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1. INTRODUCTION

Ramadan [22] defined fuzzy topology on a fuzzy set in Sostak’s sense [29] un-
der the name of “smooth fuzzy topological spaces’. Many works on smooth fuzzy
topological spaces are going on. For example, we refer to [1 [2] [5, 16, 27, 28]. The
fuzzy proper function and its continuity on Chang fuzzy topological spaces are in-
troduced by Chakraborty and Ahsanullah [4]. Chaudhuri and Das [7] proved the
equivalent conditions for continuity of fuzzy proper function in the context of Chang
fuzzy topology. Fath Allah and Mahmoud [§] introduced the fuzzy graph, strongly
fuzzy graph of a proper fuzzy proper function on Chang fuzzy topological space.
The notions of smooth fuzzy continuity and weakly smooth fuzzy continuity of a
fuzzy proper function on smooth fuzzy topological spaces and their properties are
discussed in [22]. Roopkumar and Kalaivani [23] obtained the relations between
continuity of fuzzy proper function on a fuzzy set and the continuity of fuzzy proper
function at every fuzzy point belonging to the fuzzy set in the context of smooth
fuzzy topological spaces. They also defined the projection maps as fuzzy proper
functions and proved their properties in [23].
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Mahmoud et.al. [19] introduced fuzzy semicontinuity of fuzzy proper function,
fuzzy separation axioms and examined the validity of some characterization of these
concepts. They also introduced fuzzy semi connected and fuzzy semi compact spaces
and some of their properties are discussed. In [9], fuzzy ~-continuity of fuzzy proper
function fuzzy ~y-retracts in Chang fuzzy topology on fuzzy sets are introduced and
some of their properties are established. In [24], («, 5)-weakly smooth fuzzy contin-
uous proper function is introduced and its properties are derived. Further, in the
same article, it is established that the product of connected sets is not connected for
several notions of connectedness in a smooth fuzzy topological space and connect-
edness of images of smooth connected fuzzy sets under («, §)-weakly smooth fuzzy
continuous functions are also investigated.

Recently, there are plenty of research works on generalized /weaker forms of open
sets such as fuzzy r-preopen, fuzzy r-semiopen sets, fuzzy semiopen sets, different
notions of interior and closure operators, and weaker forms of continuous functions
such as and weaker forms of fuzzy continuity such as fuzzy r-semicontinuity, fuzzy
super continuity, fuzzy d-continuity, fuzzy almost continuity maps, a-I-continuous
functions, fuzzy y-continuity, etc., For example, we refer to [3] 10} [1T], 14 [15] 17, [18]
20), 21}, 125}, 26, 130, 131] .

In this paper, we introduce R’-closure, R]-interior and obtain their properties
in a smooth fuzzy topological spaces using which we introduce various types of
continuity of fuzzy proper functions. We also establish the relations among these
different types of continuous proper functions, by proving lot of results and providing
sufficient number of counterexamples wherever required.

2. PRELIMINARIES

Let X, S be non-empty sets. We denote by I, Iy, IX, Ox, u and v, respectively
the unit interval [0, 1], the interval (0,1], the set of all fuzzy subsets of X, the
zero function on X, a fixed fuzzy subset of X and a fixed fuzzy subset of S. For
X ={x1,29,...,x,}and \; € I, i € {1,2,...,n}, we denote the fuzzy subset u of
AvdzAn] A fuzzy point [15]

X which maps z; to \; for every i = 1,2,...,n by /4;81 I B
A ift==x

, where 0 < A < 1. By P} € u, we mean
0 ift#ax =5 P e =

in X is defined by P} (t) = {
that A < p(z).

Definition 2.1 ([22]). Let J, = {U elX:U< u}. A smooth fuzzy topology on a
fuzzy set p € IX isamap 7: 7 u — I, satisfying the following axioms:

(1) 7(0x) =7(p) =1,
(2) T(A1 A AQ) Z T(Al) /\T(AQ),VAl,AQ € j“,
(3) 7(V As) > A 7(Ay) for every family (A;),cpr € Ty
i€l el
The pair (u,7) is called a smooth fuzzy topological space.
A fuzzy subset U < p is called fuzzy open if 7(U) > 0 and is called fuzzy closed

if 7(u—U) > 0.
650
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Definition 2.2 ([4]). Let U,V € J,. We say that U and V are quasi-coincident
referred to p (written as UqgV[u]) if there exists # € X such that U(z)+V (z) > p(z).
If U is not quasi-coincident with V, then we write, UgqV [u].

A fuzzy set U € J,, is called a g-neighborhood of a fuzzy point P} in y if P)qU|[u]
and 7(U) > 0.

