] € S(R™), and let 5 = M({Sa }ae)o,1])-
Then, [Sla = Ngejo,a1 S8 for a €]0,1].

3. FUNDAMENTAL PROPERTIES OF CRISP SETS

In this section, we investigate fundamental properties of an inner product and
product sets for crisp sets with respect to operations and orderings.

For A/ B CR"™ and A € R, we define A+ B,AACR*"as A+ B={x+y:x¢€
A,y e B} and M = { z : x € A}.

We define orders on 28",

Definition 3.1. (Kurano et al. [9], Kuroiwa et al. [10], Maeda [L1]) Let A, B C R™.
(i) We write A< Bor B>Aif BCA+R} and AC B+R".
(i) We write A< Bor B> Aif BC A+int(R%}) and A C B+ int(R”).

Let A, B C R". B C A+RY% if and only if for any y € B, there exists € A such
that £ <y. A C B+ R" if and only if for any € A, there exists y € B such that
x <y. BC A+int(R?) if and only if for any y € B, there exists & € A such that
xr <y. AC B+ int(R") if and only if for any & € A, there exists y € B such that
x < y. It can be shown easily that the order < in Definition 3.1 is a pseudo-order
on 28",

We define the inner product of crisp sets.

Definition 3.2. (i) For A, B C R",
(3.1) (A,B)={reR:z=(y,2),yc A,z € B}
is called the inner product of A and B, where (y, z) is the canonical inner
product of y and z.
(ii) For A C R™ and b € R",
(3.2) (Ab) = {x € Rz = (y,b),y € A}

is called the inner product of A and b. Furthermore, (b, A) = (A, b) is called
the inner product of b and A.
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The following proposition shows fundamental properties of the inner product for
crisp sets. It can be shown easily.

Proposition 3.3. Let A,B,C C R", and let A € R.
() (4,B) = (B, ).
(ii) (A+ B,C) C (A,C)+(B,C).
(iii) It does not always hold that (A+ B,C) D (A,C) + (B, C).
(iv) (AMA,B) = XA, B).
(v) It does not always hold that (A, A) > {0}.
(vi) A={0} & (A, A) ={0}.
(vii) A#2 = (4,{0}) = {0}.

The following proposition shows relationships between orderings and the inner
product of crisp sets.

Proposition 3.4. Let A,B C R".
(i) A< B= (A, d) < (B,d),dcR%.
(i) A,B € BCK(R™) and (A,d) < (B,d),d € R} = A< B.
(ili) A< B = (A,d) < (B,d),d c R’} \ {0}.
(iv) A,B € K(R") and (A,d) < (B,d),d € R} \ {0} = A < B.

Proof. (i) and (ii) are special cases of Lemma 4.4 in Kurano et al. [9].

(ili) Assume that A < B, and let d € R"} \ {0}. Then, it is sufficient to show that
(iii-1) for any = € (A, d), there exists y € (B, d) such that x < y, and (iii-2) for any
y € (B, d), there exists z € (A, d) such that z < y. We show only (iii-1). (iii-2) can
be shown in the similar way to (iii-1). Let x € (A, d). Then, there exists xg € A
such that x = (xg, d). Since A < B, there exists y, € B such that xg < y,. We set
y = (Yo,d) € (B,d). Since d € R} \ {0}, we have z = (x¢,d) < (yy,d) = y.

(iv) Assume that A £ B. Then, there are the following two cases: (iv-1) there
exists © € A such that x £ y for any y € B; (iv-2) there exists y € B such that
x £ y for any x € A. We show only the case (iv-1). The case (iv-2) can be shown
in the similar way to the case (iv-1). In the case (iv-1), since y ¢ x + int(R" ) for
any y € B, it follows that B N (x + int(R"})) = @. Since B,z + int(R"}) € L(R"),
there exists @ € R™ \ {0} such that (a,y) < (a,z) + (a,d) for any y € B and any
d € int(R%) from the separation theorem. Assume that there exists dy € int(R’})
such that (a,dp) < 0. Then, since Ady € int(R%) for any A > 0, it follows that
(a,z) + {a, dy) = (a,x) + Aa,dy) — —oo as A — oo, which contradicts that
(a,y) < (a,z) + (a,d) for any y € B and any d € int(R’}). Thus, since (a,d) >0
for any d € int(R?), it follows that @ € R’ \ {0}. For any y € B, when d — 0,
d € int(R?}) in (a,y) < (a,x) + (a,d), we have (a,y) < (a,x), which contradicts
that (4,a) < (B, a). O

For A; CR,i=1,2,---,n, weset [[\_] A, = Ay Xx Ay x --- x A, and Y ;" | A;
=A+A,+---+A,.

The following proposition shows fundamental properties of the product for crisp
sets, and relationships between the product and operations, the inner product, or-
derings for crisp sets. It can be shown easily.

