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1. INTRODUCTION

In 1965, the concept of fuzzy sets was introduced by Zadeh [5]. After that
many authors have expansively developed the theory of fuzzy sets and applications
George and Veeramani modified the concept of fuzzy metric space which introduced
by Kramosil and Michalek [2]. R. M. Somasundaram and Thangaraj Beaula [4] has
coined 2-fuzzy sets and developed 2-fuzzy 2-normed linear space. Especially, Kailash
Namdeo, S. S Rajput and Rajesh Shrivastava [3] have introduced the concept of
fixed point theorem for fuzzy 2- metric spaces in different ways. Recently, Zaheer K.
Ansari, Rajesh Shrivastava, Gunjan Ansari and ArunGarg [I] have also studied the
fixed point theorems in fuzzy 2-metric and fuzzy 3- metric spaces. In this paper we
have defined the new concept of 2-fuzzy n-b-metric space. Convergent and Cauchy
sequences are defined related to this space. Some of the fixed point theorems using
altering function are proved for weakly compatible self mappings.

2. PRELIMINARIES

Definition 2.1. An altering distance function (or) control function is a function
¥ : [0, 00] — [0, 00] such that the following axioms hold:
i) ¢ is monotonic increasing and continuous.

ii) ¥ (¢)=0 if and only if t = 0.
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Definition 2.2. A function ¢ : R — R* is said to satisfy the condition * if the
following axioms hold:

i) p(t) =0 if and only if ¢ = 0.

ii) ¢(t) is increasing and ¢(t) — oo as t — oo.

iii) ¢ is left continuous in (0, c0).

iv) ¢ is continuous at 0.

Definition 2.3. The 3-tuple (X, M, %) is called fuzzy metric space if X is an arbi-
trary set, M is a fuzzy set in X2 x [0, 00) satisfying the following conditions:

i) M(z,y,0) =0.

i) M(z,y,t) =1, for all ¢t > 0 if and only if z = y.

i) M(x,y,t) = M(y,z,t).

iv) M(z,y,t) * M(y,z,8) < M(z,z,t+ s).

v) M(z,y,-):[0,00) — [0,1] is left continuous Vz,y,z € X and t,s > 0.

Then M is called a fuzzy metric on X and M (z, y, t) denotes the degree of nearness
between x and y with respect to t.

Definition 2.4. The 3-tuple (X, M,«) is called fuzzy 2-metric space if X is an
arbitrary set, * is a continuous ¢ - norm and M is a fuzzy set in X3 x [0, oc0) satisfying
the following conditions for all x,y, z,u € X and t1,to,t3 > 0

i) M(z,y,2,0)=0.

i) M(x,y,z,t) =1,¢t > 0 and when atleast two of the three points are equal.

iil) M(z,y,2,t) = M(x,z,y,t) = M(y, z,z,t) (Symmetry about three variables).

iV) M(x,y,z,tl +t2 + t3) Z M(xvyauatl) * M(Z,U,Z,tg) * M(uay,zat3)'

(This is corresponds to tetrahedron inequality in 2-metric space)
v) M(z,y,z,-):[0,1) — (0,1] is left continuous.

Definition 2.5. Let X be a set and let s > 1 be given real number. A function
d: X x X — R" is said to be a b - metric if and only if for all z,y,2z € X the
following conditions are satisfied:

i) d(x,y) = 0 if and only if x = y.

it) d(z, ) = d(y, 2).

i) d(x, 2) < sld(x,y) + d(y, 2)].

The pair (X, d) is called a b- metric space with parameter s.

There exists more examples in the literature [1, 3, 5] showing that the class of b
- metric spaces, since a b - metrics in effectively larger than that of metric spaces,
since a b - metric is a metric when s = 1 in the above condition 3.

Example 2.6. Let X ={0,1,2} and d(2,0) =d(0,2) =m >1

d(0,1) = d(1,2) = d(0,1) = d(2,1) = 1 and d(0,0) = d(1,1) = d(2,2) = 0

Then d(z,y) < F[d(z, z) + d(z,y)] for all 2,9,z € X.
Example 2.7. Let X = [0,1] and d(z,y) = |z — y|? for all z,y € X. It is obviously
a b-metric on X but d is not a metric on X.

Example 2.8. Let X =,(R) with0<p <1
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where [,(R) ={z={z,} CR: > |z,]P <oo}.
n=1

=, 1, . . 1
Then d(z,y) = (Y. |zn — yn|P)? is a b-metric on X with s = 2» as by elemenary

n=1

calculation we obtain that d(z,y) < 2 [d(z,y) + d(y, 2)]-

Definition 2.9 ([6]). Let (X, d) be a metric space. A mapping T : X — X is said
to be a ¢ - weak contraction if d(Tx,Ty) < d(z,y) — ¢(d(z,y)) for all z,y € X,
where ¢ : [0,00) — [0, 00) is a continuous and non decreasing function with ¢(t) =0
if and only if t = 0.

