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1. INTRODUCTION

The concept of fuzzy sets and fuzzy set operations were first introduced by L.
A. Zadeh in his classical paper [17] in the year 1965 . This concept provides a
natural foundation for treating mathematically the fuzzy phenomena, which exist
pervasively in our real world and for building new branches of fuzzy mathematics.
Thereafter, the paper of C. L. Chang [6] in 1968 paved the way for the subsequent
tremendous growth of the numerous fuzzy topological concepts. Since then much
attention has been paid to generalize the basic concepts of general topology in fuzzy
setting and thus a modern theory of fuzzy topology has been developed.

In 1989, A. Kandil [8] introduced the concept of fuzzy bitopological spaces as an
extension of fuzzy topological space and as a generalization of bitopological spaces.
The concepts of Baire bitopological spaces have been studied extensively in classical
topology in [1], [2], [7] and [5]. The purpose of this paper is to introduce the concepts
of pairwise fuzzy o-nowhere nowhere dense sets, pairwise fuzzy o-Baire bitopological
space and pairwise fuzzy o-second category space and study several characterizations
of pairwise fuzzy o-Baire bitopological spaces. Inter-relations between pairwise fuzzy
o-Baire spaces, pairwise fuzzy Baire spaces, pairwise fuzzy o-second category spaces
are also investigated in this paper. Several examples are given to illustrate the
concepts introduced in this paper.
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2. PRELIMINARIES

Now we introduce some basic notions and results used in the sequel. In this work
by (X, T) or simply by X, we will denote a fuzzy topological space due to CHANG
(1968). By a fuzzy bitopological space (Kandil, 1989) we mean an ordered triple
(X,T1,Ts), where T1 and T are fuzzy topologies on the non-empty set X.

Definition 2.1. Let A and p be any two fuzzy sets in a fuzzy topological space
(X,T). Then we define :
(i) AV p: X —[0,1] as follows : (AV u)(z) = max {A(x), pu(x)}.
(ii) AAp: X —[0,1] as follows : (A A p)(z) = min {A(x), p(x)}.
(iii) p =A< ulz)=1—- A(z).
More generally, for a family of {\;/i € I} of fuzzy sets in X, V;\; and A \; are
defined as V;\; = sup;{\i(z) / x € X} and A\ = infi{\i(z) /2 € X}

Definition 2.2. Let (X, T) be a fuzzy topological space and A\ be any fuzzy set in
(X,T). We define the interior and the closure of \ respectively as follows :

(i) Int(A) =V{p/pn < A, peT},
(ii) ClA) = Mp/A < p, 1 —peTh.

Lemma 2.3 ([3]). For a fuzzy set X in a fuzzy topological space X,

(i) 1= 1Int(\) =CIl(1—N),

(ii) 1 = CUA) = Int(l = N).
Definition 2.4 ([9]). A fuzzy set A in a fuzzy topological space (X,T') is called
fuzzy dense if there exists no fuzzy closed set g in (X, T) such that A < p < 1.

Definition 2.5 ([4]). A fuzzy set X in a fuzzy topological space (X,T) is called a
fuzzy Fy-set in (X,T) if A=V, \; where 1 — A\, € T for i € I.

Definition 2.6 ([4]). A fuzzy set A in a fuzzy topological space (X, T) is called a
fuzzy Gs-set in (X,T) if A = A2, \; where \; € T for i € I.

Definition 2.7 ([9]). A fuzzy set A in a fuzzy topological space (X,T) is called a
fuzzy nowhere dense set if there exists no non-zero fuzzy open set p in (X,T) such
that p < cl(M). That is., intcl(A) = 0.

Definition 2.8 ([12]). A fuzzy set A in a fuzzy topological space (X, T) is called a
fuzzy o-nowhere dense set if \ is a fuzzy F,-set in (X, T) such that int(\) = 0.

Definition 2.9 ([15]). A fuzzy set A in a fuzzy bitopological space (X, T3, Ts) is
called a pairwise fuzzy open set if A € T; (i = 1,2). The complement of pairwise
fuzzy open set in (X, T, T3) is called a pairwise fuzzy closed set.

Definition 2.10 ([15]). A fuzzy set A in a fuzzy bitopological space (X,T1,T5) is
called a pairwise fuzzy Gs-set if A = A2, \;, where (\;)’s are pairwise fuzzy open
sets in (X, T, T3).

Definition 2.11 ([15]). A fuzzy set A in a fuzzy bitopological space (X,T1,T5) is
called a pairwise fuzzy F,-set if A = V2, \;, where ()\;)’s are pairwise fuzzy closed
sets in (X, T, T3).
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Lemma 2.12 ([3]). For a family of {\o} of fuzzy sets of a fuzzy topological space
(X,T), Vcd(Aa) < cd(VAa). In case o is a finite set, Vcl(Ag) = (V). Also
Vint(Aq) < int(VAy) in (X, T).

