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1. INTRODUCTION

In last few years different types of generalized metric spaces have been developed
by different authors in different approach. Some generalized metric spaces are D-
metric space [6], D*-metric space [3],[19], Cone metric space [14] etc. Guang & Xian
[14] generalized the notion of metric space by considering a real Banach space as
the range set of the metric space which is known as Cone metric space. Many fixed
point results of different types of contraction mappings have been established in
generalized metric spaces specially in cone metric spaces ( for reference please see
1, 2, 15, 8, [0, [10, [T, 13} 15, 17, 18, 20, 21] ).

Recently the idea of fuzzy cone metric space has been introduced by present

author [4] and some basic properties and fixed point theorems for different types of
contraction mappings have been developed in fuzzy cone metric spaces.
In this paper, some fixed and periodic point theorems for generalized contraction
mappings are established in fuzzy cone metric space by using normal fuzzy cone and
the main theorem is justified by an example. It is to be noted that here fuzzy normal
cone is used to simplify the method for solving the problem. On then other hand, if
the results exist without using fuzzy normal cone then study will be more general.

The organization of the paper is as follows:

Section 1, comprises some preliminary results which are used in this paper.
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In Section 2, a fixed point theorem for generalized contraction mapping is established
in fuzzy cone metric space. Some periodic point results are studied in fuzzy cone
metric spaces in Section 3.

2. PRELIMINARIES

A fuzzy real number is a mapping = : R — [0, 1] over the set R of all reals.
A fuzzy real number z is convex if 2(t) > min (z(s), z(r)) where s < t <r.
a-level set of a fuzzy real number z is defined by {t € R : x(t) > a} where a € (0, 1].
If there exists a to € R such that z(tp) = 1, then x is called normal. For 0 < a <
1, a-level set of an upper semi continuous convex normal fuzzy real number 7 (
denoted by [n].) is a closed interval [a, , bs], where a, = —oo0 and b, = 400
are admissible. When a, = —oo, for instance, then [a, , b,] means the interval
(=00, by). Similar is the case when b, = +o0.
A fuzzy real number z is called non-negative if z(t) =0, V¢t < 0.
Each real number r is considered as a fuzzy real number denoted by 7 and defined
by
Ft)=1ift=rand 7(t) =0if t #r.
Kaleva [12] ( Felbin [7] ) denoted the set of all convex, normal, upper semicontinuous
fuzzy real numbers by E ( R(I)) and the set of all non-negative, convex, normal,
upper semicontinuous fuzzy real numbers by G(R*(I)).

A partial ordering ” < 7 in E is defined by n < § if and only if ¢}, < a? and

bl < B2 foralla € (0, 1] where [n], = [al , bl] and [0], = [a2 , b2]. The
strict inequality in E is defined by 7 < ¢ if and only if a’, < a? and bl < b2 for each
a €(0, 1].

According to Mizumoto and Tanaka [16], the arithmetic operations @, & ,® on
E x E are defined by

(@ y)(t) = Supsermin {a(s) , y(t —s)}, tER

(xoy)(t) = Supsecgmin {z(s), y(s—1t)}, tE€R

(ny)(t> = SupsER,S?fgmin {CL’(S) ) y(é)}> teR

Proposition 2.1 ([12]). Letn, 6 € E(R(I)) and [n]o = [al , bL], [6]la = [a2 , b2],
a € (0, 1]. Then

0 @ 0o = la+a2, Bh+7)

S 0la = [a}!—bi ) bclx - ai]
[77 © 5}04 = [a‘tlxatzxv bibi}

Definition 2.2 ([12]). A sequence {n,} in E is said to be convergent and converges

to n denoted by nlingo M = n if nlingo an = a, and nan;O b, = b, where [n,]a =
[a?,b"] and [n]o = [aa, ba] Vo € (0,1].

Note 2.3 ([12]). If n, 6 € G(R*(I)) then n® § € G(R*(I)).

Note 2.4 ([12]). For any scalar t, the fuzzy real number t7 is defined as tn(s) = 0
if t=0 otherwise tn(s) =n(3).

Definition of fuzzy norm on a linear space as introduced by C. Felbin is given

below:
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Definition 2.5 ([7]). Let X be a vector space over R.