Proposition 3.5. Let A;,B; CR,i=1,2,---,n, and let A € R.
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(i) Ai#2,i=1,2,---,n, [[lL; 4 €eKR") = 4, €eKR),i=1,2,--- ,n.
(ii) H?:l Az S K:(Rn) <= A, S K:(R), 7= 172,'“ ,n
(i) 4; #@,i=1,2,---,n, [[.; 4, €CR") = A, €CR),i=1,2,-- ,n.
(iV) H?:l A, S C(Rn) <= Az S C(R), 7= 1,2,"' ,n
(V) A; g,1=1,2,--- ,n, H?:l A; € BC(R") = A, € BC(R), t=1,2,--- ,n.
(vi) HLI A; € BC(R") < A; € BC(R), i =1,2,---,n
(vii) TT—, Ai + ITi—, Bi = [[i=1 (4i + By).
(vili) AT, A = [T, M
(IX) <H’L:1 Ai7]._[7,:1 Bl) = Zz 1<A17B>
(X) Az J, B; 7& g,1=1,2,---,n, H?:lAi < H?:lBi = Ai < Bi7 1=1,2,
DY 7"’}[.
(xi) TTi=, A <T-, B A; <B;,i=1,2,-
(Xll) A; @,Bi7£®,i:1,2,"' n, Hz:lA <Hl:1B¢:>A1'<Bi}Z.:1,2,
N

(xiil) [T, Ai <1l Bi < A; < B;,i=1,2,---,n
4. OPERATIONS AND ORDERINGS OF FUZZY SET

In this section, operations and orderings on F(R"™) are defined, and their proper-
ties are presented.

The following definitions are addition and scalar multiplication on F(R™) by
Zadeh’s extension principle.

Definition 4.1. For @,b € F(R") and A € R, we define a + b, \a € F(R") as

(41)  (@+b)(z)= sup min {a(y), b(z)} and  (\a)(z) = sup aly)
T=Y+z T=\Y
for each = € R”.
The following proposition shows relationships between operations of fuzzy sets
and operations of level sets of the fuzzy sets.

Proposition 4.2. (Kon [7]) Let a,b € F(R™), and let A € R. In addition, let
a €]0,1].

(i) [@+ o D [@a + Bla- N N
(ii) @ € ]—"BC(R”) be FCR™) = [a+bla C [@a + Dl
(iii) [Ad]a O Ala]a-

(iv) a € ]—'BC(R”) = [Aa]o C A@]a-

The following proposition shows relationships between operations of fuzzy sets
and generators of the fuzzy sets.

Proposition 4.3. (Kon [7]) Let {Sa}acjo1]s {Tatacio] € S(R™), and let a =
M ({Satac)o]) and b= M({Ta}aco,1))- In addition, let X € R.
(i) a +bh= M{Sa + Tataclo1)) = SUPqe]0,1] VCS o +Ta -
(ii) Aa= M({)‘Sa}ae]o,l]) = SUPqelo,1] ACAS,, -
The following proposition shows a property of addition and scalar multiplication

on F(R™) in some special case.
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Proposition 4.4. (Kon [7]) @,b € F(R"), hgt(a) = hgt(b) = 1-a+0-b = a.

The following proposition shows properties of the convexity, closedness, and com-
pactness with respect to addition and scalar multiplication of fuzzy sets.

Proposition 4.5. (Kon [7]) Let a,b € F(R™), and let A € R.
(i) @be FKR™) = a+be FL(RM).
(ii) @b € FBC(R") = @+ b e FBC(R").
(ili) @ € FBC(R™), b € FC(R™) = a+ be FC(R™).
(iv) It does not always hold that @+ b € FC(R™) even if a,b € FC(R™).
v) a € FK(R™) = \a € FL(R™).
(vi) @ € FC(R™) = Aa € FC(R™).
(vil) @ € FBC(R™) = Aa € FBC(R™).

We define orders on F(R™) based on orderings of level sets of fuzzy sets.

Definition 4.6. (Kon [7]) Let @,b € F(R").
(i) Wewr1tea<borb>a1f[ Jo < [b]a for any « €]0,1].
(ii) We write @ < b or b = @ if [d]s < [b]o for any a €0, 1].

The orders = and < in Definition 4.6 are called the fuzzy max order and the
strict fuzzy max order, respectively. It can be shown easily that the order < is a
pseudo-order on F(R™).

5. Fuzzy INNER PRODUCT

In this section, a fuzzy inner product on F(R™) is defined, and relationships
between it and the (strict) fuzzy max order are investigated.
We define the fuzzy inner product on F(R™) based on Zadeh’s extension principle.

Definition 5.1. (i) For a,b € F(R™), (a,b) € F(R) defined as

(5.1) (@,b)(x) = sup min{a(y),b(=)}
z=(Y,Z)

for each = € R is called the fuzzy inner product of a and b.
(ii) For @ € F(R") and b € R"™, (a,b) € F(R) defined as

(5.2) @b)(x) = suwp aly)
for each z € R is called the fuzzy inner product of @ and b. Furthermore,
(b,a) = (a, by is called the fuzzy inner product of b and a.

Note that (a, b) = (a, C{b}> for a € F(R™) and b € R"™. The fuzzy inner product
has been defined for fuzzy vectors by Maeda [11], and for fuzzy sets which are closed,
convex, normal, and support bounded by Kurano et al. [9]. The fuzzy inner product
in Definition 5.1 is an extension of these definitions in the sense that it is the fuzzy
inner product for general fuzzy sets.