Definition 2.13 ([10]). A fuzzy set X in a fuzzy bitopological space (X,T1,T5) is
called a pairwise fuzzy dense set if clp, cly, (A) = clp,elp, (M) = 1.

Definition 2.14 ([13]). A fuzzy set A in a fuzzy bitopological space (X,T1,T5) is
called a pairwise fuzzy nowhere dense set if intp, clp, (A) = intp,clr, (A) = 0.

3. PAIRWISE FUZZY 0-NOWHERE DENSE SETS

Definition 3.1 ([16]). A fuzzy set A in a fuzzy bitopological space (X,T4,T5)
is called a pairwise fuzzy o-nowhere dense set if A\ is a pairwise fuzzy F,-set in
(X,T1,T») such that intp intr, (A) = intpinty, (A) = 0.

Example 3.2. Let X = {a,b, c}. The fuzzy sets «, 3, 6 and p are defined on X as
follows :

a: X —[0,1] is defined as a(a) = 0.2; «(b) =0.7; a(c) =0.5.

B:X —[0,1] is defined as B(a) = 0.7; B(b) =0.5; [(c) =0.3.

d:X — [0,1] is defined as 6(a) = 0.5; &(b) =0.7; d&(c) = 0.5.

X —[0,1] is defined as p(a) = 0.5; p(b) =0.2; wu(c) =0.8.
Cleatly Ty = {0,8, 1,6, 6V 1, BV &, 4V 8, 8 A i, S A3, 15 A6, 8V [uA 8], v [BA5), 5 A
BV ul, BV vl and Ty ={0,a, 8, u,aV B,aV BV puya A Bya A p,BA p,aV
B, BY [l iV [0 A Bl ach [BY ], BALa v ], s A laV 8], BV iV 6,1} are fuzzy
topologies on X. The fuzzy sets 8, u, 0,V pu, BV pu, BNV I, LA, BAS A6, BV [pu A
S,V [aABl,BV V1 are pairwise fuzzy open sets in (X, Ty, T3). The fuzzy sets

—[BAu] = (A=P)V(A—p)v(A=[BA)V (1= [uAd])V(1=[BV(pAd)]) and OA(BV ) =

(1=8)V (1= [aV )V (L= [BV )V (1 — [BVE)V (1 [V (@ AB) v (1— [3V 5V )
are pairwise fuzzy Fy-sets in (X, Ty, Ts). Also intr intr, (1 — [ A p]) =0 # 0 and
intryintr, (1 — [BAp]) = aV[BAu] #0 and intpintr, (SA[BV u]) = BAJ # 0 and
intr,int, (O AN [BV pu]) = BAJaV u] #0. Hence 1 — [ A p] and 6 A [BV p] are not
pairwise fuzzy o-nowhere dense sets in (X, T1,T5).

The fuzzy set 1 — (uV]jaAB)=Q—-[lavu) VA -=[BVu)VvA-[8VuVi)
is a pairwise fuzzy F,-set in (X, Ty, T») such that intrintr, (1 — (uV [a A f])) =
and intp,inty, (1 — (0 V [@AB])) =0 and hence 1 — (uV [ A (3]) is a pairwise fuzzy
o-nowhere dense set in (X, 71, T5)

Proposition 3.3. If A is a pairwise fuzzy dense set and pairwise fuzzy Gg-set in a
fuzzy bitopological space (X, Ty, Ts), then 1 — X is a pairwise fuzzy o-nowhere dense
set in (X, T1,T3).

Proof. Let A be a pairwise fuzzy dense set and pairwise fuzzy Gs-set in a fuzzy
bitopological space (X,T1,T5). Then, clp clp,(N) = clp,clp, (A) = 1. This implies
that 1—clg, clr, (A) = 0 and 1—clg,clr, (A) = 0 and hence we have intp, intr, (1—X\) =
0 and intp,intr, (1—A) = 0. Also, since A is a pairwise fuzzy Gs-set, 1—\ is a pairwise
fuzzy Fy-set in (X, Ty, Ts). Hence 1 — ) is a pairwise fuzzy Fy-set in (X, T, T>) such
that intp intr, (1 — A) = 0 = intpintp, (1 — A). Therefore 1 — X is a pairwise fuzzy
o-nowhere dense set in (X, T, T5). O
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Remark 3.4. The complement of a pairwise fuzzy o-nowhere dense set in a pairwise
fuzzy bitopological space need not be a pairwise fuzzy o-nowhere dense set. For,
consider the following example :

