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1. INTRODUCTION

In order to deal with uncertainties, the idea of fuzzy sets and fuzzy set operations
was introduced by L. A. Zadeh [16] in his classical paper in the year 1965, describing
fuzziness mathematically for the first time. Among the first field of Mathematics to
be considered in the context of fuzzy sets was general topology. The concept of fuzzy
topology was defined by C. L. Chang [3] in the year 1968. The paper of Chang paved
the way for the subsequent tremendous growth of the numerous fuzzy topological
concepts. Since then much attention has been paid to generalize the basic concepts
of general topology in fuzzy setting and thus a modern theory of fuzzy topology
has been developed. Today fuzzy topology has been firmly established as one of
the basic disciplines of fuzzy mathematics. In 1989, A. Kandil [9] introduced the
concept of fuzzy bitopological spaces. The concepts of Volterra spaces have been
studied extensively in classical topology in [4], [5], [6], [7] and [§]. The concept of
Volterra spaces in fuzzy setting was introduced and studied by G. Thangaraj and S.
Soundararajan in [12]. The concept of pairwise Volterra spaces in fuzzy setting was
introduced and studied by G. Thangaraj and V. Chandiran in [15]. In this paper,
several characterizations of pairwise fuzzy Volterra spaces are studied.
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2. PRELIMINARIES

Now we introduce some basic notions and results used in the sequel. By a fuzzy
bitopological space (Kandil, 1989) we mean an ordered triple (X,T},Tz), where T}
and Ty are fuzzy topologies on the non-empty set X. The complement A of a fuzzy
set X is defined by X' (z) =1 — \(z), = € X.

Definition 2.1. Let A and p be any two fuzzy sets in (X,T). Then we define
AV X — [0,1] as follows : (A V p)(x) = Maz{\(x),u(x)}. Also we define
AN p: X —[0,1] as follows : (A A p)(z) = Min{\(x), u(x)}.

For a family {)\;/i € I} of fuzzy sets in (X,T), the union ¢y = V;A; and in-
tersection 6 = A;A; are defined respectively as ¥(z) = sup;{\i(z),z € X} and
§(z) =infi{ri(z),z € X}.

Definition 2.2 ([1]). Let (X,T) be a fuzzy topological space. For a fuzzy set A
of X, the interior int(A) and the closure cl(A) of (X,T) are defined respectively as
int(A) = V{p/u<AueT}and cdd(N) = A {p/A<pl—peT}

Lemma 2.3 ([1]). Let A be any fuzzy set in a fuzzy topological space (X, T). Then
1—cl(A) =int(1 — A) and 1 —int(A) = cl(1 — A).

Definition 2.4 ([2]). Let (X,T) be a fuzzy topological space and A be a fuzzy set
in X. Then A is called a fuzzy Gs-set if A = A2, \; for each A\; € T'.

Definition 2.5 ([2]). Let (X,T) be a fuzzy topological space and A be a fuzzy set
in X. Then A is called a fuzzy F,-set if A = V{2 \; foreach 1 —\; € T

Lemma 2.6 ([1]). For a family o = {\o} of fuzzy sets of a fuzzy space X,
V(cd(Xa)) < eV ()\ )) In case o is a finite set, V(cl(Aa)) = cl(V (Aa))- Also
(mt ) < mt( )

(

Definition 2.7 (]I ]) A fuzzy set A in a fuzzy bitopological space (X,T,T3) is
called a pairwise fuzzy open set if A € T;, (i = 1,2). The complement of pairwise
fuzzy open set in (X, T1,T5) is called a pairwise fuzzy closed set.

Definition 2.8 ([15]). A fuzzy set A in a fuzzy bitopological space (X, Ty, Ts) is
called a pairwise fuzzy Gs-set if A = A2, \;, where \;’s are pairwise fuzzy open sets
n (X,Tl,Tg).

Definition 2.9 ([I15]). A fuzzy set A in a fuzzy bitopological space (X,T3,T3) is

called a pairwise fuzzy F,-set if A = V{2, \;, where A;’s are pairwise fuzzy closed
sets in (X, Ty, Ts).

