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ABSTRACT. In this paper we introduce the notion of interval-valued
(3.v.) fuzzy prime and semiprime ideals of a hypersemiring and study dif-
ferent properties of these two ideals. Finally, we examine the strongly
irreducibility and irreducibility of an i.v. fuzzy ideal of a hypersemiring
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irreducibility of an i.v. fuzzy ideal of a fully idempotent hypersemiring.
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1. INTRODUCTION

Hyperstructure theory was initiated by Marty [20] in 1934. He introduced the
notion of hypergroup. Subsequently, hyperstructure theory has achieved manifold
applications in various paths of Mathematics and computer science ([5],[7],[18],[25],
[28]). Hyperrings were introduced by several researchers in different ways. M. Kras-
ner [16] introduced the notion of hyperrings where addition is a hyperoperation and
multiplication is a binary operation. Rota [21] studied the hyperring where addi-
tion is a binary operation and multiplication is a hyperoperation. These type of
hyperrings are called multiplicative hyperrings. M. D. Salvo [22] introduced the hy-
perring where both the addition and multiplication are hyperoperations. The study
of hypersemiring was commenced by Ameri and Hedayati in [2], where they have
considered only the addition as hyperoperation. The general notion of hypersemiring
(i.e. the hypersemiring where both the addition and multiplication are hyperoper-
ation) was examined by Vougiouklis in [24] and by Davvaz in [9]. In this paper
we have considered the general form of hypersemiring where both the addition and
multiplication are hyperoperations.
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In 1965, L. Zadeh first introduced the theory of fuzzy sets in his pioneer paper [26].
Interval-valued fuzzy sets were introduced independently by Zadeh [27], Grattan-
Guiness [12], Jahn [13], Sambuc [23] in the same year 1975 as a generalization of
ordinary fuzzy set. The success of the use of fuzzy set theory depends on the choice
of the membership function. However, there are applications in which experts do not
have precise knowledge of the membership function that should be taken. In these
cases, it is appropriate to represent the membership degree of each element by means
of an interval. From these considerations arises the extension of fuzzy sets called
theory of Interval-valued Fuzzy Sets (IVFSs). In this case, the membership degree
of each element is given by a closed subinterval of the interval [0, 1]. In 2012, we
worked on i.v. fuzzy prime ideals of semirings in [10] and the interval-valued fuzzy
semiprime ideals of a semirings in [11]. In 2013, S. Kar and P. Sarkar [15] worked
on i.v. fuzzy completely regular subsemigroups of semigroups. Some rudimentary
works on i.v. fuzzy subalgebras can be found in [14] and [17].

Now a days many researchers are interested in fuzzy hyperstructures because
of nice connection between fuzzy sets and hyperstructures. Corsini introduced the
notion of fuzzy hyperstructure in ([3],[1]). Also, Corsini and Leoreanu studied this
notion further in ([6],[7]). The extension of fuzzy algebra to fuzzy hyperalgebra was
established by Zahedi in [29]. Some fascinating results on fuzzy hyperrings can be
found in [1] and [19].

In this paper, we establish the concept of i.v. fuzzy prime and semiprime ideal of
a hypersemiring. We conclude this paper with the concept of strongly irreducibility
and irreducibility of an ¢.v. fuzzy ideal of a hypersemiring. Finally, we characterize
that the notion of primeness, strongly irreducibility and irreducibility of an i.v. fuzzy
ideal are equivalent in a fully idempotent hypersemiring.

Now, we recall some basic notions and results of hypersemirings and fuzzy algebra
which we shall use in this paper.

Definition 1.1 ([5]). Let H be a non-empty set and P*(H) denote the set of all
non-empty subsets of H. Then a mapping o : H x H — P*(H) is said to be a
binary hyperoperation on H. The couple (H, o) is called a hypergroupoid. For any
two non-empty subsets A and B of H and x € H, we define :
AoB = U aob, Aox =Ao{z} and z0o B = {z}oB.

a€AbeB

Definition 1.2 ([5]). A hypergroupoid (H,o) is called a hypersemigroup if for all
a,b,c € H, we have (aob)oc=ao(boc) ie. U hioc= U a o ho.
hi€aob ho€boc

Definition 1.3. A non-empty set H together with two binary hyperoperations ‘4’
and ‘- (called the hyperaddition and hypermultiplication respectively) is said to be
a hypersemiring if
(1) (H,+) is an abelian hypersemigroup;
(2) (H,-) is a hypersemigroup and
B)a-(b+c)=a-b+a-cand (b+c)-a=b-a+c-aforallabceH.
Let (H,+,-) be a hypersemiring. If there exists an element ‘Oy’ € S such that

a+0g=a=0g+aanda -0y =0y =0g -afor all a € H; then ‘0g’ is called the
262
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zero element of H. If there exists an element ‘1’ € H such that a-1g =a=1g"-a
for all @ € H, then ‘1’ is called the identity element of H.

e A hypersemiring may or may not have a zero and an identity element. Through-
out this paper we consider a hypersemiring (H,+,-) with zero element ‘Og’. Unless
otherwise stated a hypersemiring (H, +,-) will be denoted simply by H and hyper-
multiplication ‘> will be denoted by juxtaposition.

Example 1.4. (1) Consider the semiring (Ng, +, ) of non-negative integers with
respect to usual addition and multiplication of non-negative integers. Define
the hyperaddition and hypermultiplication ‘@’ and ‘®’ as follows. m & n =
{m,n} and m ® n = {mn,kmn}, where k € Ny. Then the hyperringoid
(Ng, @, ®) forms a hypersemiring.

