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1. INTRODUCTION

The fundamental concept of a fuzzy set, introduced by Zadeh in his classic
paper [24] of 1965, provides a natural framework for generalizing some of the basic
notions of algebra. Kuroki [6] introduced the notion of fuzzy bi-ideals in semigroups.
A new type of fuzzy subgroup, that is («, 3)-fuzzy subgroup, was introduced in
an earlier paper of Bhakat and Das [I] by using the notions of ”belongingness and
quasi-coincidence” of fuzzy points and fuzzy sets. The concepts of an (€, € Vq)-fuzzy
subgroup is a useful generalization of Rosenfeld’s fuzzy subgroups [14]. It is now
natural to investigate similar type of generalizations of existing fuzzy sub-systems of
other algebraic structures. The concept of an (€, € Vq)-fuzzy sub-near rings of a near
ring introduced by Davvaz in [2]. In [7] Kazanchi and Yamak studied (€, € Vq)-fuzzy
bi-ideals of a semigroup. In [I5] Shabir et. al. characterized regular semigroups by
the properties of (€, € Vq)-fuzzy ideals, fuzzy bi-ideals and fuzzy quasi-ideals. In [7]
Kazanchi and Yamak defined (€, € V g)-fuzzy bi-ideals in semigroups. Many other
researchers used the idea of generalized fuzzy sets and gave several characterizations
results in different branches of algebra. Generalizing the concept of z;qf Shabir and
Jun [16], defined z1qi f as f(x)+t+k > 1, where k € [0,1). In [16], semigroups are
characterized by the properties of their (€, € Vg )-fuzzy ideals.

Yousafzai and Khan have introduced the concept of an ordered AG-groupoid and
provided the basic theory for an ordered AG -groupoid in terms of fuzzy subsets [9].
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The generalization of an ordered AG-groupoid was also given by Yousafzai et. al.
and they introduced the notion of an ordered I'-AG**-groupoid [23].

The concepts of “€,” and “ ¢s” of fuzzy points and fuzzy sets were first introduced
in [18] for studying fuzzy filters of BL-algebras, and then continued in [19, 20}, 21}
22]. Besides, in ordered semigroups the concept of intuitionistic fuzzy interior ideal
is introduced by Khan et. al [10]. In addition, ordered semigroups are further
characterised interms of interval-valued fuzzy filters and fuzzy generalised bi-ideals
in [3] and [11].

In this paper we have introduced (€,,€, Vgs)-fuzzy ideals in an ordered AG-
groupoid and introduced some new results. We have characterized an intra-regular
ordered AG-groupoid by the properties of its (€, €, Vgs)-fuzzy ideals.

The concept of a left almost semigroup (£.A-semigroup)[8] was first introduced by
Kazim and Naseeruddin in 1972. In [4], the same structure was called a left invertive
groupoid. Protic and Stevanovic [13] called it an Abel-Grassmann’s groupoid (AG-
groupoid). An AG-groupoid is a groupoid S whose elements satisfy the left invertive
law (ab)e = (cb)a, ¥ a,b,c € S. In an AG-groupoid, the medial law [§] (ab)(cd) =
(ac)(bd), ¥V a,b,c,d € S holds. An AG-groupoid may or may not contains a left
identity. The left identity of an AG-groupoid allow us to introduce the inverses of
elements in an AG-groupoid. If an AG-groupoid contains a left identity, then it is
unique [12]. In an AG-groupoid S with left identity, the paramedial law (ab)(cd) =
(de)(ba), ¥ a,b,c,d € S holds. If an AG-groupoid contains a left identity, then by
using medial law, we get a(bc) = b(ac), V a,b,c € S. If an AG-groupoid S satisfy
a(bc) = b(ac), V a,b,c € S without left identity, then S is called an AG*™* -groupoid.
Several examples and interesting properties of AG -groupoids can be found in [12]
and [17].

2. PRELIMINARIES

An ordered AG-groupoid (po-.AG-groupoid) is a structure (G, -, <) in which the
following conditions hold [9]:

() (G,-) is an AG-groupoid.

(i1) (G, <) is a poset.

(t5i) ¥V a,b,x € G, a < b= ax < bz (za < zb).

Example 2.1. Define a new binary operation ”o.” (e-sandwich operation) on an
ordered AG-groupoid (S, -, <) with left identity e as follows:

ao.b=(ae)bVa,beS.
Then (S, o, <) becomes an ordered semigroup.

