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Abstract. An ideal I on a nonempty set X is a subfamily of P (X)
which is closed under finite unions and subsets. In this paper, we introduce
a new approach of soft proximity structure based on the ideal notion. For
I = {φ}, we have the soft proximity structure [9] and for the other types
of I, we have many types of soft proximity structures.
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1. Introduction

The fundamental concept of Efremovič proximity space has been introduced by
Efremovič [4]. In addition to, Leader [16, 17] and Lodato [18, 19] have worked with
weaker axioms than those of Efremovič proximity space enabling them to introduce
an arbitrary topology on the underlying set. Furthermore, proximity relations are
useful in solving problems based on human perception [24].

In 1999, Molodtsov [22] proposed the novel concept of soft set theory, which
provides a completely new approach for modeling vagueness and uncertainty. Soft
set theory has a rich potential for applications in several directions, few of which were
shown by Molodtsov in [22]. After Molodtsov’s work, some different applications of
soft sets were studied in Chen et al. [3]. Further theoretical aspects of soft sets were
explored by Maji et al. [20]. Also the same authors [21] presented the definition of
a fuzzy soft set. The algebraic nature of the soft set has been studied by several
researchers. Aktas and Cagman [1] initiated soft groups, and Feng [5] defined soft
semirings. Sun [25] introduced a basic version of soft module theory, which extends
the notion of a module by including some algebraic structures in soft sets.

Recently, research on soft set theory has been progressing rapidly. Zhi Xiao [27]
proposed the notion of the exclusive disjunctive soft set and gave an application
of exclusive disjunctive soft sets, which shows that it can be applied to attribute
reduction of incomplete information system. Ke Gong [11] proposes the concept
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of the bijective soft set and some of its operations and gives an application of the
bijective soft set in decision making problems. Jiang et al. [26] present an adjustable
approach to intuitionistic fuzzy soft set based decision making by using level soft sets
of intuitionistic fuzzy soft sets. The lattice structures of soft sets were constructed
by Qin and Hong [12].

Babitha and Sunil [2] defined soft set relations and functions. Yang and Guo [7]
introduced kernels and closures of soft set relations, and soft set relation mappings
using soft set relations and functions. Hazra et al. [10] introduced the notion of
basic proximity of soft sets. Also, the same authors [9] proposed the notion of soft
proximity. Finally, A. Kandil et al. [13, 14, 15] introduced a new approaches of
proximity structures [23] based on the ideal and soft set notions. In this paper, we
make an attempt through this paper to widen the set theoretical aspect of proximity
spaces via ideal and soft set notions. This paper is arranged as follows, Section 2
has a collection of all basic definitions and notions for further study. The purpose of
Section 3 is to construct a new approach of the basic proximity via ideal. Further-
more, a Ro− Čhech topology on X has been obtained. The essential goal of Section
4 is to exhibit the relation between the topology generated via this new approach of
proximity spaces and the soft topological space (X, τ, E).

2. Preliminaries

In this section we will collect the basic definitions and notations as introduced by
Molodtsov [22], Maji et al. [20] and Hazra et al. [8].

Definition 2.1. Let X be a nonempty set, E be a set of parameters, and P (X)
denotes the power set of X. A pair (F, E) is called a soft set over X , where
F is a mapping given by F : E → P (X). In other words, a soft set over X is
a parameterized family of subsets of the set X. For a particular e ∈ E , F (e)
may be considered the set of e-approximate elements of the soft set (F, E), i.e.
F = {F (e) : e ∈ E, F : E → P (X)}. The family of all these soft sets on (X, E)
denoted by P (X)E .

Definition 2.2. Let F, G ∈ P (X)E . Then F is soft subset of G, denoted by F ⊆̃G,
if F (e) ⊆ G(e), ∀e ∈ E.

Definition 2.3. Two soft subset F and G over a nonempty set X are said to be
soft equal if F is a soft subset of G and G is a soft subset of F .

Definition 2.4. The complement of a soft set (F,E), denoted by (F,E)c, is defined
by (F, E)c = (F c, E), F c : E → P (X) is a mapping given by F c(e) = X − F (e),
∀ e ∈ E and F c is called the soft complement function of F .

Definition 2.5. The difference of two soft sets (F,E) and (G,E) over a nonempty
set X, denoted by (F,E)− (G, E) is the soft set (H, E) where for all e ∈ E, H(e) =
F (e)−G(e).

Definition 2.6. Let (F,E) be a soft set over X and x ∈ X. We say that x ∈ (F,E)
read as x belongs to the soft set (F, E) whenever x ∈ F (e) for all e ∈ E.

Definition 2.7. A soft set (F, E) over X is said to be a null soft set denoted by φ̃
if for all e ∈ E, F (e) = φ (null set).
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Definition 2.8. A soft set (F, E) over X is said to be an absolute soft set denoted
by X̃ if for all e ∈ E, F (e) = X.

