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ABSTRACT. In this paper, we introduce the concept of fuzzy supplement
submodules of a module. We attempt to investigate various properties of
such submodules. Also we define fuzzy coclosed submodules and study the
relationship with fuzzy supplement submodules.
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1. INTRODUCTION

After the introduction of fuzzy sets by Zadeh [12] a number of applications of
this fundamental concept have come up. Rosenfeld [3] was the first one to define the
concept of fuzzy subgroups of a group. Naegoita and Ralescu [5] applied this concept
to modules and defined fuzzy submodules of a module. Consequently, fuzzy finitely
generated submodules, fuzzy quotient modules [6], radical of fuzzy submodules, and
primary fuzzy submodules [3, 10] were investigated. Saikia and Kalita [9] defined
fuzzy essential submodules and investigated various characteristics of such submod-
ule. Rahman and Saikia [7] defined fuzzy small submodules. In this paper we give
the definition of fuzzy supplement submodules and fuzzy coclosed submodules of
fuzzy module. We study some of its properties.

2. BASIC DEFINITIONS AND RESULTS

In this section we briefly introduce some definitions and results of fuzzy sets and
fuzzy submodules, which we need to develop our paper.

By R we mean a commutative ring with unity 1 and M denotes an R-module.
The zero elements of R and M are 0 and 6, respectively.
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Definition 2.1 ([2]). Let K < M. Then K is said to be a small submodule of M,
if for all submodules L of M, K + L = M implies that L = M. It is indicated by
the notation K < M.

Definition 2.2 ([2]). Let K < M. If K < M, then we say M is a small cover of
M/K.

Definition 2.3 ([2]). Let N,L < M. Then we say that N lies above K or K is a
coessential submodule of N, if M/K is a small cover of M/N, that is; N/K < M/K.

Definition 2.4 ([2]). Let N < M. N is called coclosed in M if and only if N has
no proper coessential submodule, that is; K, N/K <« M/K.

Definition 2.5 ([11]). Let N, L < M. Then we call N a supplement of L, if N is
minimal with respect to N + L = M. Equivalently, N is called a supplement of L if
andonly if N+ L =M and NNL < N.

Definition 2.6 ([11]). Let M be an R-module. If every submodule of M has a
supplement, then M is called a supplemented module.

Definition 2.7 ([11]). Let N,L < M. Then we call N a weak supplement of L if
andonly if N+ L =M and NNL < M.

Definition 2.8 ([11]). Let M be an R-module. If every submodule of M has a weak
supplement, then M is called a weakly supplemented module.

Definition 2.9 ([11]). If for every K < M with K+ N = M, there is a supplement
L of K such that L C N, then it is said that K has ample supplements in M.

Definition 2.10 ([11]). If every submodule of M has ample supplements in M,
then M is called amply supplemented. Every amply supplemented module is sup-
plemented.

Definition 2.11 ( [4]). By a fuzzy set of a module M we mean any mapping p from
M to [0,1]. By [0,1]" we will denote the set of all fuzzy subsets of M. The support
of a fuzzy set u, denoted by p*, is a subset of M defined by p* = {x € M | u(z) > 0}.
The subset u, of M is defined as p, = {x € M | p(x) = pn(6)}.

Definition 2.12 ([1]). If N C M and « € [0, 1], then ay is defined as,
_J o, ifzeN
oan (@) = { 0, otherwise.

When a = 1, then 1y is known as the characteristic function of N. We will
denote the characteristic function of N as yn.

Definition 2.13 ([1]). If u,o € [0,1]*, then:
(1) p C o if and only if p(z) < o(x

~

)

(
(2) (1 U0)(&) = maz{p(e), o(@)} = u(2) V o(2);
(3) (1N 0)(x) = min{p(z), o(2)} = p(z) A o(2);
(4) (u+o)(x) = sup{min{u(a),c(b)} | a,b € M, x = a+b} = V{u(a)Ao(d) | a,b €

M, = a+ b}
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Definition 2.14 ([1]). Let M be an R-module. A fuzzy subset u of M is said to
be a fuzzy submodule, if for every z,y € M and r € R the following conditions are
satisfied:

(1) u(0) =1;

(1) p(x —y) = minf{p(z), u(y)};

(iii) u(r) > p().

We denote the set of all fuzzy submodules of M by F(M).

Definition 2.15 ([4]). Let u,v € F(M) such that ¢ C v. Then the quotient of v
with respect to u, is a fuzzy submodule of M/u*, denoted by v/u, and is defined as
follows:

(w/w([z]) = sup{v(z) | z € [z]}, Vo e v”

where [z] denotes the coset x + p*.

