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ABSTRACT. The notion of soft ideals was initiated for the first time
by Kandil et al.[11] in 2014. Also, Kandil et al.[10] introduced a unifica-
tion of some types of different kinds of subsets of soft topological spaces
using the notions of y-operation. In this paper, we extend these notions
of vy-operation by using the soft ideal notions. In particular, we introduce
the notions of I-open soft sets, pre- I-open soft sets, a-I-open soft sets,
semi-I-open soft sets and B-I-open soft sets to soft topological spaces.
Moreover, we study the relations between these different types of subsets
of soft topological spaces with soft ideal. Also, we introduce the concepts
of I-continuous soft, pre-I continuous soft, a-I-continuous soft, semi-I-
continuous soft and S-I-continuous soft functions and discuss their prop-
erties in detail.
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1. INTRODUCTION

The concept of soft sets was first introduced by Molodtsov [21] in 1999 as a
general mathematical tool for dealing with uncertain objects. In [21} 22], Molodtsov
successfully applied the soft theory in several directions, such as smoothness of
functions,game theory, operations research,Riemann integration, Perron integration,
probability, theory of measurement, and so on.

After presentation of the operations of soft sets [18], the properties and applications
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of soft set theory have been studied increasingly [4, [15, 22, 25]. In recent years,
many interesting applications of soft set theory have been expanded by embedding
the ideas of fuzzy sets [2, 3] 6} 16} 17, 18] 19, 22} 23] 29]. To develop soft set theory,
the operations of the soft sets are redefined and a uni-int decision making method
was constructed by using these new operations [7].

Recently, in 2011, Shabir and Naz [26] initiated the study of soft topological spaces.
They defined soft topology on the collection 7 of soft sets over X. Consequently, they
defined basic notions of soft topological spaces such as open and closed soft sets,
soft subspace, soft closure, soft nbd of a point, soft separation axioms, soft regular
spaces and soft normal spaces and established their several properties. Hussain
and Ahmad [9] investigated the properties of open (closed) soft, soft nbd and soft
closure. They also defined and discussed the properties of soft interior, soft exterior
and soft boundary which are fundamental for further research on soft topology and
will strengthen the foundations of the theory of soft topological spaces. Min in [20]
investigate some properties of these soft separation axioms mentioned in [26]. Banu
and Halis in [5] studied some properties of soft Hausdorff space. Kandil et al.[10]
introduced a unification of some types of different kinds of subsets of soft topological
spaces using the notions of ~-operation. The notion of soft ideal is initiated for
the first time by Kandil et al.[II]. They also introduced the concept of soft local
function. These concepts are discussed with a view to find new soft topologies from
the original one, called soft topological spaces with soft ideal (X, BT ). Some
applications of the soft ideal notion were introduced in [12, 13, [14] . In this paper
we extend the notions of soft subsets of soft topological spaces, introduced in [10],
to soft topological spaces with soft ideal.

2. PRELIMINARIES

In this section, we present the basic definitions and results of soft set theory which
will be needed in the sequel.

Definition 2.1 ([21]). Let X be an initial universe and E be a set of parameters.
Let P(X) denote the power set of X and A be a non-empty subset of E. A pair
(F, A) denoted by F is called a soft set over X , where F' is a mapping given by
F: A — P(X). In other words, a soft set over X is a parametrized family of subsets
of the universe X. For a particular e € A , F(e) may be considered the set of
e-approximate elements of the soft set (F, A) and if e & A, then F(e) = ¢ i.e
Fo={F(e):ec ACE, F: A— P(X)}. The family of all these soft sets over X
denoted by SS(X)a.

Definition 2.2 ([I8]). Let Fa, Gp € SS(X)g. Then Fj4 is soft subset of Gp,
denoted by FAQGB, if

(1): AC B, and

(2): F(e) C Gle), Ve € A.
In this case, F4 is said to be a soft subset of Gp and G g is said to be a soft superset
of FA, GB éFA.

Definition 2.3 ([18]). Two soft subset Fi4 and Gp over a common universe set X
are said to be soft equal if F4 is a soft subset of Gg and Gp is a soft subset of F4.
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Definition 2.4 ([4]). The complement of a soft set (F, A), denoted by (F,A), is
defined by (F, A) = (F', A), F' : A — P(X)is amapping given by F’'(e) = X—F(e),
Ve € A and F' is called the soft complement function of F. Clearly, (F') is the
same as I and ((F, A)") = (F, A).

Definition 2.5 ([26]). The difference of two soft sets (F, E) and (G, E) over the
common universe X, denoted by (F, E) — (G, E) is the soft set (H, E) where for all
e€ E, H(e) = F(e) — G(e).

Definition 2.6 ([26]). Let (F, E) be a soft set over X and x € X. We say that
x € (F, F) read as x belongs to the soft set (F, E) whenever © € F(e) for all e € F.

Definition 2.7 ([18]). A soft set (¥}, A) over X is said to be a NULL soft set denoted
by ¢ or ¢4 if for all e € A, F(e) = ¢ (null set).

Definition 2.8 ([18]). A soft set (F, A) over X is said to be an absolute soft set
denoted by A or X4 if for all e € A, F(e) = X. Clearly we have X/, = ¢4 and
¢y = Xa.
Definition 2.9 ([18]). The union of two soft sets (F, A) and (G, B) over the common
universe X is the soft set (H,C), where C = AU B and for all e € C,

F(e), e A— B,
H(e)=<{ G(e), e€ B—A,

F(e)UG(e), ec ANB
Definition 2.10 ([18]). The intersection of two soft sets (F, A) and (G, B) over the
common universe X is the soft set (H,C), where C = AN B and for all e € C,
H(e) = F(e) N G(e). Note that, in order to efficiently discuss, we consider only soft
sets (F, E) over a universe X with the same set of parameter E. We denote the
family of these soft sets by SS(X)g.

Definition 2.11 ([30]). Let I be an arbitrary indexed set and L = {(F}, E),i € I}
be a subfamily of SS(X)g.