Definition 2.3 ([4]). Let u € IX and v € I®. A non-zero fuzzy subset F of X x S
is said to be a fuzzy proper function from u to v if

(1) F(z,s) < min {p(x),v(s)}, V(z,s) € X x S,
(2) for each z € X with u(z) > 0, there exists a unique sy € S such that
F(x,s0) = p(x) and F(x,s) =0 if s # s0.
Definition 2.4 ([4]). Let F be a fuzzy proper function from p to v. If U € 3, and
V €7J,,then F(U):S — I and F~1(V) : X — I are defined by
(F(U))(s) sup{F(z,s) NU(z):z € X} ,Vs €S,
(FY (V) (z) = sup{F(x,s)AV(s):s€S},VoeX.

The inverse image of a fuzzy subset V under a fuzzy proper function F can be
easily obtained as (F~1(V))(z) = p(x) A V(s), where s € S is the unique element
such that F(z,s) = p(z).

Definition 2.5 ([8]). A fuzzy proper function F : y — v is said to be injective (or
one-to-one) if F(x1,s) > 0 and F(zo,s) > 0, for some z1,22 € X and s € S, then
Xr1 = T2.

Theorem 2.6 ([13]). Let (u,7) be a smooth fuzzy topological space. Forr € Iy, A €
T, if Cr 23, xIo — T, is defined by C-(A,r) = N{K €T, : A< K, 7(u—A) > r},
then,

(1) CT(O)(,’I“) = Ox,

(2) A< C-(A,r),

(3) C-(A,r) v C.(B,r)=C.(AV B,r),
(4) C-(A,r) <C-(B,s) ifr <s,

(5) C-(C-(A,r),r)=Cr(A,r),

where A,B €3, andr,s € I.

Theorem 2.7 ([13]). Let (u,7) be a smooth fuzzy topological space. Forr € Iy, A €
Jps if I 2 3, x Ig — T3, is defined by I-(A,r) =\/{S €T, :5 <A, 7(S) >r}, then
(1) I‘F(:u‘ - A,’I‘) =M= CT(AvT);

(2) If I.(C-(A,r),r) = A, then C.(I;(u— A,r),r) =pu— A,
(3) Ir(p,7) = p,

(4) I+(A,;r) < A,

(5) L.(A,r) NI.(B,r) = I,(ANB,r),

(6) I:(A,r) =2 I (A,q), if r < q,

(7) IT(IT( ,7“)77‘) :IT(A7T)!

where A,B €3, andr,s € I.

Definition 2.8 ([16]). Let (u, 7) be a smooth fuzzy topological space and let A € J,,,
r € Iy. Then, A is called a
651
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(1) Qr-neighborhood of P if P)qA[u] with 7(u) > 7.

(2) Rr-neighborhood of P if P}qA[u] with A = I.(C,(A,7),7).
Definition 2.9 ([16]). Let (u,7) be a smooth fuzzy topological space. Then the
d-closure operator is a function D : J,, x Iy — I defined as follows.

D.(A,r) = \/{PHCA € p: UqAly], forevery R — neighborhood U of P}
Result 2.10 ([16]). Let (u, ) be a smooth fuzzy topological space and let A € J,,,
r € Iy. Then,

(1) C,(A,r) = \{P) : UqAly], forevery Q" — neighborhood U of P)}}.
(2) D(A,r)=N{KeJ,: A<K K=C;(I;(K,r),r)}

Definition 2.11 ([16]). Let (u,7) and (v,0) be smooth fuzzy topological spaces
and F': y — v be a fuzzy proper function. Then, F' is called fuzzy super continuous
or FSC if for every Q" -neighborhood V' of F(P}), there exists a Q"-neighborhood
U of P2 such that F(I.(C.(U,r),r)) < V.

Theorem 2.12 ([12]). Let F : p — v be a fuzzy proper function such that v = F(u).
If F is one-to-one, then F~Y(v —V)=pu— F~YV), VYV € 7J,.

3. SMOOTH FUZZY R]-CLOSURE OPERATOR

Definition 3.1. Let (u,7) be a smooth fuzzy topological space. For A € J,, and
r € Iy, smooth fuzzy R-closure D, (A,r) of A is defined by

D,(A,r) = \/{Pg‘ € u: Cr(U,7)qA[u], YR — neighborhood U of P)}.
Theorem 3.2. Let (u,7) be a smooth fuzzy topological space. For A € 3, and
rely, D;(Ar)=AN{KeJ,: A<IL(K,r),K=C.(I.(K,r),r)}.

Proof. If P) ¢ N{K €3, : A< L(K,r),K = C.(I.(K,r),r)}, then P} ¢ K, for
some K € J,, such that A < I (K,r), K = C.(I.(K,r),r). Therefore,

(:uf K)(Z) > ﬂ(f) - )‘7 /L*A > /L*L—(K,T) and N’fK =p— CT(I‘F(er)ar)
and hence

Pg(p— K)[pl, pn— K = L(Cr(n— K,7),r) and AGC, (1 — K, 7)[u].

Since (1 — K) is an R-neighborhood of P; such that C,(u — K,r)gA[u], we get
P} ¢ D, (A 7).