Example 3.5. Let X = {a,b, c}. The fuzzy sets a, 3, 6 and p are defined on X as
follows :

a: X —[0,1] is defined as a(a
B:X —[0,1] is defined as ((a
d: X — [0,1] is defined as d(a
X —[0,1] is defined as p(a)

Clearly Ty = {0, , 3,0, aV 3,V 6§, BV, aAB,aNd, BAS, aV [BAS], 0V [aAB], BA[aV
8, dN[aVB,aVvpVe, 1} and Te = {0, a, 1, §, aV p, aV o, pNV 0, A pry x ASy A S, eV [ A
8], uV[and], oVaAp], an[uVe], dA[aVu], aVuVd, aAuAd, 1} are fuzzy topologies on
X. The fuzzy sets a, §, aV o, a A0, aV B, u A, aV [uAb],aV V4,1 are pairwise fuzzy
open sets in (X, Ty, Ts). The fuzzy sets (1 —a), (1—0), (1 —[aVd]),(1—[aAd]),(1—
[aVvB]), (1= [uAd)), (1—(aV[uAd))), (1—[aVBV4]),1 are pairwise fuzzy closed sets
in (X,T1,T2). Now the fuzzy sets A\=(1—a) V(1 =0) V(1 —[a V) V(1 —[aAd])
andnp=(1—[aVvB)VA—-[uAd)V (1—(aV[pAd)V(l—|aVpBVd]) are
pairwise fuzzy Fy-sets in (X,T1,T2). Also intpinty, (A) = intpintr, (A) = 0 and
intp,intp, (n) = intpyintr, (n) = 0. Hence A and 7 are pairwise fuzzy o-nowhere
dense sets in (X,T1,T5). But 1 — A = a A is a fuzzy set with intp intp, (1 — ) =
intrintr, (e A S) = intp (@ ANJ) = aANd #0. intpyintr, (1 — ) # 0. Hence 1 — A is
not a pairwise fuzzy o-nowhere dense set in (X, T}, 7T3).

Theorem 3.6 ([16]). If \ is a pairwise fuzzy dense set in a fuzzy bitopological space
(X,T1,Ts) such that u < 1 — A, where p is a pairwise fuzzy Fy-set in (X,T1,T5),
then p is a pairwise fuzzy o-nowhere dense set in (X, Ty, T5).

Theorem 3.7 ([13]). If A is a pairwise fuzzy nowhere dense set in a fuzzy bitopo-
logical space (X,T1,Ts), then 1 — X is a pairwise fuzzy dense set in (X, T1,T3).

Proposition 3.8. If X is a pairwise fuzzy nowhere dense set in a fuzzy bitopological
space (X, T1,Tz) such that p < A, where p is a pairwise fuzzy Fy-set in (X, T1,T3),
then u is a pairwise fuzzy o-nowhere dense set in (X, Ty, Ts).

Proof. Let A be a pairwise fuzzy nowhere dense set in a fuzzy bitopological space
(X,T1,Ts) such that u < A, where y is a pairwise fuzzy F,-set in (X,T7,T5). Since
A is a pairwise fuzzy nowhere dense set in (X, Ty,T»), by theorem 3.7, 1 — X is a
pairwise fuzzy dense set in (X,7T7,7T%). Now p < A, implies that p < 1 — (1 = \),
where p is a pairwise fuzzy Fy-set in (X, T1,T3) and 1 — A is a pairwise fuzzy dense
set in (X,T1,T3). By theorem 3.6, p is a pairwise fuzzy o-nowhere dense set in
(X,11,T5). O

Definition 3.9. Let (X,T3,T») be a fuzzy bitopological space. A fuzzy set A in
(X,T1,Ty) is called a pairwise fuzzy o-first category set if A = Vv£2,();), where
(\i)’s are pairwise fuzzy o-nowhere dense sets in (X, 71, T5). Any other fuzzy set in
(X,T1,T>) is said to be a pairwise fuzzy o-second category set in (X, T7,7s).
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Definition 3.10. If )\ is a pairwise fuzzy o-first category set in a fuzzy bitopological
space (X, T, Tz), then the fuzzy set 1 — ) is called a pairwise fuzzy o-residual set in
(X7 Tla TZ) .

Definition 3.11. A fuzzy bitopological space (X,T;,T») is called pairwise fuzzy
o-first category space if the fuzzy set 1x is a pairwise fuzzy o-first category set in
(X,T1,T). Thatis., 1x = V52, (\;), where (\;)’s are pairwise fuzzy o-nowhere dense
sets in (X,T1,T2). Otherwise, (X,T1,T>) will be called a pairwise fuzzy o-second
category space.

