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1. INTRODUCTION

In 1965, Zadeh [10] has initiated the notion of fuzzy set. Then many researchers
were applying it in various branches of mathematics (see [1}, 2, 3, [6]). The algebraic
system I-near-ring was introduced by Satyanarayana [8]. Later several mathemati-
cians worked on this algebraic system. The notion of an anti fuzzy ideals of I'-near-
ring was studied by Srinivas, etc., [9]. Kim and Jun [4] has studied the concept of
an anti fuzzy ideals in near-rings. The sum of the fuzzy ideals of a near-ring was
studied by Narasimha swamy [7]. Now we are introducing the sum of fuzzy ideals
of a I'-near-ring and also the sum of anti fuzzy ideals of a I'-near-ring. Also studied
the concept of direct sum in both cases.

2. PRELIMINARIES

A non-empty set N with two binary operations “+” and “” is said to be a left
near-ring (see [0]) if it satisfies the following three conditions;

(i) (N, +) is a group (not necessarily abelian),

(ii) (N,-) is a semigroup,

(i) z-(y+2)=x-y+x-zforalz,y ze€N.

We will use the word “near-ring” to mean “left near-ring”. We denote xy instead
of x - y. Moreover, a near-ring N is said to be a zero-symmetric if 0 -n = 0 for all
n € N, where 0 is the additive identity in N.
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Definition 2.1. Let (M,+) be a group (not necessarily abelian) and I' be a non
empty set. Then M is said to be a I'-near-ring, if there exist a mapping M x I' x
M — M (the image of (x, o, y) is zay) satisfying the following conditions;

(i) za(y + 2) = zay + zaz,

(ii) (zay)Bz = za(ypPz) for all z,y,z € M and o, 5 € T

Definition 2.2. A I'-near-ring M is said to be a zero symmetric I-near-ring if
Oan = 0 for every n € M, « € I', where 0 is the additive identity in M.

Definition 2.3. Let M be a I'-near-ring. A normal subgroup (I,+) of (M,+) is
called

(i) a right ideal, if (z +i)ay —zay € I for all z,y € M,a € T";i € I,

(ii) a left ideal, if zai € T for all z € M, € T',i € I,

(iil) an ideal, if it is both a left ideal and a right ideal.

A fuzzy set p on a non-empty A is a mapping p: A — [0,1].

Definition 2.4. A fuzzy set y of a I'-near-ring M is called a fuzzy ideal of M if
() p(z — y) > Mindju(x), u(y)},
(il) ply + 2 —y) = p(z),
(iil) p((x 4+ i)ay — zay) > (i) (or equivalently, u(zay — zay) > u(z — z)),
(iv) p(xay) > p(y) for all z,y,2,i € M and a € T

If 11 satisfies (i), (ii) and (iii) then p is called a fuzzy right ideal of M. If u satisfies
(i), (ii) and (iv) then p is called a fuzzy left ideal of M.

Definition 2.5 ([9]). A fuzzy set u of a I'-near-ring M is called an anti fuzzy ideal
of M, if

(i) p(z —y) < Maz{u(z), u(y)},

(il) p(y + 2 —y) < p(z),

(iil) p((z + i)y — zay) < p(i) (or equivalently, u(zay — zay) < u(z — x)),

(iv) p(zay) < p(y) for all x,y,2,i € M and a € T

If p satisfies (i), (ii) and (iii) then p is called an anti fuzzy right ideal of a T'-near-
ring M. If p satisfies (i), (ii) and (iv), then u is called an anti fuzzy left ideal of a
I'-near-ring M.

Example 2.6 ([9]). Let M = {0,a,b,c} and I' = {«, 5}. Define a binary operation
“+” on M and a mapping M x I' x M — M by the following tables;

+10 a b ¢ al0 a b ¢ 610 a b c
00 a b ¢ 0/0 0 0 O 00 0 0 O
ala 0 ¢ b al0 0 0 O al0 0 0 O
blb ¢ 0 a b0 0 0 O b0 0 0 O
clec b a O cl0 0 0 O c|0 0 a a

Clearly (M,+) is a group and (i) zvy(y + 2) = zyy + xvz, for every z,y,z € M,
v €T, (ii) (zyy)wz = zy(ywz) for every z,y,z € M and v,w € I'. Thus M is a
I'—near-ring. Define a fuzzy set p: M — [0,1] by p(0) < u(a) = u(d) = p(c).
The routine calculation shows that, u is an anti fuzzy ideal of M.
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3. SUM AND DIRECT SUM OF FUZZY IDEALS

Definition 3.1. Let p and v be two fuzzy ideals of a zero symmetric I'-near-ring
M. Then the sum p + v is a fuzzy subset of M defined by

i+ v)(@) :{ gUp(mm(u(y),V(Z))) th;z,;:

Theorem 3.2. If u and v are two fuzzy ideals of a zero symmetric I'-near-ring M,
then p+ v is also a fuzzy ideal of M.