The following proposition shows a relationship between the fuzzy inner product

of fuzzy sets and generators of the fuzzy sets.
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PI’OpOSitiOH 5.2. Let {Sa}a€]0,1]7 {Ta}ae]o,l] S S(Rn); and leta = M({Sa }aG]O,l])
and b = M({Tw}aeo,1))- Then,

(5.3) <Zi, > = M({<Sa,Ta>}ae]0,1]) = Sup «c(s, T,)-

«€]0,1]
Proof. Let # € R. We set 3 = (@,b)(z) = SUP,—(y,2) min{a(y),b(z)}. Then, we
show that M({(Sa: Ta) }aelo)(#) = SUbocjo, ac(s, 1, (x) = 5.

If 8 =1, then acg, r,y(z) <1 = 3 for any a €]0,1]. Suppose that 3 < 1.
It follows that = ¢ (S,,T,) for any v €]|3,1]. If there exists v €]3,1] such that
z € (S,,T,), then there exist y € S, and z € T, such that z = (y, z), and then
min{a(y), b(z)} = min{sup{a €]0,1] : y € S.},sup{a €]0,1] : z € T,}} > v > 3,
which contradicts the definition of 3. Therefore, we have acig, r.)(z) < B for any
a €]0,1].

If 3 = 0, then sup,¢jo 1 @cs, 7,)(¥) = 0. Suppose that 8 > 0. Fix any
e €]0, 8]. From the definition of 3, there exist y,, zg € R™ such that = (y,, zo) and
min{’d(yo),g(zo)} > (3 — 5. From Proposition 2.2, it follows that y, € [a]s—54+5 =
ﬁae]o,ﬁigj%[sa C Sﬁ—
ciently small § > 0. Therefore, we have (ﬂ — %) c<

£ and zg € [3]5_%+5 = maE]O,ﬁfngzs[Ta C Tg_% for suffi-
z)=p-%>p—e O
357%@37%( )=p-5>8

The following proposition can be obtained from Proposition 5.2.

Proposition 5.3. Let {Sa}acjo1] € S(R™), and let @ = M({Sa}ac)o,1]). In addi-
tion, let b € R™. Then,
(5.4) (a,b) = M({(Sa,b) }acjo,1)) = Sl]lopl] acig. py-

agc|0,
Example 5.4. Let a,b € ]:(RQ be fuzzy sets defined as a(y, z) = min{max{0,1 —
ly—1|}, max{0,1—|z—2|}} and b(y, z) = min{max{0,1—|y—4|}, max{0,1—|z—1|}}
for each (y,z) € R?. For each a €]0, 1], since [d], = [,2 — a] x [1 + a,3 — a] and
[blo = [3+a,5—a] x[a,2—q], it follows that ([d]a, [bla) = [@(3+ )+ (1+a)a, (2—
a)(b—a)+ (3—a)(2 - a)] = [2a% + 4,20 — 12a + 16]. From the decomposition
theorem (2.1) and Proposition 5.2, we have
vzl 1 ifz € [0,6],

(a,b)(x) = sup ac<[(~l]m[~b]a>(x) = —7@2“_4 +3 if x €]6,16],
«€]0,1] .
0 otherwise

for each = € R.

The following proposition shows relationships between level sets of the fuzzy inner
product of fuzzy sets and the inner product of level sets of the fuzzy sets.

Proposition 5.5. Let a,b € F(R™), and let o €]0,1].

() 1@ 0o D ([@as Bla). N
(ii) @b € FBC(R™) = [(@ b)]a C {[dlas Bla)-
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Proof. From the decomposition theorem (2.1) and Propositions 2.1 and 5.2, [(a, s
= Naejo.af(ld]s, [b]s). We set A= [(a,b)]a and B = ([]a; [b]a)-

(i) Since B = {([d]a, [b]a) C ([a]s, [b]) for any § €]0, o[, we have B C mge]o,a[qa}ﬁ,
[b]g) = A. N

(i) Let z € A. Since z € ([a]g, [b]) for any B €]0, o], there exist y,, € [a]a— o

and zj € [g]a_k%l such that z = (y,, zx) for each k € N, where N is the set of all

natural numbers. Since a,b € FBC (R™), without loss of generality, we assume that
there exist y,, 29 € R"™ such that y,, — y, and z — 2.

Fix any B €]0,af. There exists ko € N such that o — 35 €], for any k
> ko. Then, y; € [ala—2; C [a]g and 2y, € [b]a,ﬁ [b] 5 for any k > ko. Since
[a]s, [b]g € BC(R”), it follows that y,, — y, € [d]g and 2, — 2o € [b] 5.

Thus, € [a]g and zo € [b]g for any B €]0,a]. From the decomposition
theorem (2 1) and Proposition 2.2, it follows that y, € Ngejo.afldls = [a]a and
z0 € Npelo, a[[b] = [bla. Therefore, we have = = (y;,2x) — = = (Yo, 20) €
(la av[ Jo) = B. 0

The following proposition can be obtained from Proposition 5.5.
Proposition 5.6. Let a € F(R™), and let b € R™. In addition, let a €]0, 1].
(i) [{@,b)]a O ([ala, b).
(il) @ € FBC(R™) = [(a,b)]a C ([@]a,b).
The following proposition shows that the fuzzy inner product in Definition 5.1

is not an inner product, but the fuzzy inner product has nearly properties of inner
products.

