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1. INTRODUCTION

"T'he notion of a semiring was introduced by H.S.Vandiver[9] in 1934. Semiring
is a well known Universal algebra. Semiring have been used for studying optimiza-
tion theory, Graph theory, Matrices, Determinants, Theory of Automata, Formal
language theory, Coding theory, Analysis of computer programmes, etc. Notion of
I'—semiring was introduced by M. Murali Krishna Rao[7] not only generalizes the
notion of semiring and gammaring but also the notion of ternary semiring. The nat-
ural growth of gamma semiring is influenced by two things. One is the generalization
of results of gamma rings and another is the generalization of results of semirings and
ternary semirings. This notion provides an algebraic back ground to the non positive
cones of the totally ordered rings. Molodtsov[6] introduced the concept of Soft set
theory as a new mathematical tool for dealing with uncertainties. The theory of
fuzzy sets most appropriate theory for dealing with uncertainty is first introduced
by L.A. Zadeh[10]. Many papers on fuzzy sets appeared showing the importance of
the concept and its applications to Logic, Set theory, Group theory, Ring theory,
Real analysis, Topology, Measure theory etc. The concept of fuzzy subgroup was
introduced by A. Rosenfeld [8] in 1971. Then Maji et.al[5] extended soft set theory
to fuzzy soft set theory. F. Feng et.al[3] initiated the study of soft semirings. Soft
rings are defined by U. Acar et.al[l] and Jayanth Ghosh et.al[1] initiated the study
of Fuzzy soft rings and Fuzzy soft ideals. In this paper we introduce the notion of
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fuzzy soft I'—semirings, fuzzy soft ideals and fuzzy soft k-ideals over I'—semirings
and study some of their algebraic properties.

2. PRELIMINARIES

In this section, we recall some definitions introduced by the pioneers in this field
earlier.

Definition 2.1 ([7]). A set S together with two associative binary operations called
addition and multiplication (denoted by + and - respectively) will be called
semiring provided

(i) addition is a commutative operation.

(#7) there exists 0 € S such that t+ 0=z and 2-0=0-2 =0 for each z € S.
(747) multiplication distributes over addition both from the left and from the right.

Definition 2.2. [7] Let (M, +) and (I',+) be commutative semigroups. Then we
call M as a I'— semiring, if there exists a mapping M x I' x M — M is written
(z,a,y) as zay such that it satisfies the following axioms for all z,y,z € M and
a,pel

(i) za(y + 2) = zay + zaz

(i) (x4 y)az = zaz + yaz

(iii) z(a+ By = zay + zPy

(iv) za(yBz) = (voy)Bz.

Definition 2.3 ([7]). Let S be a I'—semiring and A be a nonempty subset of S. A
is called a I'—subsemiring of S if A is a sub-semigroup of (S,+) and AT'A C A.

Definition 2.4 ([7]). Let S be a I'—semiring. A subset A of S is called a left(right)
ideals of S if A is closed under addition and STA C A(AT'S C A). A is called an
ideal of S if it is both a left ideal and right ideal.

Definition 2.5 ([10]). Let S be a non empty set, a mapping f : S — [0,1] is called
a fuzzy subset of S.

Definition 2.6 ([10]). Let f be a fuzzy subset of a nonempty subset .S, for ¢ € [0, 1]
the set fy = {x € S| f(x) >t} is called level subset of S w.r.t. f.

Definition 2.7 ([2]). Let S be a I'—semiring . A fuzzy subset u of S is said to be
a fuzzy I'—subsemiring of S if it satisfies the following conditions

(1) p(x +y) = min {u(x), n(y)}
(i) p(zay) > min {u(x), w(y)} for all x,y € S,a € T

Definition 2.8 ([2]). A fuzzy subset u of a I'—semiring S is called a fuzzy left(right)
ideal of S if for all x,y € S, €T

() p(x +y) = min{p(z), u(y)}

(i1) p(zay) = py) (u(@)).

Definition 2.9 ([2]). A fuzzy subset p of a I'—semiring S is called a fuzzy ideal of
Sif for all z,y € S;a €T
() p(x +y) = min{p(z), u(y)}
(1) p(zray) = maz {p(x), u(y)}-
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Definition 2.10 ([2]). An ideal I of a I'—semiring S is called k—ideal if for x,y €
S, x+yel,yecl=xecl.

Definition 2.11 ([5]). Let f and g be fuzzy subsets of S then fUg, f Ng are fuzzy
subsets of S defined by

fUg(a) = mac{ f(x), g(x)}, f O g(x) = min{f(z), g(x)} forall z € S.

Definition 2.12 ([10]). A fuzzy subset p : S — [0, 1] is nonempty if p is not the
constant function.

Definition 2.13 ([10]). For any two fuzzy subsets A and p of S, A C u means
Az) < p(x) for all x € S.

Definition 2.14 ([6]). Let U be an initial Universe set and E be the set of param-
eters. Let P(U) denotes the power set of U. A pair (f, E) is called soft set over U
where f is a mapping given by f: E — P(U).

