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ABSTRACT. In this paper, we present the concept of 7-(7;, 7;)-generalized
fuzzy closed (briefly, r-(7;, 75)-gfc) sets in the smooth bitopological spaces
and we investigate some notions of these sets. By using r-(7;, 7;)-gfc sets,
we define a new fuzzy closure operator referred to as (i,)-GC which gen-
erates a new smooth topology, 7(; j)-.gc. An application of these sets the
definition of (i, j)—T% spaces. Finally, (¢, 7)-GF-continuous mappings and
(4, j)-G F-irresolute mappings are introduced and some of their properties
studied.
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1. INTRODUCTION

Sostak [18], introduced the fundamental concept of a ‘fuzzy topological struc-
ture’, as an extension of both crisp topology and Chang’s fuzzy topology [3], indicat-
ing that not only the object were fuzzified, but also the axiomatics. Subsequently,
Badard [2], introduced the concept of ‘smooth topological space’. Chattopadhyay et
al. [4] and Chattopadhyay and Samanta [5] re-introduced the same concept, calling
it ‘gradation of openess’. Ramadan [16] and his colleagues introduced a similar def-
inition, namely, smooth topological space for lattice L = [0, 1]. Following Ramadan,
several authors have re-introduced and further studied smooth topological space (cf.
[4, 5, 16, 18, 19]). Thus, the terms ‘fuzzy topology’, in Sostak’s sense, ‘gradation of
openness’ and ‘smooth topology’ are essentially referring to the same concept. In our
paper, we adopt the term smooth topology. Lee et al. [13] introduced the concept
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of smooth bitopological space as a generalization of smooth topological space and
Kandil’s fuzzy bitopological spaces [9].

Levine [14], introduced the concept of generalized closed sets of a topological
space and a class of topological spaces called T% spaces. Subsequently, Fukutake
[7], introduced the concept of generalized closed sets in bitopological spaces. Bala-
subramanian and Sundaram [I] introduced the concept of generalized fuzzy closed
sets within Chang’s fuzzy topology, as an extension of the generalized closed sets of
Levine. Kim and Ko [11] defined r-generalized fuzzy closed sets in smooth topolog-
ical spaces. Recently, we [20] introduced the concept of generalized fuzzy closed set
in smooth bitopological space (X, 71,72) by using smooth supra topological space
(X, 12) induced from smooth bitopological space (X, 11, 72).

In this paper, we introduce r-(7;, 7;)-gfc sets in smooth bitopological space (X, 71,
T2), following the introduction of r-generalized fuzzy closed sets in smooth topologi-
cal space of Kim and Ko [11] and Fukutake [7], and we show properties of these sets.
Moreover, we introduce the concept (4, j)—T% space and strongly fuzzy pairwise T%
space in a smooth bitopological space (X, 71, 72). Following Fukutake [7] (given that
in a bitopological space (X, 71, T2), if A is (7;, 7;)-generalized closed then C'7; (X) — A
contains no non empty 7;-closed set), we show that this result is not true in a smooth
bitopological space (see Remark [5.15). Consequently, many properties of T% space
which depend on this fact (e.g. Proposition 2.13(ii), pp.21 and Theorem 2.15, pp.22
in [7]), have not varied. In addition, we define a new fuzzy closure operator (i, j)-
GC by using r-(7;, 7;)-gfc sets and consequently we obtain a new smooth topology,
T(i,j)—gc (see Theorem 4.5). Finally, we define and study (4, j)-G F-continuous (re-
spectively, irresolute) mappings and investigate some of their properties.

2. PRELIMINARIES

Throughout this paper, let X be a non-empty set, I = [0, 1], I = (0, 1] and IX be
the family of all fuzzy sets on X. For any ju1, e € IX, iy A g = min{ (), pa() :
x € X}, p1 Vps = max{u (), po(x) : x € )_(} and_ul — pg = min{p; (z), 1 — po(x) :
x € X} Forael, alz) =aVee X. By 0 and 1, we denote constant maps on X
with value 0 and 1, respectively. For x € X and t € Iy, a fuzzy point x; is defined

by
2i(y) = t ifex=y,
= 0 ifzx#y.

Let Pt(X) be the family of all fuzzy points in X. The fuzzy point z; is said to be
contained in a fuzzy set X iff A(x) > t. For A € IX, T — X denotes the complement
of \. FP stand for fuzzy pairwise. The indices are i,j € {1,2} and i # j. All other
notations and definitions are standard in the fuzzy set theory.

Definition 2.1 (]2, 4, [16, 18]). A smooth topology on X is a mapping 7 : [X — I
which satisfies the following properties:

(1) 7(0) =7(1) =1,
(2) T(p1 A p2) = 7(p1) A7(pz), ¥ pa, o € I,
(3) 7(Vies 1i) = Niey 7(1i), for any5:{))/§z‘ rie JyCrX.
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The pair (X, 7) is called a smooth topological space. For r € I, u is an r-open fuzzy
set of X if 7() > 7, and p is an r-closed fuzzy set of X if 7(1 — i) > r. Note, Sostak
[18] used the term ‘fuzzy topology’ and Chattopadhyay [4], the term ‘gradation of
openness’ for a smooth topology 7.