(1): The union of L is the soft set (H, E), where H(e) = |J,; Fi(e) for each
ec E . We write | J,;(F;, E) = (H,E).
(2): The intersection of L is the soft set (M, E), where M(e) =)
each e € £ . We write (), (F;, E) = (M, E).
Definition 2.12 ([20]). Let 7 be a collection of soft sets over a universe X with a
fixed set of parameters E, then 7 C SS(X)g is called a soft topology on X if
(1): X, € 7, where qg(e) =¢and X(e) = X, Vec E,
(2): the union of any number of soft sets in 7 belongs to 7,
(3): the intersection of any two soft sets in 7 belongs to 7.

ser Fi(e) for

The triplet (X, 7, E) is called a soft topological space over X.

Definition 2.13 ([26]). Let (X,7,E) be a soft topological space and (F,A) €
SS(X)g. The soft closure of (F, A), denoted by cl(F, A) is the intersection of all
closed soft super sets of (F, A). Clearly cl(F, A) is the smallest closed soft set over
X which contains (F, A) i.e
c(F,A) =0{(H,C): (H,C) is closed soft set and (F, A)C(H,C)}).
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Definition 2.14 ([30]). Let (X, 7, E) be a soft topological space and (F,A) €
SS(X)g. The soft interior of (G, B), denoted by int(G, B) is the union of all open
soft subsets of (G, B). Clearly int(G, B) is the largest open soft set over X which
contained in (G, B) i.e

int(G,B) = U{(H,C) : (H,C) is an open soft set and (H,C)C(G, B)}).

Definition 2.15 ([30]). The soft set (F, E) € SS(X)g is called a soft point in Xpg
if there exist * € X and e € E such that F(e) = {z} and F(e’) = ¢ for each
e’ € E —{e}, and the soft point (F, E) is denoted by z..

Proposition 2.16 ([27]). The union of any collection of soft points can be considered
as a soft set and every soft set can be expressed as union of all soft points belonging
to 1t.

Definition 2.17 ([30]). A soft set (G, E) in a soft topological space (X, 7, E) is
called a soft neighborhood (briefly: nbd) of the soft point z.€Xg if there exists an
open soft set (H, E) such that z.&(H, E)C(G, E).

A soft set (G, E) in a soft topological space (X, 7, E) is called a soft neighborhood of
the soft (F, E) if there exists an open soft set (H, E) such that (F, E)€(H, E)C(G, E).
The neighborhood system of a soft point z., denoted by N, (z.).

Theorem 2.18 ([28]). Let (X, T, E) be a soft topological space. For any soft point
Te, TEC(F, A) if and only if each soft neighborhood of x. intersects (F, A).

Definition 2.19 ([24]). Let (X, 7, E) be a soft topological space and (F,E) €
SS(X)g. Define 7ppy = {(G,E)A(F,E) : (G,E) € 7}, which is soft topology

n (F, E). This soft topology is called a soft relative topology of 7 on (F, E), and
[(F,E), 7(p,p] is called a soft subspace of (X, 7, E).
Definition 2.20 ([I]). Let SS(X)4 and SS(Y)g be families of soft sets, u: X — Y
and p: A — B be mappings. Let f,, : SS(X)a — SS(Y)p be a mapping. Then;
(1): If (F,A) € SS(X)a. Then the image of (F,A) under f,,, written as
fou(F, A) = (fpu(F),p(A4)), is a soft set in SS(Y)p such that
—1
() = { e s W@ g4

otherwise.
for all b € B.
(2): Let (G B) eSS ( ) The inverse image of (G, B) under f,, written as
f‘l( = p_u ),p 1(B)), is a soft set in SS(X) 4 such that
{ a))),  pla) € B,
otherwise.
for all a € A.

The soft function f, is called surjective if p and u are surjective, also is said to be
injective if p and u are injective.
Definition 2.21 ([30]). Let (X, 71, A) and (Y, 72, B) be soft topological spaces and
fpu 1 88(X)a — SS(Y)p be a function. Then

(1): The function fp, is called continuous soft (cts-soft) if f,.'(G,B) € n

N (G, B) € To.
(2): The function f, is called open soft if f,, (G, A) € 7 V¥ (G, A) € 7.
388
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Definition 2.22 ([8]). A non-empty collection I of subsets of a set X is called an
ideal on X, if it satisfies the following conditions
(1): AcJTand BelI=AUBe€l,
(2): AceJTand BCA=Bel,
i.e. I is closed under finite unions and subsets.

Definition 2.23 ([11]). Let I be a non-null collection of soft sets over a universe X
with a fixed set of parameters E, then I C SS(X)g is called a
soft ideal on X with a fixed set E if
(1): (F,E)eIand (G,E)eI= (F,E)J(G,E)el,
(2): (F,E) el and (G,E)C(F,E) = (G,E) €1,
i.e. I is closed under finite soft unions and soft subsets.

Definition 2.24 ([11]). Let (X, 7, E) be a soft topological space and I be a soft
ideal over X with the same set of parameters E. Then

(F,E)(I,7) (orF3) = O{z. €€ : 0, O(F,E)¢IY O, €1}
is called the soft local function of (F, E) with respect to I and 7, where O,, is a
T-open soft set containing x..

Theorem 2.25 ([11]). Let (X,7,E) be a soft topological space and I be a soft
ideal over X with the same set of parameters E. Then the soft closure operator
cd*: SS(X)g — SS(X)g defined by:

c*(F,E) = (F, E)U(F, E)*

satisfies Kuratowski’s axioms.

3. SUBSETS OF SOFT TOPOLOGICAL SPACES VIA SOFT IDEAL

In this section we extend some special subsets of a soft topological space (X, 7, E)
mentioned in [10] in a soft topological space with soft ideal (X, 7, E, I).
In any soft topological space with soft ideal (X, 7, E, I ) we introduce an operator
generalizing these previous kinds of open soft sets.