Definition 2.15 ([6]). For a soft set (f, A), the set {x € A | f(x) # @} is called
Support of (f, A) denoted by Supp(f, A). If Supp(f, A) # @ then (f, A) is called
non null soft set.

Definition 2.16 ([5]). Let U be an initial Universe set and E be the set of param-
eters. Let A C E. A pair (f, A) is called fuzzy soft set over U where f is a mapping
given by f: A — IV where IV denotes the collection of all fuzzy subsets of U.

Definition 2.17 ([4]). Let X be a group and (f, A) be a soft set over X. Then
(f,A) is said to be soft group over X if and only if f(a) is a subgroup of X for each
a € A

Definition 2.18. [4] Let X be a group and (f, A) be fuzzy soft set over X. Then
(f,A) is said to be fuzzy soft group over X if and only if for each a € A, z,y € X
(1) fa(z*y) 2 fa(2) * faly)

(i1) fa(z™?) > fa(2)

where f, is the fuzzy subset of X corresponding to the parameter a € A.

Definition 2.19 ([5]). Let (f, A), (g, B) be fuzzy soft sets over U then (f, A) is
said to be a fuzzy soft subset of (g, B) denoted by (f, A) C (¢g,B) if A C B and
f(a) C g(a) for all a € A.

Definition 2.20 ([5]). Let (f, A), (g, B) be fuzzy soft sets. The intersection of fuzzy
soft sets (f, A) and (g, B) is denoted by (f, A)N (g, B) = (h,C) where C = AU B is
defined as
fe, ifce A\ B;
he =< 9es ifce B\ 4;
feNge, ifce ANB.

Definition 2.21 ([5]). Let (f, A), (g, B) be fuzzy soft sets. The union of fuzzy soft
sets (f,A) and (g, B) is denoted by (f,A) U (g,B) = (h,C) where C = AU B is
defined as
fe, if ce A\ B;
he =< 9e, if ce B\ 4;
feUge, ifce ANB.
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Definition 2.22 ([5]). Let (f, A), (9, B) be fuzzy soft sets over U. “(f, A) and (g, B)
is denoted by “(f, A)A(g, B)” is defined by (f, A)A(g, B) = (h,C) where C = Ax B.
he(z) = min {fo(x), go(x)} for all ¢ = (a,b) € A x B and z € U.

Definition 2.23 ([5]). Let (f, A), (g, B) be fuzzy soft sets over U. “(f, A) or (g, B)”
is denoted by (f, A) V (g, B) is defined by (f, A) V (g, B) = (h,C) where C = Ax B
and h.(z) = Max {f.(2), gp(z)} for all c= (a,b) € Ax B,z € U.

Definition 2.24 ([2]). Let f and g be fuzzy subsets of I'—semiring S. Then fog is

defined by
Fog(s) = { sup {mind f(@).(0)}}.

0, otherwise
z,y,z € S,a el

Definition 2.25 ([5]). Let S and T be two sets. Let ¢ : S — T be any function. A
fuzzy subset f of S is called ¢ invariant if ¢(z) = ¢(y) = f(x) = f(y).

Definition 2.26 ([7]). A function f : R — S where R and S are I'—semirings is said
to be a I'—semiring homomorphism if f(a+b) = f(a)+ f(b) and f(aad) = f(a)af(b)
for all a,b € R,a €T.

3. MAIN RESULTS

In this section, the concepts of soft I'—semiring, fuzzy soft I'—semiring and fuzzy
soft ideal over I'—semiring are introduced and study the properties related to these
notions.

Definition 3.1. Let S be a '—semiring and E be a parameter set and A C E. Let f
be a mapping given by f : A — P(S) where P(S) is the power set of S. Then (f, A) is
called a soft I'—semiring over S if and only if for each a € A, f(a) is I'—subsemiring
of S.ie. (i) z,yeS=x+ye€ fla) (i) z,y€ S,a el = zay € f(a).

Definition 3.2. Let S be a I'—semiring and F be a parameter set and A C E. Let
f be a mapping given by f : A — [0,1]° where [0,1]° denotes the collection of all
fuzzy subsets of S. Then (f, A) is called a fuzzy soft I'—semiring over S if and only
if for each a € A, f(a) = f, is the fuzzy I'—subsemiring of S. i.e.,(i) fo(x +y) >
min{fa(x), fa(y)} (ii) fa(voy) = min{fa(z), fa(y)} for all z,y € S, € T.

Definition 3.3. Let S be a I'—semiring and E be a parameter set and A C E.
Let f be a mapping given by f : A — P(S). Then (f, A) is called a soft left(right)
ideal over S if and only if for each a € A, f(a) is a left(right) ideal of S. i.e.,
(i) z,y € fla)=z+y € fla) (i) z,y € f(a),a €T,r € S = raz(zar) € f(a).

Definition 3.4. Let S be a I'—semiring and E be a parameter set, A C E and
f+ A — P(R). Then (f,A) is called a soft ideal over S if and only if for each
a € A, f(a) is an ideal of S. ie., (i) z,y € f(a) = z+y € f(a) (i) z € f(a),a €
I'yreS=raxe f(a) and zar € f(a).