(2) Consider the same semiring (Ng,+,-) as above. Define the hyperaddition
and hypermultiplication ‘@’ and ‘@’ as follows. m @ n = l.c.m.(a, b)Ny and
m ®n = (mn)Ng. Then (N, ®, ®) forms a hypersemiring.

(3) Consider the same semiring (Ng, +, -) as above. Define the hyperaddition and
hypermultiplication ‘@’ and ‘@’ as follows. m ®n = {m,n} and m ©n =
(mn)Ng. Then (Ng, ®, ®) forms a hypersemiring.

Definition 1.5. Let I be a nonempty subset of a hypersemiring H. Then

(1) I is said to be a left hyperideal of H if (I,+) is a subhypersemigroup of
(H,+) (ie. a+bC I forall a,be Iand ha C H for all h € H and for all
acl.

(2) I is said to be a right hyperideal of H if (I,4) is a subhypersemigroup of
(H,+) and ah C I for all h € H and for all a € I.

(3) I is said to be a hyperideal of H if it is both a left hyperideal and a right
hyperideal of H.

Definition 1.6 ([14]). An interval number on [0, 1], denoted by a, is defined as the
closed subinterval of [0,1], where @ = [a~,a™] satisfying 0 < a~ <a™ < 1.

e Suppose @ = [a~,a™] and b = [b~,b"] be any two interval numbers. We define :
(1) a< b if and only if a= < b~ and at < b+.
(2) @="bifand only if a~ = b~ and a™ = b+.
(3) @<bifand only if a# b and @ < b.

Note 1.7. We write a > b whenever b < E~and @ > b whenever b < a. We denote
the interval number [0,0] by 0 and [1,1] by 1.

Definition 1.8 ([14]). Let {a; : i € A} be a family of interval numbers, where a; =
[a;,a]]. Then we define sup{a;} = [supa; ,supa;] and inf{a;} = [inf a; , inf ;).
ieA ieh i ieA ieh ' ie
e Suppose DJ0, 1] denotes the set of all interval numbers on [0, 1].

Definition 1.9 ([27]). Let H be a non-empty set. A mapping iz : H — DJ[0,1] is
called an interval-valued fuzzy subset of H.

Note 1.10. We can write i(z) = [~ (x), uT (x)] for all z € X, for any i.v. fuzzy
subset [t of a non-empty set X, where u~ and pt are fuzzy subsets of X.
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Definition 1.11 ([10]). Let X # @ be a set and A C X. Then the interval-valued
characteristic function X4 of A is an i.v. fuzzy subset of X, defined as follows :

Yar) = 1 when z€ A.
XA =00 when x ¢ A

Definition 1.12 ([14]). Let u7 and pz be two i.v. fuzzy subsets of a non-empty set
X. Then py is said to be subset of us, denoted by u1 C po, if u1(z) < pa(z) ie.
w1 () < iy (2) and ot (2) < i (2) for all & € X, where 1 (z) = [u7 (2), i (2)] and
iz () = [y (2), 3 ().

Definition 1.13 ([14]). The interval Min-norm is a function Min® : D[0,1] x
DJ0,1] — D0, 1], defined by :

Mini(@,b) = [min(a=,b~),min(a*,b+)] for all a,b € D[0,1], where @ = [a~,a™]
and b=[b~,b"].

Definition 1.14 ([14]). The interval Max-norm is a function Maz® : D[0,1] x
D[0,1] — D|0, 1], defined by :

Maz'(a@,b) = [maz(a~,b~),maz(a™,b")] for all @,b € D[0,1], where @ = [a~,a™]
and b= [b~,bT].

Definition 1.15. Let H be a hypersemiring and 71, 2 be two i.v. fuzzy subsets of
H. Suppose a,t € H. We define the i.v. fuzzy subsets ao fi1, fi1 o a, iy © fiz, fi1 -+ o
and pyus of H, as follows :

(1)
sup{p1(b)}, whent € ab for some a,b € H.

(a0 fi)(t) =  tab
0, otherwise.

sup{u1(b)}, whent € ba for some a,b € H.
(n10a)(t) = { teba
0, otherwise.

o sup {Mmi (;/H(u),/]vz(v)) }, when ¢ € uv for some u,v € H.
(u1 o 2)(t) =} teww
0, otherwise.

o sup {Mml (/’H(U),[E(U)) }, when ¢t € u + v for some u,v € H.
(1 + 1i2)(t) = { teutv
0, otherwise.

()

o sup{ inf Min' (/I(uz),ﬁi(vl)) ite uivi}, when t € U;V;
(Hip2)(t) = 1<ism ; ;

0, otherwise.
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e Throughout this paper we assume that any two interval numbers in D|0, 1] are
comparable i.e. for any two interval numbers @ and b in D[0, 1], we have either @ < b
ora >b.

2. 1.v. FUZZY PRIME IDEAL OF A HYPERSEMIRING

Definition 2.1. Let H be a hypersemiring. An i.v. fuzzy subset p of H is said to
be an
(1) i.v. fuzzy left ideal of H if p+ & C jz and ho C z for all h € H;
(2) an 4.v. fuzzy right ideal of H, if t+ g C ppand goh C i for all h € H;
(3) an i.v. fuzzy ideal of H, if it is both an 4.v. fuzzy left ideal and an i.v. fuzzy
right ideal of H.

Example 2.2. Consider the hypersemiring H as in the Example 1.4(1). Define an
1.v. fuzzy subset 1 of H as follows :
[0.8,0.9] when x=0;
f(z) = ¢[0.5,0.6] when =z € 2Ny )\ {0};
[0.3,0.4] otherwise.
Then we can check that f is an i.v. fuzzy ideal of H.

The following Lemmas are easy to verify.

Lemma 2.3. An i.v. fuzzy subset [t of a hypersemiring H is an i.v. fuzzy left (resp.
right) ideal of H if and only if n(t) > p(h) for allt € ah (resp. t € ha) and a € H.

