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ABSTRACT. In this paper, the operations like join, ringsum, cartesian
product, lexicographic product, tensor product, strong product, a— prod-
uct, S— product, y— product on two Intuitionistic Fuzzy Graphs (IFGs)
are defined. Also we investigate some domination parameters such as, in-
dependent domination, connected domination, total domination on join,
cartesian product, lexicographic product, tensor product and strong prod-
uct of two IFGs.
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1. INTRODUCTION

Every branch of mathematics employs some notion of product that enables the
combination or decomposition of the structure of its elements. The operations on
two fuzzy graphs were defined by J.N.Mordeson and C.S.Peng [5] in 1994. The dom-
ination in product fuzzy graphs was introduced by A.Somasundaram [10] in 2005.
The concept of intuitionistic fuzzy graph was introduced by Krasmmir T.Atanassov
[3] in 1994. Krasmmir T.Atanassov and A.Shannon [2] defined IFG using five types
of Cartesian products. R.Parvathi and S.Thilagavathi [8] defined IFHG, using six
types of Cartesian products of n vertices of IFHG. The aim of this paper is to intro-
duce and analyze the theory of domination on join, cartesian product, lexicographic
product, tensor product and strong product of two IFGs.
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2. PRELIMINARIES

In this section, some basic definitions relating to IFGs are given. Also, the defi-
nition of tensor product, strong product, a— product, S— product and y— product
in IFGs are introduced. Simple IFGs are taken into consideration throughout this

paper.

Definition 2.1 ([1]). Let a set E be fixed. An Intuitionistic Fuzzy set (IFS) A in
E is an object of the form A = {(z,pa(z),va(z)) | * € E}, where the function
ta: E —[0,1] and v4 : E — [0,1] determine the degree of membership and the
degree of non - membership of the element = € F, respectively and for every =z € E,
0<pa(z)+va(z)<1.

Notations

1. Hereafter, (u(v;), (v(v;)) or simply (u;, ;) denotes the degrees of member-
ship and non-membership of the vertex v; € V such that 0 < p; +v; < 1.

2. (u(vij), (v(vi;)) or simply (u;;,v;;) denotes the degrees of membership and
non-membership of the edge (v;,v;) € V x V such that 0 < p;; + v < 1.

Definition 2.2 ([8]). Let X be a universal set and let V' be an IFS over X in the
form V = {{(v;, i, v4) |vi € V} such that 0 < p; +v; < 1. Siz types of cartesian
products of n elements of V' over X are defined as

V1 X1 V2 X103 X1+ X1 Up

= {<<017027"' vvn>7HNi7HVi>|<Ul7U2u"' ;Un) GV}

i=1 i=1

n n
V1 X2 V2 X2U3 X3+ Xg Uy = <<01,U2,---,Un>,§ /Ji_g i Ll

i=1 i#]

S N e G Ve S 117 IRy
i it ARt

+(=1t HMuHVi> | (vi,v2,-++ ,0n) € V}
i=1 i=1

n n

n
U1 X3 V2 X3V3 X3+ X3Up = <<Ul,v2,"' ,Un>’HM¢, E Vi — E Vil
i=1  i=1 i#j

n

+ Z vivivg — -+ (=1)"72 Z ViljVj -+ Uy

ik i#j#k#n

+(=1)t HVz> | (U1, 02, ,vn) € V}
=1
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V1 X4 V2 XqU3 Xgq -+ Xq4Up = {<<v1»v27"‘ ,Un> ,min(/lh/izw" ,Nn),
ma.’I}(V17V27"' 7Vn)> ‘ <U1,’U27"' 7vn> S V}

V1 X5 V2 X503 X5+ X5 U = {{(V1,02,+ ,0n) , QT (p1, p2y -+ fhn),
min(VhVQ»"' ;V'n,)> | <’l}1,'U2,"' avn> S V}

V1 Xg V2 Xg V3 Xg*++ XgUp

n n
S Yo
= <<v1,v2,...,vn),l_;,1_;L>|<v1,v2,--~ ,Un) EV

It must be noted that v; x; v; is an IFS , where t =1,2,3,4,5,6.