Definition 3.5. Let S be a I'—semiring and F be a parameter set and A C F. Let f

be a mapping given by f : A — [0, 1]¥ where [0, 1]° denotes the collection of all fuzzy

subsets of S. Then (f, A) is called a fuzzy soft left(right) ideal over S if and only if
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for each a € A, the corresponding fuzzy subset f, : S — [0,1] is a fuzzy left(right)

ideal of S. i.e., (i) fo(z +y) > min {fu(z), fa(y)} (it) fo(zay) > fu(y)(fa(x)) for
all z,y € S,a el

Definition 3.6. Let S be a '—semiring and E be a parameter set and A C E. Let
f be a mapping given by f : A — [0,1]° where [0,1]® denotes the collection of all
fuzzy subsets of S. Then (f, A) is called a fuzzy soft ideal over S if and only if for
each a € A, the corresponding fuzzy subset f, : S — [0,1] is a fuzzy ideal of S.

e, (1) fule +y) > min {f(@), fua(®)} (1) fu(way) = max {fale), f(y)} for all
z,y € S,ael.

Definition 3.7. Let (f, A), (g, B) be fuzzy soft ideals over a I'—semiring S. The
product (f, A) and (g, B) is defined as ((f o g), C) where C = AU B and

fe(z), if ce A\ B;
0g)e(z) = ¢ 9e(2), if c€ B\ 4;
(f o g)ela) Sup {mm{fc( ),9:(b)}}, ifce ANB.

forallceAUBandxe&ael".

Theorem 3.1. Let (f, A) and (g, B) be fuzzy soft I'—semirings over a I'—semiring
S. Then (f,A)U (g, B) is a fuzzy soft T'—semiring over S.

Proof. Let (f,A)U (g,B) = (h,C) where C = AU B.

Case(i) it ANB=g.

Let ce C=AUB. Thence Aorce B. If c € Athen h, = f. and if ¢ € B then
he = ge, since (f, A) and (g, B) are fuzzy soft '—semirings over a I'—semiring S. In
both cases h. is a fuzzy I'—subsemiring of S.

Case(ii) : if ANB # @.

If ce A\ B then h. = f., h. is a fuzzy I'—subsemiring.

If ce B\ A then h. = gc, h. is a fuzzy I"'—subsemiring.

If ce AN B then h, = f. U ge.

Let z,y € S,a € I". Then

he(z+y) = feUge(z+y)
= maz{fc(z +y),gc(z +y)}
> max{min{ fc(x), fe(y)}, min{g.(x), ge(y) }}
= mln{max{fc(x) gc(l‘)} maz{fc(y) (’(y)}}
= min{fcUgc(z), feUge(y)}
he(zay) = foUge(zay)

maz{ fe(zoy), gc(my)}

maz{min{ fo(x), fe(y)}, min{g.(x), gc(y)}}
min{maz{ f.(r), ge(z)}, maz{fc(y), 9. (y) } }
= min{feUgc(x), fcUge(y)}

Hence h. is a fuzzy T'—subsemiring of S. Therefore (f, A) U (g, B) is a fuzzy soft
I'—semiring over S. 0
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Theorem 3.2. Let (f, A) and (g, B) be fuzzy soft I'—semirings over a I'—semiring
S. Then (f,A) N (g, B) is a fuzzy soft T'—semiring over S.

Proof. Let (f,A)N(g,B) = (h,C) where C = AU B and
fe(x), ifce A\ B;
he(z) =1 ge(z), if ce B\ 4;
feNge(x), ifce ANB.
forallce C =AUB, for all x € S.
Case(i) : If c € A\ B then h. = f., f.is a fuzzy I'—subsemiring of S since (f, 4) is
a fuzzy soft I'—semiring over S.
Case(ii) : If ¢ € B\ A then h. = gp, gp is a fuzzy I'—subsemiring of S, since (g, B)
is a fuzzy soft I'—semiring over S
Case(iii) : If c € AN B then h.(z) = fo Nge(z). Let z,y € S, € T. Then
he(x+y) = (fNg)e(x+y)
mind fe(z +y), ge(z + )}
min{min{ fe(z), fe(y)}, min{gc(z), ge(y)}}
min{min{f.(z), gc(x)}, min{fc(y), gc(y) } }
min{(f N g)e(x), (f Ng)e(y)}
(f N g)e(woy)
min{ fe(zay), gc(my>}
min{min{fc.(z), fe(y)}, min{gc(z), gc(y)}}
min{min{ fe(z), ge(x)}, min{fc(y), 9c(y)}}

= min{(f N g)c(x), (fﬂg) ()}
Hence h. is a fuzzy I'—subsemiring of S. Therefore (f, A) N (g, B) is a fuzzy soft

I'—semiring over S. 0

v 1

he(zay)

vl

Theorem 3.3. Let (f, A) and (g, B) be fuzzy soft T'—semirings over a I'—semiring
S. Then (f,A) A (g, B) is a fuzzy soft ['—semiring over S.