Definition 2.9. The intersection of two soft sets (F, E) and (G, E) over a nonempty
set X is the soft set (H,E), where for all e ∈ E, H(e) = F (e) ∩G(e).

Definition 2.10. Let I be an arbitrary indexed set and L = {(Fi, E), i ∈ I} be a
subfamily of P (X)E .

(1): The union of L is the soft set (H, E), where H(e) = ∪i∈IFi(e) for each
e ∈ E . We write ∪̃i∈I(Fi, E) = (H, E).

(2): The intersection of L is the soft set (M, E), where M(e) = ∩i∈IFi(e) for
each e ∈ E . We write ∩̃i∈I(Fi, E) = (M,E).

Definition 2.11. Let τ be a collection of soft sets a nonempty set X with a fixed
set of parameters E, then τ ⊆ P (X)E is called a soft topology on X if

(1): X̃, φ̃ ∈ τ ,
(2): the union of any number of soft sets in τ belongs to τ ,
(3): the intersection of any two soft sets in τ belongs to τ .

The triplet (X, τ, E) is called a soft topological space over X. The members of τ
are called open soft sets in X. Also, a soft set (F, E) is called closed soft if the
complement (F, A)c belongs to τ . The family of closed soft sets is denoted by τ c.

Definition 2.12. Let (X, τ, E) be a soft topological space. A soft set (F,E) over
X is said to be closed soft set in X, if its complement (F, A)c is an open soft set.

Definition 2.13. Let (X, τ, E) be a soft topological space and F ∈ P (X)E . The
soft closure of F , denoted by C(F ) is the intersection of all closed soft super sets of
F i.e

(2.1) C(F ) = ∩̃{H ∈ P (X)E : H is closed soft set and F ⊆̃H}.
Definition 2.14. The soft set F ∈ P (X)E is called a soft point if there exists x ∈ X
and e ∈ E such that F (e) = {x} and F (e′) = φ for each e′ ∈ E − {e}, and the soft
point (F, E) is denoted by xe.

Definition 2.15. The soft point xe is said to be belonging to the soft set G ∈
P (X)E , denoted by xe∈̃G, if for e ∈ E, F (e) ⊆ G(e).

Definition 2.16 ([9]). Let E be a set of parameters, X be a nonempty set, and A
be a set of basic proximities on X. The pair (δ, E) is called a basic soft proximity
on (X,E) if δ is a mapping given by δ : E → A.

Definition 2.17 ([10]). Let C be a Čhech closure operator of soft sets on (X, E).
Then C is said to be Ro if for any x, y ∈ X such that x 6= y and ∀ F ∈ P (X)E with
F (e) = {x}, y ∈ C(F )(e) ⇒ x ∈ C(G)(e) ∀G ∈ P (X)E with G(e) = {y}.
Definition 2.18 ([6]). A nonempty collection I of subsets of a set X is called an
ideal on X, if it satisfies the following conditions

(1) A ∈ I and B ∈ I ⇒ A ∪B ∈ I,
(2) A ∈ I and B ⊆ A ⇒ B ∈ I.
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Definition 2.19 ([23]). A binary relation δ on P (X) is called a basic proximity on
X if δ satisfies the following conditions:-

(P1) AδB ⇒ BδA,
(P2) Aδ(B ∪ C) ⇔ AδB or AδC,
(P3) AδB ⇒ A 6= φ,B 6= φ,
(P4) A ∩B 6= φ ⇒ AδB.

A basic proximity space is a pair (X, δ) consisting of a set X and a basic proximity
relation on X. We shall write AδB if the sets A,B ⊆ X are δ-related, otherwise we
shall write A6δB.

3. I-basic proximity

Definition 3.1. Let I be an ideal on a nonempty set X. A binary relation γI on
P (X) is called an I-basic proximity on X if γI satisfies the following conditions:-
(IP1) AγIB ⇒ BγIA,
(IP2) AγI(B ∪ C) ⇔ AγIB or AγIC,
(IP3) A6γIB ∀A ∈ I, B ∈ P (X),
(IP4) A ∩B 6∈ I ⇒ AγIB.

An I-basic proximity space is a pair (X, γI) consisting of a set X and an I−basic
proximity relation on X.

Proposition 3.2. If I = {φ} in Definition 3.1, then we get the basic proximity
relation in Definition 2.19.

Proof. Straightforward. ¤

Lemma 3.3. If AγIB, A ⊆ C, and B ⊆ D, then CγID.

Proof. The result follows immediately from (IP1) and (IP2). ¤

Theorem 3.4. Let (X, γI) be an I− basic proximity space. Then the γI- operator
γI : P (X) → P (X)

defined by:

(3.1) AγI = {x ∈ X : xγIA}
satisfies the following:-

(1) φγI = φ
(2) A ⊆ B ⇒ AγI ⊆ BγI ,
(3) (A ∪B)γI = AγI ∪BγI ,
(4) (A ∩B)γI ⊆ AγI ∩BγI .