Example 2.2. Let G = {a,b,c} be an ordered AG-groupoid with the following
multiplication table and two differnet orders below:




Asad Ali et al./Ann. Fuzzy Math. Inform. 9 (2015), No. 3, 473-487

(1) <:={(a, a),(b,0), (¢, ¢),(¢c,a),(c,b)}

(2) <= {(a7a),(b, b)7(07 C),((LC),(G,J))}

An ordered AG-groupoid is the generalization of an ordered semigroup. If an
ordered AG-groupoid has a right identity, then it becomes an ordered semigroup.
Let A be a non-empty subset an of ordered AG-groupoid G, then

(Al={teS|t<a, forsomea € A}.

For A = {a}, we usually written as (a] .

Let G be an ordered AG-groupoid. By a left (right) ideal of G, we mean a non-
empty subset A of G such that (GA] C A ((AG] C A). By two-sided ideal or simply
ideal, we mean a non-empty subset A of G which is both a left and a right ideal of
G.

An AG-subgroupoid A of G is called a bi-ideal of G if ((AG)A] C A.
A non-empty subset A of G is called a generalized bi-ideal of G if ((AG)A] C A.

A non-empty subset A of G is called an interior-ideal of G if ((GA)G] C A.

An element a of an ordered AG-groupoid G is called intra-regular element of G
if there exists # € G such that a < (za?)y and G is called an intra-regular, if every
element of G is intra-regular or equivalently, A C ((GA?)G],V A C G [9)].

A fuzzy subset f of a given set G is described as an arbitrary function f : G — [0,
1], where [0, 1] is the usual closed interval of real numbers. For any two fuzzy subsets
fand g of G, f C g means that, f(z) < g(z), V= € G.

Let f and g be any fuzzy subsets of an ordered AG-groupoid G, then the product
f o g is defined by

_ limg<pe {f(b) A g(c)}, if there exist b, ¢ € G, such that a < bc
(fog)(a)= { 0, otherwise.

A fuzzy subset f of an ordered AG-groupoid G is called a fuzzy ordered AG-
subgroupoid of G if f(xy) > f(x) A f(y),V z, y € G.

A fuzzy subset f of an ordered AG-groupoid G is called a fuzzy left (right) ideal
of G if f(zy) > f(y) (f(xy) > f(2)), Yz, y € G.

A fuzzy subset f of an ordered AG-groupoid G is called a fuzzy ideal of G if it is
both fuzzy left and fuzzy right ideal of G.

A fuzzy subset f of an ordered AG-groupoid G is called a fuzzy generalized bi-ideal
of G if f((xy)z) > f(x) A f(2),V x,y and 2z € G.

A fuzzy subset f of an ordered AG-groupoid G is called a fuzzy interior-ideal of
Gif f((zy)z) > f(y), VY z,y,2 € G.

A fuzzy subset f of an ordered AG-groupoid G is called a fuzzy quasi-ideal of G
if foGNGofCf.

Let F(G) denotes the collection of all fuzzy subsets of an ordered .AG-groupoid G.
Then (F(G), o) becomes an ordered AG-groupoid [9].
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The characteristic function y 4 for a non-empty set A of an ordered AG-groupoid
G is defined as follow:

(@) = 1,ifx e A,

XA =90, ifz ¢ A.

A fuzzy subset f of an ordered AG-groupoid G which is defined as follow:
r(#£0), <z

0, otherwise

is said to be a fuzzy point with support x and value r and is denoted by x,., where
r € (0,1].

In what follows let v,4 € [0,1] be such that v < §. For any B C A, we define
X,‘iB be the fuzzy subset of X by XﬁjB(x) > ¢ if x € B and XgB(:L‘) <~ Vz¢B.
Otherwise, clearly Xﬁj g is the characteristic function of B if y =0 and § = 1.

For a fuzzy point x,. and a fuzzy subset f of an ordered AG-groupoid G, we say
that:

(1) xp €y fif flz) >1 > 7.

(17) mrqs f if fx) + 7 > 20.

(i13) x, € Vgsf if x, €, f or z,¢5f.

Now we introduce a new relation on F(G), denoted as “C Vq(4,5)”, as follows:

For any f,g € F(G), by f C Vq(y,5)9, we mean that z, €, f = z, €, Vgsg, ¥V
x € G and r € (v,1].