Proof. Let x,y,u € M and o € T'.
(i) Put * = 21 + 2 and y = y1 + y2 where x1,x2,y1,y2 € M. Then

r—y = z1+x2— (1 +y2)
= 21—y +y1+22— (Y1 +y2).
(p+v)(z—y) = (p+v)(@r—y1+yr+22—y1 —y2)

\/(M(ﬂh —y1) Av(yr + 2 — Y1 — y2))

> \l(e2) A p(y) A (s + 22— y1) Av(ys)]
> \llul@) Aplyn)) A (v(@s) Av(y2))]
> (V@) Av(@) A () Av(ye)))

(m+v)(@) A (p+v)(Y).
(ii) Put = z1 4+ xo where z1, 29 € M. Then

y+tr—y = y+otrm—y=y+o—y+y+a—y
(n+v)(y+z—y) (n+v)y+ar—y+y+a2—y)
VIn(y + 21— y) Avly + 22 — y)]
> \/lula1) Av(as)]
= (p+v)(2).

(iii) Let w — 2 = 1 + ta; t1,t2 € M. Which implies u = ¢; + t2 + 2. Then

way —xay = (t; +t2 + x)oy — zay
= (t1+ta+x)ay— (t2 +2)ay + (t2 + z)ay — zay.
(n+v)(uoy —zay) = (n+v)((tr+ b2 + x)ay — (t2 + 2)ay + (t2 + x)oy — zoy)

= VIt +t2 + 2)ay — (b2 + 2)ay) Av((tz + )y — zay)]

> \lult) Avit)]
— (et v)u—a).
(iv) Put y = y1 + y2; y1,42 € M. Then
(n+v)(zay) = (u+v)(vay +zays)
= \/[ﬂ(mayl) Av(zays)]
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> \/[M(?/l) Av(y2)]
= (k+v)(y).
Hence p + v is a fuzzy ideal of M. O

Example 3.3. From example 2.6, M is a zero symmetric I'-near-ring. Now define
two fuzzy sets p: M — [0,1] and v : M — [0, 1] by

(@) = 0.8 cx =0

MEI=3 0.5 : otherwise
and

V(@) = 1 cx =0

1 0.2 :otherwise.

The routine calculation shows that, p and v are fuzzy ideals of M. Now for any
y,2 € M,

(p+0)©0) = \/ {min(u(y),v(=))}

O=y+=z
= \/{min(u(0), v(0)), min(u(a), v(a)), min(u(b), v(b)), min(u(c), v(c))}
=1/{0.8,0.2,0.2,0.2} = 0.8,
(n+v)(a) =\ {min(u(y),v(z))}

a=y+=z
= \/{min(u(0), v(a)), min(u(a), v(0)), min(u(b), v(c)), min(u(c), v(b))}
=1/{0.2,0.5,0.2,0.2} = 0.5,
(u+v)0) = \/ {min(p(y),v(2)}

b=y+z
= \/{min(u(0), v(b)), min(u(a), v(c)), min(u(b), v(0)), min(u(c), v(a))}
=1/{0.2,0.2,0.5,0.2} = 0.5,
(n+v)(e) =\ {min(u(y),v(2))}

c=y+z
= \/{min(1(0), v(c)), min(u(a), v(b)), min(u(b), v(a)), min(u(c), »(0))}
=1/{0.2,0.2,0.2,0.5} = 0.5.

Therefore
0.8 cx =0
(h+v)(x) = { 0.5 : otherwise.

The routine calculation shows that, p 4 v is a fuzzy ideal of M.