Proposition 2.16 ([1]). If u is a fuzzy submodule of M, then . is a submodule of
M.

Proposition 2.17 ([1]). Let u € F(M). Then p. = M if and only if = x . Also
if u C o, then py C oy

Proposition 2.18 ([1]). Let u,0 € F(M). Then (uNo)s = e Now, (WU 0)x =
t« U ow. Further, if 4 and o have finite images, then (i + 0)s = pis + Ox.

Definition 2.19 ([7]). Let M be an R-module and p € F(M). Then p is said to be
a fuzzy small submodule of M or (xar), if for any v € F(M), u+ v = x implies
that v = xas. It is indicated by the notation u < M or u < x -

Definition 2.20 ([7]). Let p € F(M). If p <y M, then we say xa (or M) is a
fuzzy small cover of xpr/u or M/u*.

Definition 2.21 ([7]). Let p,0 € F(M) and p C 0. p is said to be a fuzzy small
submodule of o or (¢*), if for any fuzzy submodule v of M, p_. +7 . = X0+ implies
Y.+ = Xo= - It is indicated by the notation p <y o or u <y o*.

Definition 2.22 ([7]). Let u,o € F(M) such that ;1 C 0. Then we say o lies above
win M or p is a fuzzy coessential submodule of o, if M/u is a fuzzy small cover of
M/o, that is; o/p <5 X/ -

Proposition 2.23. For fuzzy submodules u C v of M the following properties hold:

(1) w is fuzzy coessential submodule of v in M if and only if p+ o = xm holds
forallo € F(M) withv+ 0 = xum-

(2) v <5 M if and only if p < M and p is fuzzy coessential submodule of v.

(3) For fuzzy submodules v C p C v of M, v is fuzzy coessential submodule of
v in M if and only if p is a fuzzy coessential submodule of v in M and v is fuzzy
coessential submodule of p in M.

(4) Let 6 C o be fuzzy submodules of M. If i is fuzzy coessential submodule of v
and 0 s fuzzy coessential submodule of o and v+ o = xp, then p+ 6 = xp and
N is fuzzy coessential submodule of v N o.
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Proof. (1) By [7, Proposition 4.24].

(2) By [7, Proposition 4.22].

(3) Suppose p is fuzzy coessential submodule of v and v is fuzzy coessential
submodule of u. Let 0 € F(M) and v 4+ 0 = xu. Since p is fuzzy coessential
submodule of v so u + o = x s and since v is fuzzy coessential submodule of p so
v+ 0 = xn. Thus 7 is fuzzy coessential submodule of v in M.

Conversely, suppose 7 is fuzzy coessential submodule of v. Let o € F(M) and
i+ 0o = xu- Then v+ o0 = xu (since p C v) and since v is fuzzy coessential
submodule of v so v+ o = xps. Thus 7y is fuzzy coessential submodule of pu.

Now, let 0 € F(M) and v + 0 = xp. Since v is fuzzy coessential submodule of v,
s0 v+ 0 = xm. Therefore, u+ o = xn (since v C p). Thus p is fuzzy coessential
submodule of v.

(4) Suppose xpr = v + 0. Since pu is fuzzy coessential submodule of v, so xar =
1+ o and since 9 is fuzzy coessential submodule of o, so xar = u + 6.

Now, N o is fuzzy coessential submodule of v N o and pN§ is fuzzy coessential
submodule of uNa, so by (3) we have uNJ is fuzzy coessential submodule of vNo. O

Proposition 2.24 ([7]). Let N < M. Then N < M if and only if xny <y M.
Proposition 2.25 ([7]). Let p € F(M). Then p <y M if and only if p, < M.
Proposition 2.26 ([7]). Let p,0 € F(M). Then p <y o if and only if p. < o,.

3. Fuzzy SUPPLEMENT SUBMODULES AND FUZZY COCLOSED SUBMODULES

Definition 3.1. Let v € F(M). v is called fuzzy coclosed in M if and only if v has
no proper fuzzy coessential submodule, that is; Au, v/u L5 XM/

Proposition 3.2. If o is fuzzy coclosed in M, then o, is coclosed in M.

Proof. Let o be a fuzzy coclosed in M. Assume K be a submodule of o, such that
o./K < M/K. So o/xx <f xXm/Xxk and since o is fuzzy coclosed in M , thus
xx = o and therefore K = o,. Hence o, is coclosed in M. O

Remark 3.3. Inverse of previous proposition is not essentially true.

