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1. INTRODUCTION

The theory of fuzzy languages was developed as a generalization of the classical
notion of (crisp) languages. There are several methods for studying fuzzy languages.
One method is by associating a monoid (syntactic monoid) to every fuzzy language
and then study properties of the fuzzy language using the algebraic properties of
the syntactic monoid. This method has a strong basis because every monoid is a
syntactic monoid of some fuzzy language and most of our work is based on this
concept [1], [2] and [3]. The aim of this paper is to provide a variety structure of
commutative fuzzy languages and their generalizations.

2. PRELIMINARIES

Here we recall the basic definitions and notations that will be used in the sequel.
All undefined terms are as in [1, 5]. A nonempty set S with an associative binary
operation is called a semigroup. If there is an element 1 € § with 1s = s =
sl for all s € S, then S is called a monoid (semigroup with identity). If xy = ya for
all x,y € 5, then the semigroup S is called a commutative semigroup.

Let A be a nonempty finite set called an alphabet. Elements of A are called
letters. A word is a finite sequence of letters of A. The length of a word is the
number of letters in it. A word of length zero is called the empty word, it is denoted
by 1. AT denote the set of all nonempty words. Then A* = AT U{1}(A™) together
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with the binary operation concatenation is called a free monoid(semigroup) on A.
A language L' is a subset of A*(A™T).

A fuzzy language X in A*(A™) is a fuzzy subset of A*(AT). To each fuzzy lan-
guage A we associate a congruence P, called syntactic congruence, as follows. For
u,v € A*(AT), uPyv if and only if A(zuy) = A(zvy) for all z,y € A*(AT). The quo-
tient monoid(semigroup), Syn(\) = A*/P\(SynA = AT /P,) is called the syntactic
monoid (semigroup) of A.

A fuzzy language A over an alphabet A is recognizable by a monoid(semigroup)
S if there is a homomorphism ¢ : A* — S(¢: AT — S) and a fuzzy subset 7 of S
such that A = 7¢~1, where ¢~ (u) = 7(¢(u)).

For fuzzy languages A, A1, Ay over an alphabet A, complement, union and inter-
section are defined respectively by A(u) = 1 — A(u), (A1 V A2)(u) = Ai(u) V A2 (u),
()\1 A )\2)('&) = )\1(’11) AN )\Q(U).

Further left and right quotients are defined respectively by;

AT A2 (@) =\ (a(vu) A X)), QAT (W) = \/ (Ao (uwv) AN (v)).
vEA* vEA*
Let ¢ € [0, 1] be arbitrary. Then the fuzzy language cA defined by (cA)(u) = ¢-A(u)
is called multiplication by constant c.
Let A, B be finite alphabets, ¢ : A* — B*(¢ : AT — B7T) be a homomorphism
and 9 a fuzzy language in B*(B™), then the inverse image of 1) (under ¢) is a fuzzy

language ¢~ over A defined by (Y¢~1)(u) = ¥(¢u).
For a fuzzy language A by a c-cut, ¢ € [0, 1], we mean the crisp language A, defined

by Ae = {u € A*|A(u) > c}.
The following theorem gives a characterization for regular fuzzy languages.

Theorem 2.1 ([5]). A fuzzy language A is regular if and only if Im()\) is finite and
language \; is regular for every c € [0, 1], where Im(\) = {c|c € [0,1] and there exists
u € A* such that A(u) = c}.

Unless otherwise specified all the fuzzy languages considered here are regular.

Definition 2.2. A family &% = Z(A) of regular fuzzy languages is a variety of
fuzzy languages in A*(A™) if it is closed under unions, intersections, complements,
multiplication by constants, quotients, inverse homomorphic images and cuts.

For a variety of fuzzy languages .#, let .%° be the family of finite monoids defined
by #* = {Syn(\)|A € F(A), for some A}. For a variety of finite monoids ., let
S = #F(A) be the family of fuzzy languages defined by .7/ (A) = {\ is a fuzzy
language over A|Syn(\) € .7}.

Theorem 2.3 (cf. [6], Theorem 7). The mappings F — F° and ./ — S are
mutually inverse lattice isomorphisms between the lattices of all varieties of fuzzy
languages and all varieties of finite monoids.