Definition 2.10 ([2]). A fuzzy set A in a fuzzy topological space (X,T) is called
fuzzy dense if there exists no fuzzy closed set p in (X, T) such that A < p < 1.

Definition 2.11 ([10]). A fuzzy set A in a fuzzy bitopological space (X,T1,T5) is
called a pairwise fuzzy dense set if clp, cly, (A) =1 = clp,cp, (N).

Definition 2.12 ([11]). A fuzzy set X in a fuzzy topological space (X, T) is called
fuzzy nowhere dense if there exists no non-zero fuzzy open set p in (X, T') such that
< cl(N). That is, intcl(\) =
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Definition 2.13 ([10]). A fuzzy set A in a fuzzy bitopological space (X,T1,T5) is
called a pairwise fuzzy nowhere dense set if intp, clr, (A\) = 0 = intp,clr, (N).

Definition 2.14 ([13]). Let (X, T1,T5) be a fuzzy bitopological space. A fuzzy set
Ain (X, T4,T>) is called a pairwise fuzzy first category set if A = V2, (Ag), where
Ar’s are pairwise fuzzy nowhere dense sets in (X,T7,73). Any other fuzzy set in
(X,T1,T>) is said to be a pairwise fuzzy second category set in (X, T3, T3).

Definition 2.15 ([13]). If A is a pairwise fuzzy first category set in a fuzzy bitopo-
logical space (X, T1,T5), then the fuzzy set 1 — A is called a pairwise fuzzy residual
set in (X, T1,T5).

3. PAIRWISE FUZZY VOLTERRA SPACES

Motivated by the classical concept introduced in [4] we shall now define :
Definition 3.1 ([15]). A fuzzy bitopological space (X, T3, T») is said to be a pairwise
fuzzy Volterra space if clr, ( AN_; (\g) ) = 1, (i = 1,2), where \};’s are pairwise fuzzy
dense and pairwise fuzzy Gs-sets in (X, T7,T5s).

Proposition 3.2. If X is a pairwise fuzzy Gs-set such that clp,(N\) =1, (i = 1,2),
in a fuzzy bitopological space (X, T1,Ts), then 1 — X is a pairwise fuzzy first category
set in (X, Ty, Ts).

Proof. Let A be a pairwise fuzzy Gs-set such that clp,(A\) = 1, (i = 1,2), in
(X,T1,T5). Then X = A2 | (Ax), where Ay’s are pairwise fuzzy open sets in (X, T4, T5).
Since clr,(A) = clr, ( A2y (M) < A (cdr, (M), we have 1 < A2 clr, (Ag).
That is., A% clr,(A\x) = 1. This implies that clp, (M) = 1 (¢ = 1,2). Now
I1—-A=1-A2,(M) = V2,1 =X) — (A4). Since \;’s are pairwise fuzzy
open sets in (X, T1,Ts), (1— Ag)’s are pairwise fuzzy closed sets in (X, Ty, T5). Then
cdr,(1—X) =1-= X, (i =1,2). Now clr,(Ag) = 1 implies that 1 — clr,(A\g) =0
and hence intr, (1 — A\p) = 0. Now intp,clp (1 — A;) = intp,(1 — A;) = 0 and
intp, clr, (1 — A\,) = intp, (1 — A\;) = 0. Hence we have intp,clr, (1 — A;) = 0 and
intr, clr, (1 — A;) = 0. This implies that (1 — A\x)’s are pairwise fuzzy nowhere dense
sets in (X, Ty, Tz). Therefore, from (A), 1 — A is a pairwise fuzzy first category set
in (X,Tl,TQ). O

Proposition 3.3. If the pairwise fuzzy first category sets uy are formed from the
pairwise fuzzy Gs-sets A\, such that clp, (M) =1 (i = 1,2) in a pairwise fuzzy Volterra
space (X, T1,Ts), then intr, (Va_; (ux)) = 0.