Lemma 2.4. Let 1 be an i.v. fuzzy left (or right) ideal of a hypersemiring H. Then
@(0gr) > p(h) for all h € H.
Lemma 2.5. Let [o,3] and [v,6] be two interval numbers in DI[0,1] such that

[a, 8] < [v,6] # 0. Suppose, I be a hyperideal of a hypersemiring H. Then the
1.0. fuzzy subset i of H, defined as :

- [v,0] when x €l
fi(x) = .
[a, 8]  otherwise,

is an i.v. fuzzy ideal of H.

Lemma 2.6. Let i be an iwv. fuzzy ideal of a hypersemiring H. Then the set
po={x € H:pu(z) =p0n)} is a hyperideal of H.

Lemma 2.7. If A and B be two subsets of a hypersemiring H, then XaAXB = XAB-

Definition 2.8. Let H be a hypersemiring. A proper hyperideal P of H is said to
be a prime hyperideal of H if for any two hyperideals A, Bof H; ABCP—=— ACP
or BCP.

Theorem 2.9. The following conditions are equivalent for a proper hyperideal P of
a hypersemiring H :

(1) P is a prime hyperideal of H.

(2) For any a,b € H, U ahb C P if and only ifa € P or b € P.

heH
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Proof. (1) = (2) : Suppose P is a prime hyperideal of H. Let a,b € H and
U ahb C P. Now we consider A = U (Zzz) and B = U (Zyj)

heH Ti€Tias;, i1=1 y-er’.bs'., j=1
ri,8;€H, J/ ;3
meN rj,8;€H,
neN

Then, clearly, A and B are hyperideals of H. Let t € AB.
k

=tc Zpiql- for some p; € A,q; € B and k € N.
i=1

k
= tec U (Zul) or some p; € A and ¢; € B.
u;€piqi 1=1
k
= te Zul for some u; € p;q; where p; € A and ¢; € B. Now, p; € A = p; €
1,;1 "
U (Z x;) for some r;, s; € H and m € N. This shows that p; € Z x; for some
xr;€rias; 1=1 i=1

n
x; € r;as;, where r;,8; € H and m € N. Similarly, ¢; € Zyj for some y; € 'r;»bs;.,
j=1

where 77,87 € H and n € N. Therefore, u; € (Z xl)(z y;) = U (Z ag).
i=1 Jj=1 ax€x;y; k=1
Again, ay, € ry; = ax € (rias;)(r;bs}) C ri( U ahb)s; € r;Psy; C P. So, u; € P
heH
and hence t € P. Therefore, AB C P. Since P is a prime hyperideal of H, either

ACPorBCP. ACP— U (ixi)gpﬁ<a>3g U (ixl)C

T, €ETia8;, 1=1 T, €708, 1=1
ri,s;€H, ri,s;€H,
meN meN

P. Since, P is a prime hyperideal of H, it follows that < a > C P. Thus we
obtain that ¢ € P. Similarly, considering B C P, we can show that b € P. Reverse
implication is obvious, since P is a hyperideal of H.

(2) = (1) : Let A and B be two hyperideals of P such that AB C P but A ¢ P.
Then there exists € A such that ¢ P. Then for any y € B and for all h € H,
zhy C AB C P. This implies that U zhy C P = y € P (by assumption). Thus

heH
B C P. Hence P is a prime hyperideal of H. 0

Now we present the definition of i.v. fuzzy prime ideal of a hypersemiring.

Definition 2.10. A non-constant i.v. fuzzy ideal g of a hypersemiring H is said to
be an i.v. fuzzy prime ideal of H if for any two i.v. fuzzy ideals u; and us of H;
props C p=p1 S por fiz Cp.
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Theorem 2.11. Let P be a prime hyperideal of a hypersemiring H and [a, 5] €
DI[0,1]\ {1}. Then the i.v. fuzzy subset i of H, defined by :

~ 1 when x € P,
fi(x) = .
[a, B]  otherwise;

is an 1.v. fuzzy prime ideal of H.

Proof. 1 is a non-constant i.v. fuzzy ideal of H, by Lemma 2.5. Let u; and us be
two i.v. fuzzy ideals of H such that gy ¢ /2 and @z € . Since according to our
assumption, any two interval numbers in D[0, 1] are comparable, there exist z,y € H
such that u(z) > fi(x) and pz2(y) > u(y). This shows that fi(x) = [a, 5] = f(y) ie.
x ¢ P and y ¢ P. Since P is a prime hyperideal of H, it follows from Theorem 2.9
that there exists h € H such that xhy ¢ P. Then there exists hy € xhy such that
hi ¢ P. So, i(h1) = [a, B]. Now

(1 o pz)(h1) = sup {Mini(ﬁvl(a),,&vg(b)) : hy € ab for some a,b € H}
> Min' (i1 (u), fi2(y))
(since hy € xhy = (zh)y = hy € uy for some u € zh)
> Min' (i1 (x), i2(y)) (by Lemma 2.3)
> Min' (7i(z), i(y))
= [, 8] = a(ha).
So, p1 o piz € fi. Hence, i is an i.v. fuzzy prime ideal of H. O

Theorem 2.11 helps us to produce examples of i.v. fuzzy prime ideal of a hyper-
semiring easily. One such example is as follows.

Example 2.12. Consider the hypersemiring H as in the Example 1.4(3). Then
(pNp, @, ®) forms a prime hyperideal of H, where p is a prime number. Define an
1.v. fuzzy subset of H as follows :

fi(z) = 1 when x € pNy;
= [0.5,0.6] otherwise.

Then by Theorem 2.11, it follows that g forms an i.v. fuzzy prime ideal of H.