Proof. By definition 2.22, (f, A) A (g, B) = (h,C) where C = A x B.
Let ¢ = (a,b) € C = Ax B and x,y € S,a € T'. Then
he(x +y) min{ fo(z +y), go(z + y)}
min{min{fa(x), fa(y)}, min{gs(x), gv(y)}}
min{min{fa(x), go(x)}, min{fa(y), 9o(y)}}
= min{fa A gy(), fa A gb(y)}
= min{he(z), he(y)}
min{ fa(zay), gs(zoy)}
min{min{fa (ZL’), fa (y)}v min{gb(m)a gb(y)}}
min{min{ fa(x), go(x)}, min{fa(y), 9o(y)}}
min{he(x), he(y)}
Hence h. is a fuzzy I'—subsemiring of S. Therefore (h, C) is a fuzzy soft I'—semiring
over S. O

vl

he(zay)

v 1l

The following theorem can be proved easily.

Theorem 3.4. Let (f, A) and (g, B) be fuzzy soft T'—semirings over a I'—semiring
S. Then (f,A)V (g, B) is a fuzzy soft I'—semiring over S.
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Definition 3.8. Let (f, A) and (g, B) be fuzzy soft I'—semirings over S. Then (g, B)
is a fuzzy soft I'—subsemiring of (f, A) if it satisfies the following conditions
(1) BC A (i) gp(x) < folx) for all x € Supp(g, B).

Theorem 3.5. Let (f, A) and (g, B) be fuzzy soft T'—semirings over S. Then the
following statements are true

(0) If g» C fp for allb e B C A then (g,B) is a fuzzy soft I'—subsemiring of (f, A).
(#) (f, A) and (g, B) are fuzzy soft I'—subsemirings of (f,A)U (g, B) .

Proof. (i) Since g, C fp for all b € B C A and by definition 3.12, (g, B) is a fuzzy
soft I'—subsemiring of (f, A).

(#i) Let (f,A)U (g,B) = (h,C) where C = AU B. By theorem 3.8, (h,C) is a
fuzzy soft I'—semiring over S. Since A C C' and B C C, by definition 3.12, (f, A)
and (g, B) are fuzzy soft I'—subsemirings of (f, A) U (g, B) . O

Theorem 3.6. Let S be a I'—semiring and E be a parameter set and A C E. Then
(f, A) is a fuzzy soft left ideal over S if and only if for each a € A, (f,):(t € Im(f,))
is a left ideal of S where f, is the fuzzy subset of S.

Proof. Suppose (f,A) is a fuzzy soft left ideal over S. Let a € A and t € Im(f,)
and 2,y € (o), € D7 € S. Then fu(w +y) > min{fa(z), faly)} > min{t,t} = ¢
and fo(rax) > fo(x) > ¢ which implies that « + y,rax € (f,):. Therefore for each
t € Im(fa), (fa)t is a left ideal of S. Conversely, suppose that (f,): is a left ideal
of S for each t € Im(f,) and corresponding to each a € A and x,y € S. Suppose
fulw+y) < mind fa(@), fa(y)} = tr(say). Then 2,y € (fu)r,, but z-+y & (fu)r, which
is a contradiction. So fu(xz + y) > min{f.(x), fa(y)}. Suppose fq(ray) < fu(y) =
ta(say). Then y € (fo)t,, but zay ¢ (fa):, which is a contradiction. Therefore
fa(zay) > fu(y). Hence f, is a fuzzy left ideal of S. Therefore (f, A) is fuzzy soft
left ideal. O

Corollary 3.7. Let u be a fuzzy set in a T'—semiring S and A = [0,1]. Then (f, A)
is a fuzzy soft left ideal over S if and only if p is a fuzzy left ideal of S.

Proof. Follows from theorem 3.14. g

Theorem 3.8. Let S be a I'—semiring and E be a parameterset and A C E. Then
(f,A) is a fuzzy soft left(right) ideal over S if and only if for each a € A the
corresponding fuzzy set f, of S satisfy the following conditions

(1) fa(x +y) = min{fa(x), fa(y)}

(2) Xs © fa Cc fa(fa oxs C fa)
where xs stands for characteristic function of S.

Proof. Suppose (f, A) is a fuzzy soft left ideal over S. Then, for each a € A, f, is
fuzzy left ideal of S. Let z € S. Then

xs © fa(z) = sup {min{xs(z), fu(y)}} = sup {fu(y)} < fu(zay) = fu(2)

z=zay z=zay

If z cannot be expressed as z = xay where z,y € S,a € I" then xs o fo(z) =0 <
fa(z). Conversely, suppose that for each a € A, f, satisfy the given two conditions.
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Let z,y € S, € T'. Then we have

fa(ray) > x50 fa(ray) = Supﬁ min{xS(p), fa(Q)} > miﬂ{XS(Q?% fa(y)} = fa(y)-
zay=pfq

This shows that for each a € A, f, is a fuzzy left ideal of S. So (f, A) is a fuzzy soft

left ideal over S. Similarly we can prove the result for a fuzzy soft right ideal over

S. O

Theorem 3.9. Let S be a '—semiring and E be a parameter set and A C E. We
define a fuzzy subset a, of S corresponding to a € A by

aq(xz) = s ifzel(a)
= t otherwise

for all x € S and s,t € [0,1] with s < t. Then (a,A) is a fuzzy soft left ideal over
S. if and only if (I, A) is a soft left ideal over S

Proof. Let (o, A) be a fuzzy soft left ideal over S and z,y € I(a) and r € S, € I.
Then a,(x) = s = a,(y) and hence

ao(x +y) > min{ag(z), aq(y)} = min{s, s} = s.