Conversely, suppose that P, ¢ D, (A,r). Then, there is an R"-neighborhood U
of P such that C, (U, r)gA[u]. Therefore,

U@) + A > ple), U = L(Co(U,r),1), Co(U,r)(K) + A(K) < p(b),
for every k € X. Hence, it follows that
(,LL - U)(CE) < )‘a w—= U= = IT(CT(U3T)’T)? A < B= C‘I’(U? 7’).

Therefore, P} ¢ D, (A, r). This completes the proof of the theorem. O

Theorem 3.3. Let (i, 7) be a smooth fuzzy topological space. For A,B € 3, and
r,q € Iy, R.-closure operator satisfies the following properties:

(1) D, (0x,r) =0x,
652



Kalaivani Chandran et al./Ann. Fuzzy Math. Inform. 9 (2015), No. 4, 649-663

(1) From Theorems 2.6/ and 2.7, we have
IT(Ox, ) =0x and C ( (Ox, ), ) = CT(O)(,T) =0x.

Hence, D, (0x,7) = A{U €3, : I;(U,r) > 0x, I, (C-(U,r),r) =U} = 0x.
(2) Since U > I.(U,r),YU €3,

D, (A,r) > UVUGJ#withI(UT)>AC( (U,r),r)=U
> L.(Ur),YU €3, with I.(U,r) > A,C-(I;(U,r),r) =U
> A

(3) Since A < B, we have {U € 3, : I, (U,r) > A,C;(I.(U,r),r) =U} D {U €
J,:1;(Ur) > B,C:(I;(U,r),r) = U}. Therefore,

D, (B,r) AU €3, : L(Ur) > B,C.(I,(U,r),r) = U}

> NU €3 L(Ur)>AC(I(Ur),r)=U} =D, (A,r).

(4) Using Theorems[2.6 and 2.7, we get I (A,r) > I (4, q) and C. (I (A,r),r) >
C.(I:(A,q),q) if r < q. Therefore,

D-(Aq) = N{UEDT L(Uq) > AC(I(Uq).q) =U}
> NU:LUr) > A C.(I,(U,r),r) =U} =D, (A,r).

V

(5) From (3), it is clear that D,(A,r) vV D.(B,r) < D,(AV B,r). Let P} €
D.(AV B,r). Then, C.(U,7)q(AV B)[u], for every RI-neighborhood U of
P). Therefore, C.(U,7)qA[u] or C.(U,7)qB]u], for every R’-neighborhood

U of P}. Thus, we get P} € D, (A,r) VD, (B,r) and hence IDT(A\/ B,r) =
D,(A,r)vD.(B,r)

(6) By (3), we have D (AAB,r) <D,(A,r) and D (AAB,r) < D,(B,r). Thus,
we get D, (AAB,r) <D, (A7) AD,(B,r).

0

The following example shows that the equality does not hold in (6) of the previous
theorem.

Counterexample 3.4. Let X = {z,y}, p [0, 0 8l ¢ Ix, Ul[o 4]0 4 e Ty

1, U—OX or i,
Define 7:3, — I by 7(U) =< 0.6, U = Uy,

0, otherwise.
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Let A%4%9 4nq B[[2~5:0~45]_ Since U; and p are the R!-neighborhoods of Pz?%’

[z,y] ]
from the following inequalities,
Cr(Uy,r)(y)+Bly) = 04+0.45=0.85>0.8= pu(y)
C-(Uy,r)(x)+ A(x) = 0.5+045=0.95>0.9 = p(x),

we conclude that BqC,(Uy,r)[u] and AgC(Uy,r)[u]. Therefore,
P)* e D (A,r) AD-(B,7).

But, C(Uy,7)(z) + (AAB)(z) = 0.7 < 0.9 = p(z) and Cr (U, 7)(y) + (AAB)(y) =
0.4 < 0.8 = pu(y) imply that P)45 ¢ D (A A B).

The following example shows that D (D, (A,7),7) # D (A, 7).
Counterexample 3.5. Let X = {z,y}, Iu%o.s,o.?]’ Ul%(;.z,]o.zs] and A°-40-2,

,y] [.]
1, U=0x or pu,
Define 7 : 3, — I by 7(U) = ¢ 0.6, U="U, If C-(I;(U,r),r) = U, then
0, otherwise.

[0.4,0.4]
[z,y]

L(p—Uy)=U >Aand Cr(I;(p—Uy,r),r)=Cr(Ur,r) = u—Uy.
Therefore, D, (A,r) = p— Uy. Since I.(p — Uy) = Uy # p— Uy, we get that
D, (D,(A,7),r) =D, (u — Uz, r) = u and hence D, (D, (A,r),r) #D,(4,r).
Lemma 3.6. Let (1, 7) be smooth fuzzy topological space and let r € Iy. IfU, A€ T,
are such that Cr(U,r) < p— A, L.(C.(U,r),r) =U, then p — U > D, (A,r).