Definition 2.2 ([13]). A triple (X, 71, 72) consisting of the set X endowed with
smooth topologies 71 and 7 on X is called a smooth bitopological space (smooth
bts, for short). For A € IX and r € Iy, r-7;-open (resp., closed) fuzzy set denotes
the r-open (resp., closed) fuzzy set in (X, 7;), for i = 1, 2.

Subsequently, the fuzzy closure for any fuzzy set in smooth topological space is
given as follows:

Definition 2.3 ([5]). Let (X,7) be a smooth topological space. For A € IX and
r € Iy, a fuzzy closure of X is a mapping C; : IX x Iy — IX such that

Cram) = NpelXp=x r1—p) >r}

Definition 2.4 ([5]). A mapping C : I’ x Iy — IX is called a fuzzy closure operator
if, for A, u € 1X arld r,s € Iy, the mapping C' satisfies the following conditions:

(C1) C(0,r) =

(C2) A< CO(A, )

(C3) C(A, )VC(#, r)=CAVur),
(C4) C(\,r) <C(N\ ) if r <s,

(T 5) C(C(A,r),r)=C(\r).

he fuzzy closure operator C' generates a smooth topology 7¢ : IX — I given
by
e\ =\{rellC1-Ar)=1-2}

In a similar pattern, a fuzzy interior operator was defined.

Definition 2.5 ([10, 17]). A mapping I : IX x Iy — IX is called a fuzzy inte-
rior operator if, for A\, € IX and r,s € Iy, the mapping I satisfies the following
conditions:

(1) 1(1,7) =1,

(12) I(A,r) < A,

(I3) I(A,7) A(p,7r) =I(AA p,r),
(I4) I(A,r) > I(N,s) if r <,

(I5) I(I(A,r),r) = I(A, 7).

The fuzzy interior operator I generates a smooth fuzzy topology 7; : IX — I as
follows:

A =\/{r eI I(\,r) = A}
Theorem 2.6 (|5, 12]). Let (X, 71,72) be a smooth bts. For A\ € I and r € Iy, a
7i-fuzzy closure of X is a mapping C,, : I x Iy — I, defined as
CTi()\7T) = /\{M € IX‘ 12 > /\7 Tl(i - M) > T}'

And, a Ti-fuzzy interior of \ is a mapping I, : IX x Iy — I, defined as

LA =\/{ne I <X, ni(u) >}
539
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Then:
(1) Cy, (resp., Ir,) is a fuzzy closure (resp., interior) operator.
(2) 1c,, =11, =Ti-
(3) I,(T—=X\r)=1-C, (A7), V7r€ly\elX.

Definition 2.7 ([11]). Let (X,7) be a smooth topological space, let A, u € IX and
r € Iy. A fuzzy set A is called an r-generalized fuzzy closed (r-gfc, for short) if
C-(\, s) < p whenever A < pand 7(u) > s for all 0 < s < r. The complement of
r-gfc is called an r-generalized fuzzy open (r-gfo, for short).

Lemma 2.8 ([15]). Let f: X — Y be a mapping and let X\ and p be fuzzy sets in
X and Y, respectively, then the following properties hold:
(1) A< f_ (f(N) and equality holds if f is injective.
(2) f(f~Yw)) < p and equality holds if f is surjective.
(3) For any fuzzy point x; in X, f(x) is a fuzzy point in'Y and f(xy) = (f(x)):.
)

(4) When f(A) <p, A< f™ ()'

Definition 2.9 ([4]). Let (X, 7) and (Y, o) be smooth topological spaces. A mapping
f:(X,7) — (Y,0) is said to be fuzzy continuous if 7(f~*(u)) > o(u), for each
pery.

Definition 2.10 ([10]). Let (X, 71, 72) and (Y, 01, 02) be smooth bitopological spaces.
A mapping f : (X, 71,72) — (Y, 01,02) is said to be F P-continuous if and only if
7 (f~ (1)) > 04(p), for each p € IV and i = 1,2.

3. r-(7;, Tj)-GENERALIZED FUZZY CLOSED SETS

In this section we introduce and investigate the concept of r-(7;, 7;)-generalized
fuzzy closed sets in smooth bts (X, 71, 72).

Definition 3.1. Let (X, 7y, 7) be a smooth bts, A\ € IX and r € Iy. Then X is
called:
(1) an r-(74, 7;)-generalized fuzzy closed (r-(7;, 7;)-gfc, for short), if Cr, (A, s) <
1, whenever A < p such that 7;(u) > s for all 0 < s < r.
(2) an 7-(7;, 7j)-generalized fuzzy open (r-(7;, 7;)-gfo, for short), if 1 — X is an
r-(;, 7;)-gfe.
Remark 3.2. If 7y = 75 in Definition 3.1}, then r-(7;, 7;)-gfc is an r-gfc in Definition
2.7/in the sense of Kim [I1].