Now we extend the above theorem 3.2 to the sum of finite number of fuzzy ideals
of a zero symmetric I'-near-ring M.
668



P. Narasimha Swamy et al./Ann. Fuzzy Math. Inform. 9 (2015), No. 4, 665-674

Definition 3.4. Let M be a zero symmetric ['-near-ring and let pq, us, ..., un be
the fuzzy ideals of a I'-near-ring M. For any x € M, put

S(x) = {pr(z1) Ape(x) A e A (xy) :x =21 + 22+ oo + 2,2 € Myi =1 to n}.
Define (p1 + p2 + ... + pin)(z) = SupS(z) = Sup{p1(x1) A pa(z2) A oo A (z0) : @ =
1+ To+ o+ ap )

Remark 3.5 ([7]). Let z = 1 +x2+...+x,. Consider a transposition of the indices
(1,k),k > 1. Thenx = z1+x2+...4+xp—1+Tp+Tpp1+...+ Ty = y+ap—y+1+T2+
ctTr_1+Tr1+.xn( where y = 1+ @0+ 4 25—1) = (y+tzp—y)+z—2z+x1+2+
Tpt1+ ... +xp( Where z = xo+ ...+ x_1) = 2} + 2+ 2] +Tp41+... + 2, ( where x}, =
y+ap —y,x] = —z4+x1+2) =), + 22+ . + o1 + 2] F T + o+ Ty
Thus p1(x},) A pa(x2) A oo A pr—1(@g—1) A () A g1 (@pe1) A oo A pin(20) =
w(ze) A po(ze) Ao A pg—1(Tr—1) A (1) A k1 (Tk41) A oo A pn(z) € S(x).
This is true for every transposition (i, j) of the indices. Since every permutation is a

”» . 1 2 . .
product of transpositions, then for any permutation i ") we have
1 2 . n

w1 (i, ) A pa(xiy) A oo A i (24,) belongs to S(x) for x = x1 + 22 + ... + x,. Hence
M1 p2 A i = g g e g,

Theorem 3.6. Let M be a zero symmetric I'-near-ring. If pi, 2, ..., tbn are the
fuzzy ideals of M, then py + po + ... + py, is also a fuzzy ideal of M.

Proof. Put pp = py + po + ... + L.

()Letzx=z14+x2+ ...+ Tpn, y=v1+y2+...+yn ;zi,y; € M,i=1,2,...,n.Then
r—y=x1+x2+...+2%yp — Y1 — Y2 — ... — Yp. This can be expressed as r — y =
) —yl+ah—yb+...+x, —y,, where z} is a conjugate of z; and ¥y} is a conjugate of
;. Therefore v —y = (2] —y1) + (25 —y5) +...+ (x], —y;,). Which implies p(xz—y) =
p((@) —y1) + (2o —y5) +. (2, —yn)) = VI (@1 —y1) Apa (25 —y5) Ao Apin (25, =y, )] >
V) A 1 () A pia () A ia (5) A oo A fin () A pim ()] = [V (i1 () A ) A
N (@ DAV (1 (Y1) Ap2 () A A pin (y7,))] = SupS (@) ASupS(y) = p(@) Auly).

(ii) Let z,y € M and x = x1 + 22 + ... + Tp;2; € M,i = 1,2,...,n. Then
y+tr—y=y+ritzet..+rp—y=y+x1—y+y+r2—ytytrs—y+..tyt+e,—vy.
This implies that p(y + 2 —y) = ply+ 1 —y+y+aze —y+ .. +y+ax, —y) =
Vs (y+a—y) A (y+22—y) A A (Yt —y)] = Vi (@) Ao (z2) A A (2)]. =
SupS(x) = p(x).

(iii) Let z,y,u € M and « € T. Andlet u —ax =t; +ta+ ... + ty;t; € M,i =
1,2, ...,n. Which implies u = t1 +t2+ ... +t, + . And so vay —xay = (1 +ta+...+
tnt+x)ay—zay = (1 +to+...+tp+x)ay—(ta+ts+...+tp+x)ay+ (to+Ht3+...+t,+
x)ay— (ts+ta+...+tn+x)ay+ (ts+ta+... +tn + )y — ...+ (t, + )y — zay. Now
pluoy —zay) = p{(t1+ta+... +tp +x)ay — (ta +ts+... +tn +x)ay+ (Lo +t3+ ... +
tnt+z)ay—(tg+ta+...+tn+z)ay+(ts+ta+...+tn+2x)ay—...+ (tn+2)ay—zay}t =
V{ (B +te+...+tp+x)ay— (ta+ts+ ... +tn+x)ay) Apa((ta+ts+...+t, + )y —
(ts+tat...Ftn+x)ay) A A ((En+x)ay—zay)} >V (p1(t1) Apa(t2) A A (tn)) =
SupS(u —z) = p(u — x).