Proof. Let Ai’s (k=1 to N) be pairwise fuzzy Gs-sets such that cly, (M) =1 (i =
1,2) in a pairwise fuzzy Volterra space (X,T1,T2). Now clrcly,(A\x) = 1 and
clpyclr, (M) = 1. Thus A,’s are pairwise fuzzy dense and pairwise fuzzy Gs-sets in
(X, Ty, T»). Since (X,Ty,Ts) is a pairwise fuzzy Volterra space, clr, ( AR, (Ax)) =
1, (i =1,2). Now 1 —clr,( AL_; (\x)) = 0, implies that intr, (Va_, (1 — A\g)) =
0, (¢ = 1,2). Since the fuzzy sets A\y’s (k = 1 to N) are pairwise fuzzy Gs-sets
such that clp,(Ax) = 1 (¢ = 1,2) in (X,T1,T»), by proposition 3.2, (1 — Ag)’s
are pairwise fuzzy first category sets in (X,T7,T5). Let purp = 1 — A\;. Hence
intr, (Vi (1)) =0, (i =1,2), where j,’s are pairwise fuzzy first category sets in
(X, T, T»). O
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Definition 3.4 ([I3]). A fuzzy bitopological space (X,T1,Ts) is called a pairwise
fuzzy Baire space if intp, (V32 (Ag)) = 0, (i = 1,2), where \y’s are pairwise fuzzy
nowhere dense sets in (X, 717, T»).

Theorem 3.5 ([13]). Let (X,T1,Tz) be a fuzzy bitopological space. Then the follow-
ing are equivalent :
(1). (X,T1,Ts) is a pairwise fuzzy Baire space.
(2). inty,(A) =0, (i = 1,2), for every pairwise fuzzy first category set A in
(X, 11, T3).
(3). cr, (1) =1, (i=1,2), for every pairwise fuzzy residual set p in (X, Ty, Ts).

Proposition 3.6. If the pairwise fuzzy first category sets uy are formed from the
pairwise fuzzy Gs-sets A\, such that clr,(Ag) =1 (i = 1,2) in a pairwise fuzzy Volterra
space (X,T1,Tz), then (X, T1,Ts) is a pairwise fuzzy Baire space.

Proof. Now Vi_, (intr,(uy)) < intr,(Va_; (u)). By Proposition 3.3, intr, (VA
(1r)) = 0. Then VI, (int7, (ux)) = 0 implies that intr, (up) = 0, (i = 1,2), where
ur’s are pairwise fuzzy first category set in (X,Ty,7T»). Hence, by theorem 3.5,
(X,T1,T») is a pairwise fuzzy Baire space. O

Definition 3.7 ([15]). A fuzzy bitopological space (X, Ty, T») is called a pairwise
fuzzy P-space if countable intersection of pairwise fuzzy open sets in (X, T1,T5) is
pairwise fuzzy open. That is, every non-zero pairwise fuzzy Gs-set in (X, T7,T5) is
pairwise fuzzy open in (X, T, T3).

Definition 3.8. A fuzzy bitopological space (X,T7,Ts) is called a pairwise fuzzy
hyperconnected space if A is a pairwise fuzzy open set, then clr,(A\) =1, (i =1,2).

Proposition 3.9. If the fuzzy bitopological P-space (X,T1,Ts) is a pairwise fuzzy
hyperconnected space, then (X,T1,Ts) is a pairwise fuzzy Volterra space.

Proof. Let Ag’s (k = 1 to N) be pairwise fuzzy Gs-sets in (X,Ty,T2). Since
(X,T1,Ts) is a pairwise fuzzy P-space and Ap’s are pairwise fuzzy Ggs-sets, Ap’s
are pairwise fuzzy open sets in (X,77,7»). This implies that Ay € T;. Then
AN_ (Ag) € Ty, (i =1,2). Thus AY_;(Ag) is a pairwise fuzzy open set in (X, 77, T).
Also, since (X,Ty,T5) is a pairwise fuzzy hyperconnected space and Ag’s are pair-
wise fuzzy open sets, A\;’s are pairwise fuzzy dense sets in (X, T1,T5). Hence \;’s are
pairwise fuzzy dense and pairwise fuzzy Gs-sets in (X, T1,T). Now AN_ (\g) is a
pairwise fuzzy open set in a pairwise fuzzy hyperconnected space (X,T1,T3). Then
cr, (A (\k)) =1, (i = 1,2). Therefore (X,T1,7T5) is a pairwise fuzzy Volterra
space. O

Theorem 3.10 ([13]). If A is a pairwise fuzzy nowhere dense set in a fuzzy bitopo-
logical space (X, Ty1,Ts), then 1 — X is a pairwise fuzzy dense set in (X, T1,T3).