Proof. It C-(U,r) < u— A and I.(C-(U,r),r) = U, then u — C(U,r) > A and
w—1.(C.(U,r),r) = p—U. Applying Theorem 2.7(1), we get that I (u—U,r) > A
and C-(I(n —U,r),r) = u— U. Therefore, u — U > D, (A4,r). O

U=0xorpor (u—"Up) . We observe that

Definition 3.7. Let (u,7) be a smooth fuzzy topological space. For A € J,, and
r € Iy, the smooth fuzzy R-interior I.(A,r) of A is defined by

I(Ar) =\/{K €3,: A>C/(K,r), K=L(C(K,r),r)}

Theorem 3.8. Let (i, 7) be a smooth fuzzy topological space. For A,B € 3, and
r,q € IO7

(1) Lr(p, 1) = p,

(2) L. (A,r) < A,

(3) A< B—1I.(A,r) <I.(B,r),

(4) (A7) > I(A,q), ifr <gq,

(5) HT(.“ - Aar) =M= T(A7T)7

6) I.(A,r) AL (B,r) =1.(AA B,r),

(7) L.(Av B) > 1. (A,r) VI.(B,r),

(8) If1.(D,(A,r),r)=A, then D, (I-(u— A,7),7) = p— A.

Proof. (1) By Theorem 2.6/ and Theorem 2.7 we have,

C‘F(N7T) = p and IT(CT(:“7T)7T) = I‘r(ﬂﬂ") = u.
Therefore, I (p,7) = \/{T €3, : C-(T,r) < pu, I, (C-(T,r),r) =T} = p.
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(C(T,r),r) =T} < A.
C.(T,r) < B. Therefore,

=
B, I.(C-(T,r),r) =T}
AL (C(T,r),r) =T} =1.(4,r).

(2) L(A,r) =V{T €7, : C+(T,r) < A, I
()SmceA<B WehaveC’( r)< A
<

= \{Ted
> \{Ted,: (

(4) Applying Theorem 2.6, we have C.(T,r) < C.(T,q), if r < g. Therefore,
I-(A,r) <A L(CA(T,r),r)=T}
(CT(Ta q), q) = T} = H7’(147 Q)

T,r)
r) <

I
<
—
N
m
(=
Q

> \/{TEJN:CT(T q) <

(5) Using Lemma 3.6, we obtain
n—= ]D)T (A7 T)

= p— N\{K €, I(Kr)>ACAI(K,r)r) = K}
= Vln-K:ip—L(Kr) <p—Ap—Cr(I(K,r),r)=p— K}
= \/{M—K:C(M—Kﬂ")SM—A,IT(CT(M—K,T)J)ZM—K}

= V{U€3,:C(Ur) <pu— A L(C(Ur),r)=U} =L (u— A,r).
(6) Using (5) and Theorem 3.3/ (5), we obtain
HT(A/\B7T) = /}’_DT(U_(A/\B)7T)

= pn=Dr((n—A)V(u—B)r)
= p—[Dr(p—Ar)VD-(u— B,r)]
= (5= Drp— A, D] A= Dy — B,r)] = L (A1) AL (B, 7).
(7) In view of (3), we have I, (AV B,r) > 1.(A4,r) and I,(AV B,r) > 1.(B,r).
Thus, we obtain I.(AV B,r) > 1.(A,r) VI (B,r).
(8) I L. (D, ((A,7),r) = A, then we get
DT(HT((,U' - A,T),T) = DT(:LI’ - ]D)T(A’T)7T)
= H— HT(M - (,u - ]D)T(A7 T))v T)a (uSing (5))
= pu—1L(D:((A4,r),r)=pn— A
Hence, the theorem follows. O

The following example shows that the equality does not hold in (7) of the previous
theorem.

Counterexample 3.9. Let X = {z,y}, u [0-8, 0 Terx, F) 4]0 3l e Ty
1, U = OX or [,

Define 7 : 3, — I by 7(U) = ¢ 0.6, U="U, Let A{gé’]og] and B[[g;zjo'm
0, otherwise.

and r = 0.5. We first observe that (A V B){0 ;05, C-(Uy,r) = (u — Ul)[0'4’0'4]

and if I, (C (U,r),r) = U, then U = 0x or U = U;. Since C.(Uy,r) % A and

C-(Ui,r) £ B, we get that I.(A,r) = Ox and I.(B,r) = Oy, which implies that
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I.(A,r) VI.(B,r) = 0x. Since Cr(Uy,7) < AV B, we have I.(AV B,r) = Uy #
L-(A,r) VI(B,r).
The following example shows that I.(I-(A,r), ) need not be equal to I,(A4,r)

Counterexample 3.10. Let X = {z,y}, /40'8’0'7], Ul%g.jo.s] Al0-4,0-5]

z,y] vl )]
1, U=0x or u,
If 7:3, — I is defined by 7(U) = 0.6, U =U, then (p,7) is a smooth
0, otherwise,

fuzzy topological space. If I.(C-(U,r),r) = U, then U =0x or U = g or U = Uj.
Clearly, we have

Cr(U,7) = (u— )04 < A and I (C, (U, 7),7) = I (u— Uy, 7) = Uy

Therefore, I (A, r) = Uy. Since the only fuzzy r-closed sets in (u,7) are Ox, u — Uy
and p, and p— Uy £ Uy, we get I (I (A,7),r) =L (Uy,r) = 0x # Uy =1 (A,r).