Definition 2.3 ([4, 9]). An intuitionistic fuzzy graph (IFG) is of the form G = (V, E)
where

(i) V = {v1,v2,...,0n}, such that p; : V — [0,1] and v; : V — [0,1] denote the
degree of membership and non-membership of the element v; € V' respectively and
0<p;+v;<lforeveryv, €V, i=1,2,---,n

(i) ECV x V where p;; : V xV —[0,1] and v;; : V x V — [0, 1] are such that

Hij < pi @ g,
Vij S1; Qv
and
0<pij+vi; <1
where p;; and v;; are the membership and non- membership values of the edge

(vs,v5); the values p; @ p; and v; @ v; can be determined by one of the six cartesian
products x;, t=1,2,3,4,5,6 for all 4 and j given in Definition 2.2.

Note 1. When p;; = v;; = 0 for some ¢ and j, there is no edge between v; and v;.
Otherwise, there exists an edge between v; and v;.

Definition 2.4 ([7]). Let G = (V, E) be an IFG, then the vertex cardinality of V is

1 R
defined by Z (W)

v, eV

Definition 2.5 ([7]). An edge (v;,v;) is said to be a strong edge of an IFG G =
(Vo E), if iy > piy and vi; > vy,

Definition 2.6 ([7]). An IFG, G = (V, E) is said to be connected IFG if there exist
a path between every pair of vertices v;, v; in V. Connected IFG is also defined using
strength of connectedness as follows:
(i) py >0, and v¥ >0
(ii) pgy =0, and v;Y >0
(iii) pgy >0, and v7¥ = 0 for all v;,v; € V.
405
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Definition 2.7 ([6]). The join of two IFGs G1 = (V1, E1) and Gy = (Va, Es), de-
noted by Gy + G, is an IFG G = (v1 UVa, By UEs UE, (i, ) s (s, um>)
where

(i) E is the set of edges joining the vertices of V; and Vs

(ii) {ur,vy) denote the degrees of membership and non-membership of vertices
of G, and is given by

<Mi7 Vi> if Uy € ‘/1
(tr,vr) = (tps vp) ifv. €V
(maz (s, pp), min(v;, vp)) ifo, e VinWa, VinVa # ¢

(iii) (prs, vrs) denote the degrees of membership and non-membership of edges
of G, and is given by

(1ij, vig) if (v, vs) € Ey

(pgs Vpq) if (v,vs) € Es

1f{ r#£sv. € Vi, vs € Vs,
(vr,vs) ¢ E1 U Ey

(02 (i ) Mg i) (0, 05) € By 1

(0,0) otherwise

(Hrss Vrs) = <min(ﬂinup)’mam(yi’yp)>

Definition 2.8. The ringsum of two IFGs G; = (V4, E1) and Go = (Va, Es), de-
noted by G1 @ Ga, is an IFG G = (V1 U Va, B, (ly, V), (pirs, Virs)) Where

(i) E=((F1UE;y) — (E1N Ey))
(ii) {ur,v,) denote the degrees of membership and non-membership of vertices
of G, and is given by

<,ui, Vi> if Uy € ‘/1
(fryvp) = {Hps Vp) if v, € V3
(maz (s, pp), min(v;, vp))  ifv, € ViNV,

(iil) (irs,vrs) denote the degrees of membership and non-membership of edges
of GG, and is given by

<:uij7’/ij> if (UT,US) S El
(brssvrs) = (tipgs vpg)  1f (vr,vs) € B
(0,0) if (vy,vs) € E1 N Ey
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Note 2. In the following definitions, the vertex sets under consideration are distinct.

Definition 2.9. The cartesian product of two IFGs G; = (V4,E;) and Gy =
(Va, E3), denoted by G10G,, is an IFG G = (V, E, {tr, V), (s, Vrs)) Where

(i) V =wvupforallv, € Viandu, € Vo, ViNVo = ¢,i=1,2,...m,p=1,2,...n
(ii) E = (viup, vjug), such that either one of the following is true :
o (up,uqy) € B, when i = j
e (v;,v;) € E1, when p=g¢q
(iii) {(ur, ) denote the degrees of membership and non-membership of vertices
of GG, and is given by
(pr, vr) = (min(w;, pp), maz(v;, vp)) for all v, € V, r =1,2,3,...m.n
(iv) {rs, vrs) denote the degrees of membership and non-membership of edges
of G, and is given by