Theorem 3.11 ([14]). If the pairwise fuzzy first category set \ is a pairwise fuzzy
closed set in a pairwise fuzzy Baire space (X, Ty,Ts), then X\ is a pairwise fuzzy
nowhere dense set in (X, Ty,Ts).

Proposition 3.12. If the pairwise fuzzy first category sets A\, (k = 1 to N) are
pairwise fuzzy closed and pairwise fuzzy Fy-sets in a pairwise fuzzy Baire space
(X, T1,Ts), then (X,T1,Ts) is a pairwise fuzzy Volterra space.
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Proof. Let the pairwise fuzzy first category sets \;, (kK =1 to N) be pairwise fuzzy
closed and pairwise fuzzy F,-sets in a pairwise fuzzy Baire space (X, Ty,T3). Then
by theorem [3.11, \y’s are pairwise fuzzy nowhere dense sets in (X,T7,7%). Then
by theorem 3.10, (1 — Ag)’s are pairwise fuzzy dense sets in (X,77,73). Since the
Ar’s are pairwise fuzzy F,-sets, (1 — A\x)’s are pairwise fuzzy Gs-sets in (X, Ty, T»).
Hence (1 — A\g)’s (k =1 to N) are pairwise fuzzy dense and pairwise fuzzy Gs-sets
in (X, Tl,TQ).

Now clg, (AR_; (1= X)) =, (1 — Vil (M) = 1 —intq, ( ViL, (\)), (i =
1,2) — (1). If puy’s are the pairwise fuzzy nowhere dense sets in (X, 71, T2) in which
the first N pairwise fuzzy nowhere dense sets be Ay, then VI, (Ax) < V&, (uk).
This implies that intr, (Vi_; (Ax)) < intr, (Vi2, (uk)), (i = 1,2) — (2). Since
(X,T1,T») is a pairwise fuzzy Baire space, intr, (\/Z":1 (Mk)) =0, (i = 1,2) where the
ux’s are pairwise fuzzy nowhere dense sets in (X, T1,T3). Then from (2), intr, (\/,]c\’:1
(M) = 0. Now 1 —intr, ( VA_; (Ax)) = 1. Hence from (1), clr, (AR_; (1 =) =
1, (i = 1,2) where (1 — \)’s are pairwise fuzzy dense and pairwise fuzzy Gs-sets in
(X,T1,Ty). Therefore (X,T1,Ts) is a pairwise fuzzy Volterra space. 0

Definition 3.13. A fuzzy set A in a fuzzy bitopological space (X, T1,T5) is called a
pairwise fuzzy o-nowhere dense set if \ is a pairwise fuzzy F,-set in (X, T1,T53) such
that intp intp, () = intpinty, (A) = 0.

Proposition 3.14. If X\ is a pairwise fuzzy dense set in a fuzzy bitopological space
(X,T1,Ts) such that p < 1 — X where pu is a pairwise fuzzy Fy-set in (X,Ty,T5),
then u is a pairwise fuzzy o-nowhere dense set in (X, T1,T5).

Proof. Let X\ be a pairwise fuzzy dense set in (X,T1,T5) such that p < 1 — A\
Then cp,clr,(A) = 1 = cp,clp, (N) and intp inty, (@) < intpint,(1 —X) =1 —
crcr,(A) =1 —1 = 0 implies that intr, intr,(u) = 0. Also, intr,intr, (u) = 0.
Hence p is a pairwise fuzzy F,-set and intp int, (1) = 0 = intp,intr, (1). Therefore
1 is a pairwise fuzzy o-nowhere dense set in (X, T7,T»). O

Proposition 3.15. In a fuzzy bitopological space (X, Ty, Ts), a fuzzy set X is pairwise
fuzzy o-nowhere dense in (X, T1,Ts) if and only if 1 — X is a pairwise fuzzy dense
and pairwise fuzzy Gs-set in (X, Ty, Ts).