So xz+y € I(a). Also, a,(ryx) > aq(x) = s. Therefore ryx € I(a). Hence I(a) is a

left ideal of S. Thus (I, A) is a soft left ideal over S. Conversely, (I, A) be soft left

ideal over S for each a € A, I(a) is a left ideal of S. Let x,y € S then the following

four cases arise for consideration.

Case (i) : z,y € I(a).

Then z +y € I(a),zyy € I(a) and hence au(x + y) = s, ,(x) = s = au(y)

aq(xyy). Therefore a,(x + y) = min{aq(z), aq(y)} = s and aq(zyy) = s = aa(y)

Case (ii) : © € I(a),y ¢ I(a).

Then = +y ¢ I(a) and hence a,(x) = s, a,(y) = t.Therefore a,(z + y) = t. Now
t

= aq(x 4+ y) = min{ag(z), aq(y)} = min{s,t} = s.

Hence y - x € I(a) implies that a,(yyx) = s = aq(x).

Case(iii) : x,y ¢ I(a).

Then x +y ¢ I(a) and zyy ¢ I(a) and hence ay(z) =t = ag(y).

t = ag(x+y) > min{aq(x), aq(y)} = min{t,t} = t. Therefore o, (xyy) =t = aq(y).
Hence « is a fuzzy left ideal of S for each a € A. Therefore (a, A) is a fuzzy soft
left ideal over S. O

Definition 3.9. A fuzzy set p of '—semiring M is said to be normal fuzzy if p is
a I'—sub semiring of M and p(0) = 1.

Definition 3.10. Let (f, A) be fuzzy soft I'—semiring over S. Then (f, A) is said
to be normal fuzzy soft I'—semiring if f, is normal fuzzy of I'—semiring over S, for
all a € A.

Theorem 3.10. If (f, A) is a fuzzy soft U —semiring over S and for each a € A, fF
is defined by fi(x) = fo(x) +1— fa(0) for all z € S then (fT,A) is a normal fuzzy
soft T—semiring over S and (f, A) is subset of (f+, A).
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Proof. Let xz,y € S;a € I' and a € A. Then

fi (@ +y) fa(z+y) + 1= fa(0)
mind fo(z), fa(y)} +1 — fa(0)
mm{fa(x) +1- fa(o)v fa(y) +1- fa(o)}
min{fq (x), fa (y)}

fa(zay) +1 — fa(0)
mln{fa(x)v fa(y)} +1- fa(o)
mzn{fa(x) +1- fa(0)7fa(y) +1- fa(o)}
min{f; (), f ()}
If x = 0, then f;5(0) = 1 and f, C f. Hence (f*,A) is a normal fuzzy soft
I'—semiring over S and (f, A) is a subset of (fT, A). O

Theorem 3.11. Let (f, A) and (g, B) be fuzzy soft ideals over T'—semiring S. Then
(f,A) N (g,B) is a fuzzy soft ideal over S.

Proof. By definition 2.20, we have (f, A) N (g, B) = (h,C) where C = AU B.
Case (i) : he.= f.if c € A\ B. Then h, is a fuzzy ideal of S since (f, A) is a fuzzy
soft ideal over S.
Case (ii) : If c € B\ A then h, = g.. Therefore h. is a fuzzy ideal of S since (g, B)is
a fuzzy soft ideal over S.
Case (iit1) : If c€e AN B, and z,y € S, € I" then h. = f. N g, and

he(z +y) min{ fe(z +y), ge(z + )}
min{min{ fe(z), fe(y)}, min{ge(z), gc(y)} }
min{min{ fc(z), g-(z) }, min{fe(y), 9-(y) } }

mind fe N ge(x), fe N ge(y)}
min{he(z), he(y)}

mind fe(zay), ge(zay)}
min{maz{ fe(x), fe(y)}, maz{ge(x), gc(y)}}
maz{min{ f(x), ge(z)}, min{ fc(y), gc(y) } }
= maz{ fe 0 ge(x), fe N ge(y)}
= maz{he(z), he(y)}
Hence h, is a fuzzy ideal of S. Thus (f, A) N (g, B) is a fuzzy soft ideal over S. O

Theorem 3.12. Let (f, A) and (g, B) be two fuzzy soft ideals over I'—semirings.
Then (f, A) U (g, B) is a fuzzy soft ideal over S.

Proof. By definition 2.21, we have (f, A) U (g, B) = (h,C) where C = AUB

v

fif (zay)

v

v 1l

and
he(way)

v 1

fes ifce A\ B;
he =< 9e, if ce B\ A;
feUge, ifce ANB.