Lemma 3.4. Let u,0 € F(M) such that p C o. If o is fuzzy coclosed in M and
<Ly M, then p <y 0.

Proof. Assume v C o and g+ v =o0. Let § € F(M) and v C ¢ such that xp /v =
o/v+4d/v. Thus xapr =0+ 6 = p+v+0 and since pp <5 M, therefore xpr = v+ 6.
Since v C ¢, thus xp = d. Hence /v < x /v and since o is fuzzy coclosed in M,
thus o has no proper fuzzy coessential submodule. So v = ¢ and hence 4 <5 0. 0O

Definition 3.5. Let u,0 € F(M) such that u C 0. p is called fuzzy coclosure of o
in M, if p is fuzzy coessential submodule of ¢ and p has no proper fuzzy coessential
submodule.

Lemma 3.6. Let p1,0 € F(M) such that p Co. Ifo = p+v and v <5 M, then p
is fuzzy coessential submodule of o in M.
208



Yahya Talebi et al./Ann. Fuzzy Math. Inform. 9 (2015), No. 2, 205-213

Proof. Suppose § € F(M) such that xpr = o + 6. Thus xpr = p+ v + 9 and since
v <y M, hence xp = p+ 6. By proposition 2.23, i is fuzzy coessential submodule
of o. 0

Definition 3.7. Let p,0 € F(M). Then we call p a fuzzy supplement of o, if p is
minimal with respect to p + 0 = xar- Equivalently, p is called a fuzzy supplement
of ¢ if and only if 40 = xa and pNo <5 p.

A fuzzy submodule p of M is called a fuzzy supplement, if there is a fuzzy
submodule o of M such that p is a fuzzy supplement of o.

Definition 3.8. Let p,0 € F(M). p is called a weak fuzzy supplement of o if and
only if u+0=xy and pNo K¢ M.

A fuzzy submodule p of M is called a weak fuzzy supplement, if there is a fuzzy
submodule o of M such that p is a weak fuzzy supplement of o .

Clearly any fuzzy supplement submodule is a weak fuzzy supplement submodule.

Proposition 3.9. Let u,v € F(M). If p and o have finite images, then p is a fuzzy
supplement of v if and only if p. is a supplement of v,.

Proof. Let p be a fuzzy supplement of v. So p+v = xar and pNv <y p. Thus
(u+v)e = M and (uNv). < py. By proposition 2.18, p.+v. = M and p, Ny < iy
Hence p, is a supplement of v,.

Conversely, assume i, is a supplement of v,. So p, + v = M and p, N vy < fs.
By proposition 2.18, (u+v). = M and (uNv). < pis. Therefore we get (u+v). = M
and (uNv)s < py. Thus p+v = xar and pNv <5 p. Hence p is a fuzzy supplement
of v. O

Corollary 3.10. Let u,v € F(M). Then p is a weak fuzzy supplement of v if and
only if p. is a weak supplement of v,.

Definition 3.11. R-module M ( or xas ) is said to be a fuzzy hollow module, if
every proper fuzzy submodule of M is fuzzy small submodule in M.

Remark 3.12. (a) Let p be a fuzzy hollow submodule of an R-module M. If y is
not fuzzy small in M, then there exists v € F(M) such that v # xas and p+v = x .
Since p is fuzzy hollow, pNv < p ' Thus p is fuzzy supplement in M.

(b) Let p,v € F(M), un C v. By 2.23, v lies above p if and only if v + 0 = xur
implies 4+ 0 = x s for all o € F(M). If v is minimal with respect v + o = x s for
some o, then there cannot be a fuzzy submodule p of v such that v lies above p.
Thus v is fuzzy coclosed.

Proposition 3.13. Let u € F(M). Consider the following statement:

(1) p is a fuzzy supplement in M ;

(7i) p is a fuzzy coclosed in M ;

(i13) For all 0 C p, 0 <5 M implies 0 <5 pu.

Then i = i = it holds and if p is weak fuzzy supplement in M, then iii = i
holds.

Proof. (i) = (it) Assume that p is a fuzzy supplement of v € F(M). For all fuzzy
submodules ¢ C pu such that p lies above o, we have that u + v = xj,; implies
209
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0+ v = xp. By the minimality of p with respect to this property, we get p = o.
Hence p is fuzzy coclosed.
(#7) = (4i1) Let 0 <y M and o C p. Assume p = o +v for v C p. Then for every
0 € F(M) with pp+0 = xam, we get o +v+0 = xpr. Since o0 <5 M, sov+6 = xum.
Thus v is fuzzy coessential of u. By the coclosure of u, we get v = p. Thus o < .
(t4i) = (i) Assume p is a weak fuzzy supplement of v € F(M), so pNv <y M.
By assumption, pNv < p. Thus p is a supplement of v in M. O

Corollary 3.14. Any fuzzy direct summand of M 1is fuzzy coclosed in M.

