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ABSTRACT. In this paper, the concepts of pairwise vague fuzzy dig-
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(¢3,j = 1,2 and ¢ # j ) are introduced. Some interesting properties are
established.
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1. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [11]. W.A.Gau. and
D.J.Buehrer [2] were introduced the concept of vague fuzzy sets. T.Y. Kong and
A. Rosenfeld [3] studied the idea of digital topology. Classical Digital Topology
primarily concerns itself in the study of black-white images in the digital plane. It
invariably needs to take care of the gray scale level images that can be represented
by the concepts of fuzzy sets as noted by A.Rosenfeld [3, 9, 10]. Various topological
relationships among parts of a digital picture notions such as connectedness play
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an important role in the image analysis. The concepts and well developed theories
of connectedness and their related notions were discussed in [1, 4, 7]. The concept
of vague fuzzy digital structure spaces and vague fuzzy digital bi-structure spaces
were introduced by R.Narmada Devi [5, 6]. In this paper, various types of pairwise
vague fuzzy digital structure K-connected space, pairwise vague fuzzy digital struc-
ture super K-connected space, pairwise vague fuzzy digital structure strongly K-
connected space, pairwise vague fuzzy digital structure K-extremally disconnected
space, pairwise vague fuzzy digital structure K-totally disconnected spaces, pairwise
vague fuzzy digital structure K-Hausdorff spaces and pairwise vague fuzzy digital
structure K-compact space are introduced. In this connection, some interesting
properties are established.

2. PRELIMINARIES

Definition 2.1 ([8]). Let Y be a rectangular array of integer-coordinate points.
Thus the point P = (z,y) of > has four horizontal and vertical neighbors, namely
(r+1,y) and (z,y+1); and it also has four diagonal neighbors, namely (x+1,y+1)
and (x + 1,y F1). We say that former points are 4-adjacent to, or 4-neighbors of
P and we say that both types of neighbors are 8-adjacent to, or 8-neighbors of P.
Note that if P is on the border of , some of these neighbors may not exist.

Definition 2.2 ([2]). Let X be a nonempty fixed set and I be the closed interval
[0,1]. An vague fuzzy set(VFS) A is an object having form A = {{z,t4(z), fa(x)) :
x € X}, where the mappings t4 : X — I and fq : X — I denote degree
of truth membership function(namely t4(z)) and the degree of false membership
(namely fa(x)) for each element = € X to the set A, respectively. Further 0 <
ta(x) + fa(r) < 1 for each x € X. For the sake of simplicity, we shall use the
symbol A = (z,t4, fa) for the vague fuzzy set A = {{z,ta(x), fa(z)) : z € X}.

Definition 2.3 ([ ). Let X be a nonempty set and the VFSs A and B in the form
A= {{z,ta(z), fa(x)) :x € X}, B={(z,tp(x), fe(x)) : € X}. Then

) :
(i) AC Biff ta(z) <tp(x) and fa(z) > fp(z) for all x € X;
o).t

(i) A= {(z, fa(x),ta(@)) : = € X}
(i) A= Biff ta(x) =tp(z) and fa(x) = fp(z), for every z € X
(iv) AN B = {(z,min(ta(z),tp(x)), maz(fa(z), fp(x))) : v € X};
(v) AUB = {{z,maz(ta(z), tu (@), min(fa(2), fo(a)) : o € X};
(vi) 0=(z,0,1) and 1 = (z,1,0).
(vii) A=A
Definition 2.4 ([5, 6]). Let > be a rectangular array of integer-coordinate points.

An vague fuzzy digital structure on »_ is a family ® of an vague fuzzy sets in »_
satisfying the following axioms:
i) 0,1 € ®;
(i) G1 NGy € D for any G1,G2 € D;
(i) UG, € ® for arbitrary family {G; |i € J} C D.
Then the ordered pair (>, D) is called an vague fuzzy digital structure space. Every

member in ® is said to be an vague fuzzy digital structure open set. The complement
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of a vague fuzzy digital structure open set A is a vague fuzzy digital structure closed
set.

Definition 2.5 ([5]). Let > be a rectangular array of integer-coordinate points. If
D, and D, are two vague fuzzy digital structures on »_, then a triple (3,01, D2)
is said to be an vague fuzzy digital bi-structure space.

3. CHARACTERIZATIONS OF PAIRWISE VAGUE FUZZY DIGITAL STRUCTURE
K-CONNECTED SPACES

Throughout this paper, > represents a rectangular array of integer-coordinate
points. That is, ) be a digital array of lattice points in either 2D (or) 3D.

Definition 3.1. Let > be a rectangular array of integer-coordinate points and I
be the closed interval [0,1]. A vague fuzzy digital set A is an object having the form
A= {(P,ta(P), fa(P)): P €Y} where the functions t4 : >, — T and fa:>. — 1T
denote the degree of truth membership ( namely ¢4(P) ) and the degree of false
membership ( namely f4(P) ) and 0 < t4(P)+ fa(P) <1, for each P € ). For the
sake of simplicity, we shall use the symbol A = (P, t4, fa) for the vague fuzzy digital
set A= {(P,ta(P), fa(P)): P € }. The collection of all vague fuzzy digital sets
on Y is denoted by (2.

Definition 3.2. Let > be a rectangular array of integer-coordinate points. Let
A = {(P,ta(P), fa(P)) : P € > } and B = {(P,tg(P), fg(P)) : P € >_} be any
two vague fuzzy digital sets in > . Then
(i) AC Bif and only if t4(P) < tp(P) and fa(P) > fp(P), forall P € 3.
(i) & = {(P.Sa(P).La(P)) : P € 1}

T 4
AN B = {(P.ta(P) Ats(P), fA(P)V f5(P)) : P € ).
AUB = (P.ta(P) v to(P). Ja(P) A [o(P)): P € ).

0_{<P,O,1>.PEZ}.

(vii) The universal vague fuzzy digital set in > is defined and denoted as 1 =
[(P,1,0): P e X},

Definition 3.3. Let _ be a rectangular array of integer-coordinate points and let
A = (P,ta, fa) be any vague fuzzy digital set in ) . Then A is said to be a proper
vague fuzzy digital set in | if A#0and A # 1.

Definition 3.4. Let > be a rectangular array of integer-coordinate points. A vague
fuzzy digital structure on ) is a family © of vague fuzzy digital sets in 3 satisfying
the following axioms:

(i) 0,1 e€®.