Proof. (1) If ∃ x ∈ X such that xγIφ, which is contradiction from (IP3). Thus
φγI = φ.

(2) Let x ∈ AγI . Then Eq. (3.1) implies that xγIA and Lemma 3.3 implies that
xγIB. Hence x ∈ BγI .

(3) By part (2), we get AγI ∪BγI ⊆ (A∪B)γI . To prove the other inclusion, let
x ∈ (A ∪B)γI . Then xγI(A ∪B). Hence (IP2) implies that xγIA or xγIB,
consequently x ∈ (AγI ∪BγI ). Hence the result.
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(4) The result is a direct consequence of part (1).
¤

The following example shows that A 6⊆ AγI , in general.

Example 3.5. Let X = {a, b, c, d}, I = {φ, {b}, {c}, {b, c}}, A = {b} and γI is
defined as

(3.2) AγIB ⇔ A ∩B 6∈ I.

Then AγI = φ.

Theorem 3.6. Let (X, γI) be an I-basic proximity space. Then the operator
−γI : P (X) → P (X)

defined by

(3.3) A
γI = A ∪AγI

is a Čhech closure operator and induces Ro−topology on X called τγI
given by

(3.4) τγI
= {A ⊆ X : AcγI = Ac}.

Proof. (1) By Theorem 3.4 part (1) φγI = φ, and hence φ
γI = φ.

(2) Eq. (3.3) implies that A ⊆ A
γI .

(3) By Theorem 3.4 part (3), we have (A ∪B)
γI = A

γI ∪ B
γI . Thus −γI is

a Čhech closure operator. Let x, y ∈ X such that x 6= y. Let x ∈ yγI ,
It follows that xγIy. Then (IP1) implies that yγIx and hence y ∈ xγI .
Therefore, τγI

is Ro topology on X.
¤

4. Soft I-proximity

Definition 4.1. Let E be a set of parameters, X be a nonempty set, and A be a
set of I-basic proximities on X. The pair (δI , E) is called an I-basic soft proximity
on (X,E) if δI is a mapping given by δI : E → A.

The set of all I-basic soft proximities on (X, E) will be denoted by SP (X, E).
In addition, if (δI , E) ∈ SP (X, E), then ((X, E), δI) is called an I−basic proximity
space.

Proposition 4.2. If I = {φ} in Definition 4.1, then we get the basic soft proximity
relation in Definition 2.16.

Proof. Straightforward. ¤

Example 4.3. Let I be an ideal on a nonempty set X, E be a set of parameters,
and δI = {(F (e), G(e)) ∈ P (X) × P (X) : F (e) ∩ G(e) 6∈ I}. Then one easily sees
that (δI , E) is an I-basic soft proximity on (X, E).

Example 4.4. Let I be an ideal on a nonempty set X, E be a set of parameters,
and δI = {(F (e), G(e)) ∈ P (X) × P (X) : F (e) 6∈ I and G(e) 6∈ I}. Then it follows
directly from the definition that (δI , E) is an I-basic soft proximity on (X,E).

Theorem 4.5. Let ((X, E), δI) ∈ SP (X, E). Then the δ̃I- operator
679
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δ̃I : P (X)E → P (X)E

defined by:

(4.1) F δ̃I (e) = {x ∈ X : (x, F (e)) ∈ δI}
satisfies the following:-

(1) (φ̃)δ̃I = φ̃,
(2) F ⊆̃G ⇒ F δ̃I ⊆̃Gδ̃I ,
(3) (F ∪̃G)δ̃I = F δ̃I ∪̃Gδ̃I ,
(4) (F ∩̃G)δ̃I ⊆̃F δ̃I ∩̃Gδ̃I .

Proof. (1) If ∃ x ∈ X and e ∈ E such that xδI φ̃(e), i.e. xδIφ, which is contra-
diction from (IP3). So, (φ̃)δ̃I = φ̃.

(2) Let x ∈ F δ̃I (e). Then Eq. (4.1) implies that xδIF (e) and Lemma 3.3 implies
that xδIG(e). Hence x ∈ Gδ̃I (e).

(3) By part (2), we get F δ̃I ∪̃Gδ̃I ⊆̃(F ∪̃G)δ̃I . To prove the other inclusion, let x ∈
(F ∪̃G)δ̃I (e). Then xδI(F (e) ∪ G(e)). Hence (IP2) implies that xδIF (e) or
xδIG(e). Therefore, x ∈ F δ̃I (e) or x ∈ Gδ̃I (e). Hence x ∈ (F δ̃I (e)∪Gδ̃I (e)).
Then (F ∪̃G)δ̃I ⊆̃F δ̃I ∪̃Gδ̃I . Consequently, (F ∪̃G)δ̃I = F δ̃I ∪̃Gδ̃I .