Proposition 3.15. Let u,0 € F(M) such that 4 C o.

(¢) If o is fuzzy coclosed in M, then o/u is fuzzy coclosed in x /.

(13) Assume o is fuzzy supplement in M. Then p is fuzzy coclosed in o if and
only if w is fuzzy coclosed in M.

Proof. (i) Since o is fuzzy coclosed in M, for every proper fuzzy submodule §/u of
o/, (a/w)/(6/n) =~ o/ is not fuzzy small in (xar/p)/(0/p) = xa/0 (since o/d is
not small in xas/d). So o/u is fuzzy coclosed in xar/p.

(7i) Let o be fuzzy supplement of § C xps. Assume pu is a fuzzy coclosed in M.
Since whenever p/v < o/v, we get p/v <5 xm/v as o/v C xm/v, so p is fuzzy
coclosed in o.

Conversely, assume that p is fuzzy coclosed in ¢ and that p lies above a proper
fuzzy submodule v C p in M. Since p is fuzzy coclosed in o and p does not lie above
~ in o, hence there exists a proper fuzzy submodule A of o containing 7 such that
w/v+A/y = o/yholds. Hence xpr = 0+6 = p+ A+ implies xpr = v+ A+ = A+0
(since p lies above v in M). But since o is a fuzzy supplement of § in M, we get
A = o, a contradiction to A being proper fuzzy submodule of o. Hence p is fuzzy
coclosed in M. g

Definition 3.16. R-module M (or xas) is called fuzzy supplemented, if every fuzzy
submodule has a fuzzy supplement in M.

Definition 3.17. R-module M (or xa) is called weakly fuzzy supplemented, if
every fuzzy submodule has a weak fuzzy supplement in M.

Lemma 3.18. Any fuzzy supplemented module is weakly fuzzy supplemented.

Proof. Suppose M be fuzzy supplemented and p € F(M). So there is v € F(M)
such that 4 +v = xp and pNv <y v. Thus uNv Ky M, so v is a weak fuzzy
supplement of y. Hence M is weakly fuzzy supplemented. O

Proposition 3.19. Let fuzzy submodules of R-module M have finite images. Then
R-module M is fuzzy supplemented if and only if M is supplemented module.

Proof. First let M be fuzzy supplemented. Let N < M and p be the characteristic
function on N. So p € F(M) and p, = N. Since M is fuzzy supplemented, so there
is v € F(M) such that pu +v = xm and pNv <y M. Hence (p+v). = M and
(L Nv)e € M. By proposition 2.18, s + v = M and p, Nv, < M which v, is
submodule of M. Hence v, is a supplement of N. This implies M is supplemented

module.
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Conversely, assume M is supplemented module. Let p € F(M), so p. < M. Since
M is supplemented, thus there is K < M such that pu, + K = M and p, N K < M.
Suppose v is the characteristic function on K, so v € F(M) and v, = K. Therefore
e + o = M and ps Ny, < M. So by proposition 2.18 | (u + v), = M and
(pNv)e < M. Thus p+v = xum and pNv <y M. Hence v is fuzzy supplement of
1 and so M is fuzzy supplemented module. O

Corollary 3.20. R-module M is weakly fuzzy supplemented if and only if M 1is
weakly supplemented module.

Example 3.21. Semi-simple module is fuzzy supplemented.
Example 3.22. The Z-module Q is weakly fuzzy supplemented.

Proposition 3.23. Assume that M is weakly fuzzy supplemented and p,o € F(M)
such that xpr = p+ 0. Then p has a weak fuzzy supplement as v in M such that
v Co.

Proof. Let xpr = p+o. Since M is weakly fuzzy supplemented, so there is 6 € F(M)
such that x s = (uNo)+0 and (uNo)Nd <y M. Thus o = xpNo = ((pNo)+6)No =
(uNo)+(Nao). Soxm =p+EnNo)+(dNo)and pN(§No) <5 M. Since
wNo Cpu,soxy =p+ (6No). Hence d No is a weak fuzzy supplement of p such
that 6No Co. O

Proposition 3.24. Let M be weakly fuzzy supplemented and p € F(M). Then the
following conditions are equivalent:

(1) w is fuzzy supplement;

(#9) p is fuzzy coclosed.