Definition 3.1. Let (X,7,E,I) be a soft topological space with soft ideal and
(F,E) € SS(X)g. Then (F,E) is called I-open soft if (F, E)Cint((F, E)*(I,)).
We denote the set of all I-open soft sets by fOS(X, T, B, f), or when there can be
no confusion by 10.S(X) and the set of all I-closed soft sets by IC'S(X, 7, E, I), or
I1CS(X).

Definition 3.2. Let (X, T,E,f) be a soft topological space with soft ideal and
(X, 7%, E,I) be its -soft topological space. A mapping 7 : SS(X)g — SS(X)g is
said to be an operation on OS(X) if FpCy(Fg) V¥ Fr € OS(X). The collection of
all y-open soft sets is denoted by OS(y) = {Fg : FgCy(Fg), Fg € SS(X)g}. Also,
the complement of y-open soft set is called ~-closed soft set, i.e

CS(y) ={Ff : Fgis ay—opensoftset, Fg € SS(X)g} is the family of all y-closed
soft sets.

Definition 3.3. Let (X, T,E,f) be a soft topological space with soft ideal and

(F,E) € SS(X)g. Different cases of y-operations on SS(X)g are as follows:
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(1): If v = int(cl*), then v is called pre-I-open soft operator. We denote the
set of all pre-I-open soft sets by PIOS(X 7, E,I), or PIOS(X) and the set
of all pre-I-closed soft sets by PICS(X, 7, E,I), or PICS(X).

(2): If v = int(cl*(int)), then v is called a- I-open soft operator. We denote
the set of all a-I-open soft sets by alOS(X,7,E,I), or aIOS(X) and the
set of all a-I-closed soft sets by afCS(X, 7, E,I), or aICS(X).

(3): If v = cl*(int), then v is called semi- T-open soft operator. We denote the
set of all semi- I—open soft sets by STOS(X, 7, E, I) or STOS(X) and the
set of all semi-I-closed soft sets by SICS(X, 7, E,I), or SICS(X).

(4): If v = cl(int(cl*)), then v is called -I-open soft operator. We denote the
set of all 3-T-open soft sets by BIOS(X,r,E,I), or BIOS(X) and the set
of all B-I-closed soft sets by BICS(X, T,E,I), or ﬂfCS(X).

Theorem 3.4. Let (X, 7, E, f) be a soft topological space with soft ideal and v :
SS(X)g — SS(X)g be an operation on OS(X).
If v € {int(cl*), int(cl* (int)), cl* (int), cl(int(cl*))}. Then

(1): Arbitrary soft union of y-open soft sets is y-open soft.

(2): Arbitrary soft intersection of y-closed soft sets is v-closed sofft.

Proof. (1): We give the proof for ~the case of pre-open soft operator i.e., v =
int(cl*). Let {Fjp:j € J} C PIOS(X). ThenV j € J, F;pCint(cl*(FjE)).
It follows that

UijEQOjint(cl*(FjE))
Sint(\ e1* (Fy))

= it (((F3p)"0(F;))

= int((J () O (Fy)
= int((J (F3e)) O (Fie)

J

= int(cl" (| (F;x))

from [11, Theorem 3.2]. Hence, |J,;Fjr € PIOS(X)V j € J. The rest of
the proof is similar.
(2): Immediate.
O

Remark 3.5. A finite soft intersection of pre-I- open (resp semi-I-open,3-I-open)
soft sets need not to be pre- I—open (resp. semi- I—open,ﬁ I—open) soft, as it can be
seen from the following examples.

Example 3.6. (1): Let X = {hy,ho, hs,hs}, E = {e} and 7 = {X, , (F1, E),
(Fy, E), (F3, E)} where (F1, E), (F», E), (F3, E) are soft sets over X defined
by Fl(e) = {hl}, Fg(e) = {hz, h3} and Fg(e) = {h},hg,hg}. Then (X, T, E)
is a soft topological space over X. Let I = {¢,(I1,E), (Is,E), (Is,E)},
390
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where (I1, E), (I2, E), (I3, E) are soft sets over X defined by I1(e) = {h1},
Ir(e) = {h4} and I3(e) = {h1,hs}. Hence, the soft sets (G, E) and (H, E)
which defined by G(e) = {hi,ha, ha}, H(e) = {hi,hs, hs}, are pre-I-open
soft sets of (X, 7, E,I), but their soft intersection (G, EY\(H, E) = (M, E),
where M(e) = {hy, hs}, is not pre-I-open soft set.

(2): Let X = {hl,hg,hg,h4}, E = {6} and

T ={X,¢,(F1, E), (F2, E), (Fs, E), (Fy, E), (F5, E)}

where (F1, E), (F3, E), (F3, E), (Fy, E), (F5, E) are soft sets over X defined
by Fi(e) = {h}, Fa(e) = {ha}, Fs(e) = {h1,ha}, Fue) = {ha,h3}, and
Fs(e) = {h1,h2,hs}. Then (X,7,E) is a soft topological space over X.
Let I = {gb (Il, ) (127E) (137 )} where (Il,E) (IQ,E) (Ig,E) are soft
sets over X defined by I;(e) = {h1}, Ia(e) = {h2} and I3(e) = {h1, ha}.
Hence, the soft sets (G, E) and (H, E) which defined by G(e) = {h1, ha},
H(e) = {hg, hs}, are semi-I-open soft sets of (X, 7, E,I), but their soft
intersection (G, E)\(H,E) = (M, E), where M(e) = {hs}, is not semi-I-
open soft set.

(3): Let X = {h1,h,hs}, E = {e} and 7 = {X, ¢, (F, E)} where (F,E) is
a soft set over X defined by F(e) = {hy,hs}. Let I = {¢, (G, E)} be soft
ideal over X where (G, E) is a soft set over X defined by ( ) = {hs}.
Then the soft sets (K, E) and (H,E) which defined by K(e) = {h1,hs}
and H(e) = {hy, hs} are B-I-open soft sets of (X, 7, E,I), but their soft
intersection (K, E)N\(H,E) = (M, E), where M(e) = {hs}, is not a (-I-
open soft set.