(min(ps, tipq), maz(vi, vpq)) i @ = j, (up, uq) € E
<MTS7VTS> = <min(:u‘pvﬂij)7max(ypaVij)) lfp: q, (’U%Uj) S El
(0,0) otherwise

Definition 2.10. The lexicographic product of two IFGs G; = (V1, F1) and G =
(Va, Es), denoted by Gy o Ga, is an IFG G = (V, E, {iuy, V), {lirs, Vrs)) Where

(i) V =wvupforallv; € Viandu, € Vo, VinNVo =¢,i=1,2,...m,p=1,2,...n
(ii) E = (vsup, vjug), such that either one of the following is true :

e (v;,vj) € Ey, when i # j
o (up,uy) € B, when i = j
(iii) (ur,vr) denote the degrees of membership and non-membership of vertices
of G, and is given by
(lr, vr) = (min(p;, tp), maz(v;, vp)) for allv, € V, r =1,2,3,...m.n
(iv) {rs,vrs) denote the degrees of membership and non-membership of edges
of G, and is given by

min (i, fpq), Max Vi, Vpg)) if i = j, (up, uq) € Ea
man(pp, pig), max(Vp, vij)) if p=q, (vi,v;) € By

AN (o, figs fig ), max(vp, vg, vig)) i i # j, p# q, (vi,v;5) € Ex
0,0 otherwise

(
</14rs7yrs> = Z
(

~

Definition 2.11. The tensor product of two IFGs G1 = (V1, E1) and Go = (Va, E»),
denoted by G1 ® Ga, is an IFG G = (V, E, (itr, Vr) , {ltrs, Vrs)) Where

(i) V =wvupforallv; € Viandu, € Vo, VinNVo =¢,i=1,2,...m,p=1,2,...n
(i) E = (viup,vjug) if i # j, p # q, (vi,v;) € E1 and (up,uq) € Eo
(iii) {(pr, ) denote the degrees of membership and non-membership of vertices
of GG, and is given by
(pr, vr) = (min(;, pp), maz(v;, vp)) for all v, € V, r =1,2,3,...m.n
407
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(iv) (trs, vrs) denote the degrees of membership and non-membership of edges
of GG, and is given by

i #.77]9 7& q, (’Uia’Uj) € En,

(up’ UQ) € Ey

(0,0) otherwise

Uire, Drs) = (man(pij, thpq), maz(Vij, Vpq)) if{

Definition 2.12. The strong product of two IFGs G1 = (V1, F1) and Gy = (Va, E»),
denoted by G1 X Go, is an IFG G = (V, E, (i, vr) , {ltrs, Vrs)) Where
(i) V.= vu, forall v; € V3 and u, € Vo, i NVa = ¢, i = 1,2,...m,
p=12,...n
(ii) E = (vsup, vjuy), such that either one of the following is true :
(up,uq) € B, when i = j, p # q
(Uiavj) € El» when p=gq, [ #]
(vi,vj) € Ey and (up, uq) € Eo, when i # j,p # ¢
(iii) (ur,vr) denote the degrees of membership and non-membership of vertices
of G, and is given by
(fr, vr) = (min(p;, pp), maz(v;,vp)) for all v, € V, r =1,2,3,...m.n
(iv) {prs,vrs) denote the degrees of membership and non-membership of edges
of GG, and is given by

(man(pi, tipg), max(vi, vpq)) i i =7, (up, uq) € Eo
(min(pp, pij), maz(vy,vij))  if p=gq, (vi,v;) € Ex

i # J,p # q, (vi,v5) € B,
(up,uq) € By

<,U/rs>Vrs> -
(min(pij, ppq)s max(Vij, Vpq)) if{

Definition 2.13. The a-product of two IFGs G1 = (V1, E1) and Gy = (Va, E»),
denoted by G1 © Ga, is an IFG G = (V, E, (i, Vr) , {ltrs, Vrs)) Where
(i) V =wvupforallv, € Viandu, € Vo, ViNVo =¢,i=1,2,...m,p=1,2,...n
(ii) E = (vsup, vjuy), such that either one of the following is true:
o (v;,v;) € By and (up,uq) ¢ Eo
o (up,uq) € By and (v;,v;) ¢ Ey
(iii) (ur, V) denote the degrees of membership and non-membership of vertices
of GG, and is given by
(fr, vr) = (min(p;, pp), maz(v;,vp)) for all v, € V, r=1,2,3,...m.n
(iv) (prs, vrs) denote the degrees of membership and non-membership of edges
of G, and is given by