4. PAIRWISE FUZZY o-BAIRE SPACES
Definition 4.1 ([16]). A fuzzy bitopological space (X,T1,Tz) is called a pairwise
fuzzy o-Baire space if intr, ( VR, ()\k)> =0, (i = 1,2) where (\;)’s are pairwise
fuzzy o-nowhere dense sets in (X, T7,Ts).

Example 4.2. Let X = {a,b,c}. The fuzzy sets «, 8, § and p are defined on X as
follows :

a: X —[0,1] is defined as a(a) = 0.2; «a(b) =04; alc)=0.7.
B:X —[0,1] is defined as f(a) = 0.3; B(b) =0.2; [(c) = 0.6.
0:X —[0,1] is defined as 6(a) = 0.1; &(b) =0.3; d(c) = 0.5.

wu: X —[0,1] is defined as p(a) = 0.4; p(b) =0.3; wu(c) =0.5.

Clearly Ty = {0,0,8,6,aV 3,8V d,a A B,a N6, B NS aN[BV,1} and Tr =
{0,a, 8, p, VB, aVp, BV, anB, alp, BAp, BV aAp], aA[BY ), pAlavV B], aABAp, 1}
are fuzzy topologies on X. The fuzzy sets o, B,V B,a A 3,8V §,a AN[BV p],1 are
pairwise fuzzy open sets in (X, T1,T5). Now the fuzzy sets 1 — 5 and 1 — (a A ) are
pairwise fuzzy Fy-sets in (X, T, T2). Also intp, intp, (1 —F) = intp,inty, (1—5) =0
and intp intt, (1—(aAB)) = intpintr, (1—(aAB)) = 0. Hence 1 —f and 1—(aAS)
are pairwise fuzzy o-nowhere dense sets in (X, T1,T3) and int7,[1—B]V[1 —(aAS)] =
0, (i =1,2) implies that (X,Ty,T3) is a pairwise fuzzy o-Baire space.

Proposition 4.3. Let (X,T1,T>) be a fuzzy bitopological space. The following are
equivalent for a fuzzy bitopological space (X, Ty,Ts) :
(1) (X,T1,T5) is a pairwise fuzzy o-Baire space.
(2.) Intp,(A) = 0, (1 = 1,2) for every pairwise fuzzy o-first category set A in
(X, 11, T3).
(3.) Clr,(p) =1, (i = 1,2) for every pairwise fuzzy o-residual set p in (X, T1,Ts).

Proof. (1) = (2) : Let A be a pairwise fuzzy o-first category set in a fuzzy bitopo-
logical space (X,T1,T2). Then A = V{2,(\g), where (A\g)’s are pairwise fuzzy o-
nowhere dense sets in (X, 71, T3). Now intr,(A) = intr, (V2 (M), (i = 1,2). Since
(X,T1,T») is a pairwise fuzzy o-Baire space, intr, ( Ve, (/\k)) =0, (i =1,2) where
(Ag)’s are pairwise fuzzy o-nowhere dense sets in (X,T1,72). Hence intr, (A) =
0, (i =1,2) where A is a pairwise fuzzy o-first category set in (X, T, T3).

(2) = (3) : Let p be a pairwise fuzzy o-residual set in (X,T1,T5). Then 1 —
is a o-first category set in (X,T1,T5). By hypothesis, intr, (1 — ) =0, (i = 1,2).
Then 1 — ¢lp, (1) = 0. Hence clrp, (p) =1, (i = 1,2) for a pairwise fuzzy o-residual
set 1% in ()(7 Tl,Tg).

=
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(3) = (1) : Let X be a pairwise fuzzy o-first category set in a fuzzy bitopological
space (X,T1,T3). Then A = V2, (A), where (Ag)’s are pairwise fuzzy o-nowhere
dense sets in (X, T1,T>). Now A is a pairwise fuzzy o-first category set in (X, T3, 7T3)
implies that 1 — X is a pairwise fuzzy o-residual set in (X,T1,T3). By hypothesis,
cdr,(1—X) =1, (i = 1,2). Then 1 — inty,(A) = 1. Hence we have intp, (A) =
0, (i =1,2). That is., int,( V2, (\k)) =0, (i = 1,2) where (\)’s are pairwise
fuzzy o-nowhere dense sets in (X, 7Ty, Ts). Therefore (X,Ty,T%) is a pairwise fuzzy
o-Baire space. O

Proposition 4.4. If the fuzzy bitopological space (X, T1,Ts) is a pairwise fuzzy o-
Baire space, then clp,( Aj2y (M) = 1, (i = 1,2) where the fuzzy sets (\g)’s are
pairwise fuzzy dense and pairwise fuzzy Gs-sets in (X, T1,Ts).