4. SOME KINDS OF FUZZY SUPER CONTINUOUS FUNCTIONS

Definition 4.1. Let (u,7) and (v,0) be smooth fuzzy topological spaces and F :
@ — v be a fuzzy proper function. We say that F' is

(1) fuzzy super ri-continuous or F'S-r1-C if F(D,(A,r)) < C,(F(A),r), VA €
jlﬁ Vr € Iy.

(2) fuzzy super [r, q]i-continuous or F'S-[r,¢]1-C if F(D,(A,r)) < C,(F(A),q),
VAecJ, and r,q € Ip.

(3) fuzzy super ra-continuous or FS-ro-C if D (F~1(V),r) < F~HC,(V,r)),
vV e, vrel.

(4) fuzzy super [r, q]2- continuous or F'S-[r, ¢]2-C' if
D (F~Y(V),r) < F~YC,(V,q)),VV €3, and r,q € I.

(5) fuzzy super r3-continuous or FS-r3-C if D (F~*(V),r) = F~1(V),VV €7,
with V = C,(V,r).

(6) fuzzy super ry-continuous or FS-ry-C if D, (up — F~Y(V),r) = p— F~ V)
YV €3, with V = L (V,r).

Theorem 4.2. Let F': (u,7) — (v,0) be a one-to-one fuzzy proper function with
v=F(u). If F is fuzzy super continuous, then F is fuzzy super ri-continuous.

Proof. Suppose that there exist A € J, and r € I, such that F(D,(A,7))(s) >
Cy(F(A),r)(s), for some s € S. Observing that F(ID,(A,r))(s) > 0, we can find
x € X such that F(x,s) = u(x). Since F is one-to-one and F(u) = v, we have
F(C)(s) = C(x), VC € 3. In particular,

D (A, 7))(x) = F(D-(A,7))(s) > Co(F(A), 7)(5)-

Now, we choose a real number 7 such that D, (A,r)(z) > n > C,(F(A),r)(s), which

implies that P? ¢ C,(F(A),r). Therefore, there exists a QT-neighborhood V of

F(P?) such that V gF(A)[v] and hence F(A) < v — V. Since F is fuzzy super

continuous, there exists a Q7 -neighborhood U of P} such that F(I-(C(U,r),7)) <
656
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V', which implies that F(A) < v—F(I.(C-(U,r),r)). Using Theorem 2.12, we obtain
A<FI(F(A4) < F~ 1( F(I(C-(U,7),1)))
p— F Y (F(I(Co(U,7),7)))
< p—IL(C(U,r),T).

Since I (U,r) =U and U < I.(C,(U,r),r), we have
L(Cr(U,r),r) < I (Cr(I(Cr (U, ), 7),r), 1) < I (CH(CR (U, ), ), 7)
= L(C:(Ur),r),
and hence I-(Cr(U,r),r) is an RI-neighborhood of P} and A+ I.(C-(U,r),r) < p.

Therefore, P} ¢ D, (A,r), which is a contradiction to D, (4, r)(z) > n. Thus, F is
fuzzy super r1-continuous. O

The statement of the above theorem is not true when F' is not one-to-one or
F(u) # v. The following examples justify our statement.

[0.6,0. 5} [0.6,0]

Counterexample 4.3. Let X = {z,y}, S = {s,t} and [ [st ! be fuzzy
subsets of X and S respectively. Define the fuzzy subsets Ul{g,z]o 2 e J, and
%1 FJ 3]O] €3, . Ifr:3, — 1 and o:3J, — I are respectively, defined by
1, U =0x or p, 1, V =0g or v,
T(U) =106, U="U, and o(V)=1405 V=1V,
0, otherwise 0, otherwise,

then (u,7) and (v,0) are smooth fuzzy topological spaces. Let the fuzzy proper
function F : (u,7) — (v, 0) be defined by

F(z,s) = 0.6, F(z,t) =0, F(y,s) = 0.5, F(y,t) = 0.

Clearly, F' is not one-to-one and F(u ){0?‘]0] = v. If Vj is a @} -neighborhood of

F(P"), for an arbitrary P € p, then Uy is a Q7-neighborhood of P’ such that
F(I.(C-(Uy,r),r)) < Vi. Indeed, C,(Uy,r) = (u—Uy) implies that I.(C,(Uy,r),r) =
I (n — U, r) = Uy, and hence F(I,(C,(Uy,r),1)) = F(Ul){gi’]’o] = V1. For v, we
choose p as the Q7-neighborhood P such that F(I(C;(u,r),r)) = v. Hence F is
fuzzy super continuous.