(min(ps, vj, tpq), max (v, vy, vpq))  if (vi,v;5) € By and (up,ug) € Eo
(brs; vrs) =  (min(pp, tig, pij), max(vp, vq, viz)) if (vi,v;) € Er and (up,uq) & Eo
(0, 0) if (vi,v;) € E1 and (up,uq) € Eo

Definition 2.14. The S-product of two IFGs G; = (V4, E1) and Gy = (Va, Es),
denoted by G1 * Go, is an IFG G = (V, E, (i, Vr) , {lirs, Vrs)) Where
(i) V =wvupforally; € Viandu, € Vo, ViNVo =¢,i=1,2,...m,p=1,2,...n
(i) E = (vsup,vjug), such that either one of the following is true:
e (v;,vj) € By, when p #q, i # j
408
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* (upauq) € E5, when ¢ #]v p 7é q
(iii) (ur,vr) denote the degrees of membership and non-membership of vertices
of G, and is given by
(fr, vr) = (min(u;, pp), maz(v;, vp)) for all v, € V,r =1,2,3,...m.n
(iv) (prs, vrs) denote the degrees of membership and non-membership of edges
of G, and is given by

i : i#j;(”i,U‘)%El’
<m7’n(:u’i7/1'jalfqu),ma$(1/i,l/j71/pq)> if '
(up,uq) € Er
' ) P74 (upug) & B,
mn ) s ig ), mMax\Vy, Vg, Vi if
i) = | et Vi) (vi,vj) € By
) .’ , (Ui, v5) € E s
<min(/uijvupq),ma$(yij, qu)> if ? 7é 7P 7é q (U ’U]) 1
(upvuq) S E2
(0,0) otherwise

Definition 2.15. The ~v-product of two IFGs Gy = (V4, Eq) and Gy = (Va, Es),
denoted by Gy L Ga, is an IFG G = (V, E, (lur, Vy) , (lirs, Vrs)) Where
(i) V = vu, forallv, e Vi and u, € Vo,ViNVa=¢, i = 1,2,...m, p =
1,2,...n
(ii) E = (viup, vjug), such that either (v;,v;) € E1 or (up,uq) € E
(iii) () denote the degrees of membership and non-membership of vertices
of G, and is given by
(pr, vy = (min(;, pp), maz(v;, vp)) for all v, € V, r =1,2,3,...m.n
(iv) {ps, vrs) denote the degrees of membership and non-membership of edges
of G, and is given by

(min(pi; i, tpg), min(vi, vy, vpq))  if(vi,v;) € By and (up, uq) € Eo
(min(pp, tiq, iz), min(vp, v, viz)) if (up, uq) ¢ Ez and (v, v;) € By
(min(piz, ppg), Maz(vij, vpg)) if (vi,v;) € Ey and (up, uq) € By
(0,0) otherwise

<M7‘s 5 Vrs) =

Example 2.16. Consider the graphs G; = (Vi, E1) and Go = (Va, Es), where
Vi = {v1,v2},E1 = {(vi,v2)} and Vo = {u1,uz,us}, Er = {(u1,u2), (uz,u3)} in
Figure 1.

The graph of G1 + G is shown in Figure 2.

Example 2.17. Consider the graphs G; = (V1, E1) and Gy = (Va, Es), in Figure 1.
The graph of G10G; is displayed in Figure 3. Figure 4 depicts the graph of Gy 0 Gs.

Example 2.18. Consider the graphs Gy = (V1, E1) and Go = (Va, E»), in
Figure 1. The graph of G; ® Gy is displayed in Figure 5.