Remark 3.3. We denote to the family of all r-(7;, 7;)-gfc sets in smooth bts (X, 71, 72)
by rgc(7i, 7j)-

The next proposition shows the relationship between r-7;-closed (resp., open)
fuzzy sets and r-(7;, 7;)-gfc (resp., gfo) sets in smooth bts (X, 71, 72).
Proposition 3.4. Let (X, 71, 72) be a smooth bts, A\ € IX and r € Iy. Then:

(1) If X is an r-7j-closed fuzzy set, then A is an r-(;, 7;)-gfc.
(2) If A is an r-1j-open fuzzy set, then A is an r-(1;, 7;)-gfo.
540
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Proof. To show (1), let A < p such that 7;(u) > s for 0 < s <r. Since 7;(1—X) > r,
then Cr (\,r) = A. In view of Theorem 2.6(1) and Definition 2.4(C4), we get
Cr,(\s) < Cr(N\r) = A for all s < r. Thus, Cr;()\,5) < p. Hence, A is an r-
(13, 7j)-gfc. To prove (2), clearly 1 — A is an r-7;-closed fuzzy set. By using (1), we
get that A is an (7, 7;)-gfo. O

The converse of the above proposition is not true as seen from the following
example.

Example 3.5. Let X = {a,b}. We define smooth topologies 71,7 : IX — T as
follows:

1 ifA=0,1, 1 ifA=0,1,
T1 ()\) = % lf A= ap.5 \Y bo_& CLTLd 7'2(/\) = % lf A= aop.7 V b0.57
0 otherwise; 0 otherwise.

Then for r = % the fuzzy set A = ag.3Vbo3isa %—(Tl, T2)-gfc but A is not a %—Tg—closed
fuzzy set.

Theorem 3.6. Let (X,71,72) be a smooth bts, A\ € IX and r € Iy. If \ is both
r-1;-open fuzzy set and r-(1;,7;)-gfc, then X is an r-7j-closed fuzzy set.

Proof. Since A is an r-7;-open fuzzy set. i.e., 7;(A) > r, then 7;(\) > sfor 0 < s < r.
Since A < X and A is an r-(7;, 7j)-gfc, then from Definition 3.1(1), C-, (), 5) < A for
0 < s <r. However, A < C7, (A, s). Thus, Cr, (), s) = Afor 0 < s < r. Consequently,

Cr; (A7) = A. Hence, X is an r-7j-closed fuzzy set. O

Remark 3.7. The notions of r-(7;, 7;)-gfc sets and r-gfc set in (X, 7;) are indepen-
dent. For, in Example [3.5, the fuzzy set A\ = ag.3 V b3 is a %—(71,72)—gfc but A\ is
not a %—gfc in (X, 71), and the fuzzy set A =ag.4 Vbpo is a %—gfc in (X,71) but A is
not a 1-(71,72)-gfe in (X, 71,72).

Proposition 3.8. Let (X, 71, 72) be a smooth bts, \1, o € I and r € Iy. Then:

(1) If M, A2 are v-(74,7j)-gfc sets, then A\ V g is an r-(7;, Tj)-gfe.
(2) If M, A2 are r-(7y, 7;)-gfo sets, then A1 A Ag is an r-(;, 7;)-gfo.

Proof. To prove part (1), let A\; V Ay < u such that 7;(u) > s for 0 < s < r. This
yields, Ay < p and Ay < p. Since A1, Ay are r-(7;, 75)-gfc sets, then Cr (A1, 5) < p
and C, (X2, 8) < p, imply Cr; (A1, 8) V Cr; (A2, 5) < p. In view of Definition 2.4(C3),
Cr; (M1 V Ag,5) = Cr; (A1, 8) VCor (N2, 8) < p. Hence, Ay V Az is an 7-(7y, 75)-gfc. The
proof of (2), follows from the duality of (1). O

Remark 3.9. The intersection (resp., union) of two r-(7;, 7;)-gfc (resp., gfo) sets
cannot to be an r-(7;, 7;)-gfc (resp., gfo) set as seen from the following example.

=

541



O. Tantawy et al./Ann. Fuzzy Math. Inform. 9 (2015), No. 4, 537-551

Example 3.10. Let X = {a,b,c}. We define smooth topologies 71,79 : [X — T
as follows:

1 ifA=0,1, 1 ifA=0,1,

1 if A=ags, 1 if A=bga,
m(A) =< % i A=boaVcou, and  T(N) =5 if A=cou,

% if A=ag5VbysVcoy, % if A\=0bg4Vcoa,

0 otherwise; 0 otherwise.

Then for r = 1 the fuzzy sets 11 = ag5 V boa and v = bg.4 V co6 are 1-(12, 11 )-gfc
sets but v; A vy is not a 1-(7, 71 )-gfc set.

Next we introduce some prosperities of r-(7;, 7;)-gfc (resp., gfo) sets.

Proposition 3.11. Let (X, 7, 72) be a smooth bts. If 7 < 7o, then 74 (12, 71) C
Tgc(T1,T2).

Proof. Let X\ € r4.(12,71), i.e., X is an r-(72, 71)-gfc. Let A < p such that 7 (p) > s
for 0 < s <r. Since 71 < 7, then 7o(p) > s for 0 < s < r. Since \ is an r-(2, 71)-
gfc, we have Cr, (A, s) < p. Again since 71 < 7, then Cr, (A, ) < Cr, (A, s) < p. So,
Cr, (A, 8) < p. Hence, X € rgc(71, 7). O

Remark 3.12. Let (X, 71, 7) be a smooth bts, A € IX and r € Iy. Then:

(1) 7gc(m1,72) is generally not equal to 74 (72, 71). To show this consider Example
3.5. Let A =ag.3Vbys, then \is a %—(71,72)—gfc but not a %—(7’2,71).
(2) If X € rge(m1,72) N1rge(T2,71), then X is called pairwise gfc.