Case(i): If c € A\ B then h. = f., h. is a fuzzy ideal of S since (f, A) is a fuzzy soft
ideal over S.
Case(ii): If ¢ € B\ A then h. = g, h¢ is a fuzzy ideal of S since (g, B) is a fuzzy
soft ideal over S.
Case(iii): If c € AN B then for all z,y € S,a €T,
he(z) = fe U ge(z) = maz{ fe(z), g.(v)}
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he(z +y) maz{fe(z +y), ge(x +y)}
mazx{min{ f.(r), fe(y)}, min{gc(x), gc(y)} }
min{mam{fc(x),gc(x)},max{fc(y)7gc(y)}}

maz{(f Ug)c(z), (fUg)e(y)}
he(zay) = (fUg)e(zay)

maz{ fe(zay), ge(ray)}

maz{maz{f.(z), fe(y)}, maz{ge(), gc(y)} }
maz{maz{f.(z), g.(z)}, maz{fc(y), ge(y)}}
Hence h, is a fuzzy ideal of S. Therefore (h,C) is a fuzzy soft ideal over S. O

Theorem 3.13. Let (f,A) and (g, B) be fuzzy soft ideals over a I'—semiring S.
Then (f, A) A (g, B) is a fuzzy soft ideal over S.

Proof. By definition 2.22, (f, A) A (g, B) = (h,C) where C = A x B.
Let c=(a,b) e C = Ax B and z,y € S, € T'. Then
he(x +y) fa(z+y) Ago(x +y)
min{ fa(2 +y), 9o(2 + y)}
min{min{ fa(x), fa(y) }, min{gs(x), 5(y)} }
min{min{ fo(x), go(2) }, min{ fa(y), 9(y)} }
min{fa A gb(x>7 fa A gb(y)}
min{he(x), he(y)}
fa(zay) A gy(zay)
min{ fa(zay), gy (zay) }
min{maz{fa(r), fa(y)}, maz{gs(x), gs(y)}}
maz{min{ fo(z), go(x)}, min{ fa(y), 9(y) } }
Hence h, is a fuzzy soft ideal over S. Therefore (h, A x B) is a fuzzy soft ideal over
S. O

Theorem 3.14. Let (f,A) and (g, B) be fuzzy soft ideals over a I'—semiring S.
Then (f, A) V (g, B) is a fuzzy soft ideal over S.

Proof. The proof is similar to that of theorem 3.23 and using definition 2.23. g

IIAVART

v 1l

v I

he(zay)

vl

4. Fuzzy SOFT K-IDEAL

In this section the concept of fuzzy soft k-ideal in I'—semiring is introduced and
study the properties related to this notion.

Definition 4.1. A fuzzy ideal p of a I'—semiring S is said to be fuzzy k—ideal of S
if p(z) = min{u(z +y), u(y)} for all 2,y € S.

Definition 4.2. Let (f, A) be fuzzy soft ideal over I'—semiring S. Then (f, A) is
said to be fuzzy soft k-ideal if f, is fuzzy k—ideal of I'—semiring S, for all a € A.

Theorem 4.1. Let (f, A) and (g, B) be two fuzzy soft k—ideals over a I'—semiring
S. Then (f,A)N (g, B) is a fuzzy soft k—ideal if it is non null.

Proof. By theorem 3.21, (f,A) N (g,B) is a fuzzy soft ideal over S. Let (f, A) N

(9,B) = (h,C) where C = AUB. If c € A\ B then h. = f, h. is a fuzzy k—ideal of

S since (f, A) is a fuzzy soft k—ideal over S. If ¢ € B\ A then h. = g., h. is a fuzzy
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k-ideal of S since (g, B) is a fuzzy soft k—ideal. If c € AN B then h. = (f Ng). and

he(x) = (fNg)e(x)
min{ fe(z), ge(x)}
min{min{fe(z +y), fe(y)}, min{ge(z +y), gc(y)} }
min{min{ f.(z +y), gc(x + y) }, min{ fe(y), 9c(y) } }
min{fe 0 ge(z +y), fe N ge(y)}
for all x,y € S. Hence f.N g, is a fuzzy k—ideal of S.
Therefore (f, A) N (g, B) is a fuzz soft k—ideal over S. O

v

Theorem 4.2. Let (f, A) and (g, B) be two fuzzy soft k—ideals over a T'—semiring
S. Then (f,A) U (g, B) is a fuzzy soft k—ideal over S.

Proof. By theorem 3.22, (f, A) U (g, B) is a fuzzy soft ideal over S. By definition
2.21, (f,A) U (g,B) = (h,C) where C = AU B.