The graph of G; X G5 is displayed in Figure 6
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v1(0.4,0.2) ¢ 11(0.5,0.3)
(0.1,0.5)
(0.3,0.1) 2(0.1,0.7)
(0.1,0.6)
v2(0.6,0.1) o u3(0.3,0.4)
Gl G2
FIGURE 1.
0.4,0.3
v1(0.4,0.2) ( ) 11(0.5,0.3)
04 0
Z < (0.1,0.5)
(0.3,0.1) 2
b u2(0.1,0.7)
)
%09 <A (0.1,0.6)
QL
01(0.6,0.1
1( ) 030D u3(0.3,0.4)

FIGURE 2. G1 + G2

0.1,0.7 v1u3(0.3,0.4
oyy(0.4,0.3) g—0:1:05)  vital ) 115 )
(0.1,0.6)
(0.3,0.3) -
S (0.3,0.4)
S
oyt (05.0.3) ¢_(01:05) (0.1,0.6) va13(0.3,0.4)

UQUQ(O.I, 07)

FIGURE 3. G10G,

Example 2.19. Consider the graphs G; = (V1, E1) and Gy = (Va, E»), in Figure 1.
The graph of G; ® G5 is displayed in Figure 7. The graph of Gy * G5 is displayed in

Figure 8.

Example 2.20. Consider the graphs G; = (V1, E1) and Gy = (V, E»), in Figure 1.
The graph of G; [J G5 is displayed in Figure 9.
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V11U (04, 03)

(0.3,0.3)

VU1 (0.5, 03)

(0.1,0.5) v1u2(0.1,0.7) v1u3(0.3,0.4)
P (0.3}04 (0.1,0.6)
4 & W\
;0) Q.
> &
N S
O 7 £TH ]
Q- (0.1,0.6) vau3(0.3,0.4)
(0.1,0.5) vous2(0.1,0.7)

FIGURE 4. G0 Gsy

ViU (04, 03)

1]1U2(O.1, 07)

1}211,2(0.1, 07)

FIGURE 5. G1 ® G2

’U1U3(0.3, 04)

VU3 (037 04)

1)1U3(0.37 04)

ViU (04, 03)

(0.3,0.3)

(0.1,0.5)  v1u2(0.1,0.7)
(0.1,0.6)
0 Z, (0 Z, ”
"9) 6) A
- Q@“
a3 S
Q. ‘_..4\
Qo <
(0.1,0.5) (0.1,0.6)

(0.3,0.4)

vous(0.3,0.4)

VU1 (0.5, 03)

’1)2’11,2(0.1, 07)

FIGURE 6. G1 X G2

3. DOMINATION IN PRODUCTS OF INTUITIONISTIC FUZZY GRAPHS

Definition 3.1 ([7]). Let G = (V,E) be an IFG on V. Let u,v € V, u is said to

dominate v in G if there exists a strong edge between them.

Definition 3.2 ([7]). A subset S of V is called a dominating set in G if for every
v € V — S| there exists u € S such that v dominates v.

Definition 3.3 ([7]). A dominating set S of an IFG is said to be a minimal domi-
nating set if no proper subset of S is a dominating set.
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0.1,0.7 v1us(0.3,0.4
ovu1(0.4,0.3) (0.1,0.3)  wrug( ) 13 )
(0.1,0.6)
(0.3
g 04)
(0.3,0.3)
(0.3,0.4)
202
O S
g 0.1,0.6

VaU1 (05,03) 01705) \O/ ( ) ’U2U3<0.3,0.4)

U2U2(0.1, 07)

FIGURE 7. G1 ©® G2

vius (03, 04)

v1u1(0.4,0.3) v1u2(0.1,0.7)
(( (1

v2u2(0.1,0.7) UQU3(0.3,0.4)

FIGURE 8. G * Go

011 (0.4,0.3) qe(0:1:0:5) 0112(0.1,0.7) (0.1,0.6) 4,15(0.3,0.4)
2 m@a@ (0.3,0.6)
» Q)
(0.3,0.3) & - &
\f’b\ s (0.3,0.4)
% S (0.1,0.6)
vou1(0.5,0.3) (01.05) e (01, 0.7) vous3(0.3,0.4)

FIGURE 9. G1 O Gs

Definition 3.4 ([7]). Minimum cardinality among all minimal dominating set is
called lower domination number of G, and is denoted by d(G).

Maximum cardinality among all minimal dominating set is called upper domination
number of G, and is denoted by D(G).