Theorem 3.13. Let (X,71,72) be a smooth bts, \, u € I’X and r € Iy. Then:
(1) If X is an r-(7;, 75)-gfc such that X < p < Cr (A, 1), then p is an r-(7;, 7;)-gfc.
(2) Xis an r-(13,75)-gfo if and only if p < I, (A7), whenever p < X and i is
an 7-1;-closed fuzzy set.
(3) If X is an r-(7y,7;)-gfo such that I, (A, 7) < u < X, then p is an r-(74, 75)-gfo.

Proof. To prove (1), let u < v such that 7;(v) > s for 0 < s < r. Since X\ < p, we
obtain A < v. Since X is an r-(7;, 7;)-gfc, this yields Cr;(A,s) < v for 0 < s < 7.
From Definition [3.1(1) and Definition 2.4(C5), we have

Cr; (1, 5) < Cr,(Cry (N, 8),8) = Cry (N, 5) <

J J

Thus, C, (i, s) < v and consequently, p is an r-(7;, 7;)-gfc.

Next to prove (2), for the necessity, let 1—-A < I—pand 7;(1—p) > sfor0 < s <r
and apply Definition 3.1(1) and Theorem 2.6(3), giving the required result.

Conversely, let 1—\ < p such that 7;(1) > sfor 0 < s < r. i.e., 1—pu < X such that
1— p is an s-closed fuzzy set for 0 < s < r. Assuming we have 1 —pu < I, (A, s), this
implies 1 — 1., (A, s) < p. In view of Theorem 2.6(3), we then have C (1 -, s) < p.
Thus, 1 — X is an r-(7;, 7;)-gfc. Hence, A is an r-(7;, 7;)-gfo. Finally, to prove (3),
taking 1—\ as an r-(7;, 7;)-gfc and then applying (1), we have the required result. [

Theorem 3.14. Let (X, 71, 72) be a smooth bts. Then for each x € X andt =1, x4
is an r-1;-closed fuzzy set or 1 — xy is an r-(7i, 7;)-gfc.
542
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Proof. If z; is not an r-7;-closed fuzzy set, then 1 — z; is not an 7-7;-open fl}ZZ'y set,
implying that the only r-7;-open fuzzy set in X which containing 1 — z; is 1. Thus,
Cr.(1—a4,8) <1forall 0 <s <r. Therefore, 1 — x; is an r-(7;, 7;)-gfc. O

J

4. CHARACTERIZATION OF (i, j)-GENERALIZED FUZZY CLOSURE OPERATOR

In this section, we introduce a new fuzzy closure operator by using r-(7;, 7;)-gfc
sets and study some of their properties. Also, we introduce a new smooth topology
by using the fuzzy closure operator.

Definition 4.1. Let (X,7;,72) be a smooth bts, A € I and r € I. The (4,7)-
generalized fuzzy closure of \ is a map, (i,5)-GC : I x Iy — IX defined by

(i,)-GC(\ 1) = Np € I* | p = X, pisr-(7i,7;)-gfc},

and the (i,7)-generalized fuzzy interior of A is a map, (i,5)-GZ : IX x Iy — IX
defined by

(iaj)'gl-()‘7r) = \/{p € IX | P S )‘a P is T—(Ti,Tj)—ng}.
Proposition 4.2. Let (X, 71, 72) be a smooth bts, A\ € IX and r € Iy. Then,
I’Tj (/\,7’) < (Z,j)-gI(A,T’) < A < (Z,j)—gC(A,T) < OT]‘ ()\77").

Proof. Since every r-tj-closed (resp., open) fuzzy set is an r-(7;, 7;)-gfc (resp., gfo)
set, the proof is established. O

Next, we state some basic properties of (4,7)-GC and (i,5)-GZ in the following
proposition.
Proposition 4.3. Let (X,71,72) be a smooth bts, \,\1 and Xy € I and r € I,.
Then:
(i,1)-GT(1 — \,r) = 1—(4,4)-GC(\, 7).

(1)

(2) If M < Ag, then (i, 5)-GC(Ar,7) < (i, 4)-GC (e )
(3) If A is an r-(y, 7;)-gfc, then (¢,75)-GC(\, 1) =

(4) If M < Ag, then (4, 7)-GT (A1, 7) < (i, 5)-GT(Aa )
(5) If X is an r-(1;,75)-gfo, then (i,5)-GZ(\,r) =

Proof. We prove (1) using Definition 4.1k
1—(i,j)-g¢(\r) = 1= NpeI¥|p= pisr(7,7))-gfc}
= V{I1-pel¥|1-p<1-X\1-pisr(ij)gfo}
= (i,7)-GZ(1 -\, 7).