If ce A\ B then h. = f., h. is a fuzzy k—ideal since (f, A) is a fuzzy soft k—ideal.
If ce B\ A then h. = g., h. is a fuzzy k—ideal since (g, B) is a fuzzy soft k—ideal.
If ce AN B then h, = f. U g.. Clearly h. is a fuzzy ideal. Let x,y € S. Then

(feUge)(x)
maz{ fe(x), ge(x)}
maz{min{fe(z +y), fe(x)}, min{ge(z + y), ge(x) } }
maz{min{fc(z +y), ge(z + y) }, min{ fe(x), g.(x)} }
= min{maz{f.(x +y),gc(x +y)}, maz{fe(x), ge(x)}}
= min{fe U ge(z +y), fo U ge(x)}
Hence h, is a fuzzy k—ideal of S. Therefore (h, C) is a fuzzy soft k—ideal over S. [

he(x)

vl

Theorem 4.3. Let (f, A) and (g, B) be fuzzy soft k—ideals over a T'—semiring S.
Then “(f, A) or (g,B)” denoted by (f,A)V (g,B) = (h, A x B) where h. = fo U gp
for all c = (a,b) € A x B is a fuzzy soft k—ideal over S.

Proof. Let ¢ = (a,b) € A x B,z € S. Then, by theorem 3.24, (f, A) V (g, B) is a
fuzzy soft left ideal over S and

he(x)

fa(z) U gp(z)
max{fa(x),gb(x)}
maz{min{ fo(z +y), fa(y)}, min{gy(x + ), 95 (y) } }
maz{min{fo(z +y), g5 (x +y) },min{ fa(y), go(y)}}
min{maz{fa(z +y), go(x +y)}, maz{fa(y), go(y)}}
min{fa U gb(x + y)’ fa U gb(x)}
Hence h. is a fuzzy k—ideal of S. Therefore (h, A x B) is a fuzzy soft k—ideal over
S. O

1V 1l

Theorem 4.4. Let (f, A) and (g, B) be fuzzy soft k—ideals over a T'—semiring S.
Then (f, A) A (g, B) is a fuzzy soft k—ideal over S.

Proof. By definition 2.22, (f, A) A (g, B) = (h,C) where C = A x B.
Let ¢ = (a,b) € C = Ax B and z,y € S. Then, by theorem 3.23, (f, A) A (g, B) is a
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fuzzy soft ideal over S and

fa(@) A gb(z)

mind fo(x), go()}

min{min{ fo(z +y), fa(y)}, min{gs(z +y), 9(y) } }
min{min{ fa(x +y), go(x + y) }, min{ fa(y), 9o(y) } }

min fa A go(x +y), fa A gv(y)}

Hence h. is a fuzzy k—ideal over S. Therefore (f, A) A (g, B) is a fuzzy soft k—ideal
over S. O

he(z)

v

Theorem 4.5. Let S be a I'—semiring and E be a parameter set and A C E. Then
(f, A) is a fuzzy soft k—ideal over S if and only if for each a € A, (f,):(t € Im(f,))
is a k—ideal of S where f, is the fuzzy subset of S.

Proof. Suppose (f, A) is a fuzzy soft k—ideal over S. Let a € A and t € Im(f,) and
z,y € (fa)t,a € yr € S. Then

fa(z +y) = min{fa(z), f(y)} = min{t,t} =t and fo(zay) > maz{fa(2), fa(y)} =
mazx{t,t} = t and hence z + y,zay € (fa)i- Let © € (fo)e,7 € S, € T. Then
fa(zar) > maz{f.(z), fa(r)} = fa(x) > t and fo(rax) > maz{fa(r), fo(z)} =
fa(x) > t. Hence rax, zar € (f,):. Therefore, for each t € Im(f,), (fa): is an ideal
of S. Let * +y € (fa)t,y € (fa)r- Then fo(z+y) >, fu(y) >t and hence fo(z) >t
since f, is a fuzzy k—ideal. Therefore z € (f,);. Hence (f,): is k—ideal of S. Con-
versely, suppose that (f,): is a k—ideal of S for each ¢ € I'm(f,) and corresponding
to each @ € A and z,y € Sa € T. Suppose fo.(x + y) < min{fa(z), fa(y)} =
ti(say). Then z,y € (fa)y,, but © +y ¢ (fu):, which is a contradiction. So
falz +y) = min{fa(z), fa(y)}. Suppose fo(zay) < maz{fa(z), fa(y)} = t2(say).
Then x,y € (fa)t,, but xay ¢ (fq):, which is a contradiction. Therefore f,(xay) >
mazx{fo(z), fo(y)}. Let x,y € S and a € A, min{f.(z + y), fo(y)} = ti(say). Then
Y,z +y € (fa)r, implies that x € (fy)s, so that fo(x) > t1 = min{fo(z+y), fuly)}.
Hence f, is a fuzzy k—ideal of S. Therefore (f, A) is fuzzy soft k—ideal over S. O

Definition 4.3. A fuzzy ideal f of a I'—semiring S is said to be a k—fuzzy ideal of
Sif (f(z+y)) = f(0) and f(y) = f(0) then f(z) = f(0) for all z,y € S.

Definition 4.4. Let (f, A) be fuzzy soft ideal over I'—semiring S. Then (f, A) is
said to be k—fuzzy soft ideal if f, is k— fuzzy ideal of '—semiring S, for all a € A.