Proposition 3.7. Let (X, T,E,f) be a soft topological space with soft ideal and
(F,E) € SS(X)g. Then we have:
(1): IfI = {¢}, then (F, E) is pre- -I- (resp. semi-I-, a-I- and ﬁ-f—) open soft
& it is pre- (resp. semi-, a- and [3-) open soft.
(2): If I = SS(X)g, then (F, E) is pre-I- (resp. semi-I-, a-I- and 3-I-) open
soft < it is T-open soft.

Proof. Immediate. O

Definition 3.8. Let (X, 7, E, I) be a soft topological space with soft ideal and and
(F,E) € SS(X)g. Then,
(1): z. is called an y-soft interior point of (F, E) if 3 (G, E) € OS(v) such that
€ (G,E)C(F,E), the set of all y-interior soft points of (F, E) is called
the «-soft interior of (F,FE) and is denoted by vSint(F, E) consequently,
VSint(F, E) = U{(G, E) : (G, E)<(F, E), (G, E) € OS(7)}.
(2): z. is called a y-cluster soft point of (F E)if (F,E)A(H,E) # ¢V (H,E) €
OS(7). The set of all y-cluster soft points of (F, E) is called -soft closure of
(F, E) and is denoted by vScl(F, E) consequently, vScl(F, E) = ﬁ{(H7 E):
(H,E) € CS(v), (F, E)C(H, E)}.

Theorem 3.9. Let (X, 7, E,I) be a soft topological space with soft ideal, ~ : SS(X)g
— SS(X)g be one of the operations in Definition!3.5 and (F,E),(G,E) € SS(X)Eg.
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Then the following properties are satisfied for the v-soft interior operators, denoted
by ySint.

(1): ySint(X) = X and vSint(d)) = ¢.

(2): 4Sint(F, E)C(F, E).

(3): ySint(F, E) is the largest y-open soft set contained in (F, E).

(4): if (F,E)C(G, E), then vSint(F, E)CySint(G, E).

(5): fySint( Sint(F, E)) = ySint(F, E).

(6): ySint( ,E)L]’ySznt(G E)CySint[(F, E)J(G, E)].

(7): yvSint[(F, E)N\(G, E)|CvySint(F, E)vySint(G, E).

Proof. Immediate. 0

Theorem 3.10. Let (X, T,E,f) be a soft topological space with soft ideal, v :
SS(X)g — SS(X)g be one of the operations in Definition|3.5 and (F, E), (G, E) €
SS(X)g. Then the following properties are satisfied for the y-soft closure operators,
denoted by vScl.

(1): yScl(X) = X and yScl(§) = ¢.

(2): (F,E)CyScl(F,E).

(3): 7SCcl(F, E) is the smallest y-closed soft set contains (F, E).

(4): if (F,E)C(G, E), then vScl(F, E)CyScl(G, E).

(5): yScl(yScl(F,E)) = vScl(F, E).

(6): vScl(F, EYUyScl(G, E)CyScl|(F, B)U(G, B)].

(7): SCl[(F, E)N\(G, E)|C~Scl(F, E)wyScl(G, E).

Proof. Immediate. O

Remark 3.11. Note that the family of all y-open soft sets on a soft topological
space with soft ideal (X, 7, E, I') forms a supra soft topology, which is a collection of
soft sets contains X, ¢ and closed under arbitrary soft union.

4. RELATIONS BETWEEN SUBSETS OF SOFT TOPOLOGICAL SPACES VIA SOFT
IDEAL

In this section we introduce the relations between some special subsets of a soft
topological space with soft ideal (X, 7, E, I).

Theorem 4.1. Fvery f—open soft set is pre-f—open soft.
Proof. Let (X,7,E,I) be a soft topological space with soft ideal and (F, E) €
10S(X). Then

(F,E)Cint((F, E)*(I,7))Cint((F, E) U (F, E)*(I,7)) = int(cl*(F, E)).
Hence, (F, E) € PIOS(X). O

The following example shows that the converse of Theorem 4.1l is not true in
general.

Example 4.2. Let X = {h17h27h3vh4}7 E = {6}7 T = {X7 (]’5, (F17E)7 (F27E)7

(F3,E), (Fy, E)}, where (F1, E), (Fa, E), (F5, E), (Fy, E) are soft sets over X defined

by Fi(e) = {h1}, Fa(e) = {ho}, Fs(e) = {h1,ha}, Fu(e) = {h1,h2,hs} and I =
392
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{6,(I,E), (I, E), (I3, E)} be a soft ideal over X where (I, E), (I, E), (Is, E) are
soft sets over X defined by I1(e) = {h1}, I2(e) = {hs} and I5(e) = {h1, hs}. Then
the soft set (F3, F) is pre-I-open soft but it is not I-open soft.

Theorem 4.3. FEvery pre-I-open soft set is pre-open soft.

Pr;oof. Let (X, 7, E, f) be a soft topological space with soft ideal and (F,E) €
PIOS(X). Then (F, E)Cint(cl*(F, E)) = int((F,E) U (F, E)*(I,7))Cint((F, E) U
cl(F, E)) = int(cl(F, E)). Hence, (F,E) € POS(X). O

The following example shows that the converse of Theorem 4.3 is not true in
general.

Example 4.4. Let X = {hy, ho, hs}, E = {e}, 7 = {X, ¢, (F, E), (Fy, E)}, where
(F1,E), (Fy, E) are soft sets over X defined by Fi(e) = {h1} and Fy(e) = {ho, h3}
and I = {¢, (I, E), (I, E)u(Is, E)} be a soft ideal over X where (I, E), (I, E),
(I3, E) are soft sets over X defined by Ii(e) = {h1}, I2(e) = {hs} and I3(e) =
{h1,hs}. Then the soft set (H,E), where (H,FE) is a soft set over X defined by
H(e) = {hy, hs}, is pre-open soft but it is not pre-I-open soft.

Theorem 4.5. Let (X, 7, E, I) be a soft topological space with soft ideal and (F, E) €
PIOS(X). Then we have:

(1): cl(int(cl*(F,E))) =cl(F, E),

(2): cl*(int(cl*(F, E))) = cl*(F,E).