(i) G1 NGy € D for any G1,G2 € D.

(iii) UG; € ® for arbitrary family {G; |i € J} CD.

Then the ordered pair (}.,D) is called a vague fuzzy digital structure space.
Every member in ® is called a vague fuzzy digital structure open set in .. The
complement of a vague fuzzy digital structure open set A is a vague fuzzy digital
structure closed set in ) .
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Notation 3.1. Let (>,®) be any vague fuzzy digital structure space. Then D¢
denotes the collection of all vague fuzzy digital structure closed sets in > _.

Definition 3.5. Let (>.,D) be any vague fuzzy digital structure space. Let A =
(P,ta, fa) be a vague fuzzy digital set in ). Then the

(i) vague fuzzy digital structure kernal of A is defined and denoted as
VFKers(A) =n{B = (P,tg,fg) | B€® and A C B}.
(ii) vague fuzzy digital structure co-kernal of A is defined and denoted as
VFCo-Kerg(A) =U{B = (P,tp, fg) | B€D°and B C A}.

Definition 3.6. Let (>.,D) be any vague fuzzy digital structure space. Let A =
(P,ta, fa) be a vague fuzzy digital set in Y. Then A is said to be a

(i) vague fuzzy digital structure kernal set if VF Kerg(A) = A.
(ii) vague fuzzy digital structure co-kernal set if VFCo-Kerg(A) = A.

Remark 3.7. Let (},D) be any vague fuzzy digital structure space. Let A =
(P,ta, fa) be a vague fuzzy digital set in Y. Then

(i) If A is a vague fuzzy digital structure kernal set, then A is a vague fuzzy
digital structure co-kernal set.

(ii) If A is a vague fuzzy digital structure co-kernal set, then A is a vague fuzzy
digital structure kernal set.

(i) VFKern(A) = VECo-Kerg(A).

(iv) VFCo-Kerp(A) = VFKerg(A).

(v) VFKerg(0) =0 and VFCo-Kerg(0)
) 1

(vi) VFKere (1) =1 and VFCo-Kerg(1)

= O

Proof. The proof is simple. O

Definition 3.8. Let > be a rectangular array of integer-coordinate points. A vague
fuzzy digital bi-structure space is an ordered triple (>, 01, D5) where ®; and Ds
are two vague fuzzy digital structures on 3 .

Definition 3.9. Let (> ,D1,D3) be any vague fuzzy digital bi-structure space. Let
A= (P,ta, fa) be a vague fuzzy digital set in > . Then A is said to be a

(i) vague fuzzy D (; 9y structure Kreg-set if VF Kergp, (VFCo-Kergp,(A)) = A.
(ii) vague fuzzy D (5 ) structure Kreg-set if VF Kerp,(VFCo-Kerp,(A)) = A.
(iii) pairwise vague fuzzy digital structure Kreg-set if it is both vague fuzzy

D(1,2) structure Kreg set and vague fuzzy Dy 1) structure Kreg set.

Note 3.10. Let (>.,D1,D2) be any vague fuzzy digital bi-structure space. Then

(i) the complement of a vague fuzzy ®; 2y structure Kreg-set is a vague fuzzy
D(1,2) structure Co-Kreg-set.
(ii) the complement of a vague fuzzy D 1) structure Kreg-set is a vague fuzzy
D(2,1) structure Co-Kreg-set.
(iii) the complement of a pairwise vague fuzzy digital structure Kreg-set is a
pairwise vague fuzzy digital structure co-Kreg-set.
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Definition 3.11. Let (},91,D2) be any vague fuzzy digital bi-structure space.
Then (), 9D1,D5) is called a pairwise vague fuzzy digital structure kernal connected
( in short, K-connected ) space if and only if it has no proper vague fuzzy digital
sets A and B which are vague fuzzy digital structure ®; kernal set and vague fuzzy
digital structure ©, kernal set respectively such that t4 +tp > 1 and fa + fp < 1.

Example 3.12. Let > = {Py, P5, P;} be a rectangular array of integer-coordinate
points. Let

A= <P’(%’%’%)’(%’%’%)> and B = <Pa (%7%7%%(%7%) %»

be any two vague fuzzy digital sets in 3.. Then ©; = {0,1, A} and D, = {0, 1, B}
are vague fuzzy digital structures on Y. Hence, (3} ,D1,D2) is a pairwise vague
fuzzy digital structure K-connected space.

Definition 3.13. A vague fuzzy digital bi-structure space (3,01, D32) is called a
pairwise vague fuzzy digital structure K-disconnected space if it is not a pairwise
vague fuzzy digital structure K-connected space.

Proposition 3.14. Let (>_,01,D2) be any vague fuzzy digital bi-structure space.
Then the following statements are equivalent:

(i) 02, D1,92) is a pairwise vague fuzzy digital structure K -connected space.

(ii) There exist no vague fuzzy digital structure ®1 kernal set A # 0 and vague
fuzzy digital structure Do kernal set B # 0 such that t4 +tg > 1 and
fa+f <1 ~

(iii) There exist no vague fuzzy digital structure D1 co-kernal set C # 1 and
vague fuzzy digital structure Do co-kernal set D # 1 such that to +tp < 1
and fc + fp > 1.

(iv) (32, D1,D2) contains no vague fuzzy digital set A # 0,1 which is both vague
fuzzy digital structure 1 kernal set and vague fuzzy digital structure Do
co-kernal set (or) it is both vague fuzzy digital structure Do kernal set and
vague fuzzy digital structure ©1 co-kernal set.

Proof. (i) = (ii)

Assume that (i) is true. Then (ii) follows from Definition 3.11.
(i) = (iii)

Assume that (ii) is true. Suppose that there exist vague fuzzy digital structure
D, co-kernal set A # 1 and vague fuzzy digital structure D, co-kernal set B # 1
such that t4 +tp < 1and fa+ fg > 1. Then, C = A # 0 is a non-zero vague fuzzy
digital structure ©; kernal set. Similarly, we get D = B # 0 is a non-zero vague
fuzzy digital structure ®4 kernal set such that

tcttp=tg+tg=rfa+fp=1
and
Jetfp=fxtfg=tat+tip <1
This is a contradiction. Hence, (ii)=-(iii).
(iii) = (iv)
Assume that (iii) is true. Suppose that (3>, D1, D2) contains a vague fuzzy digital

set A # 0,1 which is both vague fuzzy digital structure ®; kernal set and vague
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fuzzy digital structure ®, co-kernal set. Then, A is a proper vague fuzzy digital
structure ®; co-kernal set. By assumption, A is a vague fuzzy digital structure Do
co-kernal set. Now, t4 +tx =ta+ fa <land fa+ fr=ta+ fa <1 Thisisa
contradiction. Hence, (iii)=(iv).