Moreover f and g are said to be (v, §)-equal, denoted by f =(, 5) g, if f C Vq(,.6)9

and g C \/q(%(g)f.

Lemma 2.3 ([5]). In an ordered AG-groupoid G, the following are true.
(i) AC (4],VACG.
(i) ACBC G = (A]C(B],Y A BCG.
(wi) (Al (B] € (AB],V A,B CG.
(iv) (A] = (4], V ACG.
(vi) ((A] (B]] = (AB],V A,BC G.

Lemma 2.4 ([5]). A non-empty subset A of an ordered AG-groupoid G with left
identity is a left ideal of G <= it is a right ideal of G.

Definition 2.5. A non-empty subset A of an ordered AG-groupoid G is called
semiprime if a> € A = a € A. A fuzzy subset f of an ordered AG-groupoid G is
called semiprime if max f(a) > min f(a?),V a € G.

Lemma 2.6 ([5]). Every right ideal of an intra-reqular ordered AG-groupoid G with
left identity is semiprime.
3. (€4, € Vgs) FUZZY IDEALS OF ORDERED AG-GROUPOIDS

Lemma 3.1. Let f,g,h C F(G) and v,6 € [0,1]. Then

(1) f S V.09 (f 2 Vae,s)9) < max{f(z),v} < min{g(z), 6} (max{f(z),~} >
min{g(z),d}), V = € G.
(id) If f € Vq(y,5y9 and g C Vq(y,5)h, then f C Vg, 5)h.
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Proof. Tt is simple. O

Corollary 3.2. Let F(G) denote the set of all fuzzy sub sets of G. Then ™ =(4 5)”
is an equivalence relation on F(G).

By Lemma 3.1, it is also notified that f = Vq(,s)g < max{min{f(z),d},v} =
max{min{g(x),0},~v}, V « € G, where v, € [0, 1].

Lemma 3.3. Let A and B be any subsets of an ordered AG-groupoid G, where
r € (y,1] and v, € [0,1]. Then

(1) ACB & Xi(A) c \/Q('y,zS)Xi(By

(2) XS,(A) N Xg(B) =(7,9) Xg(AmB)'

(3) X5a) © X5(m) =(:8) X5(am)-

Proof. (1) : Assume that A and B are any subsets of an ordered AG-groupoid G.
Let for any € G such that x € A C B. Then Xi(B) > 6 — (i). Let z, &, Xi(A)?
it follows sty(A)(x) > 1 > . Now either § > r or 0 < r, and by using (7), we have
X5y € V60X 5)-

Conversely, let sty(A) - \/q(%(g)xi(B) and x € A, it follows sty(A) > 4. Let z, €,
Ty €y sty(A), Ty €y Xf,(B) or xrq(;xfsy(B). As z, €, Xi(A) = Xi(A)(:E) >r >~ and
Xi(B)(f) > 7 >yor sty(B)(x) +6 > 26 — (i1). We have to discuss two cases for (ii).

Case (a) : if r < d, then

sty(A) - \/q(%(g)xi(B), where sty(A) and Xi(B) are any fuzzy subsets of G. Thus

(i1) = Xi(B)(m) >20—1>0 = Xi(B)(J?) >0 =z, €, Xf,(B)-
Case(b) : if r > ¢, then
(i1) = Xi(B)(x) >r>0= Xi(B)(x) >0=uz€B.

Hence, A C B.
(2) : It is simple.
(3) : It is simple. O

Corollary 3.4. Let G be an ordered AG-groupoid and v, v1, 6, 01 € [0,1] such that
v <8, 71 <01,y <y and 61 < 0. Then any (€., €4 Vqs)-fuzzy left ideal of G is an
(€41 €y Va5, )-fuzzy left ideal over G.

Definition 3.5. A fuzzy subset f of an ordered AG-groupoid G is called an (€, €,
Vgs)-fuzzy AG-subgroupoid of G if for all a,b € G and s,t € (v,1], the following
conditions hold:

() Ifa<band b, €, f = ar €, Vgsf.

(ii) If a; €, f and by €y f = (ab)mingt,s} €4 V5.

Let us consider an example 2.2 of an ordered AG-groupoid with order (1). Let
v =0.45 and 6 = 0.49. Define a fuzzy subset f: G — [0,1] as follows:

09 forx=a
f(z)=< 099 forz="b .
0.84 forz =c
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(1) Let us consider all the possible cases for t € (0.45,1] as follows:

(i) When t € (0.45,0.84], it follows x; €, f. It is easy to see that x; €, f and
y<x= 1y €y f forall z € G.