Definition 2.10. A 2- fuzzy set on X is a fuzzy set on F(X).

3. 2-Fuzzy n-b METRIC SPACE

Definition 3.1. Let X be an arbitrary set, * be the continuous t-norm and F(X)
be the set of all fuzzy sets on X. Let s be a real number, a fuzzy set M on
[F(X)]"*! x [0,00) is said to be a 2-fuzzy n - b metric if and only if for all
51" f1, fay ooy fm1 € F(X) the following conditions are satisfied.
1) (QFMnb - 1)M(f/7f//af17"'7fn—170) =0.
i) (FEM™ —2)M(f, ", f1, fay oy fa_1,t) = 1 for all ¢ > 0 if and only if atleast
'n’ elements of { f', f", f1,..., fn—1} are linearly dependent.
111) (2FMnb - 3)M(flv f,/a flv () fnflvt) = M(fll, flv flv () fnflvt)~
=M fr, f" ey famt1,t) = (Symmetry about 'n’ variables)
iV) (QFMnb - 4)]\4(]“7 f”, f]_7 ceey fnfl, tl + t2—|—, e+ tn+1)
Z S[M(f/, f”7 ceey fn_g,g, tl) * M(f/, f”, e g, fn—la tg) X ...
*M(ga fN7 fla ) fn—ly tn-{—l)]-

The pair (F(X), M) is called a 2- fuzzy n - b metric space with parameter s. A
2-fuzzy n - b metric is a n - metric whenever s = 1.

Example 3.2. Let X be a non-empty set, define a metric D : X2 — [0,00) as
D(z,y) = (v +y)*
For s = 2,
D(w,y) = (z +y)*
<(z+z+z+y)°
=(z+2)"+ (z+y)* +22 +2)(z+y)
2[(z +2)* + (2 +y)]
=2[D(z,z) + D(z,y)]
Then (X,d) is a b-metric space. Define M(z,y,t) =

space.

Example 3.3. Let F(X)={ f|f: X — [0,1]}
Define D : [F(X)]"*! — RT as
D(f/a f//vflv "'7fn*1) = i/supxeXHf/(x” + |f//($)‘ + |f1(1,')| +...+ |fn*1H3

is a n-b metric with constant s = ¥/4.

t (o .
PGy 8 A fuzzy b-metric
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For this note, if a;,as, ..., a1 are non-negative real numbers.
then (a1 +as + ... + ant1)® < 4(af +a3 + ... +ad_ ) and

f/(al +ag+ ...+ an_1) < Fai+ Yag + ... + ay,

Now let us define a fuzzy set
M : [F(X)]"*! x (0,00) — [0,1] as
M(f', £, f1y s fa-1,) = om0 77 Jtﬁ ——p Which is a fuzzy n-b-metric.

Definition 3.4. Let (F(X),M,#) be 2- fuzzy n - b metric space. A mapping
T:F(X)— F(X) is said to be a ¢ - fuzzy weak contraction if

M(va Th7glv sy Gn—1, So(t)) > M(fv haglv "'7gn717t) - ¢(M(f7 haglv "'agnflat»

For all f,h,g1,....,9n—1 € F(X) where ¢ : [0,00) — [0,00) is a continuous and
non decreasing function with ¢(¢) = 0 if and only if ¢t = 0.
Definition 3.5. Let (F(X), M, %) be 2- fuzzy n - b metric space. Then a sequence

{ fn} nen is called
i) 2-fuzzy n - b convergent if there exists f € F(X) such that

M(fn7f7gl> "‘7gn717t) — 1 asn — oo.
In this case we write lim,— o fn = f.

ii) 2-fuzzy n - b Cauchy if M(fn, fm,g1s--s gn-1,t) — 1 as n,m — oo.
Proposition 3.6. In a 2- fuzzy n - b metric space (F(X), M, x*) the following as-
sertions hold: A n - b convergent sequence has a unique limit.

Proof. Let { f,} converges to fi and fo in F(X).
Then M(fn — f1,915 s gn,t) > 1 —r and M(fn, — f2,91,.--9n,t) > 1 — 1 for all

t > 0 and choose r such that 0 < r < 1, where (1 —r)*(1—7r) >1—¢
Now,

M(fl_f%‘gl’."’gn’t) = M(fl_fn+fn_f2591a..-,gn’£+%)
= M(f - fn) + (fn - f2,gl, vees Ony g + %)

Y

M(f1 = fas 915 s Gn, %) * M(fn = f2:915 -, G, %)
> 1-mx*(l-r)=ce¢.
Therefore fi = f2, so the limits are equal. O
Main Result