Proposition 5.7. Let G,b,¢ € F(R™), and let A € R.
(i) (@, b) = (b,a).

(i) (@+,8) < (@2) + (b,0). B
(iii) 1t does not always hold that (a + b,3) > (@,¢) + (b,0).
(iv) (Xa,b) = A(@,b). N

(v) I does not always hold that (a,a) = 0.

(vi) a=0 % (a,a)=0. _
(vii) g( )— 1= (a,0) =0.

Proof. (i) Let € R. Then, we have (a,b)(z) = sup,_y ) min{a(y),b(z)} =

SUp,—(z y) min{b(z),a(y)} = (b, a)().

(ii) From the decomposition theorem (2.1) and Propositions 4.3 (i) and 5.2, it fol-
lows that (a+b,¢) = M({([a]a+[b]a; [€la) }aejo,1) and (a, ) +(b, ¢) = M ({{[a]a, [c|a)
+ ([b]a, [cla) }aeo,1)- From Proposition 3.3 (ii), it follows that ([a] + [Bla, [Fa) C
([@a» [da) + ([Dla, [da) for any a €]0,1]. Therefore, we have (a+b,¢) < (a,é) + (b, ¢)
from Proposition 2.1.

(iii) From Proposition 3.3 (iii), there exist A, B,C C R™ such that (A + B,C)
2 (A,C) + (B,C). Weset @ = ca, b = cp, and ¢ = ¢c. From the decompo-
sition theorem (2.1) and Propositions 4.3 (i) and 5.2, it follows that (@ + b,¢) =
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({<[ Jo+ Blas [Ea) Yacjo,n) = MU{(A+B,C)acpo)) = crasp,o) and (@,0) + (b,0)

M({{[ala, [ a>+<[ Jas [€la >}ae 0,1] ) =M{(4,C)+ <B7C>}ae 0,1]) = C(A,C)+(B,C)-
B,CY % (A C)+ (B C) there exists g € (A, C) + (B, C) such that
B,C). Therefore, we have (@ + b, ¢)(xg) = ciar,oy(ro) =0 2 1 =
o) (o) = ((a,¢) + (b, ¢)) (wo)-

(iv) From the decomposition theorem (2.1) and Propositions 3.3 (iv), 4.3 (ii),
and 5.2, we have (Aa,b) = M(~{</\[Zi]a, [bla)aejoa]) = M{{X[ala, [bla) baco,)) =

M({([a]a, [b]a>}a€]0,1]) = Xa, b).

(v) From Proposition 3.3 (v), there exists A C R™ such that (A4, A) #? {0}.
We set @ = c4. From the decomposition theorem (2.1) and Proposition 5.2, it
follows that (a,a) = M({[d]a, [d]a)}acjo,1) = M({(A, A)}acjo1]) = ¢(a,a). Since
[(@,@)]a = (A, A) # {0} = [0]4 for any o €]0,1], we have (a,a) # 0.

(vi) First, we show the necessity. From the decomposition theorem (2.1) and
Proposition 5.2, we have (a,a) =(0,0) = M({([0]a, [0]a) }ac)o,11) = M({{0} }acjo,1)
=0.

Next, we show the sufficiency. Suppose that a # 0. Then, there are the following
two cases: (vi-1) there exists g € R™ such that &y # 0 and a(xg) > 0; (vi-2)
a(0) < 1, and there does not exist &y € R™ such that &y # 0 and a(zg) > 0.
Suppose the case (vi-1). We set yg = (xo,xo) > 0. Then, we have (a,a)(yo) =
SUp,, —(y,z) min{a(y), a(z)} > min{a(zo),a(xo)} = a(zo) > 0 = 0(yo). Suppose
the case (vi-2). From the decomposition theorem (2.1) and Proposition 5.2, we have
(@,a)(0) = sup{a €]0,1] : 0 € ([d]a, [dla)} = @(0) < 1 = 0(0).

(vii) Since [a], # @ and [0, = {0} for any a €]0,1[, it follows that ([@]a,
[0]) = {0} for any a €]0,1[ from Proposition 3.3 (vii). From Propositions 2.2 and
5.2, it follows that [(a,0)]s = {0} for any a €]0,1]. Therefore, we have (@,0) = 0
from the decomposition theorem (2.1). O

{
Slnce (A+
zo & (A+

CA

The following proposition shows characterizations of the (strict) fuzzy max order
based on the fuzzy inner product.

Proposition 5.8. Let @,b € F(R™).

(i
(i

(iii

a,be FBC(R™), a<b = (a,d) < (b,d), d € R".

a,b e FBCK(R™) and (a,d) < (b,d), d € R? = @ < b.
a,be FBC(R™), @ < b= (a,d) < (b,d), d e R? \ {0}.

a,b e FBCK(R™) and (@,d) < (b,d), d € R? \ {0} = @ < b.

— — — —

(iv

Proof. We show only (i) and (ii). (iii) and (iv) can be shown in the similar ways to
(i) and (ii), respectively.