(t3) When t € (0.84,0.9], it follows c,€~f while a; €, f and by €, f. Now c< a
and a; €y f => f(a) >t >~. Consider f(c)+t>0.84+40.84 =1.64 > 26. Hence
c<aand a; €y f = ciqsf. Similarly by €4 f and ¢ < b= ciqs5f.

(i1) When t € (0.9,0.99], it follows by € f while a;€~ f and c.€4 f.It is easy to
verify that by €, f and ¢ < b= c1q5f.

(tv) When t € (0.99,1], it follows x,€,f for all x € G. Hence nothing to show
in this case.

(2 ) Now let us consider some basic comparisons as follows:

( at €y [, as S = (aa)mln{s t} €y [

(i) ar €4 f, bs €y [ = (ab)min{s,1} €4 [-

(”Z) ay € f7 Cs € f - (ac)mm{s t}q5f

(iv) ba = ab in the table.

(0) b € F. by €, f = (Bhuinesy € .

(vi) by € f, ¢s €4 f = (0C)min{s,} €~ [

(vii) ca = ac in the table.

(viii) c; €4 f, bs €4 f == (D) min{s,t} €4 [-

(i) cs €4 f, cs €y [ = (CC)mings,t}- €4 [-

Hence, f is (€, €y Vas)-fuzzy AG-subgroupoid of G.

Theorem 3.6. A fuzzy subset f of an ordered AG-groupoid G is an (€, €~ V¢s)-
fuzzy AG-subgroupoid if for all a,b € G and t € (v,1], the following conditions hold:
(1) max{f(a),v} > min{f (), 0} with a <b.
(2) max{f(ab),~} = min{f(a), f(b),0}.

Proof. 1t is simple. O

Definition 3.7. A fuzzy subset f of an ordered AG-groupoid G is called an (€,
, €~ Vgs)-fuzzy left (right) ideal of G if for all a,b € G and t € (v, 1], the following
conditions hold:

(1) If a <band b, €, f, it follows a; €, Vgsf.

(1) If by €, f, it follows (ab); € Vasf (ar € f = (ab): €4 Vasf).

Let us consider an example 2.2| of an ordered AG-groupoid with order (2). Let
v=0.4 and § = 0.5. Define a fuzzy subset f: G — [0,1] as follows:

0.7forx=a
fl@)y=¢ 08forz=0> .
09 forx=c

(1) Let us consider all the possible cases for t € (0.4,1] as follows:

(i) When t € (0.4,0.7], it follows x; €+ f for all x € G. It is easy to see that
ey fandy<z=y &, f forall x € G.

(1) When t € (0.7,0.8], it follows a,€~f while ¢, €y f and by €4 f. Now a < c
and ¢ €, f = f(a) >t > . Proceeding in the same way as in above example we
get acqs f, and Similar solution for a < b.

(i13) When t € (0.8,0.9], it follows c; € f while ar€~f and b f.It is easy to
verify that c; €, f and a < c = aqs5f.
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(iv) When t € (0.9,1], it follows Ty €, f for all x € G. Nothing to show in this
case.

(2) Again considering all possible cases for t € (0.4, 1]

(t) When t € (0.4,0.7], it follows ¢ €, f for all x € G. It is easy see that
(xy)t €4 f for all x € G in this case.

(it) When t € (0.7,0.8], it follows a;€~f while ¢; €, f and by €, f. Now by €,
[ = (ab)eqsf, (bb):qsf and (bc)iqs f. Similarly c; € f = (ac)iqsf, (be)s €, f and

(cc)egs f-
(iti) When t € (0.8,0.9], it follows ¢; €, f while a;€,f and b€ f. Now ¢; €

8

[ = (ac)iqsf, (bc)e €, f and (cc)iqsf.

(iv) When t € (0.9,1], it follows T, € f for all x € G. Again nothing to solve
in this case.

Hence, f is an (€, €y Vqs)-fuzzy left ideal of G.
Theorem 3.8. A fuzzy subset f of an ordered AG-groupoid G is called an (€5, €,
Vqs)-fuzzy left (right) ideal of G if for all a,b € G and ~,6 € [0,1], the following
conditions hold:

(1) max{f(a),v} > min{f (), 0} with a <b.