(iv)Let z,y e M anda € T. Put y = y1+yo+...4+yn; ¥ € M,i=1,2,...,n. Then
p(zay) = p(za(yr +y2 + ... + yn)) = plzays + zays + ... + zay,) = V(u(zay:) A
p2(zaye) A . A pn(@ays)) = V(i (y) A pa(y2) Ao A pn(yn)) = SupS(y) = p(y).
Hence p is a fuzzy ideal of M. 0
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Definition 3.7. Let M be a zero symmetric ['-near-ring and 1, ps, ..., 4n be the
fuzzy ideals of M. Then the sum p = py + po + ... + pp is said to be direct, if
(1 + p2 + oo pic1 + fligr + o+ pin) A i = 0.

Theorem 3.8. Let M = My & My & ... & M, be the direct sum of I'-near-rings
My, Ms, ..., M, with left or right identity e = (e1, €2, ..., e,) and p be a fuzzy ideal of
M. Then there exists fuzzy ideals p1, pro, ..., b of M such that p = p1 Do ® ... D iy, -
Proof. Let z; = (0,0,...,0,z;,0,...,0) and e¢; = (0,0,...,0,¢;,0,...,0),a € I'. Then
for © = (x1,22,...,2n) = T1 + T2 + ... + Zp, we have p(x) = p(x; + T2+ ... + Tp) >
(@) A p(za) Ao A p(xn). But p(z;) = plejax) > p(zx), for i = 1,2, ...,n. That is
w@) Ap(xe) Ao Apxy) > p(x) Thus p(z) = p(ar) A p(ze) Ao A p(x,). Define p;

on M by
o () rxeM;
pilw) = { 0 : otherwise.

Hence p1 ® o & ... B p, = pt. g

4. SuM, DIRECT SUM OF ANTI FUZZY IDEALS

Definition 4.1. Let p and v be two anti fuzzy ideals of a zero symmetric I'-near-ring
M. Then the sum p + v is a fuzzy set of M defined by

(H+W@0_{émwmwm@xma» oy

Theorem 4.2. If u and v are two anti fuzzy ideals of a zero symmetric I'-near-ring
M, then p+ v is also an anti fuzzy ideal of M.

Proof. Let x,y,u € M and o € T.
(1) Put x = 21 + 2, y = y1 + yo2; ®1,%2,Y1,y2 € M. Then

r—y = z1+x2— (1 +y2)
= 21—y +y1+22— (Y1 +y2).
(p+v)z—y) = (p+v)(@r—y1+yr+22—y1 —yo)

/\(M(ﬂh —y1) Vu(yr + 22 —y1 — y2))
Al(z) V) Vv vy + 22 = y1) V v(y2))]

< All@) V() v (v(x2) V v(y2))]

= (A v @) VA @) v v(y)]

= (p+v)@)V(p+v)(y).
(ii) Put * = x1 + x2; ©1,22 € M. Then

y+r—y = y+oi+r—y=y+r—y+ty+r—y.
w+vyt+tr—y) = (wtv)(y+zi—y+y+a2—y)
Ny + 21— y) Vuly + 22 — y)]

< Nlplan) v v(zs)]

— (u+1)(@).
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(iil) Let w — 2 = t1 + ta; t1,t2 € M. Which implies u = ¢; + t2 + 2. Then

uway —xay = (t; +t2 + x)ay — zay
= (b1 +t2+x)ay — (t2 + 2)ay + (t2 + 7)oy — zay.
(n+v)(uoy —zay) = (n+v)((tr + b2 +z)ay — (t2 + 2)ay + (t2 + x)oy — zoy)

= At + t2 + 2)ay — (t2 + 2)ay) V v((t2 + z)ay — zay)]
< Nult) v ()}
= (p+v)(u—1).
(iv) Put y = y1 + y2. Then
(+v)(way) = (p+v)(zoy: + zay:)
= /\[u(xayl) Vv(rays)]
< /\[N(yl) Vr(y2)]
= (b+v)(y)
Hence p + v is an anti fuzzy ideal of M. d

Example 4.3. Let M = {0,a,b,c} and T' = {a, 8} be a non-empty set. Define a
binary operation ” +” on M and a mapping M x I' x M — M by the following
tables;

+10 a b c a‘()abc ,B‘Oabc
00 a b ¢ 0/0 0 0 O 0/]0 0 0 O
ala 0 ¢ b al0 0 0 O al0 0 0 O
blb ¢ 0 a b0 0 0 O b0 0 0 O
clec b a O cl0 0 0 O c|0 0 a a

Clearly, (M, +) is a group and

(i) zv(y + 2) = zyy + avyz, for every z,y,z € M, v €T,

(ii) (zyy)wz = xy(ywz) for every x,y,z € M and y,w € T.