Theorem 3.7. Let (F(X),M,%) be a complete 2- fuzzy n - b metric space with
parameter s and, T : F(X) — F(X) be a fuzzy continuous mapping such that
M(T(f)v T(h)7glv sy Gn—1, qt)
> od\/l(h,T(h%m7~--,gnfl,t)JVf(ﬁT(f),m7---91%1,qt)Jr

- M(f,h,g1,--.Gn—1,t)
BM(f hyg1,...gn—1),t)  --ooe (1)

for all fih,g1,..csgn—1 € F(X),f # h where o, 3 are positive real constants such
that sB + a < 1, then T has a unique fived point.
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Proof. For an arbitrary fo € F(X) construct the sequence (fy,)nen such that f,41 =
T(fn)-

M(flan;gla "'agn—laqt) = M(TanTfhglv "'7gn—1aqt)

aM(fo,Tf0,915-:9n—1,) M(f1,T(f1),915:-,9n—1,9t)
M (fo,f1,915+,9n—1,t)

+ ﬂM(fbaflagla "'agn—l,t)

_ aM(fo,f1,91,-9n—1,t) M (f1,f2,91,-,9n—1,qt)
M(fo,f1,915--,9n—1,t)

+ BM(fo, f1, 91, gn—1,1)
M(f1, f2,915 5 Gn—1,qt) = @M (f1, f2, 91, - Gn—1,qt) + BM (fo, f1, 91, s gn—1,1)
M(f1, f2,915 s gn—1,qt) (1 — @) = BM(fo, f1, 91, s Gn—1,1)
M(f1, f2,915 s Gn-1,1) > %M(fovfl,gl, vy Gn—1, ‘tj‘),q >0
where % = k < 1. Similarly,

M(an f3agl7 "'7gn717qt) = M(Tfla Tf27gl7 ey On—1, qt)

> oML, Tf1015 090 =1, M(f2,T(f2),015:.,9n—1,4t)
- M(f1,f2,91,--sgn—1,t)

+ 6M(f17f27gla "'agn—ht)

aM (f1,f2,91,--,9n—1,t) M (f2,f3,91,--sgn—1,qt)
M(f1,f2,915-:9n—1,t)

+ BM(f1; f2:91, s Gn—1,1)
M(fa, 3,91, s gn—1,qt) = aM(fa, f3, 91, -, gn—1,qt) + BM(f1, f2, 91, -+, gn—1,1)
M (fa, f3, 915 Gn—1,qt) (1 — @) > BM(f1, f2,915 s Gn—1,1)
M(fo, f3, 91,90 — 1),8) > T2 M (f1, f2, 1, s Gn—1, 2a>0

Y

2
= (&) M(meflagla oy 9n—1, q%)aq > Ot)(l - Oé)

Z /GM(flvaagla"'agn—lat)
where % = k < 1. Inductively,

M(fnaf’n-i—lagla "'7gn—17qt) = M(Tfn—lannagla "'7gn—17t)

> eMUfn-1,Tfn—1,9159n—1,) M(fn, T fr, 9151 gn—1,t)
- M (fn—1,fn,91,--,gn—1,t)

+ﬂM(fn—lafnvglv "'7gn—1at)

2 %M(fn—la f’na 9155 9n—1; qt)
Inductively,

t
M(fnafn+1agl7 "'7gn717qt) Z kM(an f17gl> ey On—1, qin)

For every positive integer p and k in N we have

M(fk?fK+1;gl7 '~~79n717qt) - 1

The above sequence is Cauchy in complete 2- fuzzy n - b metric space (F(X), M, )
so there exists a f € F(X) such that lim, . fr = f
517
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By the continuity of T" and M
We have

Tf = T(lm f,)
= lim Tf,

n—oo

= lim fin+1)

n—oo

= lim f,
n—oo

=/
Therefore Tf = f

And this proves that f is a fixed point.
If there exists a another point g # f in F(X) such that Tg = g then

M(g, [y 915 gn—1,qt) = M(Tg,Tf, 91, gn-1,t)
o OM(9,Tg, g1, n1, )M (S, TS, 91, gn1, G1)
B M(g, f, g1, gn—1,t)
+BM (g, f, 91, gn—1,1)
= BM(g, f g1, 9n-1,qt)
> M(g,f,91,-9n-1,qt)

which implies
M(ga fnJrlvglv <oy Gn—1, qt) > M(gv fn+1vgla vy On—1, qt)
and hence f =g
Hence the fixed point is unique. O

Theorem 3.8. Let (F(X), M, *) be a complete 2-fuzzy n - b metric space and S, T :
F(X) — F(X) be two self-mappings satisfying

i) TF(X) C SF(X)

ii) The functions ¥, « : [0,1] — [0,1] are continuous, monotonically increasing
with (0) = 0 = a(0) and t — L(a(t) — ¥(t)) < 0 also o (o — )" (an) — 1 when
a, — 1 asn — oo

ii1) %M(Sf, Shy g1,y gn-1,9(t)) > 0 for all t > 0 where the function ¢ satisfies
the definition

i) sM(Tf,Th,g1, ..., gn-1,0(ct)) > M(f, h,g1, ., gn-1,1)

_w(M(fa ha 915y 9n—-1, t))
Also the contraction with above conditions

1 > 1y 1
M(Tf,Th,g1,-,gn—1,¢(ct)) = s M(Sf,Sh,g1,...;gn—1,%(t))

_w(M(Sf,Sh,ghlu,gnmo(t)))] (1)
holds for all f,h € F(X),t >0,0<c¢< 1.
If S(F(X)) is a complete subspace of F(X) and the mappings (S,T) are weakly
compatible, then S and T have a unique common fixed point.