Let || || : X — R*(J) and let the mappings

LU :[0, 1] x[0, 1] — [0, 1] be symmetric, nondecreasing in both arguments
and satisfy

LO,0)=0and U(1, 1)= 1.

lz|la = [ll=]lL , l|z]2] for z € X, 0 <« <1 and suppose for all z € X, x # 0,
there exists ap € (0, 1] independent of  such that for all @ < ay,

(A) [J2]2 < oo

(B) inf||z||} > o.

The quadruple (X , || ||, L, U) is called a fuzzy normed linear space and || || is
a fuzzy norm if

(i) [|z|]| = Oifand only ifx = 0

(ilrz|| = [rlllz]], z€ X, re R;

(iii) for all z,y € X,

(a) whenever s < ||z[[}, t <|lyllj and s+t < ||z +yll},
|z +yll(s +1) = L([[z[|(s) , [lyll()),

(b) whenever s > ||z|]i, t > ||y|]3 and s+t > ||z + |3,
lz+yll(s +1) < U([l=[l(s) , [lyll())

Remark 2.6 (|7]). Felbin proved that,
if L = A(Min) and U = \/(Max) then the triangle inequality (iii) in the Definition
1.1 is equivalent to

|z +yll = ]| D Ilyll-
Further || ||%; ¢ = 1,2 are crisp norms on X for each o € (0, 1].

Definition 2.7 ([4]). Let (E,|| ||) be a fuzzy real Banach space where || || : E —
R*(I).
Denote the range of || || by E*(I). Thus E*(I) C R*(I).

Definition 2.8 ([4]). A member n € A C R*(I) is said to be an interior point if
37 > 0 such that

S(n,r)={6€ R*(I) :n6d <7} CA.

Set of all interior points of A is called interior of A.

Definition 2.9 ([4]). A subset of F of E*(I) is said to be fuzzy closed if for any
sequence {7} such that lim n, =7 implies n € F.

Definition 2.10 ([4]). A subset P of E*(I) is called a fuzzy cone if
(i) P is fuzzy closed, nonempty and P # {0};
(ii) a,b € R, a,b>0, n,6 € P=an®bo € P.

Note 2.11. If n € P then one P = n=0.

For, suppose [77]04 = [né ) ng]v ac (Ov 1]

Since n € P C E*(I), we have 0}, n2 > 0 Va € (0,1].

Now [©n]a = [-n2 , —na], a € (0,1].

If n # 0, then %, n2 > 0 Va € (0,1].

ie. —n2 < —nl <0Vae (0,1].

This implies that ©n does not belong to P. Hence 1 = 0.
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Given a fuzzy cone P C E*(I), define a partial ordering < with respect to P by
n<diff §©&n € P and n < ¢ indicates that n < but  # § while n < § will stand
for § © n €IntP where IntP denotes the interior of P.

The fuzzy cone P is called normal if there is a number K > 0 such that for all
r,y €k,
with 0 < ||z|| < ||y|| implies ||z|| =< K]||y||. The least positive number satisfying
above is called the normal constant of P.

The fuzzy cone P is called regular if every increasing sequence which is bounded
from above is convergent. That is if {x,} is a sequence in E such that ||z1|] <
[lz2]] < .ooeee < Jzn|| < .... <|ly|| for some y € E, then there is € E such that
||z, — || — 0 as n — oo.

Equivalently, the fuzzy cone P is regular if every decreasing sequence which is
bounded below is convergent.

In the following we always assume that E is a fuzzy real Banach space, P is a
fuzzy cone in E with IntP # ¢ and < is a partial ordering with respect to P.

Definition 2.12 ([4]). Let X be a nonempty set. Suppose the mapping
d: X x X — E*(I) satisfies
(Fd1) 0 < d(z,y) Vz,y € X and d(z,y) = 0 iff z = y;
(Fd2) d(z,y) = d(y,z) Vz,y € X;
(Fd3) d(z,y) < d(z,z) ® d(z,y) Vx,y,z € X.
Then d is called a fuzzy cone metric and (X, d) is called a fuzzy cone metric space.

Definition 2.13 ([4]). Let (X,d) be a fuzzy cone metric space. Let{z,} be a
sequence in X and z € X. If for every ¢ € E with 0 < ||¢|| there is a positive integer
N such that for all n > N, d(x,,z) < ||c||, then {z,} is said to be convergent and

converges to x and z is called the limit of {z,}. We denote it by lim z, = x.
n—oo

Definition 2.14 ([4]). Let (X,d) be a fuzzy cone metric space and {z,} be a
sequence in X. If for any ¢ € F with 0 < ||c||, there exists a natural number N such
that Vm,n > N, d(x,,zm) < ||c||, then {z,} is called a Cauchy sequence in X.

