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ABSTRACT. In this paper, we introduce the notion of uni-soft sub-
groups and uni-soft normal subgroups of a group by using the definition
of soft sets and investigate their related properties especially with respect
to anti image, a-inclusions of soft sets and group homomorphism. We also
obtain some significant relations between int-soft subgroups and uni-soft
subgroups.
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1. INTRODUCTION

Since its inception by Molodtsov [23] in 1999, soft set theory has been regarded
as a new mathematical tool for dealing with uncertainties and it has seen a wide-
ranging applications in the mean of algebraic structures such as groups [2, 27],
semirings [12], rings [1], BCK/BCl-algebras [16, 17, 18], BL-algebras [31], near-rings
[25] and soft substructures and union soft substructures [0, 26].

Many related concepts with soft sets, especially soft set operations, have also un-
dergone tremendous studies. Maji et al. [21] presented some definitions on soft sets
and based on the analysis of several operations on soft sets Ali et al. [3] introduced
several operations of soft sets, Sezgin and Atagiin [28], Renukadevi and Shanthi [24]
Ali et al. [1] studied on soft set operations as well.

The theory of soft set has also gone through remarkably rapid strides with a wide-
ranging applications especially in soft decision making as in the following studies:
[8, 9, 22] and some other fields as [5, 13, 14, 15, 30]. Soft set theory emphasizes a bal-
anced coverage of both theory and practice. Nowadays, it has promoted a breadth
of the discipline of Informations Sciences with intelligent systems, approximate rea-
soning, expert and decision support systems, self-adaptation and self-organizational
systems, information and knowledge, modeling and computing with words.
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In [6], Atagiin and Sezgin introduce and study soft subrings and soft ideals of
a ring by using Molodtsov’s definition of the soft sets. Moreover, they introduce
soft subfields of a field and soft submodule of a left R-module. We know from ring
theory that any ring has some substructures, such as subrings and ideals. Just as

any ring has some substructures, in the paper [(], the aim is to construct the soft
substructures of rings and fields.
With the same idea, in [7], Atagiin and Sezgin define the soft substructures of

a group and semiring. They call them int-soft substructures of a group, since they
use intersection and inclusion operations while constructing these structures. When
defining these int-soft substructures, they first choose any subgroup or a normal
subgroup of a group as the parameter set, that is, any substructure of a group. And
these soft substructures are all on a group, namely, the universal set should be a
group. In [11], Cagman et al. define a new kind of soft group, which is completely
different from the soft group defined in [2]. In that paper, the aim is to construct a
new kind of soft group, not soft substructures of a group. Therefore, the soft group
defined in [11] is on any universal set, that is, the universal need not to be a group
as in the case of [7]. In [19, 20], the study of soft int-group is extended and normal
soft int-groups and their related properties are investigated, too.

In this paper, applying to soft set theory, we deal with the algebraic uni-soft
substructures of a group. We define the notions of uni-soft subgroup and uni-soft
normal subgroup and investigate their related properties by illustrating examples.
Moreover, we characterize uni-soft substructures of a group with respect to int-soft
substructures of a group, anti image, lower/upper a-inclusion of soft sets and group
homomorphisms.

2. PRELIMINARIES

Throughout this chapter, U refers to an initial universe, FE is a set of parameters,
P(U) is the power set of U and A, B C E.

Definition 2.1 ([23]). A pair (F, A) is called a soft set over U, where F' is a mapping
given by
F:A— PU).

In other words, a soft set over U is a parameterized family of subsets of the
universe U. For € € A, F(¢) may be considered as the set of e-elements of the soft
set (F, A), or as the set of e-approximate elements of the soft set.

Note that from now on, a soft set (F, A) will be denoted by Fa.

Definition 2.2 ([3]). Let F4 and Gp be two soft sets over a common universe U
such that AN B # @. The restricted intersection of Fy and Gpg is denoted by
FamGp, and is defined as Fo M Gp = (H,C), where C = AN B and for all ¢ € C,
H(c) = F(c) N G(e).

Definition 2.3 ([3]). Let Fi4 and G be two soft sets over a common universe U such

that AN B # &. The restricted union of F)4 and Gp is denoted by Fq Ur G, and is

defined as FyUrGp = (H,C), where C = ANB and for all c € C, H(c) = F(c)UG(c).