Proof. Let fo be an element in F'(X). Define two sequences (h,) and (f,) such that
hn =T fn = Sfnt1, we claim that { h,} is a Cauchy sequence.
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For some n, assume that

M(T frn—1,Tfn,91,-gn—1,0(ct)) = M(Tfn,Tfnt1,91,,gn—1,0(ct))

is true. Then from condition (1)

S > o 1
M(Tfn,T frt1,91,--,9n—1,p(ct)) — M(Sfn,Sfr+1:91,--:9n—1,9(t))

— L
M(Sfn:Sfrt1:9159n-1,901)) |
Then using the above assumption contraction becomes,

1 S 1, 1
M(T fru1,T frn,g1,.s9n—1,0(ct)) = s M(T fr1,T frn,g1,.9n—1,0(t))

1
— (M(Tfnl,Tfn,gl,...,g"l,w(t)) )] (2).

Given t — L(a(t) — ¥(t)) < 0 is a contrary to our assumption, because above
inequality (1) yields st — a(t) + ¥ (t) >0
1

1
M(T fn,T fn+1,91,--39n—1,(ct)) Z1\4(Tfn—17Tfmgl ----- gn—1,(ct)) (3)

Again assume { h,} #{ hpy1} for every n.

By virtue of the properties of ¢, we can find a ¢t > 0
such that sM (S f1,Sf2, 1, -, gn—1,©(t)) > 0 Therefore using condition (1) we get
1 1

Mo g e (@) = MTFo T g gnreen) oice fy =T fy)

1 1 1
25 |:a<M(Sf175f2uglv--~gn—17‘F(t)) — Y M(Squfa,gl,..»gn,_l,w(t))ﬂ
On using (3) we get

1 >1|g 1
M(Tf1,T f2,91,-gn—1,(ct)) = s M(Sf1,5f2,915-gn—1,9(t))

—) 1
M(Sf1,5f2,91,--gn—1,9(t))

Since %M(Sfl,ng,gl7 wfn—1,¢(t)) > 0 implies
%M(Sf175f27gla gn—lagp(i)) >0

By applying in (1) we get
1

M(ho,h1,91,-gn—1,2(&)  M(Tfo,Tf1,91,-gn—1,())

1 1 1
Z 5| M(Sf1,5f2,91,--9n—1,9(%)) _w(M(Sfl,sz,gly...gn_l,w(2)))]
Again by using (3),

1 > 1, 1
M(Tf1,Tf2,91,-gn—1,0()) = s M(Sf1,8f2,91,-gn—1,2(%))

1
—Y M(Sf1,8f2,91,--gn—1,%(L)) :|
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Repeating the process n times, we obtain

! > 1(a—w>”( ! )
M(h’nflvhnvgla "'gnfla@(t)) Tosn M(Sflvsf%gla --~gn—1790(c%))

Since 1M (Sfa,Shs, g1, ...gn—1,¢(ct)) > 0 (by condition (iii))

Then following the above process we get,

1 1 . 1
M(hp—1,hns 915 -Gn-1,0(t)) = 37(0& —¥) (M(Sfmsf:s,gl,---gn—h@(fﬁ)))
Continuing this process r times, We get,
1
M(hn—1,hny 915 - gn—1,0(c"t))

1 1
> =
- Sn—r—i—l(a - w)n_TJrl <M<Sfr+l7 an+27 g1, ---Gn—1, L)0((c"crt+1))>
Take h, = Sf,+1 then
1
M(hnfla hnv g1y ---Gn—1, Lp(Crt))
1 1
27 aiw n7‘+1< — >
Sn—?"—i—l( ) M(hruhr+17gl7'”gn717(p(ﬁ

Since
X (a—v)"(an) — 1 when a, —1 as n — oo,

hence for all » > 0.