Definition 2.15 ([4]). Let (X,d) be a fuzzy cone metric space. If every Cauchy
sequence is convergent in X, then X is called a complete fuzzy cone metric space.

Proposition 2.16 ([4]). Let (X,d) be a fuzzy cone metric space with fuzzy normal
cone and {x,} be a sequence in X. Then

(i) {xn} converges to x iff d(zn,x) — 0 as n — oo.

(ii) {xn} is a Cauchy sequence iff d(zn,xm) — 0 as m,n — .

3. FIXED POINT THEOREM IN FUZZY CONE METRIC SPACES

In this Section a fixed point theorem is established for generalized contraction
mapping.
Theorem 3.1. Let (X , d) be a complete fuzzy cone metric space and P be a normal
fuzzy cone with normal constant K. Suppose the mappings f,g: X — X satisfying
d(fz , gy) < pd(z,y) ® qld(z, fx) & d(y, gy)] ® rd(z, gy) & d(y, fz)] (3.1.1)
Vr,y € X where p,q,7 >0 and p+2q+2r < 1.

Then f and g have a unique common fized point in X.
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Proof. Let zp be an arbitrary point of X. Define a sequence {z,} in X by
Tont1 = [Ton, Tong2 = gTont1, n=0,1,2,..
Now,
d($2n+1 , $2n+2) = d(f$2n , g$2n+1)
< pd(2n 5 Tant1) © qld(Ten , fran) © d(T2nt1 , 9T2011)] © r[d(D2n , gT2011) ©
d(!EQnJrl s faign)] by (311)
ie. d(Tont1 » Tony2) < (P+q+71)d(22n , frong1) ® (¢ +7)d(T2n41 5 Topy2).
= d(Tan+1 , Tonte) < 0d(x2, , Topg1) Where § = lpjgi:) < 1.
Similarly it can be shown that,
d(x2n+3 , Tont2) < 0d(Tont2 5 Tant1)-
Thus for all n,
Ad(Tpi1 5 Tpi2) <0d(Ty , Tpgr) < e <6"Hd(xg , x1).
Now for any m > n,
AT, Tn) <d(Tpn , Tpe1) ®d(Tpt1 5 Tpta) D ... O d(Tm—1, Tm)-
ie. d(wy , ,) < (0" + 0"+ .+ 0™ (2, 20).
ie. d(xpy , xn) < ffnd(xl , To)-
Since P is a fuzzy normal cone we have,
L T %Kd(xl , o)
=d (2, , Tm) < 25 Kd\ (21, 20) Ya € (0,1] and i =1,2.
Letting m,n — oo and since § < 1 we get,
lim d' (v, , Tm) =0 Ya € (0,1 and i = 1,2.

m,n— oo

= lim d(z,, zm)=0.

m,n— oo

Thus {z,} is a Cauchy sequence. Since X is complete, 32 € X such that
lim d(z,, z)=0.

m,n— oo

Now from (2.1.1), we have

d(z, gx) < d(x,xons1) ® d(xont1,92)  ( Triangle inequality )

Le. d(l’,gI) S d(I,I2n+1) ) d(fIQTLag‘T)

Le. d(.’E,g{E) < d(xax2n+1) @pd(x%l s .’E) D q[d(xQH ) 1'2n+1) D d(iL’ ) gx)] &
rld(zan , gz) ®d(z , Tont1)].

ie. d(z,gx) < d(z,x9n41) ® pd(Tan , x) D q[d(z2n , Tont1) & d(z , gx)] &
rld(zan , ) ®d(z, gz) ®d(x , T2nt1)]

ie. d(z,gz) < ﬁ[d(x,mgw_l) @ pd(xon , ) ®qd(Tay , Topt1) Dri{d(ze, , x)®
d(@, x2541)}]-

ie. d(z,gz) < l_q%r[d(m,mnﬂ)@d(xnﬂ,172,L+1)€apd(x2n y Tpt1)Dpd(Tpy1 , )D
qd($2n ) $2n+1) @T{d(ﬂhn , Tp) ® d(xn ) 1‘) 69d(xn ) x) @d(xn ) x2n+1)}]-

Since P is normal we have,

d(lE,gSE) j 1_;_TK[d(I71'n+1) S2) d(xn+17x2n+1) Gapd($2n ) xn—i—l) 69pd(zn-‘rl ) I‘) b
qd(xan , Tont1) D r{d(xe, , Tn) ®d(x, , ) Dd(x, , ) Dd(Tn , Tont1)}]-

Thus,

diy (2, 97) < 7= K (2, @ng1)+d (@ns1, Ton1) g (220, Tpgr) +pdf (241, @)+
ng(xQn ) x2n+1)+r{dg(x2n ) xn)"’dfx(l‘n ) x)"‘d(ix(xn ) x)"‘dfy(xn , Tany1)}] Ya €
(0,1] and i = 1,2.