Definition 2.4 ([3]). The relative complement of the soft set Fi4 over U is denoted

by F7%, where F" : A — P(U) is a mapping given as F"(a) = U\ F'(a) for all o € A.
236
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In [11], a different type of soft group, called soft int-group is defined in the fol-
lowing manner:

Definition 2.5 ([11]). Let G be a group and Fg be a soft set over U. Then, Fg is
called a soft int-group over U if it satisfies the following conditions:

(1) F(zy) 2 F(z) N F(y)

(2) Fa™!) = F()
for all z,y € G.

In the same paper [11], it is showed that these two conditions are equivalent
to F(xy™!) D F(x) N F(y) for all z,y € G. In [7], in order to construct the soft
substructures of a group, Atagiin and Sezgin defined the int-soft subgroup of a group
in the following manner:

Definition 2.6 ([7]). Let H be a subgroup of a group G and Fy be a soft set over
G. If for all z,y € H, F(zy~) D F(z) N F(y), then the soft set Fy is called an
int-soft subgroup of G and denoted by Fy<G.

For the sake of the brevity, int-soft subgroup of a group is abbreviated by ISS
in what follows. Here note that, in [11], the parameter set of a soft int-group should
be any group, however in [7], the parameter set of an int-soft subgroup should be
selected as a subgroup of the universal set. Since every group is a subgroup of itself,
soft int-group defined in [11] is a special case of int-soft subgroup defined in [7] as
regards the parameter sets.

In [11], normal soft int-group is defined basing on Abelian soft set and in [19]
normal soft int-groups and their properties are studied in detail. And in [7], while
defining int-soft subgroup of a group, Atagiin and Sezgin choose the parameter set of
the soft set as a subgroup of the group, they choose the parameter set of the soft set
as a normal subgroup of the group in order to define the int-soft normal subgroup
of a group as following;:

Definition 2.7 ([7]). Let N be a normal subgroup of a group G and Fi be a soft
set over G. Then, F is called an int-soft normal subgroup of G if

(1) F(zy=') 2 F(z) N F(y)

(2) Flgzg™') 2 F(x)
for all z,y € N and g € G, and it is denoted by Fy<G.

For the sake of ease, we denote an int-soft normal subgroup of a group by ISNS
in what follows. The same arguments are valid for the small difference between
normal soft int-groups and int-soft normal subgroups as in the case of soft int-group
and int-soft subgroup as explained above.

Definition 2.8 ([11, 10]). Let F'4 be a soft set over U and « be a subset of U.

Then upper a-inclusion and lower a-inclusion of F4, denoted by Fia and FEQ, are
defined as

F3*={z€ A|F(z)2a} and F5"={ze€ A|F(z)Ca}

respectively.
237
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Definition 2.9 ([11]). Let F4 and G be soft sets over U and ¥ be a function from

A to B. Then we can define the soft set W(Fy) over U, where U(Fy) : B — P(U)
is a set valued function defined by

T(Fa)(b) ={ UtF(@) [a €A ond W(o) =}, if 970) %2,

otherwise
for all b € B. Here, U(F,) is called the image of F4 under ¥. Moreover we can
define a soft set W=1(Gp) over U, where ¥~1(Gp) : A — P(U) is a set-valued
function defined by ¥=1(Gp)(a) = G(¥(a)) for all @ € A. Then, ¥~}(Gp) is called
the preimage (or inverse image) of Gp under .

)

Definition 2.10 ([29]). Let Fi4 and G be soft sets over U and ¥ be a function from
A to B. Then we can define the soft set U*(F4) over U, where U*(Fy) : B — P(U)
is a set-valued function defined by
— @1
T (F4) () { Q{F(a) |a€ A and U(a) =0}, if UHb)#a,

- otherwise
for all b € B. Here, U*(Fj,) is called the anti image of F4 under U.

Theorem 2.11 ([29]). Let Fy and Tk be soft sets over U, Fy;, Tk be their relative
soft sets, respectively and ¥ be a function from H to K. Then,

(1) (T = (@4 (T))"

(2) W(Fg) = (Y*(Fu))" and O*(Fg) = (Y(Fu))".