(iv) = (i)

Assume that (iv) is true. Suppose that (>, D1,D3) is not a pairwise vague fuzzy
digital structure K-connected space. Then, (},D1,D2) has proper vague fuzzy
digital structure ©; kernal set A and vague fuzzy digital structure ©5 kernal set B
such that t4 +tp > 1 and f4 + fp < 1. That is, there exist vague fuzzy digital
structure ®; co-kernal set A and vague fuzzy digital structure D, co-kernal set B
such that tx +t5 < 1 and fx + fz > 1. This implies that (D>, D1,D2) contains
vague fuzzy digital set A = B # 0, 1 which is both vague fuzzy digital structure D
kernal set and vague fuzzy digital structure ®, co-kernal set. This is a contradiction.
Hence, (iv)=(i). O

Definition 3.15. Let (},91,D3) be any vague fuzzy digital bi-structure space.
Then (3,D1,D2) is called a pairwise vague fuzzy digital structure super kernal
connected ( in short, K-connected )space if it has no pairwise vague fuzzy digital
structure Kreg-set A in 3 such that 0 # A # 1.

Example 3.16. Let > = { Py, P5, P;} be a rectangular array of integer-coordinate
points. Let

A= <P’ (%’ %’ %)’ (%’ %’ %» and B = <Pa (%? %7 %)a (%’ %a [1)3?3>>

be any two vague fuzzy digital sets in 3.. Then ©; = {0,1, A} and D, = {0, 1, B}
are vague fuzzy digital structures on Y. Hence, (> ,D1,D2) is a pairwise vague
fuzzy digital structure super K-connected space.

Proposition 3.17. Let (>_,01,D2) be any vague fuzzy digital bi-structure space.
Then the following statements are equivalent:

(i) O°,91,D9) is a pairwise vague fuzzy digital structure super K -connected
space.

(ii) The vague fuzzy digital structure Do co-kernal ( (or) vague fuzzy digital
structure 1 co-kernal ) of a pairwise vague fuzzy digital structure Kreg-set
which is different from 0 is 1.

(iii) The vague fuzzy digital structure Do kernal ( (or) vague fuzzy digital struc-
ture D1 kernal ) of a pairwise vague fuzzy digital structure Co-Kreg-set
which is different from 1 is 0.

(iv) There exist no vague fuzzy digital structure ®1 kernal set A and pairwise
vague fuzzy digital structure Kreg-set B in > such that A # 0 # B and
A C B. ( (or) There exist no vague fuzzy digital structure Do kernal set
A and pairwise vague fuzzy digital structure Kreg-set B in > such that
A#0#Band ACB ).

Proof. (i) = (ii)
Assume that (i) is true. Suppose that there exists a pairwise vague fuzzy digital
structure Kreg-set A # 0 such that VFCo-Kergp,(A) # 1. Now,

(3.1) VFKerg,(VFCo-Kerg,(A)) # 1.
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Since A is a pairwise vague fuzzy digital structure Kreg-set,
(3.2) VFKerg,(VFCo-Kerg,(A)) = A.

From (3.1) and (3.2), we have A # 1. Thus, we find that (33,91,D5) has a
pairwise vague fuzzy digital structure Kreg-set A such that 0 # A # 1. This is a
contradiction. Hence, (1)=-(ii).

(i) = (iii)

Assume that (ii) is true. Suppose that there exists a pairwise vague fuzzy digital
structure Co-Kreg-set A # 1 in Y such that VFKerp,(A) # 0. Now, B =A # 0
and B is non-zero pairwise vague fuzzy digital structure Kreg-set in .. Then

VFCo-Kerp,(B) = VFKerg,(B) = VFKere,(A) # 1. This is a contradiction.
Hence, (ii)=(iii).
(iii) = (iv)

Assume that (iii) is true. Let A be any vague fuzzy digital structure © kernal set
and B be pairwise vague fuzzy digital structure Kreg-set in 3 such that A # 0 # B
and A C B. Since B is a pairwise vague fuzzy digital structure Co-Kreg-set in 5
and B # 1. By (iii), VFKerp,(B) = 0. Since A is a vague fuzzy digital structure
D, kernal set and A C B, A = VFKerp,(A) C VFKerp,(B) = 0. This is a
contradiction. Hence, (iii)=(iv).

(iv) = (i)

Assume that (iv) is true. Let 0 # A # 1 be any pairwise vague fuzzy digi-
tal structure Kreg-set in > . If we take B = VFCo-Kergp,(A). Clearly, B is a
vague fuzzy digital structure ®s kernal set in > and we get B # 0. Because,
otherwise we have, B = 0. This implies that VFCo-Kerp,(A) = 0 implies that
VFCo-Kerg,(A) = 1. Since A is a pairwise vague fuzzy digital structure Kreg-set
in Y, VFKerp,(VFCo-Kerp,(A)) = A. This implies that VFKerp, (1) = 1 = A.
This is a contradiction to A # 1. Also, we have A C B. This is a contradiction.
Hence, (iv)=(i). O

Remark 3.18. The Proposition 3.14. and Proposition 3.17. can be discussed for
other case too.

Proposition 3.19. Let (}.,91,D2) be any vague fuzzy digital bi-structure space.
Then the following statements are equivalent:
(1) O, 01,D2) is a pairwise vague fuzzy digital structure super K-connected
space.
(ii) There exist no vague fuzzy Doy structure Kreg-set A and vague fuzzy
D(1,2) structure Kreg-set B in ) such that

A#0# B, A=VFCo-Kerg,(B) and B=VFCo-Kerg,(A).

(iii) There exist no vague fuzzy D (2,1) structure Co-Kreg-set A and vague fuzzy
D1,2) structure Co-Kreg-set B in ) such that

A#1+# B, A=VFKery,(B) and B=VFKerg,(A).