Proof. (1): Let (F,E) € PIOS(X), then (F, E)Cint(cl*(F, E)). Hence,
cl(F, E)Ccl(int(cl*(F, E)))Ccl(int(cl(F, E)))Ccl(F, E). Thus,
c(int(cl*(F,E))) = cl(F, E).
(2): Follows from (1).
0

Theorem 4.6. Let (X, 7, E, I) be a soft topological space with soft ideal and (F,E),
(H,E) € SS(X)g. Then the following properties hold;
(1): (F,E) € SIOS(X) if and only if cl*(F, E) = cl*(int(F, E)).
(2): (F,E) € SIOS(X) if and only if there exists (G,E) € 7 such that
(G, E)C(F, E)Ccl*(G, E).
(3): If (F,E) € SIOS(X) and (F,E)C (H,E)Ccl*(F,E), then (H,E) €
SIOS(X).

Proof. Obvious. O

Theorem 4.7. Let (X, 7, E, f) be a soft topological space with soft ideal, v : SS(X) g
— SS(X) g be one of the operations in Definition 3.5 (we give an example for the pre-
I-open soft operator i.e (y = int(cl*))) and (F,E) € SS(X)g. Then the following
hold:

(1): PIS(int(X — (F,E))) = X — PIS(cl(F, E)).

(2): PIS(cl(X — (F,E))) = X — PIS(int(F, F)).
Proof. (1): Let . ¢PIScl(F, E)). Then 3 (G, E) € PIOS(X,x.) such that
(G,E) N (F,E) = ¢. Hence, 2,EPISint(X — (F, E)). Thus,
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X — PIScl((F,E))CPISint(X ~ (F, E)).
Now, let z.EPISint(X — (F,E)). Since PISint(X — (F,E))\(F,E) =
¢. So, x.#PIScl(F,E). It follows that, z,€X — PIScl(F,E). Thus,
PISint(X — (F,E))CX — PIScl(F,E). Therefore, PISint(X — (F,E)) =
X — PISCI(F,E).
(2): By a similar way.

Theorem 4.8. Let (X,7,E, D be a soft topological space with soft ideal, (F,E)erT
and (G,E) € PIOS(X,1,E,I). Then (F,E)N(G, E)éPIOS(X, T, E,I).

Proof. Let (F,E) € 7 and (G, E) € PIOS(X,, E,I). Then
(F, B)A(G, E)C(F, E)Mint(cl*(G, E))
= (F, B)nint((G, E)U(G, E)")
= int[((F, E)N(G, E))U((F, E)N(G, E)")]
Cint[((F, E)N(G, B))O((F, E)N(G, E)")]
=int(cl*(F,E)N(G,E))
from [11, Theorem 3.2]. Thus, (F, E)A\(G, E) € PIOS(X, T, E,I). O

Theorem 4.9. Let (X, 7, E, I) be a soft topological space with soft ideal and (F, E) €
SS(X)g. Then (F,E) € PICS(X) & cl(int*(F,E)) C (F, E).

Proof. Let (F\E) € PICS( ), then X — (F, E) is pre-I-open soft. This means that,
X (F, E)Cint(cl*(X — (F, E))) = X — (cl(int*(F, E))). Therefore, cl(int*(F, E))
= (Fa E)

Conversely, let cl(int*(F, E))C(F, E). Then X — (F, E)Cint(cl*(X — (F, E))).
Hence, X — (F, E) is pre-I-open soft. Therefore, (F, E) is pre-I-closed soft. O

Corollary 4.10. Let (X, T,E,I:) be a soft topological space with soft ideal and
(F,E)e SS(X)g. If (F,FE) € PICS(X). Then cl*(int(F,E)) C (F, E).

Proof. Let (F, E) € PINCS(X)7 then cl(int*(F, E))C(F, E) from Theorem4.9. Hence,
c*int(F, E))Ccl(int*(F, E))C(F, E). Therefore, cl*(int(F, E))C(F, E). O

Theorem 4.11. Let (X, 7, E, Ii) be a soft topological space with soft ideal and (F, E) €
SS(X)g. Then (F,E) is a — I-closed soft set < cl(int*(cl(F, E)))C(F, E).

Proof. Let (F,E) € aICS( ), then X — (F, E) is a-I-open soft. This means that,
X — (F,E)Cint(cl*(int(X — (F, E)))). Therefore, cl(int*(cl(F, E)))C (F,E). Con-
versely, let cl(int*(cl(F, E)))C(F, E). Then (X — (F, E)Cmt(cl*(mt(X (F,E))).
Hence, X — (F, E) is a-I-open oft. Therefore, (F, E) is a-I-closed soft. O

Corollary 4.12. Let (X, T,E,fz be a soft topological space with soft ideal and
(F,E) € SS(X)g. If (F,E) is a-I-closed soft set. Then cl*(int(cl*(F, E)))C(F, E).

Proof. 1t is obvious from Theorem 4.11. O
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Theorem 4.13. . Let (X, T,E,f) be a soft topological space with soft ideal and
(F,E) € SS(X)g. Then (F,E) is semi-I-closed soft set < int*(cl(F, E))C(F, E).

Proof. Immediate. O

Corollary 4.14. Let (X, T,E,f) b(f a soft topological space with soft ideal and
(F,E) € SS(X)g. If (F,E) is semi-I-closed soft set. Then int(cl*(F, E))C(F,E).

Proof. 1t is obvious from Theorem 4.13l O

Theorem 4.15. Let (X, 7, E, 1) be a soft topological space with soft ideal and (F, E) €
SS(X)g. If (F,E) is semi-I-closed soft set. Then,

(1): If (F,E) is pre-I-open soft and semi-I-open soft, then (F,E) is a-I-open
soft set.

(2): If (F,E) is pre-I-closed soft and semi-I-closed soft, then (F,E) is a-I-
closed soft set.

Proof. (1): Let (F,E) € PIOS(X) and (F,E) € SIOS(X). Then (F,E)
C int(cl*(F,E)) and (F,E) C cl*(int(F,E)). It follows that, (F,E) C
int(cl*(cl*(int(F, E)))). Thus, (F, E)Cint(cl*(int(F, E))). Hence, (F,E)
is a-I-open soft set.