3. uni-SOFT SUBGROUPS

Throughout this paper, G denotes an arbitrary group with identity e. If H is a
subgroup of G and N is a normal subgroup of G, then they are denoted by H < G
and N < G, respectively.

Definition 3.1. Let H be a subgroup of G and Fy be a soft set over G. If for all
2,y € H, F(xy~') C F(x) U F(y), then the soft set Fy is called a uni-soft subgroup
of G and denoted by Fr<,G.

For sake of the brevity, uni-soft subgroup of a group is abbreviated by USS
throughout this paper.

Example 3.2. Consider the multiplicative group G = {1,—1,7,—i}, H1 = G < G
and the soft set Fp, over G, where F : H — P(QG) is a set-valued function defined
by F(z) =< x > for all x € Hy. Then F(1) = {1}, F(-1) = {—1,1} and F(i) =
F(—i) ={-1,1,i,—i} = G. One can easily show that Fg, <,G.

However, if we consider the additive group Zg, Ho = Zg as the subgroup of Zg
and the soft set Ty, over Zg, where T : Hy — P(Zg) is a set-valued function
defined by T'(z) =< x > for all x € Hy, then T(0) = {0}, T(1) = T(5) = Ze,
T(2) = T(4) = {0,2,4} and T(3) = {0,3}. Since T(2+371) = T(2+3) = T(5) =
Ze € T(2)UT(3) ={0,2,3,4}, Th, is not a USS of G.

As seen from the example, although we define the two soft sets exactly the same,
one of them is a USS and the other is not. Also it is easy to see that if we take the
subgroup of G as H = {e}, then it is obvious that Fy is a USS as well as I.SS of G
no matter how F' is defined. Thus, every group has at least one USS and one ISS.
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Proposition 3.3. If Fy<,G, then F(e) C F(x) for allz € H.
Proof. Since Fy is a USS of G, then
F(e) = F(zxx™") C F(x) U F(z) = F(x)
for all x € H. O
Theorem 3.4. Let Fyg be a soft set over G such that H < G. Then, Fg is a USS
of G if and only if F(zy) C F(x) U F(y) and F(z~') = F(x) for all z,y € H.
Proof. Suppose that F(zy) C F(z) U F(y) and F(z™') = F(z) for all z,y € H.
Then,
F(zy™) S F(x) UF(y™") = F(z) U F(y)
for all x,y € H. Thus, Fy is a USS of G. Conversely, assume that Fy is a USS of
G. Then
F(zy™") C F(z) UF(y)
for all x,y € H. If we choose x = e, then for all y € H,
Fley™) =F(y™') C Fle) UF(y) = F(y),
by Proposition 3.3. Similarly,
Fly)=F(y™ )™ CFy),
thus F(y~!) = F(y) for all y € H. Since Fy is a USS of G by assumption, it follows
that
F(zy) C F(z)UF(y™!) = F(x) U F(y).

Thus, the proof is completed. O

Sometimes it is difficult to show only one condition when illustrating that a soft

set is a USS of a group. In these conditions, we prefer to use Theorem 3.4 as in the
case of Theorem 3.12 and Theorem 3.13.

Theorem 3.5. Let Fig be a USS of G and x € H. Then,
F(z) = F(e) & F(xy) = F(yz) = F(y)
forally e H.

Proof. Suppose that F(xy) = F(yx) = F(y) for all y € H. Then by choosing y = e,
we obtain that F(z) = F(e). Conversely, assume that F(z) = F(e). Then by
Proposition 3.3, we have

(3.1) F(e)=F(x) C F(y), YyeH
Since Fy is a USS of G,
F(zy) C F(z) UF(y) = F(y), Vy€H.
Moreover, for all y € H,
F(y)

1
Pl R
2 & B =
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by (3.1). It follows that F'(zy) = F(y) is satisfied for all y € H.
Now, let © € H. Then, for all y € H,

Flyz) = F
= F

[ 1N
<

Furthermore, for all y € H,
Fly) = F

N
o

by (3.1). It follows that F(yz) = F(y) and so F(zy) = F(yx) = F(y) for ally € H,
which completes the proof. O

In [7], Atagin and Sezgin showed that the intersection, the sum and the product
of two 155 of G is an ISS of G. We show that the restricted union of two USS of
G is a USS of G with the following theorem:

Theorem 3.6. If Fy, <,G and Ty, <,G, then Fy, Ug T, <,G.