1
>1
M(hn—17 h’n,a g1 ---Gn—1, @(Crt)) -

Therefore as n — oo
M(hn—17 hn7gl7 cGn—1, @(Crt)) — lasn — o0
Choose p(c"t) < e then it follows that M (hy—1,hn, g1, ...gn—1,6) — 1 as n — oo

By triangle inequality,

€
M(hna hn+pagl7 ~--gn—17€) 2 M<hn7hn+17gl7 cGn—1, p) *o.

e
* M<hn+pa hn+p+1a g1, ---Gn—1, p)

And so

M(hp, hptp, G1, - -gn—1,€) = L as n — oo
which implies { h,} is a Cauchy sequence and it converges to h € F(X) such that
h, — hasn— o

Let hy, =T fn = Sfnr1 — h

Our aim is to show that Th = h

Since
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M(Th,h,g1,...9n—1,€) > M(Th,hp, g1, ...gn—1,5) * M(hn,h, 91, ...9n-1,5)

g

By the property of ¢, there exists a ¢t; > 0 such that ¢(t1) < § as h, — h as
n — oo, there exists m € N such that for all n > m,

M(hp,hy g1y -gn—1,9(t1)) > 0, then for n > m

1 1
M(Tha hnagh --Gn—1, %) B M(Tha Tfrugh --n—1, @(tl))

1 1
=3l )
s M(ShaShn+lagla"'gn—lacp(?l))

1
a )
M(Sh7 an+l7gla cOn—1, SO(%))
Again on applying (1) we get

1 1 1
> -«
<M(Thann+1»91,~~9n1,<P(t1))) s (M(Sh, 5fn+1,917~~gn1790(t§)))

-5 : )
M(Sh,S fnt1,91, --Gn-1, 80(%1))

Proceeding the limit as n — oo we obtain

t
M(Th,hn, g1y --9n—1, 51) —lasn— oo
Asn — oo, hy, — h and M(Th,h,¢1,...gn—1,€) = 1, for every € > 0 gives Th = h.
Thus Sh = Th = h which implies that h is a common fixed point of .S and T'.

Finally let us prove the uniqueness of h.

Let h, i’/ be two fixed points of S and T. by the properties of ¢ there exists k > 0
such that M(h,h’,g1,...9n—1,(k)) > 0 then again by applying (1) we obtain the
following equation

1 1

M(h,W, g1, ...gn—1,0(k)) ((Th,Th ,g1,...g9n-1,p(ck)))

—_

1
> — |«
o S|: <M(Sh7‘s’h/7gl7gn—1ag0(k)))

1
- q/) (M(Sh’7 Shl7 g1, ---Gn—1, @(k)))]
On replacing k by % we get,

1 1
> — |«
M(h, b, g, gn-1,0(k)) = s[ (M(Sh7Sh’,gl,...gn1,@(*3)))

—_

M(Sh, Sh/, sy Yn—1, (C))
\)21
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Repeating the procedure 'n’ times

1 > o= 1 )
M(h7h/7gl7"'gn—17@(‘s’)) Tosn M(‘S’haSh/?gh"'971717%0(%))

and so M(h, W, g1,...9n—1,¢(S)) — 1 as n — oo since % (a — ¢)"(a,) — 1 when
a, —lasn— o
which establishes the uniqueness of fixed point. O

Theorem 3.9. Let (F(X),M,*) be a complete 2-fuzzy n-metric space and let S
and T be continuous mappings of F(X) in F(X) then S and T have common fized
point in F(X) if there exists continuous mapping A of F(X) into S(F(X))NT(F(X))
which commute weakly with S and T and

M(Af, AL g1, .-9n-1, qt)
2 szn{ M(Tf”?Af//aglv "'gn—lvt)vM(Sf/aAf/aglv "'gn—17t>7
M(Sfl Tf// g1, ---n-—1 t))
M I T 7 Gn1,t ’ ) » Y1, )
(Sf’ f RN ! ) M(AflvaHagla---gn—ht)

For all f',f", ...fns1,91, oy gn—1 € F(X),t >0 and 0 < ¢ < 1 and

hmn—>oo M(flaf//a"'fn+1aglv"'gn—lat) =1 fOT’ all f/’f/la~~~fn+lagla""gn—1 mn
F(X).

Then S, T and A have a unique common fixed point.

(1)

Proof. We define a sequence { f/} such that

Afsp =Sfopyand Afy, | =Tf5,,n=12,..

We shall prove that { Af;} is a Cauchy sequence. For this suppose f' = fa, and
f" = fani1, we write

M(Afénv AfénJrl’gl» vy On—1, qt)

Z S mzn{ M(TfZ/nJ,-laAfQ/nJ,—lagla "'agnflat)aM(Slfén,Afén»gla "'agnfht)a

M(Sf/nﬂTf/n ugl7”'7gn717t)
M(SfénanérH»l?gl?~"7gn717t)7 M(Afz Afz ii GLr o Gt t)

M(AfénaAfén+1agla'"gn—laqt)
>s mln{ M(Afén7Afén+lv g1, - "gn—lat)7M(Afén+lvAfénv g1, - "gn—lvt)v