The proof of (2), follows from Definition 4.1/ while the proof of (3), follows from
Definition[4.1land Proposition[4.2. The proof of (4), comes by taking the complement
of (2) and from (1). Finally, the proof of (5) is from the same elements as are in
(3). O

In Proposition 4.3 the converse of (3) and (5) is not true as the following example
show. The example in inspired by the one introduced in ([11], pp.333).
543
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Example 4.4. Let X = {a,b}. Define smooth topologies 71,7 : [X — I as
follows:

1 ifA=0,1, 1 ifA=0,1,
T ()\) = % if A= ap.v7, and 7'2(/\) = % if A= aop.s,
0 otherwise; 0 otherwise.

Then (X, 71, 72) is a smooth bts. The fuzzy set ag 7 is not a 1-(1y, 72)-gfc set on X
because ao.7 < Qo.7, 7'1((10_7) > 8, 0<s< 13 C‘I’Q (CLO,’Y,S) =1 ﬁ ao.7-
Since ag.7 V bs is a 1-(11, 72)-gfc set for s € Iy, then (1,2)-GC(ap.7,1) = A (a7 V

sely
bs) =ag7 V /\ bs = ag.7.
selp

Theorem 4.5. Let (X, 71,72) be a smooth bts, A\ € I and r € Iy. Then:
(1) (i,4)-GC(resp., (i,7)-GT) is a fuzzy closure (resp., interior) operator.
(2) define 7(; j)-gc : I — I as

Ti.g-0c(N) = \{r € T| (i,7)-GC(T— A1) =T— A}
Then, 7(; jy-gc s a smooth topology on X such that 7; < 7¢; j).gc-

Proof. We have proven that (i,7)-GC is a fuzzy closure operator and in a similar
way can prove that (i,7)-GZ is a fuzzy interior operator. To prove (1), we need to
satisfy conditions (C1) — (C5) in Definition 2.4l

(C1) Since 0 is an r-7j-closed fuzzy set in X, then from Proposition [3.4(1), 0 is
an r-(7;, 7;)-gfc in X and, from Proposition 4.3(3), we have (i, j)-GC(0,r) = 0.

(C2) Follows immediately from Definition 4.1.

(C3) Since A < AV g and p < AV p, then from Proposition 4.3(2),

(i7 ])—QC()\, 7“) < (i’ ])—QC()\ Vo, T) and (i’j)'gc(ua ’I“) < (Z,])—QC()\ Vo, ’I“).

This implies that (i, 5)-GC(A, )V (4,5)-GC(p, ) < (4,5)-GC(AV u, 7).

Suppose (i, 7)-GC(AV p, 1) £ (i, 5)-GC(A\, )V (4,5)-GC(p, 7). Consequently, z € X
and ¢ € (0,1) exist such that

(4.1) (,4)-GC(A,r)(2) V (i, 5)-GC(p, ) () <t < (4,5)-GC(AV p, 7)(x).

Since (4, §)-GC(A,r)(x) < t and (4, 5)-GC(u,r)(x) < t, there exist r-(7;, 7;)-glc sets
p1, p2 with A < p; and p < ps such that

p1(z) <t,pa(z) <t

Since AV p < p1 V pa and p1 V ps is an r-(7;, 7;)-gfc from Proposition 3.8(1), we have
(4,7)-GCAV p,r)(x) < (p1 V p2)(x) < t. This, however, contradicts (4.1). Hence,
(Z,])—gC(A,T)\/ (17])_gc(ﬂar) = (27])—QC(>\ \ u,r).

(C4) Let r < s, r,s € Iy. Suppose (4,7)-GC(\, ) £ (4,7)-GC(A\, s). Consequently,
x € X and ¢ € (0,1) exist such that
(4.2) (1,4)-GC(A, s)(x) <t < (i,§)-GC(A,7)().
Since (7,7)-GC(A, s)(z) < t, there is an s-(7y,7;)-gfc set p with A < p such that
p(xz) < t. This yields Cr,(p,s1) < p, whenever p < p and 7;(p) > s1, for 0 <
51 < s. Since 7 < s, then Cr,;(p,r1) < p whenever p < p and 7;(u) > ry, for

0 <r <r<s; <s. This implies p is an r-(7;, 7;)-gfc. From Definition 4.1, we have
544
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(4,7)-GC(\,r)(x) < p(x) < t. This contradicts (4.2). Hence, (4,7)-GC(\,7) < (i,7)-
ge(A, ).

(C5) Let p be any r-(;, 7j)-gfc containing A\. Then, from Definition 4.1, we have
(4,7)-GC(A, r) < p. From proposition [4.3(2), we obtain (¢, 7)-GC( (4, j)- QC()\ r),r) <

(4,7)-GC(p,r) = p. This mean that (¢, 5)-GC( (i,7)-GC(A,r),r) is contained in every
r-(73, 7;)-gfc set containing A. Hence, (,7)-GC( (i,7)-GC(A,7),r) < (4,7)-GC(A, 7).
However, (i,7)-GC(\,r) < (4,5)-GC( (4,5)-GC(A,r),r). Therefore, (i,5)-GC( (i,7)-
GC(A\,r),r) = (i,5)-GC(A,r). Thus (i, j)-GC is a fuzzy closure operator.