Proof. (i) = (ii)
Assume that (i) is true. Suppose that there exist vague fuzzy Do 1) structure
Kreg-set A and vague fuzzy D (; o) structure Kreg-set B in ) such that A # 0 +# B,
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A=VFCo-Kergp,(B) and B=VFCo-Kerg,(A). Now,
VFKerg,(VFCo-Kerg,(A)) = VFKery, (B)
=VFCo-Kergp,(B) = A.

This implies that A is a vague fuzzy D (; o) structure Kreg-set in ) and A # 0.
Also, A # 1. If not, that is, A = 1 implies that VFCo-Kerg, (B) = 1. This implies
that VECo-Kerg,(B) = 0. Therefore, B = 0 which is a contradiction. Hence, A
is a pairwise vague fuzzy digital structure Kreg-set in > . This is a contradiction.
Hence, (i)=-(ii).

(ii) = (i)

Assume that (ii) is true. Suppose that (>_,D1,D5) is not a pairwise vague fuzzy
digital structure super K-connected space. Let A be a pairwise vague fuzzy digital
structure Kreg-set such that 0 # A # 1. Now, if B = VFCo-Kerp,(A), then
VFCo-Kerg,(B) = VFCo-Kerg,(VFCo-Kers,(A)).

Taking complement on both sides,

VFCo-Kerg,(B) = VFCo-Kerg,(VFCo-Kerg,(A))

=VFKergy,(VFCo-Kerg,(A))
=VFKerg,(VFCo-Kerg,(A)) = A.

Clearly, B # 0 and B is a vague fuzzy D(2,1) structure Kreg-set in ). Hence
there exist vague fuzzy Dy ) structure Kreg-set A and vague fuzzy D5 1) structure
Kreg-set B respectively in 3 such that A # 0 # B, A = VFCo-Kerp, (B) and
B =VFCo-Kerg,(A). This is a contradiction. Hence, (ii)=-(i).

(il) = (iii)

Assume that (ii) is true. Suppose that there exist vague fuzzy (s 1) structure
Co-Kreg-set A and vague fuzzy Dy ) structure Co-Kreg-set B in ) such that
A#1# B, A=VFKerp,(B) and B = VFKerg,(A). Then, there exist vague
fuzzy ©(o,1) structure Kreg-set C = A and vague fuzzy D(1,2) structure Kreg-set
D =B in Y such that C' # 0 # D. Now,

C=A

=VFKery,(B)
=VFCo-Kerg,(B)
=VFCo-Kers, (D).

Similarly, D = VFCo-Kerg,(C) can also be proved. This is a contradiction.
Hence, (ii)=>(iii).
(iii) = (ii) It is obvious. O

Definition 3.20. Let (}.,91,D2) be any vague fuzzy digital bi-structure space.
Let ®;°={A| A € D;,i =1 (or) 2} be any family of vague fuzzy digital sets of >_.
Then

(1) D1 UDy = {A | Ae®D (or) AE@Q}.

(ii) D1°UDE = {A | AeD ¢ (OI‘) Ae @26}.

Definition 3.21. Let (},91,D3) be any vague fuzzy digital bi-structure space.
Then (3,D1,D5) is called a pairwise vague fuzzy digital structure strongly kernal
222
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connected ( in short, K-connected ) space if and only if it has no proper vague
fuzzy digital structure co-kernal sets A, B € ©1° U D5 such that t4 +tp < 1 and
fa+ [ =1

If (5°,91,9D2) is not a pairwise vague fuzzy digital structure strongly kernal
connected space, then it is called a pairwise vague fuzzy digital structure weakly
kernal connected ( in short, K-connected ) space.

Example 3.22. Let > = {Py, P5, P3} be a rectangular array of integer-coordinate
points. Let

A= <P’ (%’ %’ %)’ (%7 %7 %» and B = <P7 (%7 %7 %)5 (éia %a %)>

be any two vague fuzzy digital sets in 3 .

Then ©; = {0,1, A} and D5 = {0, 1, B} are vague fuzzy digital structures on .
Hence, (>,1,93) is a pairwise vague fuzzy digital structure strongly K-connected
space.

(=)
w
(=)
o

Proposition 3.23. A vague fuzzy digital bi-structure space (>, D1,D2) is a pair-
wise vague fuzzy digital structure strongly K-connected space if and only if there
ezist no proper vague fuzzy digital structure kernal sets A, B € ©1 U ®q such that
ta+tg>1and fa+ fe <1.

Proof. Suppose that (>°,D1,D2) is a pairwise vague fuzzy digital structure weakly
K-connected space if and only if there exist proper vague fuzzy digital structure
co-kernal sets C, D € D1° U D5 such that tc +tp < 1 and fc + fp > 1 if and
only if there exist proper vague fuzzy digital structure kernal sets A, B € ©; U D>
where A = C and B = D such that t4 + tg = ts +tp5 = fo+ fp > 1 and
fa+fe = fe+ fp =tc+tp < 1. This implies that (}°,D:1,D2) is a pairwise
vague fuzzy digital structure strongly K-connected space if and only if there exist no
proper vague fuzzy digital structure kernal sets A, B € ©1U®s such that t4+tp > 1
and fa + fp < 1. O

Remark 3.24. Every pairwise vague fuzzy digital structure strongly K-connected
space is a pairwise vague fuzzy digital structure K-connected space.

Proof. The proof is obvious. O

Note 3.25. The converse of the above remark need not be true and it is seen in the
following example.

Example 3.26. Let > = {Py, P5, P;} be a rectangular array of integer-coordinate
points. Let

A= <P’<%’%’%)7(%’%’%)> and B = <Pa (%a%v%%(%v%a%»

be any two vague fuzzy digital sets in 3.. Then ©; = {0,1, A} and D, = {0, 1, B}
are vague fuzzy digital structures on » . Hence, (>, ®1,D2) is a pairwise vague
fuzzy digital structure K-connected space. But (>, 01,D3) is not a pairwise vague
fuzzy digital structure strongly K-connected space.

Definition 3.27. Let ) be a rectangular array of integer-coordinate points and
let © be any subset of Y. The digital characteristic function of  is denoted and
223
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defined as
1, «of Pel
xa(P) =
0, if P&Q.

Notation 3.2. Let Y be a rectangular array of integer-coordinate points and let
Q be any subset of >.. Then a vague fuzzy digital set Yo in > is defined as

Xa = {(P,xa(P),1 —xa(P)): P> }.