(2): By a similar way.
U

Theorem 4.16. In a soft topological space with soft ideal (X, T, E, f), the following
statements hold,
(1): Every open (resp. closed) soft set is a-I- open (resp. a-I-closed) soft set.
(2): Every open (resp. closed) soft set is semi-I-open (resp. semi-I-closed)
soft set.
(3): Every a-I-open (resp. a-I-closed) soft set is semi-I-open (resp. semi-I-
closed) soft set.
(4): Every a-f-open (resp. a-I-closed) soft set is pre-f-open (resp. pre—f—
closed) soft set.

Proof. We prove the assertion in the case of open soft set, the other case is similar.
(1): Let (F,E) € OS(X). Then int(F,E) = (F,E). Since (F,E)Ccl*(F, E),
then (F, E) C int(cl*(F,E)). Tt follows that, (F,E) C int(cl*(int(F, E))).
Therefore, (F, E) € aIOS(X).
(2): Let (F,E) € OS(X). Then int(F,E) = (F,E). Since (F,E)Ccl*(F, E),
then (F, E)Ccl*(int(F, E)). Hence, (F,E) € SIOS(X).
(3): Let (F,E) € alOS(X). Then (F, E)Cint(cl*(int(F, E)))Ccl* (int(F, E)).
Hence, (F, E) € SIOS(X).
(4): Let (F,E) € alOS(X). Then (F, E)Cint(cl*(int(F, E)))Cint(cl*(F, E)).
Hence, (F, E) € PIOS(X).
O

Remark 4.17. The converse of Theorem [4.16 is not true in general as shown by
the following examples.
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Example 4.18. (1): Let X = {hy,ho,h3,hs}, E = {e} and 7 = {X, ¢,
(F1, E), (Fa, E)} where (Fy, E), (Fy, E) are soft sets over X defined by Fi(e) =
{hg,h3} and Fy(e) = {h1, ha, hs}. Then (X, 7, E) is a soft topological space
over X. Let I = {¢,(I1,E), (I, E), (I, E)}, where (I}, E), (I, E), (I3, E)
are soft sets over X defined by Ii(e) = {h1}, Iz(e) = {hs} and I3(e) =
{h1,hs}. Hence, the soft set (G, F), which defined by G(e) = {ha, hs, ha},
is a-I-open soft set but it is not open soft set.

(2): Let X = {hy,ho, hs, hy}, E = {e} and 7 = {X, ¢, (F\, E), (Fy, E), (Fs, E)}
where (F1, E), (Fa, E), (F3, E) are soft sets over X defined by Fj(e) = {h1},
Fy(e) = {ha,hs} and F3(e) = {h1,h2,hs}. Then (X, 7, E) is a soft topo-
logical space over X. Let I = {q}, (I, E), (I, E),(I5,E)}, where (I1, E),
(I2, E), (I, E) are soft sets over X defined by I;(e) = {h1}, I2(e) = {h4}
and I3(e) = {h1,hs}. Hence, the soft set (G, E), which defined by G(e) =
{ha, hs, hq4}, is semi-I-open soft set but it is not open soft set.

(3) Let X = {hl, hQ, hg, h4}, FE = {6} and 7 = {X, g?), (Fl,E), (FQ, E), (Fg,E)}
where (F1, F), (Fy, E), (Fs, E) are soft sets over X defined by Fi(e) = {hi},
Fs(e) = {ho,hs} and F3(e) = {hy,h2,hs}. Then (X, 7, E) is a soft topo-
logical space over X. Let I = {gz~5, (I1,E), (I, E), (I3, E)}, where (I1,E),
(I, E), (I3, E) are soft sets over X defined by I;(e) = {h1}, I2(e) = {hy
and I3(e) = {h1, hs}. Hence, the soft set (G, E), which defined by G(e) =
{ha, h3, ha}, is semi-J-open soft set but it is not a-open soft set.

(4): Let X = {hy,ha, h3,hs}, E = {e} and 7 = {X, ¢, (F\, E), (F2, E), (F3, E)}
where (F1,E), (Fy, E), (F3,F) are soft sets over X defined by Fj(e) =
{hl}, FQ(B) = {hg,hg} and Fg(e) = {hl,hg,hg}. Then (X,T,E) is a
soft topological space over X. Let I = {(;3, (I, E), (I3, E), (I3, E)}, where
(I1,E), (I, E), (I3, E) are soft sets over X defined by I1(e) = {h1}, I2(e) =
{h4} and I3(e) = {hy1,hs}. Hence, the soft set (G, E), which defined by
G(e) = {h1,ha, hya}, is pre-I-open soft sets of (X,7,E, f), but it is not a-I-
open soft set.

Theorem 4.19. Let (X, 7, E, I~)~ be a soft topological space with soft ideal and (F, E) €
SS(X)g. Then (F,E) is semi-I-closed soft set < int*(cl(F,E)) = int*(F, E).
Proof. Let (F,E) € SICS(X), then int*cl(F, E);(F7 E) from Theorem 4.13l Then
int*cl(F, E)Cint*(F, E). But clearly int”(F, E)Cint*cl(F, E), hence int*cl(F, E) =
int*(F, E). Conversely, if int*cl(F,E) = int*(F, E), then (F,E) is semi-I-closed
soft. This completes the proof. O
Corollary 4.20. Let (X, T,E,f) be a~50ﬂ topological space with soft ideal and
(F,E) € SS(X)g. Then (F,E) is semi-I-closed < (F, E) = (F, E)Uint*(cl(F, E)).
Proof. 1t is obvious from Theorem 4.19. 0
Theorem 4.21. Let (X,7,E, I~) be a soft topological space with soft ideal and (F,E) €
alOS(X). Then (F,E)N(G, E) € SIOS(X)V(G, E) € SIOS(X).
Proof. Let (F,E) € alOS(X) and (G, E) € SIOS(X). Then

(F,E) C int(cl*(int(F, E))) and (G, E) C cl*(int(G, E)).
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It follows that
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Thus, (F, E)A(G, E) € SIOS(X) Y(G, E) € SIOS(X). O

Theorem 4.22. Let (X, T, E, I) be a soft topological space with soft ideal and (F, E) €
SS(X)g. Then (F,E) is B-I-closed soft set < int(cl(int*(F, E)))C(F, E).