To prove (2), using (1) and Definition 2.4, we get 7(; ;).gc, which is a smooth
topology. By Proposition 4.2, we have (i,7)-GC(A,r) < C.;(\,7). This means
that Cr, (I —A,7) = 1 — X and implies (¢,7)-GC(1 — A\,r) = 1 — A. Thus, 7;()) <
T(i,j)-gc()‘) VA e IX. O

Proposition 4.6. Let (X, 7, 72) be a smooth bts, \ € IX and r € Iy. Then:
(1) If i < 19, then (1,2)-GC(\,r) < (2,1)-GC(A, r).
(2) If Xis an r-(7i,74)-gfc, then X is an r-1(; jy.gc-closed fuzzy set.
(3) If 1 < 1, then T2,1)-¢¢ < T(1,2)-6C-
Proof. To show (1), suppose (1,2)-GC(A,7) £ (2,1)-GC(A,r). There exists € X
and t € (0,1) such that
(4.3) (2,1)-GC(\,r)(z) <t < (1,2)-GC(\, r)(x).
Since (2,1)-GC(A,r)(z) < t, there exists an r-(72,71)-gfc set p such that A < p
and p(x) < t. From Proposition B.11, p is an 7-(m1, 72)-gfc, which implies (1,2)-
GC(A,r)(z) < p(x) < t. This contradicts (4.3).
The proof of (2) follows from Proposition4.3(3). Finally (3), follows directly from
(1). O
The following example shows that the converse of Proposition [4.6(2) is not true.

Example 4.7. Let X = {a,b,c}. We define smooth topologies 71,7 : [X — I as
follows:

1 ifAx=0,1,
1 ifA=0,1, % if A =bq,
Logfa= Loty =
n) =42 T and () =42 T
1 lf)\:bl\/Cl7 5 1f)\:b1\/61,
0 otherwise; i if A\=a1 Ve,
0 otherwise.

Then (X, 71,72) is a smooth bts. The fuzzy set A = by is a %—closed fuzzy set in
T(2,1)-g¢ but not a %—(Tgﬂj)—gfc.

5. (i,7)-GF-CONTINUOUS AND (i, j)-GF-IRRESOLUTE MAPPINGS

In this section we introduce the concepts of (i, j)-generalized fuzzy continuous
(resp., irresolute) mappings in smooth bts and study the relationship between them.
We also investigate some of their properties and also, we introduce the definition of
(1, j)—T% space and the strongly fuzzy pairwise T% space in smooth bts (X, 71, 72).
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Throughout this section consider (X, 71,72), (Y,01,02) and (Z, ¢1,¢2) as smooth
bts’s. For a mapping f from (X, 71, 72) into (Y, 01,02), we shall denote the fuzzy
continuous (resp., closed, open) mapping from (X, 7;) into (Y,0;), j € {1,2} by
j-fuzzy continuous (resp., closed, open) mapping. Firstly, we state the definition of
(i, j)-generalized fuzzy continuous (resp., irresolute) mappings.

Definition 5.1. A mapping [ : (X,71,72) — (Y, 01,02) is called:
(1) (i, 7)-generalized fuzzy continuous ((7, j)-G F-continuous, for short) if f=1(u)
is an r-(r;, 7;)-gfc in X for each p € IV with o;(1 — p) > 7.
(2) (i,j)-generalized fuzzy irresolute ((4, j)-GF-irresolute, for short) if f=1(u) is
an r-(1;, 7;)-gfc in X for each r-(o;,0;)-gfc p € IV.
The following theorem gives an equivalent definition of (i, j)-G F-continuous map-
ping.
Theorem 5.2. A mapping [ : (X, 71,72) — (Y, 01,02) is (i,))-GF-continuous if
and only if f=Y(u) is an r-(7;,7;)-gfo in X for each p € IY with oj(u) > r.
Proof. This follows directly from Definition [3.1(2) and Definition 5.1(1). O

The relationship between the concepts of fuzzy continuous, F' P-continuous and
(i,j)-GF-continuous will be introduced in the following theorem and its corollary.

Theorem 5.3. If f : (X,71,72) — (Y,01,02) is a j-fuzzy continuous, then f is
(i, j)-GF-continuous.

Proof. Let u € I, such that o;(1 — u) > r. Since f is a j-fuzzy continuous, then
7;(f~1(1 — pu)) > r. Consequently, f~!(u) is an r-7j-closed fuzzy set in X. From
Proposition 13.4(1), we have that f~!(x) is an r-(;, 7;)-gfc. Hence, f is (i,)-GF-
continuous. g

The proof of the next corollary follows directly from Theorem [5.3.

Corollary 5.4. If f : (X,71,72) — (Y, 01,02) is FP-continuous, then f is (i,7)-
GF -continuous.

The converse of above Theorem 5.3 is not true as seen from the following example.

Example 5.5. Let X = {a,b,c} and Y = {p, ¢}. Define fuzzy sets A1, Ao € I and
w1, o € IV as follows:

At =aos5Vby3Vecor, da=aos5VboaVecos, p1=porVqos, H2=DpooV qo.2-

We define smooth topologies 71,7 : IX — I and 01,09 : IY — I as follows:

1 ifA=0,1, 1 ifA=0,1,
Tl(A): % lf)\:)\l, TQ()\): % lf)\:>\2,
0 otherwise; 0 otherwise;
1 ifpu=0,1, 1 ifu=0,1,
o) =95 ifp=m, and o2p) =13 if p=po,
0 otherwise; 0 otherwise.
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Consider the mapping f : (X,71,72) — (Y, 01,02) defined by f(a) = p, f(b) =
p, f(¢) =¢q. Then, f is (1,2)-GF-continuous but not 2-fuzzy continuous, as us is a
%—ag—open fuzzy set in Y. However, f~1(u2) = ag.9 V bo.g V co.2 is not a %—m—open
fuzzy set in X.