Proof. Let \ be a pairwise fuzzy o-nowhere dense set in (X,T1,7T5). Then X is a
pairwise fuzzy F,-set and intp inty, (A\) = 0 = intpinty, (A). Clearly, 1 — A is a
pairwise fuzzy Gs-set in (X, Ty, Ts) and 1 — intp, int7, () = 1. That is, clr,cl, (1 —
A) = 1. Similarly, clr,clp, (1 — A) = 1. Hence 1 — X is a pairwise fuzzy dense set in
(X,T1,Ts). Therefore 1 — X is a pairwise fuzzy dense and pairwise fuzzy Gs-set in
(X, Ty, T»).

Conversely, let A be a pairwise fuzzy dense and pairwise fuzzy Gs-set in (X, T3, T3).
Then clp, clr,(N) = 1 = clp,clp, (A) and 1— X is a pairwise fuzzy Fy-set in (X, T, T3).
Now intr,intr,(1—X) = 1—clp, cl, (A) = 1—1 = 0. Similarly, intp,intr, (1—X) = 0.
Hence 1 — ) is a pairwise fuzzy F,-set and intr,intr,(1—A) = 0 = intpinty, (1—N).
Therefore 1 — X is a pairwise fuzzy o-nowhere dense set in (X, T3, T3). O
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Proposition 3.16. If ) is a pairwise fuzzy F,-set and pairwise fuzzy nowhere dense
set in a fuzzy bitopological space (X, T1,Ts), then X is a pairwise fuzzy o-nowhere
dense set in (X, Ty, Ts).

Proof. Let A be a pairwise fuzzy nowhere dense set in (X, 71, T3). Then intr, cly, (A) =
0 = intp,clr, (). Now A < clp, (A) implies that intp,(A) < intpclr, (A) = 0.
It follows that intpintr, (A) < intr, (0) = 0. That is, intpinty,(A) = 0. Also,
intr, () < intp clr,(A) = 0 and hence intp,intr, (A) = intr,(0) = 0. Hence A is
a Fy-set and intr intt,(A\) = 0 = intpinty, (\). Therefore X is a pairwise fuzzy
o-nowhere dense set in (X, Ty, T5). d

Definition 3.17. A fuzzy bitopological space (X, Ty, T») is called a pairwise fuzzy
o-Baire space if intTi( Vi, ()\k)) =0, (i = 1,2) where A\;’s are pairwise fuzzy
o-nowhere dense sets in (X, T1,T5).

Proposition 3.18. If the fuzzy bitopological space (X,Ty,Ts) is a pairwise fuzzy
o-Buaire space, then (X,T1,Ts) is a pairwise fuzzy Volterra space.

Proof. Let (X,T1,T3) be a pairwise fuzzy o-Baire space. Then intr, ( VR, ()\k)) =
0, (i =1,2) where Ag’s are pairwise fuzzy o-nowhere dense sets in (X, 77,75). Now
intr, ( v, (/\k)) < intr, (vgoz ) (Ak)) — 0 implies that intr, ( v, (/\k)) —0, (i =
1,2). Then 1 — intr, ( VAL, (W) = 1. Then we have clr, (1 Vil (M) = 1.

That is, cl, ( AN (1— )\k)) = 1. By proposition 3.15, (1 — A\g)’s are pairwise fuzzy

dense and pairwise fuzzy Gs-sets in (X, Ty, Ts). Hence (X, T1,T5) is a pairwise fuzzy
Volterra space. O

Proposition 3.19. If the fuzzy bitopological space (X,T1,Ts) is a pairwise fuzzy
Baire space and if the pairwise fuzzy nowhere dense sets in (X,T1,Ts) are pairwise
fuzzy Fy-sets in (X, Th,Ts), then (X, Ty, Ts) is a pairwise fuzzy o-Baire space.