Definition 3.5 ([7]). Two vertices in an IFG, G = (V, E) are said to be independent
if there is no strong edge between them.

Definition 3.6 ([7]). A subset S of V' is said to be independent set of G if ju;; < gy
and v;; < v¥ for all v;,v; € S. An independent set S of G in an IFG is said to
412
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be mazimal independent, if for every vertex v; € V — S, the set S U {v;} is not
independent.

Definition 3.7. The minimum cardinality among all maximal independent set is
called lower independence number of G, and it is denoted by i(G).

The maximum cardinality among all maximal independent set is called upper inde-
pendence number of G, and it is denoted by I(G).

Definition 3.8 ([7]). Let G = (V, E) be an IFG without isolated vertices. A subset
D of V is a total dominating set if for every vertex v; € V, there exists a vertex
v; € D, v; # vj;, such that v; dominates v;.
Definition 3.9 ([7]). The minimum cardinality of a total dominating set is called
total domination number of G, and it is denoted by d;(G).
Definition 3.10 ([11]). Let G be a connected IFG. A subset V' of V is called a
connected dominating set of G, if
(i) For every v; € V- V', there exists v; € V' such that jp,;; > piy and vi; > vy
(ii) The sub graph H = (V', E’) of G=(V, F) induced by V' is connected.
Definition 3.11 ([7]). The minimum cardinality of a connected dominating set is
called the connected domination number of G, and is denoted by d.(G).

Theorem 3.12. Let G1 = (V1, E1) and Gy = (Va, E2) be two IFGs with ViNVa = ¢.
Then
(1) d(Gy + G2) = min (d(Gl),d(Gg), 1+“2i*”i + 1+“§_””) where v; € Vi,up, €
Vs.
(iii) d¢(G1+G2) = min (dt(Gl),dt(Gg), 1+“27‘_”’i + H”S*V’“) where v; € Vi, uy, €
Vs.
(iv) If both G1 and G2 have isolated vertices, then di(Gy + G3) =

1 R . _
min (LEH v L (L e
v, €Vy 2 uP€V2 2

(v) If G1 and G4 be a connected IFG, then d.(G1 + G2) =
min (dc(Gl),dc(Gg), 1+“§_”i + H”gﬂlp) where v; € Vi,u, € Va.

(vi) If both G1 and G2 be a disconnected IFG, then d.(G1 + G2) =

14 i — v 1+ 1, —
min (A TV i (2R T Y
v, €V1 2 up€Va 2

Proof. (i) From the definition of G + Ga, it is obvious that any edge of the
form (v;, up), where v; € Vi, u, € Vs is a strong edge. Hence, any vertex of
V1 dominates all the vertices of V5. Let D be any minimal dominating set of
G1 + G3. Then D takes either one of the following forms:
(1) D = Dy, if Dy is the minimal dominating set of G,
(2) D = Dy, if D5 is the minimal dominating set of Ga,
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(i)

(iii)

(3) D = v;,up, where v; € Vi,u, € Vo, {v;} is not a dominating set of Gy
and {u,} is not a dominating set of Ga.
Hence
d(G1 + Gs) = min (d(Gl),d(GQ), Lbpovi 4 1”;‘”?) where v; € Vi,
Up € V.
By the definition of G; + G, every vertex of V; dominates every vertex of
V5, any independent set in G; + G2 is either a subset of V7 or a subset of
V5. Hence any minimal independent dominating set D of G; + G4 is of the
forms:
(1) D = Dy, if D is the minimal independent dominating set of Gy,

(2) D = Dy, if Dy is the minimal independent dominating set of Gs.
Thus dz(Gl + GQ) =min (dl(Gl), dz(Gg))

Both G; and G2 have no isolate vertices, d;(G1) and d;(G2) exists. Any
minimal total dominating set D of G + Ga, is of the following forms:
(1) D = Dy, if Dy is the minimal total dominating set of G,

(2) D = Dy, if Dy is the minimal total dominating set of Gs.

(3) D = v;,up where v; € Vq,u, € Vo, {v;} is not a dominating set of Gy
and {u,} is not a total dominating set of G.
Hence
di(G1 + G2) = min (dt(G1),dt(G2), 1+u27;7w + LHL;_V”) where v; €
Vl,up e Vs.