Thus we have the following implication and none of them is reversible.
F P-continuous = j- fuzzy continuous = (i, j)-GF-continuous

Theorem 5.6. Let f : (X,71,72) — (Y,01,02) be a mapping. If [ is (i,7)-GF-
irresolute, then f is (i,7)-GF-continuous.

Proof. This follows directly from Proposition 3.4(1) and Definition [5.11(2). O
Then converse of above theorem is not true as seen from the following example.

Example 5.7. Let X = {a,b,c} and Y = {p, q}. Define fuzzy sets A\;, Ay € IX and
p1, o € IV as follows:

A =aos5VbosVecor, da=aos5VboaVecos, i =pooVqos HM2=Dpo1Vqos-

We define smooth topologies 7,79 : [ X 5 Tand 01,09 : IY — T as follows:

1 ifA=0,1, 1 ifA=0,1,
T1(A) = i if A= Aq, To(A) = i if A= Ag,
0 otherwise; 0 otherwise;
1 ifpu=0,1, 1 ifu=0,1,
o(w) =91 ifp=m, and ox(p) =473 if p=ps,
0 otherwise; 0 otherwise.

Consider the mapping f : (X,7,72) — (Y,01,02) defined by f(a) = p, f(b) =
q, f(¢) = gq. Then, f is (1,2)-GF-continuous but not (1,2)-GF-irresolute, as yu =
P03 V qo.2 is a i—(al,ag)—gfc set in Y. However, f~'(u) = ags V bg.o is not a i-

1
(11, 72)-glc set in X.

The following theorem provides the conditions to establish (i, j)-GF-irresolute
from (i, j)-G F-continuous.

Theorem 5.8. If [ : (X,71,72) — (Y,01,02) is bijective, i-fuzzy open and (i,7)-
GF-continuous, then f is (i,7)-GF-irresolute.

Proof. Let p be an r-(0;,0;)-gfc of Y. Let f~'(u) < v, where 7;(v) > s for
0 < s <r. Clearly, p < f(v) as f is a i-fuzzy open. Then, f(v) is an r-
oi-open fuzzy set. As p is an r-(oy,0;)-gfc in Y, then Cy, (1, s) < f(v) implies
f7H(Co, (1, 8)) < v. Since f is (4, j)-GF-continuous, then f~(Cy, (u, 8)) is r-(7i, 75)-
gfc in X and given f~1(Cy,(u,s)) < v, we have Cr,(f~1(Cs, (1, 5)), s) < v, which
implies Cr,(f (i), s) < v. Therefore, f~'(u) is an r-(7;, 7;)-gfc in X. Hence f is
(4, 7)-GF-irresolute. O

=
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Theorem 5.9. Let f : (X,71,72) — (Y,01,02) be a mapping. Consider the fol-
lowing statements:

(1) f s (i,j)—GF—continuous

(2) f((i,5)-GC(\, 7)) < Co,(f(N),7), for each X € I, r € Iy.

(3) (4,5)-GC(f~H(w),m) < f HCo,(p;1)), for cach € 17
Then (1)=(2)=(3).
Proof. (1) = (2) Let A € I’X. Since f(\) € IV, then f(X) < C,,(f(A),7). Then,
A < f7HCq, (f(N),7)). Since f is (i,j)-GF-continuous, then f=1(Cy,, (f(X),r)) is
an r-(7;,7;)-gfc in X. Hence, (,5)-GC(\, ) < f~1(Cy, (f(N),r)) implies

f((’t,j)-gC(/\,’l“)) S f(f 1(C0j (f()\),?“)))

Thus7 f((lv]) - gC(A’ T‘)) < CUj (f(/\)’ T)'
(2) = (3) Letting A = f~!(u) and applying (2), we arrive at f((z H-GC(f~ (), 7))
< Co, (f(f7Hw)

Y(u)),r) < Co, (7). Consequently, f((i,7)-GC(f~'(n),r)) < Co,(n,7)
implies £~ (F(51)-GC(f (1), 7)) < f~(Co, (1,7)), which yields
(,4)-GC(f 1 (w),r) < f71(Co, (1,7)).
g
Next, we give an example to show that (3) does not lead to (1) in above theorem.

Example 5.10. Let X = {a,b} and Y = {p,q}. Define A;, \o € IX and p1, o € IV
as follows:

A1 =ageVbos, A2=ao7Vbos, [1=7poaVqos, H2=DPo4Vqo.r

We define smooth topologies 71,7 : IX — I and 01,09 : IY — I as follows:

1 ifA=0,1, 1 ifx=0,1,
Tl()\): % if/\:)\l, TQ()\): % if)\:)\g7
0 otherwise; 0 otherwise;
1 if p=0,1, 1 ifpu=0,1,
o) =34 ifp=pm, and ox(p)=135 if p=p,
0 otherwise; 0 otherwise.