Theorem 4.6. Let (f, A) be a fuzzy soft k—ideal over T'—semiring S then (f, A) is
a k—fuzzy soft ideal.

Proof. Let a € A. Then f, is a fuzzy k—ideal since (f, A) is fuzzy soft k—ideal. Let
x,y € S such that f,(x +y) = f.(0) and f,(y) = fa(0). Then

fa(®) min{ fo(x +y), fa(y)}
min{ fa(0), fa(0)}
fa(0)
Therefore f,(x) > fa(0). Also, we have f,(0) > f,(x). Hence f,(z) = f,(0). There-
fore f, is a k—fuzzy ideal of S.
Hence (f, A) is a k—fuzzy soft ideal over I'—semiring S. O
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5. Fuzzy SOFT IDEAL OF A FUZZY SOFT I'—SEMIRING

In this section the concept of fuzzy soft ideal of a fuzzy soft I'—semiring is intro-
duced and studied the properties related to this notion.

Definition 5.1. Let (f, A) be a fuzzy soft I'—semiring over I'—semiring S. A non
null fuzzy soft set (g, B) over S is called a fuzzy soft ideal of (f, A) if it satisfies the
following conditions

(¢) (g, B) is a fuzzy soft subset of (f, A)

(ii) (g, B) is a fuzzy soft ideal over S.

Theorem 5.1. Let (f, A) and (g, B) be two fuzzy soft ideals of a fuzzy soft I'—semiring
(h,C) over T'—semiring S. Then (f, A) N (g, B) is a fuzzy soft ideal of (h,C) if it is
non null.

Proof. By theorem 3.21, (f,A) N (g, B) is a fuzzy soft ideal over S. By definition
5.1, (f, A) and (g, B) are fuzzy soft subsets of (h,C). Hence (f, A)N (g, B) is a fuzzy
soft ideal of (h,C.) O

The following theorem can be proved easily.

Theorem 5.2. Let (f, A) and (g, B) be two fuzzy soft ideals of a fuzzy soft I'—semiring
(h,C) over I'—semiring S. Then (f, A) U (g, B) is a fuzzy soft ideal of (h,C) if it is
non null.

Theorem 5.3. Let (f, A) and (g, B) be fuzzy soft T'—semirings over I'—semiring S.
Let (f1,C) and (g1, D) be fuzzy soft ideals of (f, A) and (g, B) respectively. Then
(f1,C)N (g1, D) is a fuzzy soft ideal of (f, A) N (g, B) if it is non null.

Proof. Since (f1,C) and (g1, D) are fuzzy soft ideals of (f, A) and (g, B) respectively,
we have (f1,C) and (g1, D) are fuzzy soft ideals over S. By theorem 3.21, (f1,C) N
(g1, D) is a fuzzy soft ideal over S and by theorem 3.9, (f, A)N (g, B) is a fuzzy soft
I'—semiring over S. Hence (f1,C)N (g1, D) is a fuzzy soft ideal of (f, A)N (g, B). O

Acknowledgements. This paper is dedicated to my teacher Prof. K.L.N.
Swamy, Former Rector, Andhra University, Visakhapatnam, Andhra Pradesh, India.

REFERENCES

[1] U. Acar, F. Koyuncu and B. Tanay, Soft sets and soft rings, Comput. Math. Appl. 59 (2010)
3458-3463.

[2] T. K. Dutta, S. K. Sardar and S. Goswami, Operations on fuzzy ideals of I'-semirings,
arXiv:1101.4791 (math.RA), 25 Jan 2011.

[3] F. Feng, Y. B. Jun and X. Zhao, Soft semirings, Comput. Math. Appl. 56 (2008) 2621-2628.

[4] J. Ghosh, B. Dinda and T. K. Samanta, Fuzzy soft rings and fuzzy soft ideals, International

Journal of Pure and Applied Sciences and Technology 2(2) (2011) 66—74.

[5] P. K. Maji, R. Biswas and A. R. Roy, Fuzzy soft sets, J. Fuzzy Math. 9(3) (2001) 589-602.

[6] D. Molodtsov, Soft set theory-First results, Comput. Math. Appl. 37 (1999) 19-31.

[7] M. Murali Krishna Rao, I'—semirings-I, Southeast Asian Bull. Math. 19(1) (1995) 49-54.

[8] A. Rosenfeld, Fuzzy groups, J. Math. Anal. Appl. 35 (1971) 512-517.

[9] H. S. Vandiver, Note on a simple type of algebra in which cancellatin law of addition does not

hold, Bull. Amer. Math. Soc.(N.S.) 40 (1934) 914-920.

[10] L. A. Zadeh, Fuzzy sets, Information and control 8 (1965) 338-353.

353



M. Murali Krishna Rao/Ann. Fuzzy Math. Inform. 9 (2015), No. 2, 341-354

M. MURALI KRISHNA RAO (mmkr@gitam.edu)
Department of mathematics, GIT, GITAM University, Visakhapatnam-530 045,
Andhra Pradesh, India

354



	 Fuzzy soft -semiring and fuzzy soft k-ideal over -semiring . By 