Next, we claim that F(D,(A4,7)) £ C,(F(A),r), for AB:Z'{S] € J, and r = 0.5.
If U €3, with U = I.(C-(U,r),r), then U = Ox or U = p or U = U;. Since
P qU,[p] and P)-*°qu[u], we have that Uy and p are the RI-neighborhoods of
P)3%. Since,

Cr(Ur,r)(y) + Aly) = (1 — U1)(y) + A(y) = 0.3+ 0.3 =0.6 > 0.5 = pu(y),

it follows that C,(Uy,r)qA[u]. Therefore,

P)3% e D.(A,r) and F(P)3) € F(D;(A,r)).
Since, Vi(s) + 0.35 = 0.3 + 0.35 = 0.65 > 0.6 = v(s), V1 is a Qr-neighborhood
of P{3° = F(P)*) . However, from F(A){S;Z’O]q_vl[y], we conclude that P35 ¢
Cy(F(A),r). Therefore, F' is not super ri-continuous.
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Counterexample 4.4. Let X = {x,y}, S = {s,t}, M0706] c 1%, 0909 ¢ px

Vst
U1%02]01] J,, and \/1[27;1]04] Ju. Wedefine7:3, —ITand 0:J, — I by
1, U =0x or p, 1, V =0g or v,
T(U)=406, U=U, and o(V)=<¢0.5, V=V,
0, otherwise 0, otherwise.

Define a fuzzy proper function F : (u,7) — (v,0) by

F(z,s)=0.7,F(x,t) =0, F(y,s) =0, F(y,t) = 0.6.

Obviously, F is one-to-one and F'(u) {2';’0'6] # v. As in the previous counterexample,

we can verify that F' is fuzzy super continuous by showing that if V; is a QF-
neighborhood of F(P)), then U; is a required Q%-neighborhood of P’ such that
F(I(C7(Uy,r),r)) < Vi, and for p, we choose v as a required neighborhood of P)".

Theorem 4.5. Let F' : p — v be a fuzzy proper function, where (u,7) and (v,0)
are smooth fuzzy topological spaces. Then, (a) = (b) = (c), where
(a) F is fuzzy super r1-continuous
(b) F is fuzzy super ro-continuous
(¢) F is fuzzy super rs-continuous
Proof. Let V € J, be arbitrary.
(a) = (b): From (a), we have

F(Dr(F~H(V),1)) < Co(F(F~H(V)),7) < Co (V7).
Therefore D (F~Y(V),r) < F~YFD,(F~1(V),r))) < F~YC,(V,r)).
(b) = (¢): ItV = C,(V,r), then applying ( ), we get D (F~Y(V),r) < F~Y(V).
Using Theorem 3.3 (2), we get D, (F~Y(V),r) > F~1(V).
Hence the theorem follows. g

Theorem 4.6. Let F' : (u,7) — (v,0) be a one-to-one fuzzy proper function with
v=F(u). If F is fuzzy super rs-continuous, then F' is fuzzy super r4-continuous.

Proof. f V €73, issuch that V = I,(V,r), thenv -V =v—-I,(V,r) = Co(v -V, 7).

Using hypothesis, we get D (F~!(v — V),r) = F~1(v — V). Since F is one-to-one

and v = F(u), by Theorem 2.12, we have F~1(v — V) = p — F~Y(V). Therefore,

DT(M_F_l(V)rr):M_F_l(V)' O
The statement of the above theorem is not true when F' is not one-to-one or
F(u) # v. The following examples justify our statement.

Counterexample 4.7. Let X = {z,y} and S = {s,¢}. If 0 5 0 o [[gtg Oy Eio 4

U2[0405] nd V; [0:501 " then U,U; € S, and V7 € 7. We define smooth fuzzy

top[)gfc])gies T on ,u[ atr]ld o on v, respectively, by
1, U=0x or pu, 1, V =0g or v,
T(U)=406, U=UiorU;, and o(V)=<05 V=1V,
0, otherwise 0, otherwise.

Let the fuzzy proper function F' : (u,7) — (v,0) be defined by

F(xz,s) =0.8,F(x,t) =0,F(y,s) =09, F(y,t) = 0.
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Then, F is not one-to-one and F/(u)!" 9 O =y We fix r = 0.5. If O, (V,r) =V, then

V=0gorV=vorV=w-W . Obviously, we have

(mies
o
D (F~'(0g),7) = F~*(0s), D (F'(v),r) = F~'(v).

For an arbitrary U € 3, C.(I,(U,r),r) is any one of the following four sets Ox, p,

Uy, and Us. Using I.(Uy,r) = Uy > F~ (v — ‘/'1)[0'4’0'4]7 we obtain

[z,y]
D (F~*v—-V),r)=U, = F 'v—-VW).
Therefore, F' is fuzzy super r3-continuous. However,

Dr (= P V)3 r) = Uy AU A= Uy # = FH (1)

[z,y]
and hence F' is not fuzzy super r4-continuous.