(2) max{f(ab),y} > min{f(b),d}.
Proof. (i) < (1) : It is same as in Theorem 3.6l

(74) = (2) : If there exists a,b € G such that

max{f(ab),~} < min{f(b),d}.
Then
max{ f(ab),v} <t < min{f(b),d} for some t € (v, 1].

It follows that b, €, f but (ab):€,f and (ab).Gsf, a contradiction and hence
max{ f(ab),v} > min{f(b),d} for all a,b € G.

(2) = (ii) : Assume that a,b € G and t,s € (v,1] such that b, €, f, then by
definition we can write f(b) >t > v, therefore

max{ f(ab),0} > min{f(b),d} > min{¢,d}.

‘We have to consider two cases here:
Case(a): If t <6, then

flab) =t >~ = (ab); €4 f.
Case(b): If t > ¢, then
flab) +t > 206 = (ab)igsf.
From both cases, we have (ab); €, Vgsf, V¥ a,b € G. O

Lemma 3.9. Let f be a fuzzy subset of an ordered AG-groupoid G and v,9 € [0, 1].
Then f is an (€, €~ Vgs)-fuzzy left (right) ideal of G if and only if f satisfies the
following conditions.
(1) z <y = max{f(z),v} > min{g(z),d}, V z,y € G.
(i) So f CVqy,5)f and foS CVqy.s)f (Sof CVq.sfand foS CVqyes)f)
Proof. It is simple. O
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Definition 3.10. A fuzzy subset f of an ordered AG-groupoid G is called an (€,
, €~ Vgs)-fuzzy bi-ideal of G if for all z,y,z € G and s,t € (v,1], the following
conditions hold:

(1) a<band b, €4 f = ar €4 Vgsf.

(“) Tt € f and Ys €y f = (xy)min{t,s} S \/%fo

(ii1) x4 €4 f and zs €, f = ((2Y)2)min{t,s} €y Vs /-
Theorem 3.11. A fuzzy subset f of an ordered AG-groupoid G is an (€., €y Vgs)-
fuzzy bi-ideal of G if for all x,y,z € G, s,t € (v,1] and 7,6 € [0,1], the following
conditions hold:

(1) max{f(a),y} > min{f(b),d} with a <b.

(2) max{f(zy),~} = min{f(z), f(y), 5}

(3) max{f((zy)z),v} = min{f(z), f(2), }.
Proof. Tt is simple. O

Lemma 3.12. A non-empty subset B of an ordered AG-groupoid G is a bi-ideal of
G < XfSyB is an (€, €~ Vas)-fuzzy bi-ideal of G, where 7,6 € [0,1].

Proof. Let B be a bi-ideal of G and assume that z,y € B. Then for any a € G, we
have (za)y € B, thus XiB((a?a)y) > § > ~ and therefore X‘ffB(ac) > 0, XgB(y) > 0,
this shows that X‘fyB(x) A X‘;B(y) > 6. Thus

Xp((za)y) vy 2 X5 p((wa)y)xdp(@) AXSp A6 =4

Hence, XiB((xa)y) Voy > Xf,B(fE) A xiB(y) A 0.
Let z € B, y ¢ B.Then

(za)y ¢ B,V a € G = X} p((wa)y) <v <8, Xop(x) > 6 >y and xJp(y) <y < 6.
Therefore
X((xa)y) Vy = v and x35(@) A xSp(y) A S = X5(y)-
Hence, X% 5((za)y) Vy > X (@) A XS p(y) A 6.
Let z ¢ B, y € B.Then
(za)y ¢ B,YaeG= xp((za)y)Vy>5>7,
Xp(@) < 6,X5p(y) =8 and XS5(2) A XSE(Y) A S = XS5 (@).
Therefore
X5((za)y) V6 = XS p(x) AXSE(Y) A6,
Let z,y ¢ B.Then
(za)y ¢ B,Y a € G = x3p(x) A xp(y) <7 and X)p((za)y) < 7.
Thus
Xgp((xa)y) vy =~ and X5(@) A XS5(Y) A S < X5(@) A XSE(Y) <.