Consider the mapping f : (X, 71,72) — (Y, 01,02) defined by f(a) = p, f(b) = gq.
Then (1,2)-GC(f*(n), 3) < f7(Coy(p, 3)), for each p € IV, but f is not (1,2)-
G F-continuous since 1 — s is a %—og—closed fuzzy set in Y, but f~(1 — uz) is not

a 1-(11, 72)-gfc set in X.

Theorem 5.11. Let f : (X,71,72) — (Y,01,02) be a mapping. If f is (i,5)-GF-
continuous, then for each x, € Pt(X) and for each r-oj-open fuzzy set v in Y such
that f(x¢) € v, there exists an r-(7;,7;)-gfo n in X such that xy € n and f(n) < v.

Proof. Let z; € Pt(X), let v be an r-oj-open fuzzy set in Y such that f(x;) € v.

Since f is (i, j)-GF-continuous then, by Theorem 5.2, f~1(v) is an r-(7;, 7;)-gfo in

X such that x, € f~1(v), let n = f~1(v), then f(n) <v O
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Theorem 5.12. Let f: (X, 71,72) — (Y,01,02) and g : (Y,01,02) — (Z, 01, ¢2)
be mappings. Then:
(1) If g is j-fuzzy continuous and f is (i,7)-GF-continuous, then go f is (i,7)-
GF-continuous.
(2) If g is (i,7)-GF-irresolute and f is (i, j)-GF-irresolute, then go f is (i,7)-
GF-irresolute.
(3) If g is (i,7)-GF-continuous and f is (i,7)-GF -irresolute, then go f is (i,7)-
GF'-continuous.
Proof. We prove (1), and the proof of (2) and (3) are similar to (1). Let  be an r-¢;-
closed fuzzy set of Z. Since g is a j-fuzzy continuous, then g~!(x) is an r-0;-closed
fuzzy set of Y. When f is (4, j)-G F-continuous, then (go f)~1(u) = f~1(g7*(n)) is
an r-(7;, 7;)-gfc of X. Hence, g o f is (4, j)-GF-continuous. O
We now introduce the definition of (i, j )—T% space and strongly fuzzy pairwise T%
space in a smooth bts (X, 71, 72).

Definition 5.13. A smooth bts (X, 71,72) is said to be (i,j)-Ty space if every
r-(7;, 7;)-gfc is an r-7j-closed fuzzy set of X.

Definition 5.14. A smooth bts (X, 7y, 72) is said to be strongly fuzzy pairwise Ty
space, if it is (1, 2)—T% space and (2, 1)—T% space.

Remark 5.15. In [7] (recall that in a bts (X, 77, 72), if A is (7;,7;)-generalized
closed then Cz,(\) — A contains no non-empty 7;-closed set), we notice that this
result is not true in a smooth bts. Yet many properties of T% space depend on
this fact (e.g. Proposition 2.13(ii), pp.21 and Theorem 2.15, pp.22). The following
example explains Remark |5.15.

Example 5.16. Let X = {a,b}. Define fuzzy sets A\;, Ay € IX as follows:
A1 =ao5Vbos, A2=aopsVbos.

We define smooth topologies 71,7 : IX — T as follows:

1 ifA=0,1, 1 ifA=0,1,
n(A) =91 ifA=X, and T\ =1 if A=),
0 otherwise; 0 otherwise.

Then (X, 71, 72) is a smooth bts. The fuzzy set A = ag5 V bo.2 is a %—(7’1, T2)-gfc but
Cry (N, %) — A =uags V b5 contains a 7i-closed fuzzy set 1 — A;.

Theorem 5.17. If f : (X,71,72) — (Y,01,02) is (i,7)-GF-irresolute and X is
(i,j)-T% space, then f is a j-fuzzy continuous.

Proof. Let p be an r-oj-closed fuzzy set of Y. Then, from Proposition [3.4(1), we
have that y is an r-(7;,7;)-gfc of Y. Since f is (i, j)-GF-irresolute, then f~!(u) is
an 7-(7;, 7j)-gfc of X, but X is (i,j)—T% space, which implies f~!(u) is an r-7;-closed
fuzzy set of X. Hence, f is a j-fuzzy continuous. O
Theorem 5.18. If f : (X, 71,72) — (Y,01,02) is i-fuzzy continuous and j-fuzzy

closed mapping, then every r-(1;,7;)-gfc set X € I, f(\) is an r-(7;,7;)-gfc in Y.
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Proof. Let A be an r-(7;, 7j)-gfc in X, let f(A) < p, where o;(n) > s, for 0 <

s <r. Then, A < f~1(u) and f~1(u) is an r-r;-open fuzzy set of X since f is a

i-fuzzy continuous. As X is an r-(7;, 7;)-gfc in X, then Cr (A, s) < f~*(p) implies

F(Cr (N, 8)) < p. Since A < Cr (A, s), then f(\) < f(Cr, (A, s)). Therefore we have,

Co; (f(N),5) < Co, (f(Cr; (A, 5)),5) = f(Cr, (N, 8)) < psince f is a j-fuzzy closed.
f

Hence, f()\) is an T—(TZ‘,T;‘)—ng inY. ’ O
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