3. COMMUTATIVE FUZZY LANGUAGES

Definition 3.1. Let A be a fuzzy language on A*, A is called a commutative fuzzy
language if it satisfies the condition A(zuvy) = A(zvuy) for all z,y,u,v € A*.
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Example 3.2. Let L C A*, M be a commutative monoid and ¢ : A* — M be a
homomorphism such that L = ¢~!(P) for some P C M. Then A\ = xpp = xr is a
commutative fuzzy language, since

Mzuvy) = xpp(ruvy) = xp(p(ruvy))
xp(p(x)p(u)p ( )e(y))
xp(p(@)[p(w)e()]e(y))
xp(p(@)[p(v)e(u)]le(y)
©

xp(p(zvuy)) = xpp(rvuy)
= Aaxovuy)

for all x,y,u,v € A*.

Example 3.3. Let A : A* — [0,1] be defined by

1 if |u| is prime

l . . .
M) =42 if |u| is composite

Loif Jul =1

3 O Ju[ =

0 otherwise.

Then )\ is a commutative fuzzy language.

The class of commutative fuzzy languages on A* is denoted by CFL(A*) (CFL).
By Example 3.2, we have CFL(A*) # ¢.

3.1. Variety of commutative fuzzy languages. The following result shows that
CFL is closed under the boolean operations.

Lemma 3.4. Let A\, A1,\o € CFL. Then A\, A1 V X2 and A A \o are in CFL.

Proof. Let A € CFL. Then A(zuvy) = A(zvuy) for all z,y,u,v € A*. So for all
x,y,u,v € A*, we have

Mzuvy) = 1— Nzuvy) B
= 1— A(zovuy) = Mavuy).

Thus A € CFL. Since A1, Ay € CFL, we have \; (zuvy) = A\ (zvuy) and Ao (zuvy) =
A2 (zvuy) for all x,y,u,v € A*. So

MV A)(auvy) = A(zuvy) V hs(zuvy)
= A(zvuy) V A (zvuy) = (A V A2)(zvuy)

for all z,y,u,v € A*. Thus (A1 V A\2) € CFL. Since \; A Ay = (A1 V A2), we have
A1 A Xy € CFL. O

Lemma 3.5. Let A be a commutative fuzzy language on A*, X be a finite alphabet
and ¢ : X* — A* be a homomorphism. Then A\p~! is a commutative fuzzy language
over X where Ap~t(u) = MN(u)) for all u € X*.
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Proof. Since A € CFL, we have A(zuvy) = A(zvuy) for all z,y,u,v € A*. So

A D(zuvy) = Ap(zuvy))

= AMe(@)e(u)p(v)e(y))
Ap(x)p(v)p(u)e(y))

= Me(zvuy)) = Ao~ (zvuy)

for all ,y,u,v € X*. Thus Ap~! is a commutative fuzzy language. 0

From the above lemma, it follows that CFL is closed under the inverse
homomorphic images.
Lemma 3.6. Let A\{,\s € CFL. Then
(i) \{'\2 € CFL and
(ii) A\2A;! € CFL.
Proof. (i) Since A1, A2 € CFL, we have A\;(zuvy) = A(zvuy) and Ag(zuvy) =
Ao (zvuy) for all x,y,u,v € A*. So

A7) (zuvy) = \/ { A2 (vizuvy) A A\ (v1)}
v EA*

V' De((wi@)uvy) A di(vn)}

V1 EA*

\ Del(wiz)vuy) A X (v1)}

v EA*

\/ { Ao (vizvuy) A X (v1)} = (AT A) (zouy)
V1 EA*

for all z,y,u,v € A*. Thus )\;1)\2 € CFL.
(ii) Similarly, A1, A € CFL, then A\y\; ' € CFL. O

Lemma 3.7. Let A be a commutative fuzzy language and ¢ € [0,1]. Then cX is a
commutative fuzzy language.

Proof. Since A € CFL, we have A(zuvy) = A(zvuy) for all z,y,u,v € A* and ¢ €
[0,1]. So
(eN)(zuvy) = ¢ AM(zuvy)
= ¢ Azvuy) = (cA)(zvuy)
for all z,y,u,v € A*. Thus cA is a commutative fuzzy language. Hence CFL is
closed under the multiplication by constants. O

Lemma 3.8. Let A € CFL and A. = {u € A* : X(u) > ¢} for c € [0,1]. Then the
syntactic monoid of As is a commutative monoid.
Proof. Since A € CFL, we have A(zuvy) = A(zvuy) for all z,y,u,v € A*. So
zuvy € A < ¢ < Mauvy) = A(zvuy) (since A € CFL)
& xvuy € A

for all z,y,u,v € A*. So zuvyP) xvuy. Hence M()\.) is a commutative
monoid. U
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Theorem 3.9. CFL is a variety of fuzzy languages.