Hence, XgB((xa)y) Voy > X(E,B (z) A XiB (y) Ad. Converse is simple. O
Lemma 3.13. Let A be a non-empty set of an ordered AG-groupoid G. Then A
is a left (right, two-sided) ideal of G < XgA is an (€, €y Vqs)-fuzzy left (right,
two-sided) ideal of G, where 7,8 € [0,1].
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Proof. Tt is simple. O

Example 3.14. Let S = {0,1,2,3} be an ordered AG-groupoid. Define the following
multiplication table and ordered below.

~]0 1 2 3
0[0 000
1[0 0 0 0
210 0 0 1
3]0 0 1 2

<:={(0,0),(1,1),(2,2),(3,3),(0,1)}
Define a fuzzy subset f:S — [0,1] as follows:

0.75 forz =0
065forz=1
fla) = 0.7 for x = 2
0.5 for x =3

Then clearly f is an (€o.3, 0.3 Vqo.4)-fuzzy left ideal of S.

<= {(a, b)7 (av C)a (a7 d)}
Again define a fuzzy subset f:S — [0,1] as follows:

09forxz=0
0.7forxz=1
flo)= 0.6 for x = 2
0.5 for x =3

Then f is an (€9.2,€0.2 Vqo.5) -fuzzy bi-ideal.

4. CHARACTERIZATIONS OF INTRA-REGULAR ORDERED AG-GROUPOIDS IN
TERMS OF (€., €, V(q5)-FUZZY IDEALS

Lemma 4.1. Let G be an ordered AG-groupoid, then the following are true.

(1) Bvery (€~,€~ Vgs) -fuzzy right ideal of an intra-regular G with left identity is
semiprime.

(i1) A non-empty subset R of G is a right ideal of G <= xr is an (€, € Vgs)-
fuzzy right ideal of G.

Proof. 1t is simple. O

Theorem 4.2. The following conditions are equivalent for an ordered AG-groupoid
G with left identity.

(1) G is intra-regular.
(i4) RN L = (RL], where R is any right ideal and L is any left ideal of G such
that R is semiprime.
(iii) f N g = Va5 f og, where f is any (€4, €, Vqs) -fuzzy right ideal and g is
any (€, €y Vgs)-fuzzy left ideal of G such that f is semiprime.
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Proof. (1) = (tii) : Let f be any (€., €, Vgs)-fuzzy right ideal and g be any
(€4, €y Vags)-fuzzy left ideal of G with left identity. Now for a € G there exist
b,c € G such that a < (ba?)c. Therefore

b(aa))e = (a(ba))e = (c(ba))a < (c(b((ba®)e)))a = (c((ba®)(be)))a
e((eh)(@2b)))a = (c(a?((cb)b)))a = (a*(c((ch)b)))a.

Thus (a?(c((cb)b)),a) € A,, since A, # O, therefore

a <

o~ o~

max{(fog)(a),y} = max lim {f(@®(c((ch)b)) A gla)},y

(a®(c((cb)b)),a)€Aq

> max [min{f(a*(c((ch)D))), 9(a)}, 7]
= min [max{f(a*(c((ch)D))), 7}, max{g(a),7}]
> min [min{f(a),d}, min{g(a)},d]

= min{(f Ng)(a),d},

This shows that fog 2 Vq(, 5 fNg. Now by using Lemma 3.9, fog C Vq(,,5fNg,
and by using Lemma 4.1, f is semiprime.

(tii) = (4 ) Let R be any right ideal and L be any left ideal of G, then by
Lemma [3.13, C? g and c? °r, are the (€4, €4 Vags)-fuzzy right and (€., €4 Vqs)-fuzzy
left ideals of G respectively such that C? SR 1s semiprime. (RL) € RN L is obvious
[9). Let a € RN L, then a € R and a € L. Now by using Lemma 3.3 and given
assumption, we have

ijm (@) =(y,5) (Cor 0 CI1)(a) =(3,5) (CIR N CIL)(a) =(v.6) Copla) ANCIp(a) =1,

This implies that @ € (RL] and therefore R N L = (RL]. Now by using Lemma
2.6, R is semiprime.

(i) = (i) : Clearly (Ga] and (a®>G] are the left and right ideals of G with
left identity [9] such that a € (Ga] and a? € (a*G]. Since by assumption, (a®G] is
semiprime, therefore a € (a?G]. Now by using Lemma 2.3, we have

a € (a’GIN(Ga = ((a’G)(Gd]] C ((¢*G)(Ga)] = ((aG)(Ga?)]
= (((Ga*)G)a] = (((Ga®)(eG))a] C (((Ga )(GG)) al
= (((GG)(a’G))a] = ((a*((GG)G))a] C ((a*G)G]
= ((GG)(aa)] = ((aa)(GG)] € ((aa) } ((Ga)a]
C ((Ga)(a®G)] = (((a*G)a)G] = (((aG)a*)G] € ((Ga*)G],
This shows that G is intra-regular. O

Theorem 4.3. The following conditions are equivalent for an ordered AG -groupoid
G with left identity.