Theorem 2.13. Let i be an i.v. fuzzy prime ideal of a hypersemiring H. Then
i(0m) = 1.

Proof. If possible, let pn(0y) # 1. Since according to our assumption, any two
interval numbers in D[0,1] are comparable, it follows that i(0z) < 1. Also, since
1 is an i.v. fuzzy ideal of H and Op is an absorbing zero element of H, we have
1(0g) > p(x) for all x € H, by Lemma 2.4. Since, p is non-constant, there exists
h € H such that i(0g) > f(h). Now we construct two i.v. fuzzy ideals of H as
follows :

0 otherwise;
267
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and pz(z) = p(0g) for all z € H. pi is an 4.v. fuzzy ideal of H, by Lemma 2.5
and pg is clearly an .. fuzzy ideal of H. Let x € fig i.e. p(x) = p(0g). This
shows that z7(x) = 1. Then for any y € H, Min' (i1 (x), g2(y)) = pa(y) = i(0x).
Suppose, t € zy. Since f is an i.v. fuzzy ideal of H, fi(t) > pf(x), by Lemma 2.3.
Therefore, 1(t) > (0g). Thus u(t) = u(0g). Since, t is arbitrary, we get that
Mml(;Tl(:r),ﬁg(y)) = p(0g) = fi(t) for any t € zy. Suppose x ¢ fig i.e. pi(x) = 0.
Therefore, Min®(p1(x),u2(y)) = 0 < @(t) for any ¢t € xy. Thus we obtain that
p(t) > sup{Mini(/Tl(m),ﬁE(y)) 1t € xy for some x,y € H} = (p1 o pz2)(t). This
implies that p7 o us C . Since, i is an ¢.w. fuzzy prime ideal of H, yu3 C g or
fiz € fi. But 721(0g) = 1> fi(0) and fiz(h) = fi(0g) > fa(h). Thus, we arrive at a
contradiction. Consequently, 7i(0g) = 1. O

Next theorem tells us about the cardinality of the image of an i.v. fuzzy prime
ideal of a hypersemiring.

Theorem 2.14. If i is an i.v. fuzzy prime ideal of a hypersemiring H, then |Impu| =
2.

Proof. Since, v is non-constant, |[Imp| > 2. If possible, let [Impu| > 2. We choose
a,b € H such that 1 > fi(a) > p(b). Now, we construct two i.v. fuzzy subsets p1
and ps of H as follows :

_ 1 when zée<a >
pi(x) =4~ .
0 otherwise;

and pz(z) = pi(a) for all x € H. Then py is an i.v. fuzzy ideal of H, by Lemma 2.5
and ps is an i.v. fuzzy ideal of H clearly. Suppose © € < a >. Then for any y € H;
Min® (g1 (x), 2 (y)) = p2(y) = f(a). Again, since fi is an i.v. fuzzy ideal of H, for

any t € xy, pu(t) > p(x). Now, x € <a>=x €ra+as+ Zn—asi + na for some
i=1
r, 8,75, 8; € Hand m,n € N. This implies that x € U (t1+to+t3+t4). This
t1€ra,ta€as,

ts€XL rias;,
t4€na

shows that x € t1 + t5 + t3 + t4 for some t1 € ra,ty € as,t3 € Zmasi and t4 € na.
i=1
Since, [ is an i.v. fuzzy ideal of H, we have [i(t1) > fi(a) for all t1 € ra, (t2) > pi(a)
m

for all to € as, f(ts) > u(a) for all t3 € Zriasi and fi(ty) > f(a) for all t4 € na.
i=1

Again, since [ is an 4.v. fuzzy ideal of H, we get that u(x) > mf ,u(tl) > n(a).

Thus we obtain that ji(t) > ji(z) > fi(a). Then Min®(u;(z), i ( )) f(a) < p(t).

Suppose & ¢< a >. Then fi;(z) = 0. This shows that Min' (11 (z), da(y)) = 0 for

any y € H. Therefore, Min®(uy(z), u2(y)) < fi(t). Thus f(t) > Min'(uy(x), u2(y))

for all t € zy. It demonstrates that p(t) > sup {Mml(ﬁvl(:z:),ﬁvg(y)) it € xy for

some x,y € H} = (w1 o u2)(t). Then it follows that 7 o uz C . Since, g is an 4.v.
268
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fuzzy prime ideal of H, we obtain that 1y C i or iz C fi. But pi(a) = 1 > fi(a)
and pz2(b) = f(a) > f(b). Thus we arrive at a contradiction. Hence, [Imp| =2. O

Theorem 2.15. If i is an i.v. fuzzy prime ideal of a hypersemiring H, then gy =
{z € H:p(z) =pn(0m)} is a prime hyperideal of H.

Proof. Since, 1 is non-constant, fig is a proper hyperideal of H, by Lemma 2.6.
Let A, B be two hyperideals of H such that AB C jig i.e. Xap € Xp,- Then it
follows that x4 o X € Xa XB = XaB (by Lemma 2.7) C X,. Now let h € H. If
o (h) =0, then Kz, (h) < filh). TF Xy (h) = 1, then h € i —> ji(h) = fi(0r) = 1.
Thus Xz, (h) < fi(h). So we obtain that Y, C n. Consequently, it follows that
XA ©XB € p. Since, i is an i.v. fuzzy prime ideal of H, we get that x4 C i or
X5 C Ji. Suppose, X4 C fi. Thent € A = Ya(t) =1 = fi(t) = 1 = fi(0y) (by
Theorem 2.13) = ¢ € fig. This shows that A C fig. Similarly, considering xp C [,
we can obtain that B C fig. Hence, jig is a prime hyperideal of H. O

From the Theorems 2.11, 2.13, 2.14, and 2.15; we obtain the following character-
ization theorem for i.v. fuzzy prime ideal of a hypersemiring.