Proof. Immediate. 0

Coro}lary 4.23. Let (X, 1, E, f) be a soft topological space with soft ideal and (F, F)
is B-I-closed soft set. Then int(cl*(int(F, E)) C (F, E).

Proof. Tt is obvious from Theorem 4.22. O

Theorem 4.24. In a soft topological space with soft ideal (X, T, E, f), the following
statements hold,
(1): Every pre-I-open (resp. pre-I-closed) soft set is 3-I-open (resp. (-I-
closed) soft set.
(2): Every semi-I-open (resp. semi—f—closed} soft set is B-I-open (resp. B-I-
closed) soft set.

Proof. Immediate. 0

Remark 4.25. The converse of Theorem [4.24 is not true in general as shown by
the following examples.

Example 4.26. (1): Let X = {hy,ho,hs,hy}, E = {e}, 7 = {X, ¢, (F1,E),
(F‘Q,l?)7 (Fg,E), (F4,E)}, where (Fl,E), (}72,15‘)7 (Fg,E), (F4,E) are soft
sets over X defined by Fi(e) = {hi}, Fa(e) = {ha}, F3(e) = {h1, ha},
Fy(e) = {h1, ha, hy} and I= {(ﬁ, (I, E), (I2, E), (I5, E)} be a soft ideal over
X, where (I1, E), (I, E), (I, E) are soft sets over X defined by I1(e) = {h1},
Ir(e1) = {hs} and I3(e;) = {h1,hs}. Then the soft set (G, E), defined by
G(e) = {hy, hy}, is f-I-open soft but it is not pre-I-open soft.

(2): Let X = {h17h27h37h4}7 E= {6}, T = {Xa ®, (FlaE)v (F27E)’ (F37E),
(Fy, E)}, where (F1, E), (F», E), (F3, E), (Fy, E) are soft sets over X defined
by Fi(e) = {hi}, Fa(e) = {ho}, Fs(e) = {h1,ha}, Fule) = {h1,h2, ha} and
I = {¢,(I,F) be a soft ideal over X, where (I, F) is a soft set over X
defined by I(e) = {hs}. Then the soft set (Fy, E) is $-I-open soft but it is
not semi-I-open soft.

Proposition 4.27. From Theorems |4.1, |{.16 and Theorem 4.24 we have the fol-
lowing implications for a soft topological space with soft ideal (X, 7, E,I).
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0S8(X) — alOS(X) — SIOS(X) — BIOS(X) — BOS(X)
. N / /
I0S(X) — PIOS(X) — POS(X)

5. DECOMPOSITIONS OF SOME FORMS OF SOFT CONTINUITY IN SOFT
TOPOLOGICAL SPACES VIA SOFT IDEAL

Definition 5.1. Let (Xl,Tl,A,f) be a soft topological space with soft ideal and
(Xs,72, B) be a soft topological space. Let u : X3 — X5 and p : A — B be
mappings. Let fp, : SS(X1)a — SS(X2)p be a function. Then
(1): The function f,, is called I-continuous soft (I-cts soft) if fou (G,B) €
I0S(X,) VY (G, B) € .
(2): The function f,, is called a pre-I-continuous soft function (Pre-I-cts soft)
if f,.1(G,B) € PIOS(X1) Y (G, B) € 7.
(3): The function f,, is called an a-I-continuous soft function (a-I-cts soft)
if f,.(G,B) € aIOS(X1)V (G, B) € 7.
(4): The function f,,, is called semi-I-continuous soft function (semi-I-cts soft)
if f,.1(G,B) € SIOS(X1)V (G, B) € 7.
(5): The function f,, is called 8-I-continuous soft function (B-I-cts soft) if
fl(G,B) € BIOS(X1)V (G, B) € 72.

Theorem 5.2. Let (Xi,71, A, f) be a soft topological space with soft ideal and
(X2, 72, B) be a soft topological space. Let u: X1 — Xo and p: A — B be mappings.
Let fpu + SS(X1)a — SS(X2)p be a function. Then, every I-continuous soft
function is pre-I-continuous soft function.

Proof. Tt is obvious from Theorem 4.1. O

Theorem 5.3. Let (X,71, A, I~) be a soft topological space with soft ideal and
(X2, 72, B) be a soft topological space. Let u: X1 — Xo and p: A — B be mappings.
Let fpy : SS(X1)a — SS(X2)p be a function. If f,, is I-continuous soft function
, then it is pre-I-continuous soft.

Proof. It is obvious from Theorem /4.3. O

Proposition 5.4. Let (Xl,Tl,A,f) be a soft topological space with soft ideal and
(X2, 72, B) be a soft topological space. Let u: X1 — Xo and p: A — B be mappings.
Let fpy : SS(X1)a — SS(X2)p be a function. Then we have:

(1): If I = {}, then foy is pre-I-continuous soft (resp. semi-I-continuous
soft, a-I-continuous soft and B-I-continuous soft) function < it is pre-
continuous soft (resp. semi-continuous soft, a-continuous soft and (3-conti-
nuous soft).

(2): IfI = SS(X)g, then fy, is pre-I-continuous soft (resp. semi-I-continuous
soft, a-I-continuous soft and I-continuous soft) function & it is continuous
soft.

Proof. Immediate. O
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Theorem 5.5. Let (Xi,71, A, f) be a soft topological space with soft ideal and
(X2, 72, B) be a soft topological space. Let u : X1 — Xo and p : A — B be map-
pings. Let fp, + SS(X1)a — SS(X2)p be a functwn Then for the classes,
pre-I-continuous soft (resp. «- -I-continuous soft, semi-I-continuous soft and (-I-
continuous soft) functions the following are equivalent (we give an example for the
the class of pre-I-continuous soft functions).