(i) G is intra-regular.

(ii) fNg C Vg, 90 f, where both f and g are any (€, €y Vqs)-fuzzy bi-ideals
of G.

(tii) Every (€., €y Vqs)-fuzzy bi-ideal of G is idempotent.

(iv) Every bi-ideal of G is idempotent.
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Proof. (1) == (it) : Let f and g be both (&€,, €y Vgs)-fuzzy bi-ideals of an intra-
regular ordered AG-groupoid G with left identity. Then for every a € G, there exist
b,c € G such that a < (ba?)e.

a < (ba*)c= (b(aa))c = (a(ba))c = (c(ba))a
< (e(b((ba*)e)))a = (e(b((b(aa))c)))a
= (c(b((a(ba))c)))a = (c(a((ba))(bc)))a
= ((a(ba))(c(bc)))a = (((c(be))(ba))a)a
< (((e(b)) (b((ba®)e)))a)a = (((c(be))((ba®)(be)))a)a
= (((ba®)((c(be))(be)))a)a = ((((be)(c(be)))(a®b))a)a
= ((@®(((be)(c(be)))b))a)a = (((aa)(((be)(c(be)))b))a)a
(((b( ((be)(c(be))))a))a)a

=
&
"
-~
—
RS
o
~
SN~—
=
£
o
-
|

max (UE)IQA@ {g(w) A fla)},~

max [min{g(v), f(a)}, 7]

min [max{g(v, v}, max{f(a),v}]
min [min{g(a),d}, min{f(a)}, ]
min{(g N f)(a), o},

v Iv v

thus
gof 2Vane9Nf=Vqn5fNg=fNgVq,sgof
(#4) == (i4i) : Since f is an (€, €, Vgs)-fuzzy bi-ideal of G,

IFNfCVans fof SVaysf = [=Vqnsfolf.

This implies that f is idempotent.
(#i1) = (iv) : Let B be a bi-ideal of G such that b € B. Then by using Lemma
3.12) C’gB is an (€4, €4 Vgs)-fuzzy bi-ideal of G. Now by using Lemma [3.3, we have

1=C25(b) = Va(y,5)(Cp 0 CB)(b) = V(.5 C(p2 (b),
This shows that b € (B?], therefore B C (B?] and (B?] C B is obvious. Hence
B = (B?].
(tv) = (i) : Clearly (Ga] is a bi-ideal of G with left identity, therefore by using
given assumption and Lemma 2.3, we have

a € (Ga = ((GaJ(Ga]] = ((Ga)(Ga)] = ((aG)(aG)]
= ((aa)(GG)] = ((ea®)(GG)] € ((Ga®)G].

Therefore, G is intra-regular. g

Theorem 4.4. The following conditions are equivalent for an ordered AG-groupoid
G with left identity.
(1) G is intra-regular.
(i) AN B C (BA], where both A and B are any left ideals of G.
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(i) fNg C Vqe,s90 f, where both f and g are any (€, €+ Vqs)-fuzzy left ideals
of G.
Proof. (i) == (ii) : Let f and g be both (€, €, Vgs)-fuzzy left ideals of an
intra-regular ordered AG-groupoid G with left identity. Now for any a € G, there
exist b,c € G such that a < (ba?)c, then

a < (ba*)c = (b(aa))c = (a(ba))c = (c(ba))a.
Thus (c(ba),a) € A,. Since A, # 2,
max{(go f)(a),7} = max| lim_{gle(ba) A fa)} )

> max [min{g(c(ba)), f(a)},7]
= min [max{g(c(ba)), v}, max{f(a),7}]

min [min{g(a),d}, min{f(a)}, ]
= min{(f Ng)(a),d},

This shows that go f C Vq,,5)f Ng.