Theorem 2.16. A non-constant i.v. fuzzy ideal ji of a hypersemiring H is an i.v.
fuzzy prime ideal of H if and only if Imp = {1, [a, B]}; where [a, 8] € D[0,1] \ {1}
and [ig s a prime hyperideal of H.

Definition 2.17. Let @ and b be any two interval numbers, where a = [a=,at]
and b = [b~,b"]. Then the difference of these two interval numbers is defined by
G—b=Ja —b ,at —bT] whena™ —b~ <at —bTandda—b=[aT —bT,a” —b7]
when a= — b~ >at —bT.

Definition 2.18. A non-empty subset M of a hypersemiring H is said to be an
m-system of H if for any two elements a,b € M, there exists an element z € H,
such that axb C M.

Definition 2.19. A non-empty i.v. fuzzy subset g of a hypersemiring H is called
an i.v. fuzzy m-system of H if for any two interval numbers @, b € D[0,1] \ {1}
and z,y € H; Ji(z) > a and Ji(y) > b = there exists an element z € H such that
sup{ji(t) : t € zzy} > Maz'(a,b).

Theorem 2.20. A non-empty subset M of a hypersemiring H is an m-system of
H if and only if Xar is an i.v. fuzzy m-system of H.

Definition 2.21. Let g be an i.v. fuzzy subset of a hypersemiring H. Then the
complement of i, denoted by i, is an i.v. fuzzy subset of H defined by p°(z) =
1—p(z) forall z € H.

Lemma 2.22. Let xz and y; be two i.v. fuzzy points of a hypersemiring H. Then
L5 O Yy = Unpiniah) where u € xy.

Now we produce two more characterizations for i.v. fuzzy prime ideal of a hyper-
semiring.

Theorem 2.23. The following statements are equivalent for an i.v. fuzzy ideal i of
a hypersemiring H .
269



T. K. Dutta et al./Ann. Fuzzy Math. Inform. 9 (2015), No. 2, 261-278

(1) pis an i.w. fuzzy prime ideal of H.
2) For any two i.v. fuzzy points xz and y; of H, g 0 Xg oy C 1 if and only
b b
if xa € pLor yy € 1.

Theorem 2.24. Suppose i be a non-constant i.v. fuzzy ideal of a hypersemiring H.
Then [ is an i.v. fuzzy prime ideal of H if and only if i€ is an i.v. fuzzy m-system
of H.

Proof. Let i be an i.v. fuzzy prime ideal of a hypersemiring H. Suppose, z,y €
H. Consider two interval numbers @,b € DI[0,1] \ {1} such that p°(xz) > @ and

[i°(y) > b. Then it follows that 1 — ji(z) > @ and 1 — fi(y) > b. This implies that

[1—p*(2),1—p(z)] >aand [1 — p*(y),1 - p~(y)] > b. Now
[1—pH(2),1—p (z)] >a

— (1~ (), 1~ ()] 2 @ and [1 = (@), 1 — p= ()] £ 7

= (1—pT(z) >a  and 1 —p (z) >a™) and (1 —p*(z) #a” or 1 —p=(z) #at)
= (pt(z)<l—-a andp () <1—a")and (uT(z) #1—a oru (x) #1—at)

— Ji(z) < 1 —a. Similarly, from the inequality [1 — = (y),1 — p~(y)] > b, we
can obtain that fi(y) < 1 — b. Then ry_; ¢ pand y; 5 ¢ p. Since, pi is an d.v.
fuzzy prime ideal of H, we have z7_; o Xy o y;_ 3 € I, by Theorem 2.23. So,
there exists one i.v. fuzzy point zz of H such that z7_, o zz o ¥ 3 ¢ [i. Now

Ti_z0%0y; 3 ¢ 1= Tj_;O0 Unrini (51— ¢ 11; where u € zy, by Lemma 2.22.

a

= - _\ ¢ i; wherev € zu C x(zy). = Min’ (T—E, Min'(¢,1—
Mini (1—&,Mmi(’c',1—b))

E)) £ fi(v). Since, by our assumption, any two interval numbers are comparable,

we have fi(v) < Min® (T—Ei, Mini(E,T—~)> < Mini(1-a,1-0b)=1— Max'(a,b),
where v € zzy. = 1 — fi(v) > Maz'(a, b) = (5¢)(v) > Max'(a, b); where
v € zzy = sup{(i°)(v) : v € zzy} > Max'(a,b). Consequently, i€ is an i.v. fuzzy
m-system of H. Conversely, suppose that ¢ is an i.v. fuzzy m-system of H. Let ji;
and fiz be two i.v. fuzzy ideals of H such that uy o 1o C f1. If possible, let gy € f
and i € fi. Then there exist z,y € H such that gy (z) £ fi(z) and f2(y) £ f(y).
Since, any two interval numbers are comparable, we find that ji;(z) > f(z) and
f2(y) > f(y). So, we can choose two interval numbers @ and b in such a way that
fir(z) >1—a > fi(z) and fia(y) > 1—b > fi(y). Now, 1 —a > fi(z) = f(z) > a
and 1—b > w(y) = p(y) > b. Since, 7i° is an 4.v. fuzzy m-system of H, there exists

2 € H such that sup{fi°(t) : t € zz1y} > Max'(a,b). Again, for t € zz1y; [i°(t) >

Mazi(a,b) = 1 — fi(t) > Maz'(a,b). = j(t) < 1 — Maz'(a,b) = Min'(a,b).
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Also,
fi(t) = (i o i) (t)
> Min' (/71 (p), 12 (y)) (where p € 22)
> Min' (ﬁl(m), ﬁg(y)> (since f17 is an .v. fuzzy ideal of H)
> Min'(1—a,1-b).
Thus we arrive at a contradiction. So, 13 C & or pz C . Hence, p is an i.v. fuzzy
prime ideal of H. O

3. 1.v. FUZZY SEMIPRIME IDEAL OF A HYPERSEMIRING :

Definition 3.1. A proper hyperideal I of a hypersemiring H is said to be semiprime
if for any hyperideal H of S, H> C I = H C I.