And also Oan =0 for all « € I';n € M; 0 is the additive identity in M. Thus M is
a zero symmetric I'—near-ring. Define two fuzzy sets ¢ and v on M as follows;

wi M —[0,1] by
() = 0.5 cx =0
MEI=3 0.8 : otherwise

and v: M — [0,1] by

vy = | 02 cx=0
V=N 0.9 :otherwise.

Then the routine calculation shows that p and v are anti fuzzy ideals of M. Now

(u+v)(0) = N {maz(u(y),v(2))}
O=y+=z
= Nf{maz(u(0),v(0)), maz(u(a), v(a)), maz(u(b), v(b)), maz(u(c), v(c))}
= \{0.5,0.9,0.9,0.9} = 0.5,
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(w+v)a)= N {maz(uly),v(2))}

a=y+=z

= A\{maz(u(0), v(a)), maz(u(a), v(0)), maz(u(b), v(c)), maz(u(c), v(b))}
= \{0.9,0.8,0.9,0.9} = 0.8,

(+v)0) = N {maz(uy),v(2))}

b=y+z
= Ndmaz(u(0), (b)), maz(u(a), v(c)), maz(u(b), v(0)), maz(u(c), v(a))}
— /\{0.9,0.9, 0.8,0.9} = 0.8,

(p+v)()= N {min(uy),v(2))}

c=y+z

= A\ {maz(u(0), v(c)), mazx(p(a), v(b)), maz(u(b), v(a)), max(u(c), v(0))}
= /\{0.9,0.9,0.9,0.8} = 0.8.

Therefore,
0.5 cx =0
(k4 v)(z) = { 0.8 : otherwise.

We can easily verify that, p + v is an anti fuzzy ideal of M.

Now we extend the theorem 4.2 to the sum of finite number of anti fuzzy ideals
of a zero symmetric I'-near-ring M.

Definition 4.4. Let M be a zero symmetric I'-near-ring and let uy, po, ..., by, be the
anti fuzzy ideals of a I'-near-ring M. For any « € M put I(z) = {p1(z1) V pao(x2) V
cibbn(Xn) =1+ T2+ FTp,x; € M,i =1 ton}. Define (ug +po+ ...+ pn) () =
Infl(x) =Inf{ui(z1) V po(z2) V... V pin(z0) : & =21 + 22 + .. + X0}

Remark 4.5. Let x = 21 + 23 + ... + z,,. Consider a transposition of the indices
(1,k),k > 1. Thenx = z1+x2+...4+xp—1+Tx+Tpt1+...+ Ty = y+ap—y+z1+x2+
ctTr_1+Tr1+.xn( where y = 1+ @0+ 4 2p—1) = (ytzp—y)+z—2z+z1+2+
Tpt1+ ... +2p( Where z = xo+ ...+ x_1) = 2} + 2+ 2} +2Tp41+ ... + 2, ( where x}, =
y+ap—y,x] = —z4+x1+2) =), + 22+ . + o1 + 2] F T + o+ Ty
Thus p1(x),) V po(z2) Voo V p—1(@p—1) V pr(xh) V g1 (@p41) Voo V pn(zy) =
w(ze) Vope(x2) Voo Vopgp—1(p—1) V pr (1) V g1 (@e41) V oo V pn(x,) € I(x).
This is true for every transposition (¢,5) of the indices. As every permutation is a

.. . 1 2 . .
product of transpositions, then for any permutation i Zn we have
1 %2 . . . g

w1 (i, )V pa(xi,) Voo V g (x5, ) belongs to I(x) for any x = 21 +x2 + ... + ,,. Hence
M1 2 e i = gy T gy e

Theorem 4.6. Let M be a zero symmetric U'-near-ring. If p1,pe, ...,y are the
anti fuzzy ideals of M, then py + po + ... + pn s an anti fuzzy ideal of M.