(1): fyu is pre-I-continuous soft function.

(2): f,./(H,B) € PICS(X1)V (H,B) € CS(Xs).

(3): fpu(PI— Scl(G A))Celr, (fru(G,A)) YV (G, A) € SS(X1)a. 0

(4): PI— Sel(fpu L(H, B))Cfpu (cl-,(H, B))V(H B) € S5(X2)B.

(5): fp (intr,(H, B))CPI - Sint(f,,!(H,B)) Y (H,B) € S5(X2)p.

Proof. (1) = (2): Let (H, B) be a closed soft set over X5. Then (H,B)' €
m and f,.'(H,B) € PIOS(X;) from Definition [5.1. Since foi (H,B) =
(fpu' (H,B)) from [[30], Theorem 3.14]. Thus, f,.'(H,B) € PICS(X,).

(2) = (3): Let (G,A) € SS(X1)a. Since
(G, A) C [ (Fpu(G, A)) € fr (e, (fpu(G, A))) € PICS(X)
from (2) and [30, Theorem 3.14]. Then
(G, A) C PIS(cl(G, A)) C [ (clry(fou(G, A))).
Hence, fpu(PjS(Cl(G,A))) Q fpu(f;;}(dm(fPU(Gv A)))) Q Cl'rz(fpu(GvA)))
from [30, Theorem 3.14]. Thus, fp, (PIS(cl(G, A)))Celr,(fou(G, A)).
(3) = (4): Let (H,B) € SS(X2)p and (G, A) = f,,/(H, B). Then
Fou(PI = Scl fy, (H, B))Celr, (fou(fp,! (H, B)))
From (3). Hence,

PI = Scl(fy, (H,B))Cfp! (fpu(PI = Scl(f,,/(H, B))))

C ot (lry (fpu(fpul (H, B))))
C fyu (clry (H, B))
from [30, Theorem 3.14]. Thus, PI — Scl(fy(H,B)C ft(cl,(H, B)).
(4) = (2): Let (H,B) be a closed soft set over X3. Then
PI — Scl(fol (H,B)C ft(clry(H, B)) = f,,}(H,B)V (H,B) € 55(X3)p
from (4). But clearly f,.'(H, B)CPI — Scl(f '(H,B)). This means that,
fl(H, B) = PI-Scl(f,,}(H, B)), and consequently f,,'(H, B) € PCS(X1).
(1) = (5): Let (H,B) € SS(XQ)B Then f,.!(int.,(H,B)) € PIOS(X))
from (1). Hence, f,,!'(int-,(H,B)) = PI - Sint(f,}int-,(H, B))CPI —
Sint(f,, (H,B)). Thus, f,.!(int.,(H, B)) C PI— Sint(f,,!(H, B)).
(5) = (1) Let (H, B) be an open soft set over Xs. ThenmtTQ(H B)=(H,B)
and f,!(int-,(H, B)) = f,.} ((H, B))CPI — Sint(f,, (H, B)) from (5). But
we have PI — Sint(f,,(H,B)) = f.(H,B) € PIOS(X;). Thus, fy, is

pre-I-continuous soft function.
O
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Theorem 5.6. Let (X;,71, A, f) be a soft topological space with soft ideal and
(X2, 72, B) be a soft topological space. Let fp, : SS(X1)a — SS(X2)p be a func-
tion. Then fp, is a- -I-continuous soft function if and only if it is a pre-I-continuous
and semi-I-continuous soft function .

Proof. Tt is obvious from Theorem 4.15. O

Theorem 5.7. Let (Xi,71, A, f) be a soft topological space with soft ideal and
(X2,72,B) be a soft topological space. Let fp, : SS(X1)a — SS(X2)p be a
function. Then

(1): Every continuous soft function is a- -I-continuous soft function.

(2): Every continuous soft function is semi- -I-continuous soft function.

(3): Every a- -I-continuous soft function is semi-I-continuous soft function.

(4): Every a- -I-continuous soft function is pre-I-continuous soft function.

Proof. Tt is obvious from Theorem 4.16. O

Theorem 5.8. Let (Xl,Tl,A,f) be a soft topological space with soft ideal and
(X2,72,B) be a soft topological space. Let fp, : SS(X1)a — SS(X2)p be a
function. Then

(1): Every pre- -I-continuous soft function is B-I-continuous soft function.

(2): Every semi- -I-continuous soft function is 3-I-continuous soft function.

Proof. Tt is obvious from Theorem 4.24. O

Proposition 5.9. From Theorems|5.2,15.5, 5.7 and Theorem [5.8 we have the fol-
lowing diagram.

cts soft \

a— 1 —cts soft — semi — I — cts soft — B — I — cts soft \,

. / B — cts soft
I — cts soft — pre — I — cts soft — pre — cts soft /

6. CONCLUSION

Topology is an important and major area of mathematics and it can give many
relationships between other scientific areas and mathematical models. Recently,
many scientists have studied and improved the soft set theory, which is initiated
by Molodtsov [21] and easily applied to many problems having uncertainties from
social life. Kandil et al.[10] introduced a unification of some types of different kinds
of subsets of soft topological spaces using the notions of y-operation. The notion of
soft ideal is initiated for the first time by Kandil et al.[11]. In this paper we extend
the notions of y-operation, pre- I-open soft sets, I-open soft sets, a-I-open soft sets,
semi-I-open soft sets and 3-I-open soft sets to soft topological spaces with soft ideal.
We study the relations between these different types of subsets of soft topological
spaces with soft ideal. We also introduce the concepts of I-continuous soft, pre- I-

continuous soft, a-I-continuous soft, semi-I-continuous soft and S-I-continuous soft
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functions and discuss their properties in detail. We notice that the family 7 of all
~v-open soft sets on a soft topological space with soft ideal (X, 7, I ) forms a supra soft
topology, i.e X = n and 7 is closed under arbitrary soft union. We see that this
paper will help researcher enhance and promote the further study on soft topology
to carry out a general framework for their applications in practical life.
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