Definition 3.28. Let (>,91,D2) be any vague fuzzy digital bi-structure space
and let Q be any subset of > . Then ©,/Q = {A/Q = xqaNA| A€ D} and
D/ ={B/Q=XaNB| B e Dy} are vague fuzzy digital structures on  and are
called the induced vague fuzzy digital structures on 2. The pair (,D1/Q,D2/Q) is
called a vague fuzzy digital bi-structure subspace of vague fuzzy digital bi-structure

space (>, 9D1,D5).

Notation 3.3. Let (2,D1/Q,D3/Q) be any vague fuzzy digital bi-structure sub-
space of vague fuzzy digital bi-structure space (>_,D1,D3). Then
1o = {(P,1,0) : P € Q} denotes the universal vague fuzzy digital set in €.

Proposition 3.29. Let (},D1,92) be any vague fuzzy digital bi-structure space
and let 2 be any subset of > . Then the following statements are equivalent:
(i) (2,91/9,D5/Q) is a pairwise vague fuzzy digital structure strongly K -con-
nected subspace of vague fuzzy digital bi-structure space (>, D1,D3).
(ii) For any proper vague fuzzy digital structure kernal sets A, B € ©1 U Do,
tajo +tpo > 1 and faso + fero < 1 implies that either A/ = 1o (or)
B/Q =1q.

Proof. (ii) = (i)

Suppose that (Q,D1/Q,D2/) is not a pairwise vague fuzzy digital structure
strongly K-connected subspace of (>,01,D2). Then, there exist proper vague fuzzy
digital structure co-kernal sets A, B € (D1/Q)°U(D2/Q)° such that t4 +tp <1 and
fa+ f > 1. Therefore, there exist proper vague fuzzy digital structure kernal sets
C,D € D1 UD, such that C/Q = A, D/Q = B. Then,

tejo+tpo=tx+tg=fa+fp>1
and

feja+foo=fxt+fg=ta+ttp <L

Since C' and D are proper vague fuzzy digital structure kernal sets in >, C'/Q
and D/ are proper vague fuzzy digital structure kernal sets in Q. This implies that
C/Q # 1g and D/Q # 1q. This is a contradiction. Hence, (ii)=(i).

(i) = (i)

Suppose that there exist proper vague fuzzy digital structure kernal sets C, D €
D1 U D5 such that tc/o +1ip/a > 1 and fc/Q + fD/Q < 1 but both C/Q #+ IQ
and D/Q # 1g. By Proposition 3.23., (2,D1/Q,D5/Q) is not a pairwise vague
fuzzy digital structure strongly K-connected subspace of (> ,01,D2). This is a
contradiction. Hence, (i)=-(ii). O
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Proposition 3.30. Let (}.,9D1,D2) be any vague fuzzy digital bi-structure space.
Let Q be any subset of Y, such that xo € ©1°UD2°. Then (3, D1,D2) is a pairwise
vague fuzzy digital structure strongly K -connected space implies that (Q,01/Q,D2/)
is a pairwise vague fuzzy digital structure strongly K -connected subspace.

Proof. Assume that (>°,D1,D5) is a pairwise vague fuzzy digital structure strongly
K-connected space. Let 2 be any subset of Y such that g € D1°UD2¢. We want
to show that (Q,01/,D2/Q) is a pairwise vague fuzzy digital structure strongly
K-connected subspace. Suppose that (2,01 /,D5/) is not a pairwise vague fuzzy
digital structure strongly K-connected subspace. Then, there exist proper vague
fuzzy digital structure co-kernal sets A, B € (D1/Q)°U (D2/Q)¢ such that

(3.3) ta+tp<land fa+ fp > 1.

Hence, there exist proper vague fuzzy digital structure co-kernal sets C, D €
D1°U Dy such that A = C/Q, B = D/Q. Now, consider the proper vague fuzzy
digital structure co-kernal sets C'N X and D N g in . Since Yg € D1° U D3¢,
CNxa €9D1°UD° and DN g € D1°UD5° Further from (3.3),

(3.4) tongs T tongg < 1and fong + fong = 1

Thus, (3>,91,D2) is not a pairwise vague fuzzy digital structure strongly K-
connected space, which is a contradiction. Therefore, (Q2,01/Q,D2/Q) is a pairwise
vague fuzzy digital structure strongly K-connected subspace. O

4. A VIEW ON DISCONNECTEDNESS IN VAGUE FUZZY DIGITAL BI-STRUCTURE
SPACES

Definition 4.1. Let (>.,901,92) be any vague fuzzy digital bi-structure space.
Then (3,91, D2) is called a pairwise vague fuzzy digital structure kernal extremally
(in short, K-extremally ) disconnected space if vague fuzzy digital structure ©; co-
kernal of each vague fuzzy digital structure Do kernal set is a vague fuzzy digital
structure ®, kernal set and vague fuzzy digital structure ®, co-kernal of each vague
fuzzy digital structure ©; kernal set is a vague fuzzy digital structure ©; kernal set.

Example 4.2. Let Y = {P, P, P3} be a rectangular array of integer-coordinate
points. Let

A= (P (g5, 8% ¢). (§4. ¢4, 2)) and B = (P, (¢4, £, 0%). (&5, 03

be any two vague fuzzy digital sets in ).

Then ©; = {0,1, A} and D, = {0,1, B} are vague fuzzy digital structures on
>°. Hence, (3.,91,D2) is a pairwise vague fuzzy digital structure K-extremally
disconnected space.

e

3))

w
[=)

Proposition 4.3. Let (3.,D1,92) be any vague fuzzy digital bi-structure space.
Then the following statements are equivalent:

(i) O2,D1,92) is a pairwise vague fuzzy digital structure K -extremally discon-
nected space.

(ii) Whenever A is a vague fuzzy digital structure ©1 co-kernal set, VF Kerg,(A)
is a vague fuzzy digital structure ®1 co-kernal set. Similarly, whenever B
is a vague fuzzy digital structure Do co-kernal set, VF Kerg, (B) is a vague
fuzzy digital structure Do co-kernal set.
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(iii) Whenever A is a vague fuzzy digital structure ©1 kernal ( resp., Do kernal
) set, we have VFCo-Kerg, (VFCo-Kerg,(A)) = VFKerg,(A) ( resp.,

VFCo-Kerg,(VFCo-Kerg,(A)) = VFKergp, (4)).