Proof. Let (X,T1,T3) be a pairwise fuzzy Baire space such that every pairwise fuzzy
nowhere dense set A\ is a pairwise fuzzy F,-set in (X,T1,75). Then intTi( Ve,
(Ar)) = 0 where \;’s are pairwise fuzzy nowhere dense sets in (X,T1,72). By
proposition [3.16, Ay’s are pairwise fuzzy o-nowhere dense sets in (X, 71,T5). Hence
intr, (ViZ, (Ak)) = 0, where \,’s are pairwise fuzzy o-nowhere dense sets in
(X,T1,Ts). Therefore (X,T7,T») is a pairwise fuzzy o-Baire space. O

Proposition 3.20. If the pairwise fuzzy nowhere dense sets are pairwise fuzzy F,-
sets in a pairwise fuzzy Baire space (X,Th,Ts), then (X,T1,T3) is a pairwise fuzzy
Volterra space.

Proof. Suppose that every pairwise fuzzy nowhere dense set is a pairwise fuzzy F,-
set in a pairwise fuzzy Baire space (X, 71, T%). Then by proposition 3.19, (X, Ty, Ts)
is a pairwise fuzzy o-Baire space. Also by proposition 3.18, (X, T, Tz) is a pairwise
fuzzy Volterra space. 0

The inter relations between pairwise fuzzy Baire spaces, pairwise fuzzy o-Baire
spaces and pairwise fuzzy Volterra spaces can be summarized as follows :
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pairwise fuzzy Baire spaces

pairwise fuzzy nowhere dense sets

are pairwise fuzzy F,-sets

pairwise fuzzy o-Baire spaces

|

pairwise fuzzy Volterra spaces

Proposition 3.21. If cly, ( A2, (A\e)) = 1, (i = 1,2) where \’s are pairwise
fuzzy dense and pairwise fuzzy Gs-sets in a fuzzy bitoplogical space (X, Ty,Ts), then
(X,T1,Ts) is a pairwise fuzzy o-Baire space.

Proof. Now clr, (A2, (Ak)) =1, (i = 1,2) implies that intr, (Vi (1 — X)) = 0.
Since A;’s are pairwise fuzzy dense and pairwise fuzzy Gs-sets in (X, Ty, T5), by
proposition 3.15, (1 — Ag)’s are pairwise fuzzy o-nowhere dense sets in (X, T}, T3).
Hence (X, T1,T5) is a pairwise fuzzy o-Baire space. O

Definition 3.22 ([14]). A fuzzy bitopological space (X, Ty, T») is said to be a pair-
wise fuzzy strongly irresolvable space if clr intr,(A) = 1 = clpinty (A) for each
pairwise fuzzy dense set X in (X, T4, T3).

Proposition 3.23. If the fuzzy bitopological space (X,T1,Ts) is a pairwise fuzzy
strongly irresolvable Baire space, then (X,T1,T2) is a pairwise fuzzy Volterra space.

Proof. Let A\i’s (k = 1 to N) be pairwise fuzzy dense and pairwise fuzzy Ggs-sets
in (X,T1,T3). Since (X,T1,T>) is a pairwise fuzzy strongly irresolvable space,
cpyintr,(A\x) = 1 = clpyintr, (Ax). This implies that intr clr, (1 — X)) = 0 and
intr,clr, (1 — Ax) = 0. Hence (1 — Ag)’s are pairwise fuzzy nowhere dense sets in
(X, Ty, To). Now Vil (1 —Ax) < V2, (1 — A) implies that intr, (VE_; (1 — X)) <
intr, (Vi2, (1= ). Also, intr, (VA (1= \y)) <intr, (Ve (1—Ax)). That is,
intr, (Vie, (1= X)) <intr, (Vi2, (1 — k), (i =1,2). Since (X,Ty,T>) is a pair-
wise fuzzy Baire space, intr, (Ve (1 — X)) = 0. Hence intz, ( Vi, (1—Ag)) =0.
Then 1 — clr, ( AR_; (Ax)) = 0. This implies that clr, (AL_; (Ae)) =1, (i = 1,2).
Therefore (X, T1,T5) is a pairwise fuzzy Volterra space. O

4. CONCLUSIONS

In this paper several characterizations of pairwise fuzzy Volterra are studied. The
inter relations between pairwise fuzzy Baire space, pairwise fuzzy o-Baire space and
pairwise fuzzy Volterra space are investigated.
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