(4) The result is a direct consequence of part (2).
¤

The following example shows that F *̃F δ̃I , in general.

Example 4.6. Let ((X, E), δI) ∈ SP (X, E) and I = If . Then for each F ∈ P (X)E ,
F δ̃I (e) = φ.

Theorem 4.7. Let ((X, E), δI) ∈ SP (X, E). Then the C δ̃I - operator

C δ̃I : P (X)E → P (X)E

defined by:

(4.2) C δ̃I (F )(e) = F (e) ∪ F δ̃I (e)

is a Ro − Čhech closure operator of soft sets.

Proof. (1) Theorem 4.5 part (1) implies that C δ̃I (φ̃) = φ̃.
(2) Eq. (4.2) implies that F ⊆̃C δ̃I (F ).
(3) By Theorem 4.5 part (3), we have C δ̃I (F ∪̃G) = C δ̃I (F )∪̃C δ̃I (G). Thus C δ̃I

is a Čhech closure operator of soft sets on (X, E). Let x, y ∈ X such that
x 6= y. Let F ∈ P (X)E such that F (e) = {x}. Then y ∈ C δ̃I (F )(e) ⇔
({y}, {x}) ∈ δI ⇔ ({x}, {y}) ∈ δI ⇔ ({x}, G(e)) ∈ δI ∀ G ∈ P (X)E such
that G(e) = {y} ⇔ {x} ∈ C δ̃I (G)(e) ∀ G ∈ P (X)E such that G(e) = {y}.
Consequently, C δ̃I is a Ro − Čhech closure operator of soft sets on (X, E).

¤
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Example 4.8. Let I be an ideal on a nonempty set X, C be a Čhech closure
operator of soft sets on (X,E), and δI be a binary relation on P (X) defined as:
(4.3)
δI = {(F (e), G(e)) : (C(F )(e) ∩G(e)) ∪ (F (e) ∩ C(G)(e)) 6∈ I and F (e), G(e) 6∈ I}.
Then (δI , E) is an I-basic soft proximity on (X, E). It’s clear that δI satisfies (IP1).
To prove that δI satisfies (IP2). ∀F, G,H ∈ P (X)E , (F (e), G(e) ∪ H(e)) ∈ δI ⇔
{C(F )(e)∩ (G(e)∪H(e))} ∪ {(F (e)∩C(G(e)∪H(e))} 6∈ I and F (e), G(e)∪H(e) 6∈
I ⇔ {C(F )(e) ∩ (G(e) ∪ H(e))} ∪ {(F (e) ∩ (C(G)(e) ∪ C(H)(e))} 6∈ Iand F (e) 6∈
I and G(e) or H(e) 6∈ I ⇔ {C(F )(e) ∩ (G(e)} ∪ {C(F )(e) ∩ H(e)} ∪ {(F (e) ∩
C(G)(e)} ∪ {F (e) ∩ C(H)(e)} 6∈ I, F (e) 6∈ I and G(e) or H(e) 6∈ I ⇔ {C(F )(e) ∩
(G(e)} ∪ {(F (e) ∩ C(G)(e)} 6∈ I and F (e), G(e) 6∈ I or {C(F )(e) ∩H(e)} ∪ {F (e) ∩
C(H)(e)} 6∈ I and F (e),H(e) 6∈ I ⇔ (F (e), G(e)) ∈ δI or (F (e),H(e)) ∈ δI .
(IP3) is a direct consequence from the definition of δI . For (IP4), Let F, G ∈
P (X)E such that F (e) ∩ G(e) 6∈ I. Then Definition 2.18 part (2) implies that
{C(F )(e) ∩ (G(e)} ∪ {(F (e) ∩ C(G)(e)} 6∈ I. Therefor (F (e), G(e)) ∈ δI .

The following theorem shows that the topology generated by the formula (4.2) is
finer than the soft topology generated by the formula (2.1).

Theorem 4.9. Let C be a Čhech closure operator of soft sets on (X,E), and δI is
the formula (4.3). Then ∀ F ∈ P (X)E, C(F )⊆̃C δ̃I (F ).

Proof. Let F ∈ P (X)E , e ∈ E, and x ∈ C δ̃I (F )(e). It follows that xeδIF , and hence
∃ e1 ∈ E such that (C(xe)(e1)∩F (e))∪(xe(e1)∩C(F )(e1)) 6∈ I and xe, F (e) 6∈ I. ¤

5. Conclusions

This paper has presented an extension of soft proximity spaces introduced by
Hazra et. al [9] based on the ideal notion. The significance of this extension is that
for I = {φ}, we have the soft proximity structure [9] and for the other types of I,
we have many types of soft proximity structures.
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