In, (1), (2) & (3) of all the above cases, ' =’ refers to crisp set equality.
If G1 and G4 have isolated vertices. Then di(G1) and di(G2) do not ex-
ist. Hence any total dominating set of G; + G2, has nonempty intersec-

L4+ pi —vi
tion with both Vi and Va. Thus dy(G1 + G2) = min <+“”> +

v, €Vy 2
min (Mz)—%
up€Va 2
For any two IFGs GG; and Gs, the IFG G; + G2 is connected and hence
d.(G1 + G2) exists. The proof of (v) and (vi) is similar to that of (iii) and
(iv).

Il

Theorem 3.13. Let Dy and Dy be dominating sets of two IFGs G1 = (V1, Ey) and
Go = (Va, Es) respectively. Then Dy X Do is a dominating set of G1 o Go, where ' x’
refers to the cartesian product, in crisp sense.

Proof. Let D1 C Vi be a dominating set of G; and Dy C V5 be a dominating set of
Gs. Let v;u, ¢ D1 x Do, then v; ¢ Dy or u, ¢ Ds.
Case(i) v; ¢ Dy and u, € Ds.
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Let v; € Dy be such that v; dominates v;. Then

pij > pgy > maz (min (pij)) ,vi; > vy > min (mazx (vi;))

Now vjuy, € D1 x Dy and

That is,

That is,

Hip,jp

Hip,jp

Vip,jp

Vip,jp

Hij N Hp
maz(min(pij)) A fip
maz (min (p; A pij A pip))
(min ((ps A pp)s (15 A 1))
(min (pip, f1jp))
> maz (min (fLip,jq))

Y

mai

max

max

=Vij V1

> min (maz(v;)) V v,

(i Vg V)

(i V), (v V 1))
(

= min (max (Vip, Vjp))

(
= min (max
= min (max
(

> min(max(Vip,jp))

Hence vju, dominates v;u, in Gy o Ga.
Case(ii) v; € Dy and uy, ¢ Ds.
Let u, € D3 be such that u, dominates u,. Then

lipg = Hpg = Maz(min(fipg)), Vpg = Vpg = min(maz(vpg))

Now viuq € Dy x Dy and

That is,

Hipiq

Hip,iq

= Hi I\ Hipg
> i A maz(min(pipg))
= pi A max(min(p, A pq))
maz(min(pi A fip A fig))
maz(min((gs A ), (53 A 1))
= (min(pip, piq))
maz (min(ip,iq))
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Vipiq = Vi V Vpq
> i V maz(min(ipg)
=v; Vmaz(min(v, V vg))
= min (max (v; V vg V vg))
= min (max ((v; V vg), (1; V 1))
= min (max (Vip, Viq))
That is, vy iq > min (maz (Vip,iq))
Hence v;u, dominates v;u, in G o Ga.
Case(iii) v; ¢ Dy and uy, ¢ D.
Let v; € Dy and u, € Dy be such that v; dominates v; in 7 and u, dominates
up. Then pi; > pie > max(ming;), vi; > v > min(mazv;;) and fipg > Moo =
maz(min(fipg), Vpg = Vg = min(maz(vp,)
. Now vjuq € Dy x Dy and
Hip,jq = Hij N\ Hp N Hq
> maa(min(yu; A pip A t)
— ma (mim (15 A g3 A iy A i)
— maz (min (1 A ), (5 A 1))
(min (pip, f1jq))
That is, fiip,jq > maz (min (Wip,jq))

= max

Vip,jp = Vij VY Vp V Uy

> min (mazx (v V vy Vyg))
(i Vg Vv V)
((vi Vi), (Vi Vi)
(Vip, Vjq))
(

That is, vipjp > min (mazx (Vip,jq))

(
= min (max
= min (max

(max

=mn (m

Hence (vjuq) dominates (v;up) in Gy o Ga.
Thus D; x Ds is a dominating set of G1 o Gs.
U

Theorem 3.14. Let Dy and Dy be minimum dominating sets of the IFGs G1 =
(V1, E1) and Go = (Va, Es). Then d(G10G3) < min{|Dy x Va|,|Vi X Da|} ,where
"x! refers to the cartesian product, in crisp sense.