(i) Fix any « €]0,1] and any d € R"}.. Since [a], < b ]a, it follows that {[a]s,d) <
([b]a> d) from Proposition 3.4 (i), and that [(a, d)], < [(b,d)]s from Proposition 5.6.
Therefore, we have (a,d) < (b,d) for any d € R by the arbitrariness of a €]0,1]
and d € R"}.
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(i) Fix any o €]0,1]. Since ([@la,d) = [(@ d)]a < [(b,d)]a = ([b]a,d) for any
d € R} from Proposition 5.6, it follows that [a], < [b]o from Proposition 3.4 (ii).
Therefore, we have @ < b by the arbitrariness of a €0, 1]. O

6. Fuzzy PRODUCT SPACE

In this section, we consider a fuzzy product space of n F(R)’s which is a subclass
of F(R™), and investigate properties of operations, the (strict) fuzzy max order, and
the fuzzy inner product on the fuzzy product space.

We define the fuzzy product space.

Definition 6.1. For a; € F(R), i = 1,2,---,n, a = (a1,a2, - ,a,) € F(R")
defined as

(6.1) a(x)= min a;(z;)

1=1,2,--,n
for each ¢ = (z1,22, -+ ,2,) € R" is called the fuzzy product set of a;, i =
1,2,--- ,n. Moreover,

(62) fn(R) = {(513523 e 7671) al € f(]R)’Z = 1327' t an} - f(Rn)
is called the fuzzy product space of n F(R)’s.

The following proposition shows a relationship between level sets of fuzzy product
sets and level sets of fuzzy sets which construct the fuzzy product sets.

Proposition 6.2. Let a = (a1, as, -+ ,a,) € F*(R), and let « €]0,1]. Then,

(6.3) @] =[]l

i=1
Proof.
@, — {(x17g:27... ) €T yyin Fle) 2 a}
{(x1, 29, ,xp) €ER" :ay(x;) > i =1,2,--- ,n}
{(x1,22, - ,xp) ER : x; € [W4)a,i=1,2,-- ,n}

I

s
Il
—

[@i]a-

O

The following proposition shows a relationship between fuzzy product sets and
generators of fuzzy sets which construct the fuzzy product sets.

Proposition 6.3. Let {Sia}acjo,] € S(R), i = 1,2,--- ,n, and let a; = M({Sia
Yago)), @ = 1,2,--- ,n. In addition, let a = (ay,az, - ,a,) € F"(R). Then,

a = M{IT;—; Sia}acjo,1))-

Proof. 1t follows that [a]o = [T;—[a:]a = [Ti—1 (Ngejo,a1Sis) D T1iey Sia for any

« €]0,1] from Propositions 2.2 and 6.2, and that @ > M({[[;_; Sia}aejo,1]) from

the decomposition theorem (2.1) and Proposition 2.1. Suppose that there exists

x = (21,22, - ,2,) € R" such that a(x) > M{I]:_; Siatacpo,1)(x). We set
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= M({IIZ, Sia}acjo.1))(®) = sup{a €]0,1] : & € [[i_; Sia}. Since a(x) =
min;—12,... na;(x;) > B, it follows that min;—q o ... » a;(z;) > B + 2¢ for sufficiently

small e > 0. For each i € {1,2,---,n}, since a;(z;) > B + 2¢, it follows that
r; € [a5]pr2e = Nyelo,p+2:[Siy C Sipte from Proposition 2.2. Therefore, we have
x = (z1,22, -+ ,&y) € [[1=1 Si g+e, which contradicts the definition of 3. O

The following proposition shows properties of the convexity, closedness, and com-
pactness with respect to fuzzy product sets.

Proposition 6.4. Let a = (a1, dz, - ,ayn) € F"(R).

(i) hgt(ay) =--- = hgt(ﬁn) ac FKR™) = a; € FKR), i =1,2,--- ,n
(ii) aEfIC(R”) = q; G}"IC( ),1=1,2,---,n
(iii) hgt(al) = hgt(ay), a € FCR") = a; € FC(R), i =1,2,--- ,n.
(iv) a EfC(R”) <a;, € FCR),i=1,2,---,n

v) hgt(ai) = --- = hgt(a,), a € FBC(R") = a, € FBC(R), i =1,2,--- ,n.
(vi) a € ]—'BC(]R”) <4, € FBCR),1=1,2,--- ,n

Proof. We show only (i) and (ii). (iii) and (v) can be shown in the similar way to
(i). (iv) and (vi) can be shown in the similar way to (ii).

(i) We set ap = hgt(a;) = --- = hgt(a,). If ag = 0, then a; € FL(R) for
any ¢ € {1,2,---,n}. Assume that ag > 0. If o €]a, 1], then [a;]o = @ for any
i €{1,2,---,n}. Fix any a €]0,ag[. Then, [a;]o # @ for any i € {1,2,--- ,n},
and [a], = []_;[aila € K(R™) from Proposition 6.2 and the assumption. From
Proposition 3.5 (i), it follows that [a;]o € K(R) for any ¢ € {1,2,--- ,n}. Thus,
it follows that [ai]a, = Naejo,a0(l@i]s € K(R) for any i € {1,2,---,n} from the
decomposition theorem (2.1) and Proposition 2.2. Therefore, we have a; € FI(R)
for any i € {1,2,--- ,n}.