Proof. (i) = (ii)
Assume that (i) is true. Let A be a vague fuzzy digital structure D; co-kernal
set in Y .. Then, A is a vague fuzzy digital structure ©; kernal set. Then by

(i), VFCo-Kerp,(A) is a vague fuzzy digital structure ©; kernal set. Clearly,

VFCo-Kergp,(A) is a vague fuzzy digital structure ®; co-kernal set. But,

VFCo-Kerg,(A) = VFKerp,(A) = VFKergp,(A).

Thus, VFKerg,(A) is a vague fuzzy digital structure ©; co-kernal set. Similarly,
we can show that VFKerg, (B) is a vague fuzzy digital structure D2 co-kernal set,
whenever B is a vague fuzzy digital structure Do co-kernal set. Hence, (i)=-(ii).
(il) = (iii)

Assume that (ii) is true. Suppose that A is a vague fuzzy digital structure D
kernal set in Y. Then, A is a vague fuzzy digital structure D; co-kernal set. By

assumption, VF Kerg,(A) = VFCo-Kerg,(A) is a vague fuzzy digital structure ©
co-kernal set. Now,

VFECo-Kerg,(VFCo-Kerp,(A)) = VFCo-Kern, (VFKerg,(A))

=VFKergp,(A).

Similarly, we can show that VFCo-Kerg,(VFCo-Kerg,(A)) = VFKergp, (A),

whenever A is a vague fuzzy digital structure ®, kernal set in Y . Hence, (ii)=>(iii).
(iii) = (i)

Assume that (iii) is true. Let A be a vague fuzzy digital structure ©; kernal set.
Then,

(4.1) VFCo-Kerg,(VFCo-Kerg,(A)) = VFKerg,(A) = VECo-Kergp,(A)

From (4.1), VFCo-Kerg,(A) is a vague fuzzy digital structure ©; co-kernal
set. Therefore, VFCo-Kerg,(A) is a vague fuzzy digital structure ©; kernal set.
Similarly, we can show that VFCo-Kerg, (B) is a vague fuzzy digital structure Ds
kernal set, whenever B is a vague fuzzy digital structure ®, kernal set. Hence,
(ii))=(). O

Proposition 4.4. Let (}.,D1,D2) be any vague fuzzy digital bi-structure space.
Then the following statements are equivalent:

(i) 02, 91,D2) is a pairwise vague fuzzy digital structure K -extremally discon-
nected space.

(ii) For each pair of vague fuzzy digital structure ©1 kernal set A and vague
fuzzy digital structure Do kernal set B with A = VFCo-Kerg,(B) and
B =VFCo-Kerp,(A), we have

VFCo-Kerg,(A) = VFKerg,(B) and VFCo-Kerg,(B) = VFKerg,(A).

Proof. (i) = (ii) -
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Assume that (i) is true. Let A and B be any two vague fuzzy digital structure ©
kernal set and vague fuzzy digital structure ©s kernal set in > respectively with
A =VFCo-Kerg,(B) and B=VFCo-Kerg,(A). Now,

VFCo-Kerg,(A) = VECo-Kero,(VFCo-Kerg, (B))
=VFCo-Kerg,(VFKery,(B))

=VFKergp, (B).

Similarly,

VFCo-Kerg,(B) = VFCo-Kerg, (VFCo-Kerg, (A))
=VFCo-Kerg,(VFKery,(A))

=VFKerg,(A).
Hence, (i)=(ii).

(i) = (i)

Assume that (ii) is true. Let A = VFCo-Kerg,(B) and B = VFCo-Kerg,(A).
Clearly, A and B are vague fuzzy digital structure ©; kernal set and vague fuzzy
digital structure ®2 kernal set respectively. By (ii),

VFCo-Kerg,(A) = VFKerg,(B) and VFCo-Kerg,(B) = VFKerg,(A).

Thus, VFCo-Kerg,(A) and VECo-Kerg, (B) are vague fuzzy digital structure
®; kernal set and vague fuzzy digital structure s kernal set respectively. Hence,
(i) =(i). O
Definition 4.5. Let > be a rectangular array of integer-coordinate points and
Pe) . Letrely=(0,1 and s € I; = [0,1) such that » +s < 1. Then a vague
fuzzy digital set P.; = (P,tp,, fp,,) is called a vague fuzzy digital point in )
where

r, if P =R, s, if P=R;
tp,.(R) = and fp, ,(R) =
0, otherwise. 1, otherwise.

for R € Y. The vague fuzzy digital point P, s is contained in the vague fuzzy digital
set A (thatis, P,s € A)in ) if and only if » < t4(P) and s > fa(P).

Definition 4.6. Let (>.,D) be any vague fuzzy digital structure space. Let A =
(P,ta, fa) be any vague fuzzy digital set in .. Then A is called a vague fuzzy
digital structure kernal neighbourhood of a vague fuzzy digital point P, , if there
exists a vague fuzzy digital structure kernal set B = (P,tp, fg) in Y such that
P., € BCA.

Definition 4.7. Let (}.,D) be any vague fuzzy digital structure space. A family
B of D is called a vague fuzzy digital structure base for ® if each member of ® is a
union of some members of B.

Definition 4.8. Let (>.,01,D2) be any vague fuzzy digital bi-structure space.

Then (3,91, D2) is called a pairwise vague fuzzy digital structure K-Hausdorff (

(or) K-T3 ) space if for each two distinct vague fuzzy digital points P, s and Q. n

in ), there exists a vague fuzzy digital structure ®; kernal neighbourhood A of
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P, s which does not contain @, , and a vague fuzzy digital structure ®y kernal
neighbourhood B of @, which does not contain P, ;.

Definition 4.9. Let (> ,01,D2) be any vague fuzzy digital bi-structure space.
Then (>.,91,D2) is called a pairwise vague fuzzy digital structure kernal totally
(in short, K-totally ) disconnected space if and only if for any two distinct vague
fuzzy digital points P, and Q. , in > there exist vague fuzzy digital structure
disconnection t4 +tp <1 and fa+ fp <1 of Y such that A and B are vague fuzzy
digital structure ®; kernal set and vague fuzzy digital structure D9 kernal set with
P., e Aand Q. € B.

Remark 4.10. Every pairwise vague fuzzy digital structure K-totally disconnected
space is a pairwise vague fuzzy digital structure K-Hausdorff space.