Theorem 3.2. The following statements on a hyperideal of I of a hypersemiring H
are equivalent:
(1) I is a semiprime hyperideal of H.
(2) For anya € H, U aha Cl < ael.
heH

Proof. The proof is similar to the proof of the Theorem 2.9. O

Definition 3.3. An i.v. fuzzy ideal ;i of a hypersemiring H is said to be an i.v.
fuzzy semiprime ideal of H if p is non-constant and for any i.v. fuzzy ideal 6 of H,
0o Cup—0Cp.

Theorem 3.4. Let I be a semiprime hyperideal of a hypersemiring H and |« 3] €
DI[0,1]\ {1}. Then the i.v. fuzzy subset i1 of H, defined by :

~ 1 when x €1,
fi(x) = ,
[a, B]  otherwise;

is an 1.v. fuzzy semiprime ideal of H.
Proof. The proof is similar to the proof of the Theorem 2.11. 0

Example 3.5. Consider the hypersemiring H = (Ng, ®,®), where ® and ©® are
defined as follows : m @ n = {m,n} and m ©n = (mn)I, where I = N\ {6}. Then
J = (6Ng, @, ®) forms a semiprime hyperideal of H. Define an i.v. fuzzy ideal of H
as follows :

i) = {[0.8,0.9] when  z € 6Ny

[0.3,0.4] otherwise.

Then we can check that g is an i.v. fuzzy semiprime ideal of H. But it is clear
that 1z is not an 4.v. fuzzy prime ideal of H, since f(0p) # 1. Also from definition,
it clear that every i.v. fuzzy prime ideal of a hypersemiring H is also an i.v. fuzzy
semiprime ideal of H. But this example shows that converse is not true in general.

Now we produce a characterization theorem for i.v. fuzzy semiprime ideal of a
hypersemiring.
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Theorem 3.6. A non-constant i.v. fuzzy ideal i of a hypersemiring H (with iden-

tity) is an i.v. fuzzy semiprime ideal of H if and only if for any a € H, inf { supq{n(t) :
teaha}:hGH} = j(a).

Proof. Let i be an i.v. fuzzy semiprime ideal of H and a,h € H. Then n(t) > p(a)
for all t € aha by Lemma 2.3. This implies that sup{su(t) : t € aha} > ji(a). Then

it follows that inf { sup{fi(t) : t € aha : h € H} : h € H} > fi(a). If possible, let
inf { sup{p(t) : t € aha} : h € H} > fi(a). Let us choose an interval number [a, 5]
in such a way that inf{sup{ﬁ(t) :t € aha} 1 h € H} > [a, 8] > p(a). Now we

construct an i.v. fuzzy ideal 0 of H as follows :

O(z) =

~ [a, 0] when z€<a>;
0 otherwise.

Let x € H. If there does not exist any u,v € H such that x € wv, where u €

< a>and v € < a >; then (60 6)(x) = sup{Mini(H(u),g(v)) cx € wv for

some u,v € H} =0< f(x). Suppose, there exist u € < a > and v € < a >

such that z € wv. Then (6 o 6)(z) = sup {Mini(G(a),g(v)) : z € uv for some

U, v € H} = [a, f]. Since, we have taken the hypersemiring H with identity, u €

<a>=—=— u € U (sz) for some r;,s; € H and m € N. This shows

xi€r;as; i1=1
m

that u € in for some x; € r;as;, where r;,s;, € H and m € N. Similarly,

i=1
n
veE<L<a>=0vE¢E Zyj for some y; € r7as}, where ), s’ € H and n € N. Now
=1
mj n m n mn
T E U = T € (Z%)(Zyg) = ZszyJ = U (Zuk). Then it follows
=1 j=1 i=1 j=1 up€xiy; k=1

mn
that z € Zuk for some uy € x;y;. Again, ux € x;y; = ug € (riasi)(r;-as;).
k=1
Then we obtain that fi(uy) > fi(t) for t € as;rja, since i is an i.v. fuzzy ideal of
H. Tt demonstrates that ji(ux) > fi(t) for t € aha, where h € s;r’;. Moreover, since

@ is an i.w. fuzzy ideal of H, we have u(x) > inf [(ux) > p(¢t) for t € aha,
1<k<mn

where h € H. Thus, u(x) > p(t) for all t € aha. So, u(x) > sup{i(t) : t € aha}.
Consequently, fi(z) > inf { sup{f(t) : t € aha} : h € H} > o, 0] = (50 5)(56) So,
we get that Y C p. Since, g is an i.v. fuzzy semiprime ideal of H, it follows
that 8 C p. But 6(a) = [a, 8] > (a). So, we arrive at a contradiction. Hence,
inf { sup{j(t) : t € aha} : h € H} = pi(a).
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Conversely, let inf { sup{p(t) : t € aha} : h € H} = pi(a) for any a € H. Suppose, ]

be an i.v. fuzzy ideal of H such that 900 C 1. If possible, let ) ¢ fi. Since, according
to our assumption, any two interval numbers in DJ[0, 1] are comparable, there exists

b € H such that 0(b) > Ji(b). Again inf { sup{fi(t) : t € bhb} : h € H} = fi(b). Let
h € H and t € bhb. Then

(006)(t) > Min'(6(hy),0(b)) where hy € bh
> Min'(6(b),0(b)) (since 6 is an i.v. fuzzy ideal of H)

=6(b).
Thus we obtain that 7i(t) > (60 0)(t) > 0(b) for all h € H and ¢ € bhb. This implies

that inf { sup{fi(t) : t € bhb} : h € H} > 6(b). Consequently, fi(b) = inf { sup{fi(t) -
t € bhb} : h € H} > 0(b) > Ji(b). So, we arrive at a contradiction. Therefore, § C Ji.