Proof. By Definition 2.3, let Fy, Ug Ty, = (F,H1) Ug (T, H2) = (Q, Hy N Ha),
where Q(z) = F(x)UT(x) for all x € Hy N Hy # @. Since Hy and Hy are subgroups
of G, then so is Hy N Hy. Let z,y € Hy N Hs, then
Qy™") = Flay )UT(ay™)
€ (F@)UF(y)u(T(x)UT(y)
= (F@)uT(x) U (F(y) UT(y))
Qx) UQ(y)

Therefore Fry, Ug TH, = QHIQHZE,:G. O
Theorem 3.7. If Fy<,G, then Hp = {x € H | F(z) = F(e)} is a subgroup of G.

Proof. It is obvious that e € Hr and @ # Hp C G. We need to show that zy~! €
Hp for all x,y € Hp, which means that F(xy~!) = F(e) has to be satisfied. Since
z,y € Hp, then F(x) = F(y) = F(e). By Proposition 3.3, F(e) C F(xy~!) for all
z,y € Hp. Since Fy is a USS of G, then F(xy=1) C F(z) U F(y) = F(e) for all
x,y € Hp. Therefore Hp is a subgroup of G. g

Theorem 3.8 ([11]). Let Fy be a soft set over G and o be a subset of G such that
F(e) Da. If Fy is an ISS of G, then Fga is a subgroup of G.
Theorem 3.9. Let Fy be a soft set over G and « be a subset of G such that
aD F(e). If Fy is a USS of G, then F,%a is a subgroup of G.
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Proof. Since o D F(e), thus e € FI%O‘ and @ # FI%O‘ C G. Let z,y € FI%Q, then
F(z) C @ and F(y) C a. We need to show that xy~! € FI%O‘. Since F is a USS of
G, F(zy™') C F(z) UF(y) C aUa = a. Thus, the proof is completed. O

Example 3.10. Let us define a soft set Fy over a group G, where F': H — P(G)
is a set valued function by F(z) = a (o C G) for all x € H. It is obvious that Fy
is a USS of G. Moreover FI%O‘ ={r € H|F(x) Ca} =H. Since H is a subgroup
of G, then so is F}%a.

The following theorem gives the relation between int-soft subgroups and uni-soft
subgroups of a group.

Theorem 3.11. Let Fy be a soft set over G. Then, Fy is a USS of G if and only
if Fiy is an 1SS of G.
Proof. Let Fg be a USS of G. Then,
Fr(zy™) = G\ F(ay™)
G\ ((F(z) U F(y))
= (G\F(x))N(G\ F(y))
F"(x) N F"(y).

for all x,y € H. Thus, Fy; is an 1S5S of G. Conversely, let F}; be an 1SS of G.
Then,

V)

Flay™) = G\F'(zy™)
C G\ ((F"(2)NF"(y))
(G\F"(2)) U(G\ F"(y))
= F(x)UF(y).
for all x,y € H. Thus, Fy is a USS of G. O

Theorem 3.11 shows that if a soft set is a USS of G, then its relative complement
is an 155 of G and vice versa.

Theorem 3.12 ([11]). Let Fy and be a soft set over G and U be a group epimor-
phism from H to K. If Fg is an ISS of G, then ¥(Fy) is an 1SS of G.

Theorem 3.13 ([11]). Let Tk be a soft set over G and ¥ be a group homomorphism
from H to K. If Tk is an 1SS of G, then W~—(Tk) is an ISS of G.

Theorem 3.14. Let T be a soft set over G and ¥ be a group homomorphism from
HtoK. If Tk is a USS of G, then V=Y (Tk) is a USS of G.