Proof. By Lemma 3.4, CFL is closed under the boolean operations. By Lemma 3.5,
CFL is closed under the inverse homomorphic images. By Lemmas 3.6, 3.7 and 3.8,
CFL is closed under quotients, multiplication by constants and c-cuts. Thus CFL
is a variety of fuzzy languages. O

The following theorem shows that the pseudovariety associated with the
variety of fuzzy languages CFL is that of commutative monoids.

Theorem 3.10. Let M be a finite commutative monoid recognizing the fuzzy lan-
guage \. Then A € CFL.

Proof. Since M is a finite commutative monoid recognizing the fuzzy language A
over an alphabet A, if there is a homomorphism ¢ : A* — M and a fuzzy subset
7 M — [0,1] such that A = w1, where A\(u) = mp = (u) = m(¢(u)) for all u € A*.
Since M is a commutative monoid, we have

Mauvy) = mp~H(zuvy)
= 7(p(zuvy))
= 7(p(@)p(u)e(v)e(y))
= 7([p(zu)p(v)]e(y))
= 7([p(v)p(zu)]e(y))
= m([p()e(@)e(u)le(y))
= m([p()e(@)]e(w)e(y))
= 7([p(@)e)]p(uw)e(y))
= 7(p(@)e(v)e(u)e(y))
= 7(plzvuy)) = T~ (zvuy) = Mazvuy)
for all z,y,u,v € A*. Thus A € CFL. a

Theorem 3.11. Let A be a fuzzy language. Then A € CFL if and only if Syn(\) is
a commutative monoid.

Proof. Since Syn(\) is a commutative monoid, we have [u]y - [v]x = [v]x - [u] for all
u,v € A*. So (uv)Py(vu). Thus M(zjuves) = A(zivuzs) for all 1,29 € A*. Hence
A € CFL.

Conversely, since A € CFL, we have A(zuvy) = Azvuy) for all z,y,u,v € A*.
So (uv)Py(vu). That is [u]y - [v]x = [v]a - [u]a for all u,v € A*. Thus Syn(A) is a
commutative monoid. O

Theorem 3.12. There exists a one-one correspondence between CFL and pseu-
dovariety Com! = {\| Syn(\) € Com} of commutative monoid.

Proof. Let M € Com’. Then by Theorem 3.10, A € CFL.
Conversely, if A € CFL, then by Theorem 3.11 and Theorem 2.3,
Syn(\) € Com/. O
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4. FuZzY LANGUAGES WHOSE SYNTACTIC MONOIDS SATISFIES PERMUTATION
IDENTITIES

4.1. Different types of permutation identity fuzzy languages.

Definition 4.1. A fuzzy language A in A* is called a permutation identity fuzzy
language of type 1, if it satisfies the condition A(uvw) = A(vuw) for all u,v,w € A*.

Example 4.2. Let A : A* — [0, 1] be defined by

e if |u| > 2

AMu)=<¢ & if jul=1
0  otherwise.

Then A is a permutation identity fuzzy language of type 1.

The class of permutation identity fuzzy languages of type 1 in A* is denoted by
P, IF.

Definition 4.3. A fuzzy language X\ in A* is called a permutation identity fuzzy
language of type 2, if it satisfies the condition A(uvw) = A(uwv) for all u,v,w € A*.

Example 4.4. Let A : A* — [0, 1] be defined by

1 . .
_J 1 if |u[iseven
Aw) { % if  |u|is odd
Then A is a permutation identity fuzzy language of type 2.

The class of permutation identity fuzzy languages of type 2 in A* is denoted by
P.IF.

Definition 4.5. A fuzzy language A in A* is called a permutation identity fuzzy
language of type 3, if it satisfies the condition A(uvw) = A(wvu) for all u,v,w € A*.

Example 4.6. Let A : A* — [0, 1] be defined by

1 if |u| is prime

l . . .
M) = {2 if |u| is composite

Loif Jul =1

3 1 lu| =

0 otherwise.