M(Afs i1y Afls 015+ 1ot
MAf, 7A 4 ) yer-Gn—1,1), 2L 2 : :
f2n+1 f2" 91 gn—1 ) M(AfénvAf%u 917"'gn—1’t)

=S mm{ M(Afénv Af2/n+17 g1, - - 'gnflvt)u M(Afén+17 Af2/n7 g1, - - ‘gnflvt)u
M(Afén+17Afén7 g1, --- gn717t)7 1}

= s min {M (Afén—l? Afén’ g1s---Gn-1, é) 7M (Afén7Afén—1’ g1, -9n—1, 3)}
Therefore, M(Af4,, Afspi1:91,- - Gn-1,qt) = sM (Afén_l, Afh s g1y Gn-1, 2)
By induction

M(Afékv Afém+lvglv .. 'gnflvqt) 2 SM (AfZ/mv AfQ/k—lv g1,---9n—1, é) (2)
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For every k and m in N,
Further if 2m + 1 > 2k then,

M(AfékﬂAfém-‘,-l’gla"'gn—17qt) 2 sM (AfQ/kprfém) gla"'gn—17é>

Z 52kM (Af()a Af2/m+172k;7 g1,---Gn—-1, ﬁ) (3)
If 2k > 2m+1 then,

t
M (AfékaAfém—i-lagl,-..gn—laqt) = (Afék_l,Afém, 917"'gn—17q>
7 t
> g2mtl)y (Afék(szrl)’AfO’ 91,...gn17q2m+1> (4)

By simple induction with (3) and (4) , we have
M (Afps Afntp, 91s- - Gn-1,qt) > s"M (Afo,Afp, 1y Gn_1, q%)
Forn=2k,p=2m+ 1 (or) n =2k + 1, p = 2m + 1 and by (2FM" — 3)
M (Afna Afn+p’gla .- ~gn71aqt)
> s"(s) [M (AfO,Afl, Glse - Gn1, #) * M (Afl,Afp, Gy Gr1s q%)} (5)
where 0 < s <1

For every positive integer p and n in N we have

M (Af07Afp7 g1,---9n—1, ﬁ) —lasn— o
Thus {Af,} is a Cauchy sequence.

Since the space F(X) is complete there exists f,+1 € F(X) such that,

It follows that Ah = Sh = Th and therefore,

M (Ah, AAh,g1,...Gn-1,qt)
Z S mm{ M (TAI’L, AAh,gl, .. .gn_l,t) 7]\4 (Sh,Ah,gl, N -gn—lyt) y
M (Sh,TAh,gl, .. .gn_l,t)

M(SthAhagla"'gn—lvt)7M(Ah TAh G- Gn1 t)}

M (Ah,AZh,gl, . .gn_l,qt) > s M (Sh,TAh,g1,...gn-1,t)
> s M (Sh,ATh,g1,...gn-1,t)
> sM (Ah,Azh,gl,...gn_l,t)

4
> s"M (Ah7A2h'7gl7 s Gn—1, qTL)

Since, lim,,_,oc M (Ah, A2h g1, .. Gn1, ﬁ) =1
= Ah = A%h
Thus A is common fixed point of A, S and T.

For uniqueness let k(k # h) be another common fixed point of S, T and A
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By (1) we write,
M (Ah, Ak, g1,...9n-1,qt) > s min{ M (Tk, Ak, g1,...Ggn-1,t),
M (Sh,Ah,g1,...9n-1,t), M (Sh,Tk,g1,...gn-1,t),
M (Sh,Tk, g1, .. .gn,l,t)}
M (Ah,Tk,g1,-..gn—1,t)
M (Ah, Ak, g1,...gn-1,qt) > s min{M (h,k,g1,...9n—1,t)}
This implies that,

M (h,k, g1, gn-1,qt) > smin{M (h,k,g1,...9n—1,t)} hence h =k and this com-
pletes the proof. O

Theorem 3.10. Let (F(X), M, x) and (F(Y), Ma, *) be two complete 2- fuzzy
n - b metric spaces. Let A and B be mappings from F(X) to F(Y) and S and T be
mappings from F(Y) to F(X) satisfying the following inequalities:
M1 (f, f/,gl, .. -gn—lat) M1 (SAf, szf/,gl7 .. -gn—lat)
>s{mn{M(f,fg1, - gn-1,8), Mi(f',TBf ,g1,...9n-1,1t),
Ml(flvsAflvgb . 'gn—lat); Ml(fa SAfvglv .. 'gn—lat)a
Ml(fl7TBf/,gl, .. .gn,ht), Mg(h, BThMC]l7 .. .gnfl,t),
M1<f, f’,gl, .. .gnfl,t)7 ]\41<T‘Bf7 TBf/7gl, . gnfl,t>} ------ (1)
M2 (I’L, h/,gl, .. ~gn—17t) 5 M2 (BSh,ATh/,gl, .. .gn_l,qt)
Z min{Mg (h, h/,gl, .. -gn—lyt) s M2 (h/, ATh/,gl, .. -gn—lyt) y
M2 (hla ATh/aglv .. 'gn—lat) ) MQ (h/a BSh/7gl7 cee gn—lat) )
M2 (h/7 BSh/agla ce 'gnflat) 9 Ml (ShlvThl7glv . ‘gnflvt) )
M2 (h, h/,gl, . -gnfht) 5 MQ (BSh7 h, g1, - -gnfht)} """ (2)
For all f and ' in F(X) and h and b/ in F(Y) and 0 < ¢ < 1.
If one of the mapping A, B, S and T is continuous, then SA and TB have a common
fized point g in F(X) and BS and AT have a common fized point k in F(Y).
Further, Ag = Bg = k and Sk = Tk = g.