Proof. Let (Ag)’s be pairwise fuzzy dense and pairwise fuzzy Gs-sets in (X, Ty, T»).
By proposition 3.3, (1 — \g)’s are pairwise fuzzy o-nowhere dense sets in (X, T3, T3).
Then the fuzzy sets A = V2 (1 — A\g) is a pairwise fuzzy o-first category set in
(X, Tl,TQ). Now intTi()\ = intTi( \/]?;1 (1 — )\k)) = intTi(l — /\]?;1(/\16)) =1-
clr, ( N2 ()\k)). Since (X, T1,T>») is a pairwise fuzzy o-Baire space, by proposition
4.3, we have intr,(A\) = 0. Then 1 — clg,( A72; (Ag)) = 0. This implies that
cr, (A2, (M) =1, (i = 1,2) where the fuzzy sets (\;)’s are pairwise fuzzy dense
and pairwise fuzzy Gs-sets in (X, T1,T5). O

Proposition 4.5. If the fuzzy bitopological space (X,T1,Ts) is a pairwise fuzzy o-
Baire space, then (X,T1,T5) is a pairwise fuzzy o-second category space.

Proof. Let (X,T1,T5) be a pairwise fuzzy o-Baire bitopological space. Then we have
intr, (ViZy (Ak)) = 0, (i = 1,2) where (\)’s are pairwise fuzzy o-nowhere dense
sets in (X,T7,T2). Now we claim that V{2, (Ag) # 1x. Suppose that Vi, (A\g) =
1x. Then intr,( Vi, (Ax)) = intr,(1x) = 1x, (i = 1,2) which implies that 0
= 1, a contradiction. Hence we must have V2 ;(A;) # lx. Therefore the fuzzy
bitopological space (X, Ty, T») is a pairwise fuzzy o-second category space. O

Definition 4.6 ([14]). A fuzzy bitopological space (X, T, Tz) is said to be a pairwise
fuzzy strongly irresolvable space if clp int,(N) = 1 = clp,intp, (A) for each pairwise
fuzzy dense set A in (X, Ty, T»).

Proposition 4.7. If \ is a pairwise fuzzy o-nowhere dense set in a pairwise fuzzy
strongly irresolvable space (X, Ty, Ts), then X is a pairwise fuzzy nowhere dense set
and pairwise fuzzy Fy-set in (X, Th,Ts).

Proof. Let X be a pairwise fuzzy o-nowhere dense set in (X, T7,T»). Then A is a
pairwise fuzzy F,-set in (X, Ty, T5). Since intpintr, (A) = 0 and intp,intg, (A) = 0.
Then 1 —intp intr,(A\) = 1 and 1 —intp,intp, (A\) = 1 implies that clp, clr, (1—X) =1
and clp,clp (1 — A) = 1. Hence 1 — X is a pairwise fuzzy dense set in (X,T7,7s).
Since (X, T1,T») is a pairwise fuzzy strongly irresolvable space, for the pairwise fuzzy
dense set 1 — X in (X, Ty, T5), we have clpintr, (1 — ) =1 and clpinty (1—2) = 1.
Then 1—intp, clr, () = 1 and 1 —intr,clr, (A) = 1 implies that intr, cly, (A) = 0 and
intp,cly, (A) = 0. Therefore A is a pairwise fuzzy nowhere dense set and pairwise
fuzzy F,-set in (X,T1,T3). O
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Proposition 4.8. If the fuzzy bitopological space (X, Ty, Ts) is a pairwise fuzzy o-
first category space, then (X, Ty,Ts) is not a pairwise fuzzy o-Baire space.

Proof. Let the fuzzy bitopological space (X,T1,T>) be a pairwise fuzzy o-first cat-
egory space. Then V2, (A\g) = lx, where (\;)’s are pairwise fuzzy o-nowhere
dense sets in (X,T1,T»). Now intr, ( Vi2, (Ap)) = intr,(1x) = 1 # 0. Hence we
have intr, (Vi (Ax)) # 0 where (Ay)’s are pairwise fuzzy o-nowhere dense sets in
(X,T1,T). Therefore (X,T1,T3) is not a pairwise fuzzy o-Baire space. O

5. CONCLUSIONS

In this paper, several characterizations of pairwise fuzzy o-Baire bitopological
spaces are studied. Inter-relations between pairwise fuzzy o-Baire spaces, pairwise
fuzzy Baire spaces, pairwise fuzzy o-second category spaces are also investigated.
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