Proof. Let T be a USS of G. Then, T} is an 1SS of G by Theorem 3.11 and
U—H(T%) is an ISS of G by Theorem 3.13. Thus, ¥~1(T%) = (V"1(Tk))" is an
ISS of G by Theorem 2.11 (i). Therefore, ¥~(Tx) is a USS of G by Theorem
3.11. 0

Theorem 3.15. Let Fy be a soft set over G and ¥ be a group epimorphism from
H to K. If Fy is a USS of G, then V*(Fg) is a USS of G.
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Proof. Let Fg be a USS of G. Then, Fy; is an 1SS of G by Theorem 3.11 and
U(Fy) is an 1SS of G by Theorem 3.12. Thus, U(Ff;) = (U*(Fg))" is an ISS of
G by Theorem 2.11 (ii). Therefore, U*(Fy) is a USS of G by Theorem 3.11. O

4. uni-SOFT NORMAL SUBGROUPS

In this section, we define uni-soft normal subgroups of a group and investigate
its related properties.

Definition 4.1. Let N be a normal subgroup of G and Fy be a soft set over G.
Then, Fy is called a uni-soft normal subgroup of G if

(1) F(zy™') C F(z) UF(y)

(2) F(gzg™') C F(x)
for all 2,y € N and g € G, and it is denoted by Fy <,G.

For the sake of ease, a uni-soft normal subgroup of a group by USNS in what
follows.

Example 4.2. Let G = S5 be the symmetric group and N = As = {e, (123), (132)}
be the normal subgroup of G and the soft set Fy over G, where F : N — P(G) is a
set-valued function defined by F(e) = {e} and F(123) = F(132) = {e, (123), (132)}.
One can easily show that Fy<,G.

Again consider N = Az = {e, (123), (132)} <G and the soft set T over G, where T :
N — P(G) is a set-valued function defined by T'(e) = {e}, T(123) = {e, (13), (23)}
and T(132) = {e, (132), (123)}. Then,

T((12)(123)(12)"Y) = T((12)(123)(12))
= T(132)
{e, (123), (132)}
¢ T(123) = {e, (13), (23)}.

Thus, T is not a USNS of G.

In [7], Atagiin and Sezgin showed that the intersection, the sum and the product
of two ISNS of G is an ISNS of G. We show that the restricted union of two
USNS of G is a USNS of G with the following theorem:

Theorem 4.3. If Fn, <,G and Tn,<,G, then Fy, Ur Tn,<,G.

Proof. By Definition 2.3, let Fy, Ur T, = (F, N1)Ur (T, N2) = (W, NN N3), where
W(x) = F(x) UT(z) for all z € Ny N Ny # &. Since N1, N2 <G, then Ny N N2 <G.
Then, for all x € Ny N Ny and g € G,

W(xy™') = Fley HUT(zy™")
C (F(@)UF(y)u(T(z)uT(y))
= (F(x)UT(z))U(F(y)UT(y))
= W(z)UW(y)
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and
W(gzg™") = F(gzg ") UT(gzg™")
C F(z)UT(x)
= W(x)
Therefore Fn, Ur T, = WNIQNZQI\;G. O

It is well-known that every subgroup of an Abelian group G is also a normal
subgroup of G. A similar relation exists for USS and USNS of a group G. We have
the following proposition:

Proposition 4.4. Let H be a subgroup of G, where G is an Abelian group and Fy
be a soft set over G. If Fry is a USS of G, then it is also a USS of G.

Proof. Since H is a subgroup of an Abelian group of G, then H <1 G. Moreover,
F(gzg™') = F(gg~'z) = F(z) C F(x)
for all 2 € H and g € G. Thus, Fy<,G. 0

Corollary 4.5. Every USNS of a group G is a USS of G; however the converse
is true when G is an abelian group.

Theorem 4.6. If Fx<1,G, then Np = {x € N | F(x) = F(e)} is a normal subgroup
of G.

Proof. If Fn<,G, then so is Fy<,G. Since in Theorem 3.7, it is shown that if
Fn<,G, then Ny is a subgroup of G, we only show that for all x € Nr and g € G,
grg~! € Np which means that F(grg~') = F(e) is satisfied. Since z € Np, then
F(x) = F(e). By Proposition 3.3, F(e) C F(gwrg~'). Since Fy is a USS of G,
then F(gzg™') C F(x) = F(e) for all z € Ng and g € G. Thus, the proof is
completed. O

Theorem 4.7 ([19]). Let Fy be a soft set over G and o be a subset of G such that
F(e) Da. If Fy is an ISNS of G, then Fga is a normal subgroup of G.