Proof. Let f be an arbitrary point in F(X). we define sequence { f,,} in F(X) and {h,,}
in F(Y) such that Aan = h2n+1, Banfl = hQn, Thgn = fgn and Shanl = fgn,lfor
n=1,2,...
Applying inequality (1) we have,

M (fon, fon—1,91- - gn—1,t) M1 (font1, fon, 91, - - Gn—1,1)

=S mZan (f2n—1af2nvglv e 'gn—17t) Ml (f2n—17f2nvgl7 <. -gn—l,t)

Ml (f2’n717f2n7gla . 'gnflat) Ml (f?mf2n+17917 .- -gn717t)
My (fan—1, fon, 915 - - - Gn—1,t) M2 (han, hant1, 915 - - - Gn—1,1)
Ml (f2naf2n—17gla .. 'gn—lat) Ml (f2n7f2nvgl7 . 'gn—17t)7

i-e- Ml (f2n+1a f2naglv .. ~gn—17qt) 2 S mln{Ml (f2n7 f2n—1agla .. 'gn—lyt) )
M2 (h2n+1a h2n7glv .. ~gn—lat) 7M1 (f2n+17 f2n7917 v gn—lvt) ) 1}
which implies that,
My (fan+1, fon, 915+ - Gn—1,qt) > s min{M; (fon, fon—1,91,---Gn-1,1),
My (hony1, hon, g1y Gno1,t)} oo+ (3)
Applying inequality (2), we have
M (hon, hon—1,91,- - gn-1,t) Mo (hany1, hon, 91, - . gn—1,qt)
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= M2 (h2n7 h2n717917 c-Gn—1, t) M2 (BSh2TL) AThanlagla < gn—1, qt) )
> s min{Ms (han, hon-1,91, - gn-1,t) , M2 (han—1,hon, g1, - - - gn-1,1),

My (h2n—1,h2n, 91, gn-1,t) , M2 (h2n—1,h2n, 91, - - gn-1,1),
M2 (h2n—1a h2n7gl7 .. 'gn—lat) ) Ml (ana f2n—17g13 .. 'gn—lat) )
M2 (h2n717 h2naglv .. ~gn717t) 7M2 (h2n7 h2n,glv .. ~gn717t)}'

This implies that, Ms (hop+1, han, g1, - - - Gn—1, qt)
> s min{Ms (hon, hopn—1,91,- - gn-1,t) , M1 (fon, fon—1,91,-- - gn—1,1)} (4)

In general we have,
. 'gnflvqt) >s min{Ml (fnfl; fnvgl, e 'gnflat) )

Ml (fnvfn+1agla

and
M2 (h’ru hn+17gly

i.e.

Ml (fnvfn+1agla

and
M2 (h’ru hn+17g1,

M2 (hnu hn+1791a .. 'gnflat)}

B 'gn—lat) 2 S mil’l{Mg (hn—lahnagla .. -gn—lvt)a

Ml (fn—lafmgl; . 'gn—17t)

.. 'gnflvt) >s min{Ml (fnflvfnagla <o Gn—1, é) ’

M, (hmhn+1yg1,...gn,1,§> ...... (5)

.. 'g’nflat) Z S min{MQ (hnfhh’ruglw - 9n—1, 5) 5

M, (fn—lafmglv“-gn—h 5) """ (6)

repeated use of (5) and (6) give

Ml (fnvfn+1agla

and

M2 (h’ru hn+17g1, .

In general,

Ml (fnv fn+7nagla e

and

M2 (h’nvh’n+m;gla .