Then A is a permutation identity fuzzy language of type 3.

The class of permutation identity fuzzy languages of type 3 in A* is denoted by
P;sIF.

Definition 4.7. A fuzzy language A in A* is called a permutation identity fuzzy
language of type 4, if it satisfies the condition A(uvw) = A(vwu) for all u,v,w € A*.

Example 4.8. Let A, : A* — [0,1] be defined by

1 if |u|>3"
An(u)—{l | |

5 otherwise.

Then A, is a permutation identity fuzzy language of type 4.
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The class of permutation identity fuzzy languages of type 4 in A* is denoted by
P4IF.

Definition 4.9. A fuzzy language A in A* is called a permutation identity fuzzy
language of type 5, if it satisfies the condition A(uvw) = A(wuw) for all u, v, w € A*.

Example 4.10. Let A\, : A* — [0,1] be defined by

1 .

= if |lu|>n+1

An (u) = 112 ‘ | "

i3  otherwise.

Then A, is a permutation identity fuzzy language of type 5.

The class of permutation identity fuzzy languages of type 5 in A* is denoted by
P;IF.

4.2. Variety of permutation identity fuzzy language of type 1.

Lemma 4.11. Let A\, A1, Ay € P1IF. Then
(i) A€ P, IF
(11) AV Ay € P IF and
(iii) M A X € P IF.

Proof. (i) Since A € P1IF, we have A(uvw) = A(vuw) for all u,v,w € A*. Then

AMuww) = 1-ANww)
= 1-A(vuw) = A(vuw).

So A e P,IF.
(ii) Since A1, A2 € P1IF, we have A\ (vvw) = Aj(vuw) and Az (uvw) = Aa(vuw) for
all u,v,w € A*. Then
(A1 V) (uwvw) = A(uwow) V Ag(uvw)
= A(vuw) V Az (vuw) = (A1 V A2) (vuw)
for all u,v,w € A*. Thus (A1 V A2) € P,IF.

(iii) Since A\; Adz = (A1 V A2), we have A\; A Xy € P1IF. Hence PIF is closed under
the boolean operations. O

Lemma 4.12. Let A be a fuzzy language over A, A € P1IF, X be a finite alphabet
and ¢ : X* — A* be a homomorphism. Then A\p~! € PIF, where \p~(u) =
AMeo(w)) for allu € X*.

Proof. From the definition of A1, we have \p~!

for all u,v,w € X*, we have

is a fuzzy language in X*. Then

Qe H(ww) = Ap(uvw))
= AMe(w)p(v)p(w))
= AMe)p(u)p(w))
= Me(vuw)) = o~ (vuw)
So Ap~! € P,IF. -
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Lemma 4.13. Let A\, Ay € P1IF. Then
(i) (A\{'N\2) € PLIF and
(i) (A\eA;') € Py IF.

Proof. (i) Since A1,A2 € P1IF, we have A(uvw) = Aj(vuw) and Az(uvw)

A2 (vuw) for all u,v,w € A*. Then for all u,v,w € A*, we have

()\1_1/\2)(uvw) = \/ {2 (viwow) A Xy (v1)}

v EA*

— \/ {A2(v1(uv)w) A Aq(vy)}

v EA*

=V e((w)viw) A (o)}

v EA*

— \/ {2 (u(vv))w) A Ay (v1)}

v EA*

= \/ {Ao((vvr)uw) A Ai(vr)}

v EA*

= \/ {2 (vv1 (uw)) A A1 (v1)}

v EA*

- \/ {A2(v1v(uw)) A A1 (v1)}

v EA*

=V De(vivuw) A (v1)} = (A7 A2) (vuw).
v EA*

Thus A; '\y € P,IF.
(ii) Similarly, if A, Ay € P1IF, then \pA[! € P1IF.

Lemma 4.14. Let A € P1IF and c € [0,1]. Then (c\) € P, IF.

Proof. Since A € P1IF, we have A(uvw) = A(vuw) for all u,v,w € A*. Then

() (uwvw) = ¢ Muvw)
= ¢ AMouw) = (c))(vuw)

for all u,v,w € A*. Thus c\ € P{IF.
Lemma 4.15. P,IF is closed under the c-cuts.
Proof. Let A € P1IF and c € [0,1]. Then

ww € X, & ¢ < AMuvw) = A(vuw)
S vuw € A

for all u,v,w € A*. Thus x, (vvw) = xa, (vuw) for all u,v,w € A*. That is
Xx. € P1IF. Hence P,IF is closed under c-cuts.