If we take limit as n — oo, then right hand side tends to zero ( as {x,} is Cauchy ).
So di (x,9r) =0 Va € (0,1] and i = 1,2.
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Hence d(x, gz) = 0. So x = gx.

Now,

d(fz,x) = d(fz,gz) < pd(z,x) ® qld(z, fz) & d(z, gx)] © rld(z, gx) © d(z, f)].

e d(fe,z) < (q+ r)d(x, fo)

= ((¢g+r)—1)d(z, fx) € P (3.1.2).
Since ¢ + 7 < 1, s0 ¢+ r — 1 < 0. From properties of P, from (3.1.2), it follows that
d(fz,xz) =0. So, fz = =z.

For uniqueness, suppose that y is another fixed point of f and g.

Then d(z,y) = d(fxz, gy) < pd(z,y) & qld(z, fz) & d(y, gy)] & r[d(z, gy) & d(y, fz)]
= d(z,y) < (p+ 2r)d(z,y)

=d(z,y) =0 (sincep+2r<1).

Hence = = y. This completes the proof. O

The above Theorem 3.1 is justified by the following Example.

Example 3.2. Let us consider the metric space X = [0,4] with the usual metric
ple,y) = e —y| Vo,y e X.
Clearly it is a complete metric space.

We choose E = R and define || ||: R — R*(I) by
1 ift> ]
[211(2) { 0 ift<|z|.
Then [[|z][Ja = [|z] , [«]] Va € (0,1].
It can be verified that || || satisfies (N1) — (N3). So (E , || ||) is a fuzzy normed
linear space (Felbin’s sense ). Again since (R , | |) is complete, thus (R, || ||) is a

complete fuzzy normed linear space.
Now define d: X x X — E*(I) by

LICH) TS p(z,y)
p— t — ’
d(z,y)(t) { 0 ift<plx,y).

Now d(z,y)(t) > a = 228 > o = ¢ < oy,
So [d(z, )]a = [p(z,) , 222] Va € (0,1 o),

If we choose the ordering §t as < and define P = {n € E*(I): n =0},

then P is a fuzzy cone ( please see []) and (X , d) is a fuzzy cone metric space.

Define f : X—>bef( r)=%andg: X - X byg(z) =%

We choose p = 1 59 qfrfli

Then p+2(qg+r) = 3 +2(& + %) =

Now we verify that

t\i}\(]f:il, gy) 2 pd(z,y) ®qld(z, fz) & d(y, gy)] ®r[d(z, gy) S d(y, fz)] holds Vz,y € X.
e have,

< 1.

l\')\»—-
=

lii(fw s gy) =dy(5, 4 =p(5, &) =% - ¥ by (3.2.1) (3.2.2).
pdl (2.9) + alds (. £) + dL (3. 99)) + rldL(z. 99) + di (y, f)
= ip(z,y) + 5oz, fx) + ply, gy) + p(z, gy) + p(y, fz)]

2|$—y|—|—16[‘$—§|+|y—%‘+|$—E|—|—|y—£|]
e =yl + fellde — 4yl + [+ %] + |z — £ + |y — £]]
ilx—y|+16l4w—4y+2m+6”+x— +y— 5l
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= i|$ —y| + %|12x+2:§+3z71 _ 28y761{7+y77y|

= glo—yl+ 51855 = B = gl -yl + 15— 4

>|§ — 4| =dy(fz,gy). by (3.2.2)

Thus,

pdy (@, y) + qld (z, fx) + di(y, 9y)] + r[d} (x, gy) + d,(y, f)]

> dL(fr,gy) Ya € (0,1] (3.2.3).

Similarly we get,

pdz(x,y) + qld? (z, fx) + d2(y, gy)] + rld2 (z, gy) + i (y, )]

> d2(fx,gy) Ya € (0,1] (3.24).