Hence, g is an i.v. fuzzy semiprime ideal of H. O

Definition 3.7. Let H; and Hs be two hypersemirings. A mapping f: H; — Hs
is said to be a homomorphism if

(1) f(0m,) = Om,,

(2) f(ln,) =1p, and

(3) flxz+y) = f(z)+ f(y) and f(zy) = f(x)f(y) for all z,y € H.

Definition 3.8. Let A and B be two non-empty sets and f : A — B be a function.
Let i be an i.v. fuzzy subset of A and 6 be an i.v. fuzzy subset of B. Then the image
of 11 under the function f, denoted by f(z), is an i.v. fuzzy subset of B, defined by :

) sup fi(z) when fly)={zcA:f(x)=y}+0,
f)(y) = 2871w
0 otherwise; y € B.

The pre-image of 0 under the function f, denoted by f_1(6‘~), is an ¢.v. fuzzy subset
of A, defined as : f~1(0)(z) = 0(f(z)) for all z € A.

Proposition 3.9. Let f : Hy — H> be an epimorphism of hypersemirings. Suppose
& be an iwv. fuzzy left (or right) ideal of Hy and 6 be an i.v. fuzzy left (or right) ideal
of Hy. Then

(1) f710) is an iv. fuzzy left (or right) ideal of Hy.

(2) f(p) is an i.wv. fuzzy left (or right) ideal of Ha.

Theorem 3.10. Let f : Hi — Hs be an epimorphism of hypersemirings. Let i and
9 be two i.v. fuzzy semiprime ideals of Hy and Hy respectively. Let i1 be f-invariant
ie. f(zx)= f(y) = p(x) = nly), for any x,y € Hy. Then

(1) f(p) is an i.v. fuzzy semiprime ideal of Hs.

(2) f_l(g) is an i.v. fuzzy semiprime ideal of Hy.
(3) There is a one to one correspondence between the f-invariant i.v. fuzzy

semiprime ideals of Hy and the i.v. fuzzy semiprime ideals of Ho.
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Proof. (1) Since, f is an i.v. fuzzy semiprime ideal of Hy, f(i) is a non-constant
1.v. fuzzy ideal of Hs, by Proposition 3.9. Let b € Hy. Then inf { sup{f()(t1) :

t € bhib} : by € HQ} - inf{sup{ sup fi(2) : ty € bhib} s hy € HQ}.
f(z)=t1

Again, t1 € bhab = f(V')f(R}) (V) = f(V'RLY) for some b, b} € Hy. So, we

obtain that

inf{sup{f(ﬁ)(tl) Sty € bhyb} i hy € H2}

= inf { sup{ sup [i(z):t; €bh1b}:hy € Hg}
f(z)=t1

= sup {inf{sup p(z) : t; € bhib} : hy € Hg} (since p is f-invariant)
f(z)=t1

= sup {inf{supﬁ(t’l) (th VRV R € Hl}
F(z)=t1€bhyb=f(b'h,b’)

(since [i is f-invariant)

= sup f(b)
f@)=b

= f(n)(0).
Consequently, f(x) is an i.v. fuzzy semiprime ideal of Hs.

(2) Since, 6 is an i.v. fuzzy semiprime ideal of Ho, f~1(#) is a non-constant i.v.

fuzzy ideal of Hy, by Proposition 3.9. Let a € Hy. Then inf { sup{f~1(0)(¢t) :

t € aha} : h € Hl} = inf{sup{@(f(t)) it € aha}l : h € Hl}. Again,
t € aha = f(t) € f(aha) = f(a)f(h)f(a). Consequently,
inf{sup{fﬁl(e)(t) it €aha}l :h e Hl}

= inf { sup{B(F(1)) : £(0) € F(@)F(W)f (@)} F(R) € Ha )

=0(f(a)) (by Theorem 3.6)
= [ (0)(a).

Hence, f_l(g) is an 7.v. fuzzy semiprime ideal of H;.

(3) Let FSIy, denote the set of all f-invariant i.v. fuzzy semiprime ideals of
H; and F'SIy, denote the set of all i.v. fuzzy semiprime ideals of Hs. If we
define a map ¥ : FSIy, — FSIy, by ¥(i1) = f(i), we can easily prove
that ¥ is a one to one correspondence between F'SIy, and F'SIg,.

O

Definition 3.11. A proper hyperideal I of a hypersemiring H is said to be an
irreducible hyperideal of H if for any two hyperideals J, K of H, JNK =1 = J =1
or K =1.

I is called strongly irreducible if for any two hyperideals J, K of H, JN K C [ =
JCTorKCI.

The following lemma is easy to check.
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Lemma 3.12. Every prime hyperideal of a hypersemiring H is also an strongly
irreducible hyperideal of H and every strongly irreducible hyperideal of H is also an
irreducible hyperideal of H.

The following example shows that every strongly irreducible hyperideal of a hy-
persemiring H is not a prime hyperideal of H in general.

Example 3.13. Let us consider the hypersemiring H = (Ng, @, ®), where & and
© are defined as follows. m @ n = {m,n} and m @ n = (mn)Ny. If we choose
the hyperideal I = (4Ng, ®, ®) of H, we can verify that I is a strongly irreducible
hyperideal of H but not a prime hyperideal of H.