Proof. The proof is obvious. g

Proposition 4.11. Let (>.,01,D2) be any vague fuzzy digital bi-structure space.
Suppose

(i) 02, 91,D2) is a pairwise vague fuzzy digital structure K-Hausdorff space.

(ii) ®1 has a vague fuzzy digital structure base whose members are vague fuzzy
digital structure Do co-kernal sets (or) Do has a vague fuzzy digital structure
base whose members are vague fuzzy digital structure 1 co-kernal sets.

Then (3,91,D2) is a pairwise vague fuzzy digital structure K -totally disconnected
space.

Proof. Let P, s and Qy,,» be any two distinct vague fuzzy digital points in ) . Then,
there exists a vague fuzzy digital structure ©; kernal neighbourhood A = (P,t4, fa)
of P, s which does not contain @, , and a vague fuzzy digital structure D, kernal
neighbourhood B = (P,tg, f) of Qm,» which does not contain P, ;. Suppose that
®; has a vague fuzzy digital structure base whose members are vague fuzzy digital
structure Do co-kernal sets. Then, there exists a vague fuzzy digital structure basic
D1 kernal set C = (P,tc, fo) such that C = (P, fo,tc) is a vague fuzzy digital
structure ®, co-kernal set and P, € C C A. Then, tc+tz =tc+ fo < 1and fo+
fe=Jc+tc <1

Here C € ©1,C € D3,P.s € C and Q. € C. Therefore, (3,D1,D5) is
a pairwise vague fuzzy digital structure K-totally disconnected space. Similarly,
we can prove that (3, D1,85) is a pairwise vague fuzzy digital structure K-totally
disconnected space when 5 has a vague fuzzy digital structure base whose members
are vague fuzzy digital structure D1 co-kernal sets. g

5. PAIRWISE VAGUE FUZZY DIGITAL STRUCTURE K-COMPACT SPACES

Definition 5.1. Let (3,D) be any vague fuzzy digital structure space and let A
be a vague fuzzy digital set in Y. Then A is called a vague fuzzy digital structure
Kreg-set in ) if A = VFKern(VFCo-Kern(A)). The complement of a vague
fuzzy digital structure Kreg-set in > is a vague fuzzy digital structure co-Kreg-set

ind.
Remark 5.2. Let (> ,) be any vague fuzzy digital structure space. Then
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(i) Every vague fuzzy digital structure Kreg-set is a vague fuzzy digital struc-
ture open set.

(ii) Every vague fuzzy digital structure co- Kreg-set is a vague fuzzy digital struc-
ture closed set.

Proof. The proof is simple. O

Definition 5.3. Let (>, D) be any vague fuzzy digital structure space and let A be
any vague fuzzy digital set in > . A family A of vague fuzzy digital structure kernal
sets in Y is called a vague fuzzy digital structure kernal cover of A if and only if
AC U,L'./C-J{Bi | B; e .A}

Definition 5.4. Let (> ,91,D2) be any vague fuzzy digital bi-structure space.
Then (3, D1,D3) is said to be a vague fuzzy digital structure D (; o) K-compact
space if for every proper vague fuzzy digital structure ®; co-kernal set A and every
vague fuzzy digital structure s kernal cover A of A, there exists a finite subfamily
of A the vague fuzzy digital structure ®, co-kernal of whose members covers A.

Similarly, a vague fuzzy digital structure Dy ;) K-compact space can also be
defined in the same manner.

Definition 5.5. Let () ,D1,D2) be any vague fuzzy digital bi-structure space.
Then (>,1,93) is said to be a pairwise vague fuzzy digital structure kernal com-
pact ( in short, K-compact ) space if it is both vague fuzzy digital structure D o
K-compact and vague fuzzy digital structure ©, ;) K-compact.

Note 5.6. Let > be a rectangular array of integer-coordinate points and let € be
a subset of >.. Then xq = xr where ¥ =Y —Q.

Proposition 5.7. Let (>,01,D2) be any pairwise vague fuzzy digital structure K -
compact space. If Q is a subset of > such that Xq 18 a proper vague fuzzy digital
structure 1 Co-Kreg-set and F is a family of vague fuzzy digital structure ®q co-
kernal sets of 3 such that (NaerA) N xa = 0, then there exists a finite number of
elements say A1, A, ..., Ay, such that (N} _,VFKerg,(Ax)) N xa = 0.

Proof. Suppose that (>,D1,D2) be a pairwise vague fuzzy digital structure K-
compact space. Let  be any subset of > such that Xq is a proper vague fuzzy
digital structure ®, Co-Kreg-set and F is a family of vague fuzzy digital structure
D, co-kernal sets of 3" such that N{ANyga | A€ F} =0. Now, (NacrA)N¥xa =0,
which implies that NqerA C Xq. Therefore, Yo C NacrA = U{A | A € F}.

Hence, {A | A € F} is a vague fuzzy digital structure Dy K cover of Yo which
is a vague fuzzy digital structure ©; Co-Kreg-set in Y. By assumption, we have a
finite collection, say A, As, ..., A,, such that

Xa CUp_VFCo-Kerg,(Ay)
= UZ:1VFK6T@2 (Ak)
=Ny_VFKerg,(A).

This implies that N}_,VF Kerg,(Ax) C Yo = xx. Therefore,

XoN(NE_,VFKers,(Ax)) € xo Nxx = 0.
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This implies that X N (NF_,VFKerg,(Ax)) = 0. O

Proposition 5.8. Let (>,D1,D3) be any pairwise vague fuzzy digital structure K-
compact space. If Q is a subset of > such that Xq is a proper vague fuzzy digital
structure 1 co-kernal set and F is a family of vague fuzzy digital structure Do co-
kernal sets of 3. such that (NaerA) N X = 0, then there exists a finite number of
elements say Ay, Ag, ..., A, such that (NF_,VFKerg,(Ar)) NXa = 0.

Proof. Suppose that (>, D1,82) be a pairwise vague fuzzy digital structure compact
space. Let Q be any subset of Y such that Yq is a proper vague fuzzy digital
structure ®; co-kernal set and F is a family of vague fuzzy digital structure Do
co-kernal sets of > such that N{ANya | A€ F} =0. Now, (NacrA) N xa =0,
which implies that NgcrA C Y. Therefore,

o CMacrA=U{A| A€ FY.