Theorem 4.8. Let Fg be a soft set over G and « be a subset of G such that
aD F(e). If Fy is a USNS of G, then FI%O‘ is a normal subgroup of G.

Proof. If Fry is a USNS of G, then so is a USS of G. Since in Theorem 3.9, it is
illustrated that if Fiy is a USS of G, then FI%“ is a subgroup of G, we only show
that for all x € FI%O‘ and g € G, grg~ ' € FI%O‘. Let z € FI%Q7 then F(z) C « and it
follows that F(grg~') C F(z) C a. Thus, the proof is completed. O

The following theorem gives the main relation between int-soft normal subgroups
and uni-soft normal subgroups of a group.

Theorem 4.9. Let Fiy be a soft set over G. Then, F is a USNS of G if and only
if Fy is an ISNS of G.
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Proof. Let Fy be a USNS of G, then F is a USS of G. Since the first condition
of Definition 4.1 is shown in Theorem 3.11, we only show that the second condition
of Definition 4.1 is satisfied. Let x € N and g € G, then

F'(gzg™") = G\ F(gzg™")
G\ F(x)
= F"(z).

U

Thus, Fy is an ISNS of G. The converse can be shown similarly, therefore omitted.
O

Definition 4.10. Let Fiy be a USS(or USNS) of G. Then,

(1) Fy is said to be trivial if F(z) = {e} for all z € N.
(2) Fy is said to be whole if F(z) = G for all z € N.

Proposition 4.11. Let F, and Ty, be USS (or USNS) of G, then

(1) If Fn, and Ty, are trivial USS (or USNS) of G, then Fy, Ugr Tn, is a
trivial USS (or USNS) of G.

(2) If Fn, and Tn, are whole USS (or USNS) of G, then Fy, Ug Tn, is a
whole USS (or USNS) of G.

(3) If F, is a trivial USS (or USNS) of G and Ty, is a whole USS (or
USNS) of G, then F, Ur T, is a whole USS (or USNS) of G.

Proof. The proof is obvious, hence omitted. O

Theorem 4.12. Let G; and G4 be two groups and (Fl,Hl)E]qul, (FQ,HQ)E;GQ.
If f: Hi — Hy is a group homomorphism, then

(1) If f is an epimorphism, then (Fy, f~1(Hz))<.G1,

(2) (F27 f(Hl)EuG%

(3) (Fl,kerf)<]uG1.

Proof. (1) Since Hy < Gy, Hy < G and f : Hy — Hj is a group epimorphism,
then it is clear that f~'(Hy) < Gy. Since (Fy,H)<,G1 and f~'(H,) C Hi,
Fi(zy™) C Fi(z)UFy(y) and Fy(gzg~t) C Fi(z) for all z,y € f~!(H3) and g € G.
Hence (Fl,fil(HQ))%]\;Gl.

(2) Since H; < G1, H2 < G and f : Hy — Hj is a group homomorphism, then
f(H1) < Ga. Since f(Hy) C Ha, the result is obvious by Definition 4.1.

(3) Since kerf < Gy and kerf C Hjy, the rest of the proof is clear by Definition
4.1. O

Corollary 4.13. Let (Fy, Hy)<,G1, (Fy, Hy)<1,Go and f : Hy — Hs is a group
homomorphism, then (Fy, {eq,})<uGa.

Proof. By Theorem 4.12(3), (Fy, ker f)<t,G1. Then (Fy, f(Kerf)) =
(Fy,{ec,})<uG2 by Theorem 4.12(2). O
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5. CONCLUSION

Throughout this paper, we deal with the algebraic uni-soft substructures of a
group. We first have introduced uni-soft subgroups and uni-soft normal subgroups.
Then, we have investigated the relations between uni-soft subgroups and uni-soft
normal subgroups under certain conditions of the group. Furthermore, we have
characterized uni-soft substructures of a group with respect anti image and lower
a-inclusion of a soft set and group homomorphism. To extend this work, one could
study the uni-soft substructures of other algebraic structures such as near-rings.
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