Proof. Let D1 C Vi be a dominating set of G; and Dy C V5 be a dominating set of

Go.We first prove that Dy x V3 is a dominating set of d(G1 x G2). Let v;u, ¢ D1 X Va.

Hence v; ¢ D;. Since D; is a dominating set of Gy there exist v; € Dy suchthat
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Wi > pis > maxz(min(u;;)) and v;; > Vg > min(max(v;;)).
Now, vu, € Dy x Vo and
Wip,jp = Hp /N Hij

> pp AN maz(min(pi;))

= pp Amaz(min(p; A ;)

— maz (min (s A 15 A fp)
— maz (min (s A 1), (15 A 1))
— maz (min (ip, 13))

(min (

That is, pip,jp > max (min (fip,jp))

Vip.jg = Vp V Vij

> v, V min(maz(v;;))

= v, V min(maz(v; V v;))

= min (max (v; V v; V 1p))
(Vi Vp), (v Vp)))
(Vip, Vip))
(

Vip,jp))

= min (max
= min (max
(max

That is, vip jq = min (ma

Thus, v;u, is dominated in G X Gg, so that Dy x V3 is a dominating set of G1 x Ga.
Similarly V7 x D5 is also a dominating set of G1 x Gs.
Hence d(G1 x Ga) < min{|D1 x Val|,|Vi x Ds|}

O

Theorem 3.15. Let Dy and Dy be dominating sets of connected IFGs Gy = (V1, Eq)
and Gy = (Va, Es) respectively . Then

(i) G1 K Gy is connected
(ii) If Dy is connected, then Dy x Va is a connected dominating set of G1 X Gs.

(i) If Dy is connected, then Vi x Dy is a connected dominating set of G1 X G.

Proof. To prove G1 XG5 is connected, it is enough to prove that for any two arbitary
distinct vertices v;uy, vjuq in Gi1 X Go such that p;y, 5o > 0 and vy jq > 0
Case(i) v; = vj. G2 is a conneced IFG. Then there exist a path p = uq,ug, -, u,
such that (ppq, Vpg) > 0 for each two vertices u,, uy of path p. This implies that,
Wip,iq = Wi N\ fipg > 0 and vy 54 = V3 V pg > 0 and hence p' = VilUp, ViU1, Vil - - Villg
is the path between v;u, and v;uq in G1 X G
Case(ii)

up = uq. G is a conneced IFG. Then there exist a path ¢ = vy,v9,---,v; such
that (u;j,145) > 0 for each two vertices v;,v; of path ¢. This implies that,
Mip,jq = MpApij > 0 and vy, jq = v, V; > 0 and hence q = V1Up, V2Up, U3Uyp, * - Villy
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is the path between v;u, and vju, in G M Go
Case(iii)

v; # vj,Uup # uq. By case (i), there exists a path between v;u, and v;uqsin G1 K Gs
and by case (ii), there exist a path between v;u, and vjupin G; K G3. The union of
these two disjoint paths is a path between v;uq, vju, in G; X Ga.

By theorem 3.14, Dy x V5 and Vi X D5 are dominating sets and the proof of con-
nectivity of Dy x V5 and Vi x Ds is similar. O

Theorem 3.16. Let Gy = (V1, Ey and Gy = (Va, E3) be an IFGs without isolated
vertices. D1 and Do be minimum total dominating set of G1 and Ga. Then di(G1 ®
Go) > 1+”§7W + LHL;_V”, where v; € Dy, u, € Dy

Proof. Let D; and D5 be minimum total dominating sets of G; and G>. Let v;u, be
an arbitrary vertex of G7 ® G2. Then there are vertices v; € Dy and u, € D3 such
that (u;j,vi;) > 0in Ey and (fpg, Vpg) > 0 in Es. Therefore p;p jq > 0 and v j, > 0
in G1 ® Gy Thus, dy(G ® Gp) > M= "V where v, € Dy,up € Dy O

4. CONCLUSION

In this paper, the concepts of domination, total domination and connected domi-
nation on join, lexicographic product, cartesian product, tensor product and strong
product of two IFGs have been defined. Domination in IFGs have found many ap-
plications in network analysis, pattern clustering, routings. Further, the authors
proposed to investigate other domination parameters on product of two IFGs and
bipolar IFGs.
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