Theorem 4.16. P, IF is a variety of fuzzy languages.
Proof. By Lemma 4.11, P;IF is closed under the boolean operations.

By

Lemmas 4.12 and 4.13, P1IF is closed under the inverse homomorphic images and
quotients. By Lemmas 4.14 and 4.15, P1IF is closed under the multiplication by

constants and c-cuts. Hence P1IF is a variety of fuzzy languages.
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The following theorem shows that the pseudovariety associated with the
variety of fuzzy languages P1IF is that of monoids satisfying the identity s;s983 =
§98183.

Theorem 4.17. Let M be a finite monoid satisfying the identily s1S283 = S281S3
and recognizing the fuzzy language \. Then A € P1IF.

Proof. Since M recognizes the fuzzy language A, there is a homomorphism ¢ : A* —
M and a mapping 7 : M — [0,1] such that A(u) = 7o~ (u) = 7(p(u)) for all
u € A*. So we have

AMuwvw) = mo L (uvw)

[T
AAAA

= mp L (vuw) = ANvuw)
for all u,v,w € A*. Thus A € P{IF. O
Similarly we have the following results.

Theorem 4.18. Let M be a finite monoid satisfying the identity si1S283 = S18382

and recognizing the fuzzy language \. Then A € PyIF. a
Theorem 4.19. Let M be a finite monoid satisfying the identity s1S283 = S38281
and recognizing the fuzzy language \. Then A € P3IF. O
Theorem 4.20. Let M be a finite monoid satisfying the identity si1S283 = S28381
and recognizing the fuzzy language \. Then A € P4IF. O

Theorem 4.21. Let M be a finite monoid satisfying the identity s1S283 = S381S2
and recognizing the fuzzy language X\. Then A € PyIF. g

Theorem 4.22. Let A be a fuzzy language in A*. Then N\ € PLIF if and only
if Syn(X) is a monoid satisfying the condition s1S283 = sa8153 for all s1,82,83 €
Syn(N).

Proof. Assume that Syn()) is a monoid satisfying the the condition s1s283 = s25153

for all s1, 82, s3 € Syn(A). Then for all u,v,w € A* we have  [u]x- [v]x-[w]r = [v]A-

[u]x - [w]x. That is, (wvw)Py(vuw). So Mz (uvw)y) = A(z(vuw)y) for all x,y € A*.
Conversely, let A € P1IF, we have A\(uvw) = A(vuw) for all w,v,w € A*. Then

Az(uvw)y) =

A
A
= A
A

= AMzvuwy)

for all z,y € A*. So (uvw)Py(vuw). Thus [u]y - [v]x - [w]x = [v]x - [u]x - [w]x for all

u,v,w € A*. Then Syn(\) satisfies the condition s1s283 = s95183 for all s1, $9, 83 €

Syn(N). O
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Theorem 4.23. There exists a one-one correspondence between P1IF and the pseu-
dovariety of monoids satisfies the permutation identity s1S283 = S25183.

Proof. This follows from Theorem 4.17 and Theorem 4.22 U

Remark 4.24. By the similar arguments as in Lemmas 4.11, 4.12, 4.13, 4.14, 4.15
and Theorem 4.16, we can show that PoIF, P3IF, P,IF and P5IF are varieties of
fuzzy languages. Also we have the following.

(i) There exists a one-one correspondence between PoIF and the pseudovariety
of monoids satisfying s;s283 = $15352.

(ii) There exists a one-one correspondence between P3IF and the pseudovariety
of monoids satisfying s1s283 = $38251.

(ii) There exists a one-one correspondence between P4IF and the pseudovariety
of monoids satisfying s1s283 = s25351.

(iv) There exists a one-one correspondence between PsIF and the pseudovariety
of monoids satisfying s1s983 = $351583.

Remark 4.25. If M is a commutative monoid, then M satisfies the identity s1s283 =
$18382 = S3S8281 = 8358182. S0 CFL is a subclass of P{IF, P>IF, P3IF, PAIF and
P;sIF.
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