(ii) Fix any « €]0,1]. Since [a;]o € K(R) for any ¢ € {1,2,--- ,n}, it follows that
[alo =[] [@]a € K(R™) from Propositions 3.5 (ii) and 6.2. Therefore, we have
a € FK(R™) by the arbitrariness of « €]0,1]. O

The following proposition shows properties of the (strict) fuzzy max order on

F™(R).
Proposition 6.5. Let a = (ay,as, - ,5n),g = (51,52, e ,Zn) € F*(R).

(i) I(@y) = zf(an)zf(él)— co=I(by),a<b=a <b,i=12-,n.
(11)a<b<:azjbz,2—12 N
(i) 1(@1) =-- —I(an)—l(bl) co=I(by), @<b=a <b,i=1,2-,n
(1V)a<b<:az<bz,2—12 M.

Proof. We show only (i) and (ii). (iii) and (iv) can be shown in the similar ways to
(i) and (ii), respectively.

(i) We set I = I(@y) = --- = I(a,) = I(by) = --- = I(by), and fix any o €0, 1].
If @ ¢ I, then [q;]q = @ < @ = [b] for any ¢ € {1,2,--- ,n}. If « € I, then
[@i]a < [bi]a for any ¢ € {1,2,--- ,n} from Proposition 3.5 (x) since H?Zl['di]a =

[a]a < [g]a = H?:ﬂgi]a from Proposition 6.2. Therefore, we have a; =< b; for any
i1€{1,2,--- ,n} by the arbitrariness of a €]0,1].
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(i) Fix any a €]0, 1]. Since [a;]o < < [bi]a for any i € {1,2,--- ,n}, it follows that
[ale =TT, [aila < TT- 1[ iJa = [bla from Propositions 3.5 (xi) and 6.2. Therefore,
we have @ < b by the arbitrariness of a €]0, 1]. d

The following three propositions show properties of the fuzzy inner product on

F™(R).
Proposition 6.6. Let @ = (ay,dz, - ,dn),b = (b1,ba, -+ ,by) € F"(R). Then,

n

(6.4) = (@i, by)

i=1

Proof.
(@b) = M{{[@a,[bla)}acon)

(from the decomposition theorem (2.1) and Proposition 5.2)

<H[a¢}a, H[E-]a> } (from Proposition 6.2)
. i «€]0,1]

> {[@i]a [’54@} (from Proposition 3.5 (ix))
i «€]0,1]

(from the decomposition theorem (2.1) and Proposition 5.2).
O
The following proposition can be shown in the similar way to Proposition 6.6.

Proposition 6.7. Let a = (a1, ds, - ,a,) € F*(R), and let b = (b1,ba,--- ,b,) €
R™. Then,

(6.5) (a,b) = Z bid;.

The following proposition can be obtained from Propositions 4.4 and 6.7.

Proposition 6.8. Let a = (a1,dz, - ,a,) € F*(R). Assume that hgt(ar) = --- =
hgt(a,). Then,
(66) (6,ei):Zii, i:1,2,'-' ,n

The following proposition shows properties of operations and the equality on
F(R).
Proposition 6.9. Let a = (ay,ds,- - ,Zin),g = (51,52,~-~ ,En) € F*(R), and let

A €ER.
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(i) @+b= (G +b1,ds+ by, ,an + by).
(i) A@ = (Na1, \da, -+, Adn).

(i) hgt(@y) = --- = hgt(@n), hgt(by) = --- = hgt(bn), @ =b = a; = b;, i = 1,2,
“ e 7”’)/.
(1V) 6:b<:'dl:bz,z:172, ,N.

Proof. We show only (i). (ii) can be shown in the similar way to (i). (iii) can be
obtained from Proposition 6.8. (iv) is trivial.

a+b = M {H[ai]a} +M {H[gz]a}
i=1 «€]0,1] 1=1 a€]o,1]

(from the decomposition theorem (2.1) and Proposition 6.2)

= M {H[az]a + H[E]a} (from Proposition 4.3 (i))
i i a€lo,1]

= M {H([ﬁda + [’54(,)} (from Proposition 3.5 (vii))
i a€]0,1]
= (M({[al]a + [bl]a}ae]o,l])a T aM({[an]a + [bn]a}ae]o,l]))
(from Proposition 6.3)
= (Eil +gl736n+gn)
(from the decomposition theorem (2.1) and Proposition 4.3 (i)).
O
Example 6.10. Let a;,b; € F(R), i = 1,2 be fuzzy sets defined as a; (z) = max{
0,1— |z —1|}, az2(x) = max{0,1— |z — 2|}, b1 (z) = max{0,1 — |z — 4|}, and ba(z) =
max{0,1—|z—1|} for each z € R. Weset a = (a1, a2),b = (b1,b2) € F2(R). Then, a
and b are the fuzzy sets @ and b defined in Example 5.4, respectively. We consider a+
b and 2a. Since (d1+b1)(z) = max {O, 1- Im;5l }, (@24bs)(x) = max {0, 1- \153\ },
(2a1)(z) = max {0,1 - @}, and (2az)(x) = max {0,1 - #} for each = € R,

we have

(@+0)(z,y) = min{max{o,l—|x;5|},max{0,1—|y;3}}a
(28)(w,y) = min{max{o,l_wﬁ},m{o,l_wgﬁl}}

for each (z,y) € R? from Proposition 6.9 (i), (ii).