Theorem 3.14. A proper hyperideal I of a hypersemiring H is prime if and only
if it is strongly irreducible and semiprime.

Proof. Suppose I be a prime hyperideal of the hypersemiring H. Then it follows from
Lemma 3.12 that it is also a strongly irreducible ideal of H. From the definition
of prime hyperideal and the semiprime hyperideal of H we find that every prime
hyperideal of H is also a semiprime hyperideal of H.

Conversely, let I be a strongly irreducible and semiprime hyperideal of H. Con-
sider two hyperideals A and B of H such that AB C I. Then it demonstrates that
(ANB)(ANB) C AB C I. Since I is semiprime, we obtain that ANB C I. Then we
get that A C I or B C I, since [ is a strongly irreducible ideal of H. Consequently,
I is a prime hyperideal of H. U

Definition 3.15. A non-constant i.v. fuzzy ideal g of a hypersemiring H is said
to be i.v. fuzzy irreducible ideal of H if for any two ¢.v. fuzzy ideals 0 and nof H,
= 0N n=—pn= 9 or i =1. i is said to be strongly irreducible if for any two i.v.
fuzzy ideals gandﬁofH, ﬁg@mﬁ:H?g 0 or .

Lemma 3.16. Any i.v. fuzzy prime ideal of a hypersemiring H is also an i.v. fuzzy
strongly irreducible ideal of H. Again, any i.v. fuzzy strongly irreducible ideal of a
hypersemiring H is also an i.v. fuzzy irreducible ideal of H.

The following theorem is another characterization theorem for i.v. fuzzy prime
ideal of a hypersemiring.

Theorem 3.17. A non-constant i.v. fuzzy ideal 11 of a hypersemiring H is an i.v.
fuzzy prime ideal of H if and only if [t is i.v. fuzzy semiprime ideal of H and strongly
irreducible.

Proof. The proof is straightforward. O

Now we show that in fully idempotent hypersemiring the notion of primeness,
strongly irreducibility and irreducibility coincide. In [8], U. Dasgupta proved the
equivalence of these three kind of hyperideals in fully idempotent multiplicative
hypersemiring. We like to study the equivalence since we have taken a general
hypersemiring in spite of the multiplicative hypersemiring.

Definition 3.18. A hyperideal I of a hypersemiring H is said to be idempotent if
I = I?. A hypersemiring H is said to be fully idempotent if each of its hyperideal is
idempotent.
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Theorem 3.19. Let H be a fully idempotent hypersemiring. Then the following
statements are equivalent for a proper hyperideal I of H.

(1) I is a prime hyperideal of H.

(2) I is strongly irreducible.

(3) I is irreducible.

Proof. The implication (1) = (3) is clear.

(3) = (2) : Let I be an irreducible hyperideal of the fully idempotent hypersemiring
H. Suppose J and K be two hyperideals of H such that J N K C I. Consider two
hyperideals J+ 1T and K+ of H. Then (J+I)N(K+1)= (J+I)(K+1I), (since
H is fully idempotent, AN B = AB for any two hyperideals A and B of H). Again,

(J+I)K+I)=JK +JI+ 1K + I*
=(JNK)+JI+IK+1 (since H is fully idempotent)

= (JNEK)+1 (since JI+IK = (JNI)+(INK) g[).

So we obtain that (J+I)N(K +1)= (JNK)+1I =1, since JNK C I. Therefore,
J+1I=1or K+ 1 =1, as I is irreducible. This implies that J C I or K C I.
Consequently, I is strongly irreducible.

(2) = (1) : Suppose I is a strongly irreducible hyperideal of H. Consider two
hyperideals A and B of H such that AB C I. Again, (ANB)=(ANDB)(ANB) C
AB C I. Since, I is strongly irreducible hyperideal of H, we have A C [ or B C I.
Hence, I is a prime hyperideal of H. O

Now we represent the fuzzy version of the above theorem.

Theorem 3.20. In a fully idempotent hypersemiring H the following statements
are equivalent for a non-constant i.v. fuzzy ideal i of H.

(1) p is prime.

(2) 1 is strongly irreducible.

(3) 1 is irreducible.
Proof. The implication (1) = (3) is clear.
(3) = (2) : Let g be an 4.v. fuzzy irreducible ideal of H. Suppose 6 and 7 be two

i.v. fuzzy ideals of H such that 7] N7 C i for any two i.v. fuzzy ideals of H. Consider
the the two i.v. fuzzy ideals 6 +  and 1+ g of H. Then

@+70)NG+0) =@ +0) 7+ (since H is fully idempotent)
= 07 + 071 + i + [i2
= (0N 7) + O + il + [i
= (0N 7))+ (since O + il = (6 Vi) + (7N 7) € fi).

Consequently, we get that (6 + ) N (A +7) = (0N 7) + i = [i, as N7 C fi. This
shows that 0+ = i or 7+ = f, since f is irreducible. Therefore, § C 1 or 77 C .
Consequently, p is strongly irreducible.
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The implication (2) = (1) follows from the fact that py N uz = prpe for any two
i.v. fuzzy ideals of a fully idempotent hypersemiring H. g

4. CONCLUSIONS

We have characterized regular and intra-regular semiring in terms of i-v fuzzy
quasi-ideals and i-v fuzzy bi-ideals of a semiring. So this paper helps us to realize
that we can study different properties of semirings and even some other algebraic
structures from the view of i-v fuzzy set theory. For example, as a continuation
of this paper we shall study the k-regularity and k-intra-regularity of a semiring in
terms of i-v fuzzy k-quasi ideal and i-v fuzzy k-bi-ideal of semirings.
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