Counterexample 4.8. Let X = {x,y}, S = {s,t}. Define ,u{z"(;’]‘m] eI, [[SZ 08 ¢
I%, Ulﬁ :;]0 e , and Vl[o 605 ¢ 3, I 7 : J, — Iand o : 3, — I are, respectively,
defined by

1, U=0x or pu, 1, V =0g or v,
T(U)=406, U=U, and o(V)=<0.5, V=V,

0, otherwise 0, otherwise,

then (u,7) and (v,0) are smooth fuzzy topological spaces. Let the fuzzy proper
function F : (u,7) — (v, 0) be defined by

F(z,s) =0.6,F(z,t) =0,F(y,s) =0, F(y,t) = 0.6.

Clearly, F' is one-to-one and F'(u) SZO 6] #v. Wefixr =0.5. If V € .#, is such that

V=0C,(V,r),then V=0g0r V=vorV =v-V;. Since D, (F~1(V),r) = F~1(V),

for each V € {OS,V,F’l(l/ — VQE"Z’Z’]Z”]}, we conclude that F' is fuzzy super r3-

continuous. But D, ((u - Ffl(Vl))B’(;jl},O = Uy # p— F~1(V}) implies that F is

not fuzzy super r4-continuous.

Theorem 4.9. Let F : (u,7) — (v,0) be a fuzzy proper function. If F is fuzzy
super rq-continuous, then F' is fuzzy super continuous.

Proof. If W is a Q"-neighborhood of F(P)), then o(W) > r and F(P)})qW[v] and
pu—F~Y(W) =D, (u—F~1(W)), by hypothesis. If s € S is such that F(x,s) = u(x),
then

A+ FTHW)(2) = A+ (@) AW (s)) = (A+pu(2)) AA+W (8)) > u(x) Av(s) = p(x).
Therefore, P} ¢ u— F~Y(W) = D, (u — F~Y(W),r). Then, there exists an R’-
neighborhood U of P such that C,(U,r)q(p — F~Y(W))[u], which implies that
C.(U,r) + (p— F7Y(W)) < p and hence C,(U,r) < F~}(W). Thus, U < F~1(W)
and F(U) < F(F~Y(W)) < W. Since U is an RI-neighborhood of P}, we have
PXqUly] and I (C.(U,7),r) = U. Thus, F(I,(C, (U r),r)) = F(U) < W. Hence
the theorem follows. O

Theorem 4.10. Let r,q € Iy be such that r < q. If F : (u,7) — (v,0) is fuzzy
super r1-continuous, then F is fuzzy super [r, q]1-continuous.
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Proof. Let A € J,. Using the assumption and using Theorem 2.6[4], we have
F(D,(A,r)) < Cy(F(A),r) < C,(F(A),q). Hence, F is fuzzy super [r, g];-continuous.
O

The statement of the above theorem is not true when r > gq.

Counterexample 4.11. Let X = {z,y}, S = {s,t}, u0606] € Ix, [[220'6] eI’

and V; [0-3.0.3] J,. If7:3, — 1 and o:3J, — I are, respectively, defined by

[s,t]
1. U—o 1, V =0g or v,
) = or )
r(U) = XM and o(V) =405, V=W,
0, otherwise .
0, otherwise,
then (u,7) and (v,0) are smooth fuzzy topological spaces. Let the fuzzy proper
function F : (u,7) — (v,0) be defined by
F(z,s) = 0.6, F(z,t) =0,F(y,s) =0, F(y,t) = 0.6.
We fix r = 0.7 and ¢ = 0.5. If A = 0x, then F(D,(0x,7)) < C,(F(0x),7).
If A # Ox, then C,(F(A),r) = v > F(D,(A,r)). Hence, F is fuzzy super r1-
continuous. Let A[O 0. 3] € J, and P0 35 ¢ p. Since the only R'-neighborhood of
pY3% is i, we have p0 35 € D(A,r) and hence F(p)3°) € F(D(A,r)). But Vi is a
Qq neighborhood of pO 3 = F(P)*) such that VgF(A)[v]. Hence, it follows that
035 ¢ C,(F(A),q). Thus, F is not fuzzy super [r, g|;-continuous.

Theorem 4.12. Let r,q € Iy be such that ¢ < r. If F : (u,7) — (v,0) is fuzzy
super [r, q]1-continuous, then F is fuzzy super ri-continuous and F is fuzzy super
q1-continuous.

Proof. Let A € 3J,. By hypothesis and by Theorems [3.3[4], 2.6[4], we obtain
F(D;(4,q) < F(D;(A, 1)) < C,(F(A),q) < Cy(F(A),r). Hence, F is fuzzy super
ri-continuous and F' is fuzzy super ¢;-continuous. O

The statement of the above theorem is not true when g > r.