.. 'gn—lvt) 2 Snmin{Ml (anflaglw o Gn—1, ﬁ) 9

M, (h17h2,91;~~9n717 ﬁ) —1
as n — 00

'g’ﬂflat) Z Snmin{M2 (h07 h17gla . '971717 an) 9

Ml (anflaglw"gn—thn) —1

as n — oo

-gn—ht) Z s”min{Ml (f()a fm;gla ceegn—1, qin) B

My (hl,hm+1,g1, e On—1, ﬁ) —1

as n — oo

'gn*l’t) 2 Snmin{M2 (h()vhmvglv <o 9n—1, q%> )

M, (f07fmaglv <o Gn—1, q%) —1

as n — oo

For n =1, 2,..., since q < 1, it follows that {f,} and {h,} are Cauchy sequences
in F(X) and F(Y) with limits g in F(X) and k in F(Y) respectively.
ie. lim, . f, =g¢ and lim,_, h, =k.
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If A is continuous then lim, o Af,, =lim,_oo hont1 le. Ag=k
Applying inequality (1), we have
Ml (ga f2n—17917 o gn—lat) Ml (SAgvTBan—lvgh .. ~gn—17qt)
Z S min{Ml (f2n—lvg7gl7 .. 'gn—lat) 7M1 (f2n—17TBf2n—17917 .. 'gn—ht) 5
M (fon-1,5Afon—1,91,---gn-1,t) , M1 (9, SAg, g1, - - - Gn—-1,1),
Ml (onflvTBonflvgla .. 'gnflat) 7M2 (h'2’na h2n+17917 .. 'gnflat) 9
M1 (97 f2n—1agla .. 'gn—17t) ) Ml (anv f2n7917 «e-Gn—1, t)}

Taking limit n — oo, we have

Ml (SAgvgvgla ceegn—1, qt) Z S min{la Ml (gv SAg»gla .. ~gn—17t)}
This implies that,

M1 (SAg7gagla .. 'gn—lvqt) Z S Ml (ga SAgagla .. 'gn—17t) )
a contradiction
Therefore SAg = g. Hence SAg = g = Sk
Again by (2), we have
M2 (kv h/2n;gla .. 'gnflvt) 7M2 (BSka h2n+lvgl, o Ogn—1, qt)
2 S mln{ M2 (k7 h2n7gl7 .. 'g’nfht) 3 M2 (h2n7 h2n+1ugl7 .. 'gn717t) 3
M (hon, hont1, 915 - - - Gn-1,t) s M2 (hon, hont1, 91, gn-1,1),
M,y (Sk7 f2’mgla .. -gn—lat) ’ M, (kv h2nagla . -gn—17t) 5
M2 (BS]C, k’,gl, .. -gn—lat)}
Taking limit n — oo, we have
M2 (BSkv kagla <. 'gn—17qt) 2 S min{MQ (BSka kmgl? e gn—lat) ) 1}
This implies that,
M2 (BSkvkagla .. 'gn—lvqt) Z M2 (BSk7k7gla .. 'gn—17t) 3
a contradiction. Therefore, BSk = k, BSk = k = Bg and Ag = Bg = k.
Again applying inequality (1), we have
Ml (g’gvglv .. 'gn—17t) ) M1 (SAg7TBgaglv .. ~gn—17qt)
2 S min{Ml (g’gvgh .- 'gn—lat) ) Ml (gaTBgvglv .- 'gn—17t) )
Ml (ga SAgagla .. .gn,ht) 3 Ml (97 SAgagla .. 'gnflat) 5
M, (9, TBg,g1,---gn-1,t) s Mz (hon,hons1,91,- - Gn-1,1),
Ml (9797913 .. 'gn—lat) ) Ml (TBg7TBg7gl7 ---gn—1, t)}
ie. My (9,TBg,g1,---9gn-1,qt) > s min{M; (9,TBg, g1, --gn-1,t), 1}
this implies
Ml (gvTBg7gl7 .- ~gn717qt) > Ml (gvTBgvgh .- 'gnflvt) )
a contradiction. Therefore, TBg = g. Hence TBg = Tk = g and Sk = g= Tk.
Again by using (2) we have
M2 (k, I{/’,gl, .. .gnfl,t) M2 (BSk,ATk,gl, . .gn,hqt)
>s min{MQ (kv kvgh e 'g’nflvt) ) M2 (kﬂ ATkvglv . 'gnflat) )
M2 (kvATkvglv .. ‘gnflat) 9 M2 (ka BSkvglv .. ‘gnfl,t) )

M2 (k‘, BSk,gh e gn—1, t) 5 M1 (Sk,Tk,gl, .. -gn—lvt) 5
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M2 (k, I{/’,gl, .. .gnfl,t) y MQ (BSk, k’,gl, .. -gnflvt)}
ie. My (k, ATk, g1,...gn—1,qt) > s min{Ms (k, ATk, g1, .. Gn-1,1),
M2 (k, AT]C, g1s---9n—-1, t)}

this implies,
My (ky ATk, g1,...Gn-1,qt) > Mo (k, ATk, q1, ... gn—1,t)a contradiction
Therefore, ATk = k, BSk = ATk =k
Ag=Bg=gand Tk=Sk =g
Hence g is a common fixed point of SA and TB and k is a common fixed point of
BS and AT.
This completes the proof. O
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