From (3.2.3) and (3.2.4) we get,

d(fz , gy) = pd(z,y) © qld(z, fz) © d(y, gy)] © rld(z, gy) © d(y, fz)] Y,y € X.
Thus f and g satisfy all the conditions of Theorem 3.1.

From definition of f and g, it follows that = 0 is the unique common fixed point
of f and g.

4. PERIODIC POINT THEOREMS

It is obvious that, if f is a mapping which has a fixed point p, then it is a fixed
point of f™ for every natural number n. However the converse may not be true. For
example consider X = [0, 1] and f defined by fz = 1—z. Then f has a unique fixed
point at %, but every iterate of f is the identity mapping, which has every point of
[0,1] is a fixed point. On the other hand, if X = [0,7], fx = cosz, then iterate
of f has the same fixed point as f [8, [11, 20]. If a map satisfies F/(f) = F(f") for
each n € N, where F(f) denotes the set of all fixed points of f, then it is said to
have property S( instead of P[11]). We shall say that f and g have property Q [11]
it F(f) N Flg) = F(f") N F(g")-

In this Section, we establish some fixed point theorems in fuzzy cone metric spaces
which satisfy the properties S and Q.

Theorem 4.1. Let f be a self-map of a fuzzy cone metric space (X , d) and P be
a fuzzy normal cone with normal constant K satisfying,

(i) d(fz , f?z) < Md((z, fz) Vo€ X where 0 <\ < 1.

or

(ii) d(fzx , f?z) <d((z, fz) Vo€ X, x # fu.

If F(f) # ¢, then f has the property S.

Proof. We shall always assume that n > 1, since the statement for n = 1 is trivial.
Let w € F(f™). Suppose f satisfies (7). Then
dlu, fu) = d(f(f"~1u) | 20" ) < M(fP M, fra) < 20, frhe) <
e <Ad(u, fu).
Since P is a fuzzy normal cone with normal constant K, we get
d(u, fu) = K\"d(u, fu)
= d (u, fu) < K\"d! (u, fu) for i = 1,2 and « € (0,1]
= nh_)rrgo di (u, fu) =0 for i = 1,2 and o € (0, 1] ( since A < 1)
=d(u, fu)=0.
So fu = u.
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Next suppose that f satisfies (i7). If fu = u, then the theorem is clear.

Suppose if possible that fu # w. Then from the argument of (i), we have d(u, fu) <
d(u, fu) which is a contradiction.

Thus in all cases fu = u and hence F(f™) = F(f). O

Theorem 4.2. Let (X , d) be a complete fuzzy cone metric space and P be a fuzzy
normal cone with normal constant K. Suppose the mappings f,g: X — X satisfy
(8.1.1).

Then f and g have the property Q.

Proof. From Theorem 4.1, it follows that f and g have a common fixed point in X.
Let w € F(f™) N F(g™).

Now,

du , gu) = d(f(f"u), g(¢g" 'w) < pd(f*"tu, fru) @ qld(f"ru, fu) @
d(f*u, g"Hu)] @ rld(f"tu, g"tu) @ d(g"u, fu)]

ie. d(u, gu) < pd(f"tu, u)®qd(f*tu, u)®du, gu)®rldf*ru, u)d

=d(u, gu) <dd(f" tu, u) where § = %zf: < 1.

We have,

d(u , gu) =d(f"u, g"ttu) <dd(f"lu, u) <...<8d(u, fu).
Since P is a fuzzy normal cone with normal constant K we have,
d(u, gu) 2 0"Kd(u , fu)

=d'(u, gu) <S"Kd' (u, fu)fori=1,2and « € (0,1)

= nlin;od;(u ,gu)=0fori=1,2and a € (0,1) ( since 6 < 1)
=d(u, gu)=0.

So gu = u. Hence gu = fu = u by Theorem 4.1.

This implies that F(f)( F(g) = F(f™)F(g™).

Thus f and g have the property Q. O

5. CONCLUSION

In last few years, different types of generalized metric spaces have been developed
by many authors. Cone metric space is one such development. Many fixed point
results for contraction mappings have been established.

Recently idea of fuzzy cone metric space is introduced some basic properties. In this
paper, some fixed and periodic point theorems are established in fuzzy cone metric
spaces.

I think that this paper could be of interest to the researchers to study fixed point
theory for different types of contraction mappings in fuzzy cone metric spaces and
specially fixed point results can be applied to find out the existence and uniqueness
of the solutions of fuzzy integral equations.
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