(131) = (1) : Let A and B be any left ideals of G. Then by Lemma [3.13] 05

and C"SB are any (€, €, Vqs)-fuzzy left ideals of G. Let x € AN B, then by using
Lemma 3.3, we have

1= C'yAﬂB( T) = \/qm,s)(CiA NCp)(z) < (Cpo C;;A)(w) = VQ(w,é)Cg(BA] (),

This implies that a € (BA] and therefore AN B C (BA].
(1) = (i) : Since (Ga] is a left ideal of G with left identity [9] such that
a € (Gal, by using given assumption and Lemma 2.3, we have

a € (Galn(Ga] C ((Ga](Ga]] = ((Ga)(Ga)] = ((aG)(aG)]
= ((aa)(GG)] = ((ea®)(GG)] € ((Ga*)G]

Hence, G is intra-regular. O

Y

Theorem 4.5. The following conditions are equivalent for an ordered AG-groupoid
G with left identity.

(1) G is intra-regular.

(it) fNgNh CVqes(fog)o(foh), where fis an (€4, Vqs)-fuzzy left ideal,
h is an (€., €y Vas)-fuzzy right ideal and g is an (€., €, Vqs)-fuzzy bi-ideal of G.

(ii7) fN g C Ve, (fog)of, where fis an (€4, € Vqs)-fuzzy left ideal and g
is an (€5, € Vqs)-fuzzy bi-ideal of G.

(iv) LN B C ((LB]L], where L is a left ideal and B is a bi-ideal of G.

Proof. (i) = (i) : Let f,g and h be any (€., €, Vqgs)-fuzzy left, right and bi-
ideals of an intra-regular G with left identity respectively. Now for any a € G, there
exist b,c € G such that a < (ba?)c, therefore

a < (ba*)c = (a(ba))e = (c(ba))a < (c(b((ba®)c))a = (c(b(a(ba))c))a
= (c((a(ba))(be)))a = ((a(ba))(c(be)))a = (((c(be))(ba))a)a
< (((c(be)) (ba))a)((ba)e) = (((c(be))(ba))a)((blaa))c)
= (((e(be))(ba))a)((a(ba))c) = (((c(be))(ba))a)((c(ba))a),
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This shows that (((¢(bc))(ba))a, (c(ba))a) = (ua,va) € A,. Since A, # 2,
max{(fog)o(foh)(a),y} = lim {(fog)(ua)A(foh)(va)}

(ua,va)€A,
> max [min{ f(u), g(a), f(v), h(a),7}]
— minfmax{ f(u), 7}, max{g(a), v}, max{ (1), 7},
max{h(a),7}]
min[min{ f(u), 0}, min{g(a), s}, min{ f(v), o},
min{h(a),J}]
= min{(fNgNh)(a)d},

This shows that f N gNh C Vg5 (fog)o(foh).
(1) = (44i) : Since G is a fuzzy right ideal of itself,

v

FNg=Va,6f NgNG S Va5 (fog)e(foG) CVys(fog)of

Thus fNg C Vg5 (fog)of.

(#91) = (iv) is simple.

(iv) = (4) : Since (Gal is both left and bi-ideal of G containing a, therefore by
using given assumption and Lemma 2.3, we have

a € (Gan(Ga] = ((Gal(Ga]](Ga]] = (Ga)(Ga)](Ga]]
= ((GG)(aa)](Ga]] € ((Ga*)G].

Therefore, G is intra-regular. O

5. CONCLUSIONS

Order theory is a branch of Mathematics which investigates our intuitive no-
tion of order using binary relations. It provides a formal framework for describing
statements such as "this is less than that” or ”this precedes that”. The study of
an algebraic structure using the order theory plays a prominent role in Mathemat-
ics with wide ranging applications in many disciplines such as control engineering,
computer arithmetics, coding theory, sequential machines and formal languages.

Since we know that an ordered .AG-groupoid is the generalization of an ordered
semigroup [9], therefore in this regard, we have applied the order theory on the
structure of an AG-groupoid and generalized the concept of an ordered semigroup
in terms of (€4, €4 Vgs)-fuzzy ideals.

The following topics may be considered for further study of ordered AG-groupoids
in more generalized form:

To obtain similar and more generalized results in the structure of ordered I'-AG™**-
groupoids (see [5]).

To characterize ordered hyper-.AG-groupoids by introducing the concept of (€, €
V@), (€, € Vgi) and (€4, €4 Vgs)-fuzzy hyperideals by using pure left (right) identity.

Acknowledgements. Authors are deeply grateful to an unknown referee for
valuable comments and suggestions.
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