Counterexample 4.13. Let X = {z,y}, S = {s,t}, ME-?/,}O-G]’ V[[S'S’O'G]. Define a

fuzzy subset V; € J, by V; {S 4 03 1f J,— 1 and 0:3, — I are defined by
1, V =0g or v,
1, U=0 ,
T(U) = X.Or B and o(V)=<0.5, V=V,
0, otherwise .
0, otherwise,

then obviously (u,7) and (v, o) are smooth fuzzy topological space. Let the fuzzy
proper function F' : (u,7) — (v, 0) be defined by

F(x,s) = 0.6, F(z,t) =0, F(y,s) =0, F(y,t) = 0.6.
We fix r = 0.5 and ¢ = 0.7. If A = Ox, then F(D,;(0x,r)) < Cy(F(0x),q). If
A # Ox, then C,(F(A),q) = v > F(D.(A,r)). Hence, F is fuzzy super [r,q|i-
continuous. As in the previous counterexample, we can verify that F' is not fuzzy
super 71-continuous, by showing that

F(P)*) € F(D(A,r)) and F(P)*) = P)* ¢ C,(F(A),r).
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Theorem 4.14. Let r,q € Iy be such that r < q. If F : (u,7) — (v,0) is fuzzy
super ro-continuous, then F is fuzzy super [r, q|a-continuous.

Proof. Let A € J,. By assumption and by Theorem 2.6[4], we immediately get
D, (F~YV),r) < F7Y(C,(V,r)) < F71(C,(V,q)). Hence, F is fuzzy super [r,q|;-
continuous. g

The statement of the above theorem is not true when g < r

Counterexample 4.15. Let X = {x,y}, S = {s,t} and let M%g.zo.s} e I¥,

o ers, vl €3, and Vi)"Y €3, 1723, — Tand 0: 3, — I by
1, U=0x or pu, 1, V =0g or v,
T(U)=106, U=U, and o(V)=105, V=1V,
0, otherwise 0, otherwise,

then (u,7) and (v,0) are smooth fuzzy topological spaces. Define a fuzzy proper
function F': (u,7) — (v,0) by

F(z,s) =0.8,F(x,t) =0,F(y,s) =0, F(y,t) = 0.8.
We fix r = 0.8 and ¢ = 0.4. If B = Og, then D, (F~1(04),7) < F~Y(C,(0g,7)).
If B # 0g, then F~Y(C,(B,r)) = p > D, (F~Y(B),r). Hence, F is fuzzy super
[0.0.4] ¢ J, and P2>* € v. Clearly, we have

[5,2]

FYP)*) = P)J* e D.(F~'(B),r).

ro-continuous. Let B

Since V; is a Q4-neighborhood of PP4% such that V; (¢)+B(t) = 0.4+0.4 = 0.8 = v(t)
and Vy(s) + B(s) = 0.4+ 0 = 0.4 < 0.8 = v(s), we get that P)*° ¢ C,(B,q) and
hence P)-* ¢ F~1(Cy(B,q)). Thus, F is not fuzzy super [r, gJo-continuous.

Theorem 4.16. Let r,q € Iy be such that ¢ < r. If F: (u,7) — (v,0) is fuzzy
super [r, qlz-continuous, then F is fuzzy super ro-continuous and F is fuzzy super
Qo -continuous.

Proof. Let A € J,,. Using the assumption and using Theorems [3.3(4), 2.6(4), we
get Do (F~1(V),q) < D (F~H(V),r) < F~Y(Co(V,q)) < F~1(Co(V,7)). Hence, F
is fuzzy super ro-continuous and F' is fuzzy super gs-continuous. O

The statement of the above theorem is not true when ¢ > r

Counterexample 4.17. Let X = {x,y}, S = {s,t} and let M%g.zo.s} e I¥,
0808 e 18 v 0404 ¢ 5 We define 7:3, — I and 0 : 3, — I by

[s,t] [s,t]
1 V =0g or v,
1, U =0x or u,

T(U) = ) and o(V)=405, V=V,
0, otherwise .
0, otherwise.
Define a fuzzy proper function F : (u,7) — (v, 0) by

)

F(xz,s8) =0.8,F(x,t) =0,F(y,s) =0, F(y,t) = 0.8.
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We fix 7 = 0.4 and t = 0.8. If B = 0g, then D, (F~!(0g),r) < F~}(Cy(0s,t)). If

B # 0g, then F~Y(C,(B,q)) = p > D, (F~Y(B),r). Hence, F is fuzzy super [r, q|a-
[0,0.4]

sy €3y and PP € v. As in the previous counterexample, we

continuous. Let B
have

F~H(P)*) = P)* e D, (F~(B),r) but P)* ¢ F~1(Cs(B,r)).
Thus, F'is not fuzzy super ry-continuous.

The results obtained in this section are summarized in the following implication
diagram.

FS-[r,q):-C FS-[r,q]2-C
(g>rf) Gg<r) (@>rm) Gg<r)
FSC 1_1’:F§M):V FS-ri-C = FS-ry-C
f U
FS-r4-C Il F=v FS-ry-C
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