Hence, {A | A € F} is a vague fuzzy digital structure D5 kernal cover of Y which
is a vague fuzzy digital structure D; co-kernal set in >". By assumption, we have a
finite collection, say Ay, As, ..., A, such that
Xo CUR_VFCo-Kerg,(Ay)
= UZ:1VFK€’I“@2 (Ak)

== mZ:l‘/FKeT@z (Ak)

This implies that N}_,VFKerg,(Ax) C Yo = xx. Therefore,

—~

)?5 N (ﬂZ:IVFKeTQ)Z (Ak)) CxaNxy = 0.
This implies that X N (NF_,VFKerg,(A;)) = 0. O

Definition 5.9. Let (> ,®) be any vague fuzzy digital structure space and let B be
a family of vague fuzzy digital sets in Y. Then B is said to be a vague fuzzy digital
structure filter base in Y if for every finite subfamily B, of B, NB, # 0.

Note 5.10. A family B is a vague fuzzy digital structure K-filter base in Y if every
elements in B is a vague fuzzy digital structure kernal sets in » .

Definition 5.11. Let (>.,D) be any vague fuzzy digital structure space and let
A= (P, pua,va) and B = (P, up,vp)be any two vague fuzzy digital sets in > . Then
A is said to be a

(i) vague fuzzy digital structure kernal neighbourhood of B if there exists a
vague fuzzy digital structure kernal set C' in (>, D) such that B C C C A.

(ii) vague fuzzy digital structure Kreg neighbourhood of B if there exists a
vague fuzzy digital structure Kreg-set C in (>_,®) such that B C C C A.

Definition 5.12. Let (> ,D1,D2) be any vague fuzzy digital bi-structure space.

A vague fuzzy digital structure D ;-filter base F is said to be a vague fuzzy digital

structure ©;;-Kreg adherent convergent if every vague fuzzy digital structure ®;

Kreg neighbourhood of the vague fuzzy digital structure ©;-K adherent set of F
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contains an elements of F ( ¢ # j and 4,5 = 1,2 ) where the vague fuzzy digital
structure D ;-K adherent set of F is defined as

{VFCo-Kergp,(A) | Ac F}.

Proposition 5.13. If (>,91,D2) is a pairwise vague fuzzy digital structure K-
compact space, then every vague fuzzy digital structure ©o K-filter base is vague
fuzzy digital structure ®19 Kreg-adherent convergent.

Proof. Suppose that (>.,01,D2) be a pairwise vague fuzzy digital structure K-
compact space and let F be any vague fuzzy digital structure ®5 K-filter base with
a vague fuzzy digital structure ©,-K adherent set A of F. Let B be a vague fuzzy
digital structure Kreg neighbourhood of A. Thus, A = N{VFCo-Kerg,(C) | C €
F} and and A C B and B is a vague fuzzy digital structure ®; Co-Kreg-set in >_.
Now,

BCA

=N{VFCo-Kerg,(C) | C € F}

= U{VFCo-Kerg,(C) | C € F}.

Therefore, {VFCo-Kerg,(C) | C € F} is a vague fuzzy digital structure Do
kernal cover of vague fuzzy digital structure ®; Co-Kreg-set B. Since (3,91, D3)
is a pairwise vague fuzzy digital structure K-compact space, we can find a subfamily,
say {VFCo-Kerg,(Cy) | k=1,2,...,n} such that

B CUy_,VFCo-Kergp,(VFCo-Kerg,(Cy))
=Up_,VFKerg,(VFCo-Kerg,(Cy))
=Up_,VFKerg,(VFCo-Kergp,(Ck)).

This implies that U}_,VFKerg,(VFCo-Kers,(Cy)) C B. Further,

Cr, CVFKergp,(VFCo-Kers,(Cy)), for k=1,2,....n.

Therefore, N}_,Cr, C VFKergp,(VFCo-Keryp,(Cy)). Hence, N}_,Cy C B. This
implies that B € F. Hence the proof is completed. O

Definition 5.14. Let (>,01,D2) be any vague fuzzy digital bi-structure space. A
vague fuzzy digital structure ©;-K filter base F is said to be a vague fuzzy digital
structure ®;;-K adherent convergent if every vague fuzzy digital structure ©; kernal
neighbourhood of the vague fuzzy digital structure © ;-K adherent set of F contains
an elements of F (i # j and 4,5 = 1,2 ) where the vague fuzzy digital structure
D;-K adherent set of F is defined as N{V FCo-Kerp,(A) | A € F}.

Proposition 5.15. If (3.,91,D2) is a pairwise vague fuzzy digital structure K-
compact space, then every vague fuzzy digital structure ©o-K filter base is vague
fuzzy digital structure ©12-K adherent convergent.

Proof. Suppose that (3 ,91,D2) be a pairwise vague fuzzy digital structure K-
compact space and let F be any vague fuzzy digital structure ®, K-filter base with
a vague fuzzy digital structure Do-K adherent set A of F. Let B be a vague fuzzy
digital structure ©; kernal neighbourhood of A. Thus, A = N{VFCo-Kerg,(C) |
C € F} and and A C B and B is a vague fuzzy digital structure D; co-kernal set in
>. Now,
BCA
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=N{VFCo-Kerg,(C) | C € F}
=U{VFCo-Kery,(C) | C € F}.

Therefore, {VFCo-Kero,(C) | C € F} is a vague fuzzy digital structure Do
kernal cover of vague fuzzy digital structure ®; co-kernal set B. Since (3, D1,D>)
is a pairwise vague fuzzy digital structure K-compact space, we can find a subfamily,
say {VFCo-Kerg,(Ci) | k=1,2,...,n} such that

B CUy_VFCo-Kerp,(VFCo-Kerp,(
=Up_VFKergp,(VFCo-Kery,(Cy))
=Up_VFKerg,(VFCo-Kergp,(Cy)).

Cy))

This implies that U}_,VFKerg,(VFCo-Kers,(Cy)) C B. Further,

Cr CVFKergp,(VFCo-Kers,(Cy)), for k=1,2,...,n.

Therefore, N}_,Cy C VFKerg,(VFCo-Kerg,(Cy)). Hence, N}_,Cy C B. This
implies that B € F. Hence the proof is completed. O

Remark 5.16. The Proposition 5.7., Proposition 5.8., Proposition 5.13. and Propo-
sition 5.15. are also can be discussed for other case too.
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