The following proposition can be shown easily.
Proposition 6.11. For 0 € F(R") and (0,0,---,0) € F*(R), 0 = (0,0,-- - ,0).

The following proposition shows that F"(R) is not a vector space, but F™(R) has
nearly properties of vector spaces. From Propositions 6.9 and 6.11, it is a special
case of Proposition 4.4 in Kon [7].
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Proposition 6.12. Let 6,5, c e F*(R), and let A\, u € R.

A(@+b) = A\a + Ab.

7. FuzzY SET-VALUED CONVEX MAPPING

In this section, the definition of fuzzy set-valued convex mappings is presented,
and its properties are investigated.
We define fuzzy set-valued convex mappings.

Definition 7.1. (Kon [7]) Let F : R™ — F(R™).

(i) F is called a fuzzy set-valued convex mapping if
(7.1) FOx+ (1= \y) = AF(z) + (1 — N\ F(y)

for any @,y € R and any A €]0,1].
(ii) F is called a fuzzy set-valued strictly convex mapping if

(7.2) FOx+ (1= Ay) < AF(z) + (1 — N F(y)
for any @,y € R, x # y and any A €]0,1].

Let FM(R™ — F(R™)) be the set of all fuzzy set-valued mappings from R”
to F(R™), and let FKM(R™ — F(R™)) be the set of all fuzzy set-valued convex
mappings from R™ to F(R™). In addition, let FSKM(R™ — F(R™)) be the set of
all fuzzy set-valued strictly convex mappings from R” to F(R™).

A fuzzy set-valued mapping F € FM(R" — F(R™)) is said to be convex-valued,
closed-valued, or compact-valued if F(z) € FK(R™), F(x) € FC(R™), or F(x) €
FBC(R™) for any & € R™, respectively.

Example 7.2. Let F,G € FM(R — F(R?)) be fuzzy set-valued mappings defined

as F(z)(y,z) = min{max{0,1 — |y — (« + 2?)|}, max{0,1 — |z — (—z 4 22)|}} and

G(z)(y, z) = min{max{0,1 — |y — (z + |z|)|}, max{0,1 — |z — (—z + |#|)|}} for each

2 € R and each (y,2) € R2. Let 21,25 € R, and let A €]0,1[. Since [F(z)], =

[z+22—(1-a),z+22+(1—a)] x[-z+2%— (1 —a),—z+ 2%+ (1 —a)] and

[G(2)]a=[z+]z|—(1—a),z+|z|+ (1 —a)] x [z +|z| - (1 —a), —z +]|z|+ (1 — a)]
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for each x € R and each « €]0, 1], it follows that

{ﬁ()\xl (- )\)xg)]a
= [/\xl—l—(l—/\)a:Q—I—()\arl—l—(l— Nz2)? — (1 —a),
Azy 4 (1= Nag + (Azp + (1 — Na)? + (1 — )]
X [—(/\xl + (1= Nao) + Az + (1= Nz2)? — (1 — ),
— (a1 + (1= Na2) + Az + (1= Naz)® + (1 - a)]
[é(m + (1= Naw)|
=[x+ (1= Nag+ Az + (1 — Nag] — (1 — «),
Azy + (1= Nzg + |Azy + (1 — Nz + (1 — )]
X [—(Az1+ (1= N)z2) + | Ax1 + (1 = N — (1 — ),
— Az + (1= Na2) + [Aag + (1 = Nas| + (1 — )]

and

() + (1= N F(e2)]

= [z + (1= Naa+Azi + (1 - Nz3 — (1 — ),
Az + (1= Nag 4+ Az + (1 — N2 + (1 —a)]

x [=(Az1 + (1 = N)z2) + Az] + (1—)\) —(1—-a),
— (Az1 + (1= Nza) + Az + (1= Va3 + (1 — )],

AGa) + (1= NGas)|

=[x+ (1= Nag + Ao+ (1= N)|za] — (1 — ),
Azy 4+ (1= Nzg + Az + (1 = N)|z2] + (1 — )]

X [=(Azr + (1 = A)za) + Alea| + (1 = A za| = (1 = o),
— (A1 + (1= Nag) + Az | + (1 = Mfaa| + (1 = )]

for each a €]0,1]. Thus, it follows that [F(Azy + (1 — A)z2)la < NF(z1) + (1 —
A F(22)]a and [G(Azy + (1 — )\)xg)] < [AG(z1) + (1 — \)G(x2)]a for any a €]0,1],
and that [F(Az1 + (1 — Na2)]a [/\F(xl) (1 —NF(z 2)|a for any o €]0,1] if
x1 # 3. These relations imply that F(/\x1—|—(1 A)z2) 2 AE(21)+(1—\)F(x2) and
G(Az14+(1—=N)z2) < AG(21)+ (1—A)G(22), and that F()\xl—i—(l N)aa) < AF(z1)+
(1= N F () if 4 # 2. On the other hand, we can see that [GOz1 + (1= N)a2)]a £
NG (z1) + (1 — )\)G(xg)] for any o €]0,1] if 21,22 > 0, 21 # @2 or 21,22 < 0,
21 # x5 It means that G(Azy + (1 — N)za) £ AG(x1) + (1- NG (x2) if 21,29 > 0,
21 # @ Or 21,39 < 0, 21 # xo. Therefore, we have F,G € FKM(R — F(R2)),
F € FSKM(R — F(R?)), and G ¢ FSKM(R — F(R2)).