Proof. Put u= 1 + po + ... + fin-
(YLetx =x1+x0+ .+ Tp, y=y1+ Y2+ . +yn ;2,9 € M,i =1,2,...,n.Then
rT—y=x1+22+ ...+ Tp —Yy1 — Y2 — ... — Yn. This can be expressed as z — y =
672
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) —yi +xh —y5h+ ...+, —y,,, where z} is a conjugate of x; and ¥, is a conjugate of
y;. Therefore v —y = (2} —y})+ (25 —v5) +...+ (z], —y,,). Which implies p(z—y) =
() + =)t (y—51)) = Al (2~ )V 1 (e YV Vo (2, —,)] <
Alia () (55 V ) V 112 (5) VoV i) V g (58] = (A i () V pin(iy) v
eV (@I A (1 (Y1) V 2 (ya) VeV pin (yp)] = InfI(z) VInfI(y) = p(z) v p(y).

(ii) Let 2,y € M and & = 21 + 22 + ... + Zp;x; € M,i = 1,2,...,n. Then
Y+r—y = y+ai+sot ..+, —y = y+a1 —y+y+o—y+y+as—y+..+y+a,—y.
Which implies ply +z —y) = ply+ 21 —y+y+ a2 —y+ ... +y+z, —y) =
Al (y+z1—y)Vpe(y+z2—y)V... Vi (y+zn—y)] < Alpr(z1) Vi (22) V...V s (z0)]. =
InfI(z) = plz).

(iii) Let z,y,u € M anda € I'. And let u —x =1 +to + ... + ty;t; € M,i =
1,2,...,n. Which implies u = t; +t2+ ... +t, + 2. And so uay —zay = (t1 +ta+...+
tnt+x)ay—xay = (b +to+...+tp+x)ay—(ta+ts+...+tp+x)ay+ (o +Hiz+...+t,+
r)ay—(tg+ta+...+tn+x)oay+ (ts+ta+...+tn +x)ay— ...+ (tn +x)ay — xay. Thus
wluay —zay) = p{(t1 +to+...+tp+z)ay — (to+ts+... +tp, +x)ay+ (o +ts+... +
tnt+z)ay—(tg+tsa+...+tn+z)ay+ (ts+ta+...+tp+2)ay— ...+t +x)ay—zay}t =
AN (1t + .+t +x)ay— (ta+ts+ ... +tn+2)ay) Vs ((ta+ts+... 4+t + )y —
(ts+tat...Htnt+a)ay) V.. Vi ((tnt+z)ay—zay)} < A(pi(t)Vaez(t2) V.. Vi (ts)) =
Infl(u—2x) = p(u — x).

(iv)Let z,y e M anda € T. Put y = y1+yo+...+yn; ¥ € M,i=1,2,...,n. Then
w(ray) = plra(yr + y2 + ... + yn)) = plzays + zays + ... + zay,) = A(um (zay) v

p2(zay2) V...V (zay,)) < Alpa(yn) V pe(y2) VooV pa(yn)) = Infl(y) = u(y).
Hence p1 + po + ... + iy is an anti fuzzy ideal of M. O

Definition 4.7. Let M be a zero symmetric ['-near-ring and p1, 2, ..., n, be the
anti fuzzy ideals of M. Then a sum p = pg + po + ... + py, is said to be direct, if
(1 + p2 + oo+ i1 + fip1 + oo+ i) Vg = 0.

Theorem 4.8. Let M = My & Ms & ... ® M, be the direct sum of I'-near-rings
My, Ms, ..., M,, with left or right identity e = (e1, e, ...,e,) and p be an anti fuzzy
ideal of M. Then there exists anti fuzzy ideals i, s, ..., un of M such that p =
U1 D p2 ... D L.

Proof. Let x; = (0,0, ...,0,2;,0,...,0) and ¢; = (0,0, ...,0,¢;,0,...,0),a € T.

Then for x = (z1, z9, ..., z,) = T1+T2+...+ 2y, we have p(x) = p(x1+zo+...+2,) <
(@) V() Voo Vop(zy). But p(z;) = ple;ax) < p(z), for i = 1,2, ...,n. That is
w(xy) vV p(x2) VoV op(e,) < p(z). Thus p(z) = p(zr) V p(ze) V...V u(zy,). Define

w; on M by
o (=) rx € M;
pi(w) = { 0 : otherwise.
Hence 11 ® 2 & ... ® pbn, = p. O
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