Proof. (i=-ii) By proposition 3.13.

(ii=1) Let p be fuzzy coclosed in M. Since M is weakly fuzzy supplement, so u
has a weak supplement as o such that x»s = p+0 and pNo <y M. By lemma 3.4,
uNo KLy p. Thus pis fuzzy supplement of o in M. Therefore p is fuzzy supplement
submodule in M. d

4. AMPLY FUZZY SUPPLEMENTED MODULES

Definition 4.1. If for every v € F(M) with u+ v = x s there is a supplement o of
u such that o C v, then it is said that g has ample fuzzy supplement in M.

Definition 4.2. If every fuzzy submodule of M has a ample fuzzy supplement in
M, then M (or xs) is called amply fuzzy supplemented.
Every amply fuzzy supplemented module is fuzzy supplemented.

Proposition 4.3. Let fuzzy submodules of R-module M have finite images. If R-
module M is amply fuzzy supplemented, then M is amply supplemented.

Proof. Let M be amply fuzzy supplemented. let N < M with N+ K = M. Suppose

u and v are the characteristic function on N and K. So pu,v € F(M) and p, = N,

v, = K. Thus p. + v. = M. By proposition 2.18, p, + v = (u+ v). = M, so

W+ v =xpn. Since M is amply fuzzy supplemented, so there is a fuzzy supplement

o of p such that ¢ C v. So by proposition 3.9, o, is a supplement of u, such that
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0« C vy. Since o € F(M), so 0. = L < M and hence L is a supplement of N such
that L C K. Therefore M is amply supplemented. O

Proposition 4.4. An R-module M is amply fuzzy supplemented if and only if M
is weakly fuzzy supplemented and any fuzzy submodule of M has a fuzzy coclosure in
M.

Proof. Let M be amply fuzzy supplemented, so M is weakly fuzzy supplemented.
Let u € F(M), thus p has a fuzzy supplement as 0. So y+0 = xup and pNo < o,
this implies pNo <y M. Since M is amply fuzzy supplemented, so there is a fuzzy
supplement v of ¢ such that v C pu. Thus v+ 0 = xy and v No <y v. We will
prove v is a fuzzy coclosure of p in M. v is fuzzy coclosed in M because v is a fuzzy
supplement submodule in M. Since g = pNxy =pN(v—+o)=(puNv)+(puno) =
v+ (pNno)and pNo <y M, by lemma 3.18, v is a fuzzy coessential submodule of
win M. Therefore v is fuzzy coclosure of p in M.

Conversely, let M is weakly fuzzy supplemented and any fuzzy submodule of M
has a fuzzy coclosure in M. Let pu,0 € F(M) and xa = p+ o. Since M is weakly
fuzzy supplemented and by proposition 2.18, there is a weak fuzzy supplement v of
wsuch that v C 0. Thus xar = p+v and uNv <y M. Assume ¢ is a fuzzy coclosure
of v in M. So by proposition 2.23, xp; = p+ 9. Since J is a fuzzy coclosed in M
and 0 Np <5 M, so by lemma 3.4, § Ny < ¢ 6. This implies 0 is a fuzzy supplement
of p in M such that § C 0. Hence M is amply fuzzy supplemented. O

Proposition 4.5. Let M is amply fuzzy supplemented module. Then,

(1) Any fuzzy supplement of a fuzzy submodule of M is a amply fuzzy supplemented
module.

(11) Any fuzzy direct summand of M is a amply fuzzy supplemented module.

Proof. (i) Let u € F(M) and o is a fuzzy supplement of p such that for fuzzy
submodules v and § of 0, 0 = § + v. Since o is a fuzzy supplement of u, so
XM =W+ 0=pu+0+vand since M is amply fuzzy supplemented, thus there is a
fuzzy supplement ~ of p+ ¢ such that v Cv. Also, § C u+9,805Ny C (n+3d)N~.
Since « is a fuzzy supplement of § + p, thus d Ny C (p+ ) Ny <5 7. Hence
XM =p+0+vand 6 Ny <y v. Now, by the minimality of o with respect to this
property, we get ¢ C § + . Since § C ocand v C v C 0,0 § +v C 0. Hence
o = & 4 7, this implies v is a fuzzy supplement of § in ¢ and so ¢ is amply fuzzy
supplemented.

(#4) Since any fuzzy direct summand is a fuzzy supplement, so by (i), any fuzzy
direct summand is a amply fuzzy supplemented module. O
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