The following proposition shows properties of fuzzy product set-valued mappings.
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Proposition 7.3. Let F, € FMR™ — FR)), i = 1,2,---,m, and let F =
(F1, Fa, -+, Fy) € FMR® — F™(R)) be a fuzzy set-valued mapping defined as

F(x) = (Fi(z), Fa(x),- -+, Fp(x)) for each € R™.

(i) Assume that hgt(Fy(x)) = - - - = hgt(F,,()) for any & € R™. If F is convex-
valued, then E, i=1,2,---,m are also convex-valued.
(ii) If ﬁi, i=1,2,--- ,m are convezr-valued, then F is also convez-valued.
(iii) Assume that hgt(Fy(x)) = --- = hgt(F(x)) for any x € R™. If F is closed-
valued, then f‘i, 1=1,2,--- ,m are also closed-valued.
(iv) If E, i=1,2,--- ,m are closed-valued, then F is also closed-valued.
(v) Assume that hgt(Fy(x)) = --- = hgt(EF,(z)) for any x € R™. If F is
compact-valued, then ﬁ-, i1=1,2,--- ,m are also compact-valued.
(vi) If ﬁi, i=1,2,--- ,m are compact-valued, then F is also compact-valued.
(vii) Assume that Fy, i = 1,2,--- ,m are compact-valued, and that I(Fy(x)) =
o= I(Fp(x)) = I(Fy(y)) = - - = I(F(y)) for any @,y € R™. Then,

F € FKM(R" — F™(R)) = F; € FKM(R" — F(R)),i=1,2,--- ,m.

(viii) F; € FEKM(R" — F(R)), i = 1,2,--- ,m = F € FKM(R" — F™(R)).
(ix) Assume that Fj, i = 1,2,---,m are compact-valued, and that I(Fy(xz)) =
o = I(P(@)) = I(Fi(y)) = - = I(Fn(y)) for any @,y € R". Then,

F € FSKM(R" — F™(R)) = F; € FSKM(R™ — F(R)),i=1,2,--- ,m.
(x) F, € FSKM(R™ — F(R)),i=1,2,--- ,m = F € FSKM(R" — F™(R)).

Proof. (i)—(vi) follow from Proposition 6.4 (i)—(vi), respectively. We show only (vii)
and (viii). (ix) and (x) can be shown in the similar ways to (vii) and (viii), respec-
tively.

(vii) Let @,y € R™, and let A €]0,1[. We set I = I(Fy(x)) = --- = I(Fp(x)).
Since F(Az + (1 — A)y) = AF(z) + (1 — \)F(y), it follows that (Fy(\x + (1 —
ANy, Fn(Qe+(1-2)y)) < (AP (@) +(1-NFi(y), -, A (@) +(1-A) Fin(y))
from Proposition 6.9 (i), (ii). For each ¢ € {1,2,---,m}, it follows that I(F;(Axz +
(1=\)y)) = I from the assumption, and that I(AF;(x)+ (1—\)F;(y)) = {« €]0,1] :
)\[ﬁl(az)]a +(1— )\)[E(y)]a # @} = I from Propositions 4.2 and 4.5 (vii). Therefore,
we have F;(Az + (1 — A)y) < AFi(z) + (1 — N\)Fi(y) for any i € {1,2,--- ,m} from
Proposition 6.5 (i).

(viii) Let z,y € R", and let A €]0,1[. Since F;(Az + (1 — A)y) = AFi(z) +
(1 — A\)E;(y) for any i € {1,2,---,m}, we have F(Axz + (1 — \)y) = (Fi(\x +
(1= N9) - FuOh + (1= N)g)) < VFa(@) + (1= NFi (), Mn(a) + (1 -
AN Fn(y)) = AF(x) + (1 — \)F(y) from Propositions 6.5 (ii) and 6.9 (i), (ii). O

8. CONCLUSIONS

We dealt with general fuzzy sets. First, the fuzzy inner product was defined based
on Zadeh’s extension principle, and the (strict) fuzzy max order was characterized by
the fuzzy inner product. Next, in the fuzzy product space, properties of addition and
scalar multiplication, the (strict) fuzzy max order, and the fuzzy inner product were

768



Masamichi Kon/Ann. Fuzzy Math. Inform. 9 (2015), No. 5, 753-769

investigated. Finally, the definition of fuzzy set-valued (strictly) convex mappings
was presented, and its properties based on the fuzzy product space were investigated.
The obtained results can be expected to be useful for analyzing fuzzy mathematical
models using general fuzzy sets.
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