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ABSTRACT. In the present paper a notion of soft linear space and soft
norm on a soft linear space have been presented and some of their prop-
erties have been studied. Soft vectors in soft linear spaces are introduced
and their properties are investigated. Completeness of soft normed linear
spaces, equivalent soft norms and convex soft sets are defined and some of
their properties are examined in soft normed linear space settings.
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1. INTRODUCTION

In 1999, Molodtsov [16] introduced the concept of soft set as a new mathemat-
ical tool for dealing with uncertainties while modeling the problems in engineering,
physics, computer science, economics, social sciences, and medical sciences. Follow-
ing his work Maji et al. ([13], [14]) introduced several operations on soft sets and
applied soft sets to decision making problems. Some new operations on soft sets were
described by Ali et al. in ([2]). Chen et al. [3] presented a new definition of soft set
parametrization reduction and some works in this line have been found in ([12], [17],
[21]). Soft group was introduced by Aktas and Cagman [1] and soft BCK/BCI —
algebras and its application in ideal theory was investigated by Jun ([10], [11]). Feng
et al. [8] worked on soft semirings, soft ideals and idealistic soft semirings. Some
works on semigroups and soft ideals over a semi-group has been found in ([18]). The
idea of a soft topological space was first given by M. Shabir, M. Naz [19]. Mappings
between soft sets were described by P. Majumdar, S. K. Samanta [15]. Feng et al.
[9] worked on soft sets combined with fuzzy sets and rough sets. Recently in ([1], [5])
we have introduced notions of soft real sets, soft real numbers, soft complex sets, soft
complex numbers and some of their basic properties have been investigated. Some
applications of soft real sets and soft real numbers have been presented in real life



Sujoy Das et al./Ann. Fuzzy Math. Inform. 9 (2015), No. 1, 91-109

problems. Two different notions of ’soft metric’ are presented in ([6], [7]) and some
properties of soft metric spaces are studied in both cases.

In this paper we have introduced notions of soft linear space and soft normed
linear space. In Section 2, some preliminary results are given. In Section 3, a notion
of ‘soft linear space’ is given and various properties of soft linear spaces are studied.
In Section 4, a definition of ‘soft vector’ in a soft linear space is given and various
properties of soft vectors are studied in details with examples and counter examples.
A notion of ‘soft norm’ in a soft linear space is introduced in Section 5. It has been
shown that every ‘soft normed linear space’ is also a ‘soft metric space’ [6]. In that
section, completeness of soft normed linear spaces, equivalent soft norms and convex
soft sets are studied in soft normed linear space settings. Section 6 concludes the

paper.
2. PRELIMINARIES

Definition 2.1 ([16]). Let U be an universe and E be a set of parameters. Let
P(U) denote the power set of U and A be a non-empty subset of E. A pair (F, A)
is called a soft set over U, where F' is a mapping given by F': A — P(U). In other
words, a soft set over U is a parametrized family of subsets of the universe U. For
e € A, F(g) may be considered as the set of ¢ — approximate elements of the soft
set (F, A).

Definition 2.2 ([9]). For two soft sets (F, A) and (G, B) over a common universe
U, we say that (F, A) is a soft subset of (G, B) if

(1) AC B and

(2) for all e € A, F(e) C G(e). We write (F, A)C(G, B).
(F, A) is said to be a soft superset of (G, B), if (G, B) is a soft subset of (F, A). We
denote it by (F, A)D(G, B).

Definition 2.3 ([9]). Two soft sets (F, A) and (G, B) over a common universe U
are said to be equal if (F, A) is a soft subset of (G, B) and (G, B) is a soft subset of
(F,A).

Definition 2.4 ([9]). The complement of a soft set (F, A) is denoted by

(F,A)" = (F¢, A), where F¢: A — P(U) is a mapping given by F°(a) = U — F(a),
for all a € A.

Definition 2.5 ([14]). A soft set (F,E) over U is said to be an absolute soft set
denoted by U if for all e € E, F(¢) = U.

Definition 2.6 ([14]). A soft set (F, E) over U is said to be a null soft set denoted
by @ if foralle € E, F () = @.

Definition 2.7 ([14]). The union of two soft sets (F, A) and (G, B) over the common
universe U is the soft set (H,C), where C = AU B and for all e € C,

F (e) ifee¢ A—B
H(e)=< Gle) ifeeB—A
F(e)UG (e) ifee ANB.

We express it as (F, A)U(G, B) = (H,O).
92
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The following definition of intersection of two soft sets is given as that of the bi-
intersection in [3].

Definition 2.8 ([8]). The intersection of two soft sets (F, A) and (G, B) over the
common universe U is the soft set (H,C), where C = AN B and for all ¢ € C,
H (e) = F(e) N G(e). We write (F, A)N (G, B) = (H,C).

Let X be an initial universal set and E be the non-empty set of parameters.

Definition 2.9 ([19]). The difference (H, E) of two soft sets (F, E') and (G, E) over
X, denoted by (F, E)\(G, E), is defined by H (e) = F(e)\G(e) for all e € E.

Proposition 2.10 ([19]). Let (F,E) and (G, E) be two soft sets over X. Then
(). ((F.EYI(G. E))" = (F.E)F(G. )’
(ii). ((F,E)N(G,E)) = (F,E)U(G, E)".

Definition 2.11 ([4]). Let X be a non-empty set and E be a non-empty parameter

set. Then a function € : £ — X is said to be a soft element of X. A soft element

¢ of X is said to belongs to a soft set A of X, which is denoted by €A, if ¢ (e) €

Ale), Ve € E. Thus for a soft set A of X with respect to the index set E, we have
={e(e),c€EA},e € E.

It is to be noted that every singleton soft set (a soft set (F, F) for which F(e) is
a singleton set, Ve € E) can be identified with a soft element by simply identifying
the singleton set with the element that it contains Ve € E.

Definition 2.12 ([1]). Let R be the set of real numbers and B(R) the collection
of all non-empty bounded subsets of R and A taken as a set of parameters. Then a
mapping F' : A — B(R) is called a soft real set. 1t is denoted by (F, A). If specifically
(F, A) is a singleton soft set, then after identifying (F, A) with the corresponding
soft element, it will be called a soft real number.

We use notations 7, §, t to denote soft real numbers whereas 7, 5, ¢ will denote
a particular type of soft real numbers such that 7(A) = r, for all A\ € A etc. For
example 0 is the soft real number where 0 (\) = 0, for all A € A.

Definition 2.13 ([(]). For two soft real numbers 7, § we define
(i). 7<5if 7 (\) < 5(\), forall X € A.
(ii). 7>5if 7 (A\) > §(N), forall A € A.
F<3 ) <5(N), forall Ae A
)>35(\), forall A€ A.

(iii). 7<3if 7 (
(iv). 7> if 7 (A

Definition 2.14 ([6]). A soft real number 7 is said to be non-negative if 7 (\) > 0,

for all A € A. We denote the set of all non-negative soft real numbers by R (A)".

Remark 2.15. Let X be a non-empty set. Let X be the absolute soft set i.e.,
F(\) = X, VA € A, where (F,A) = X. Let S(X) be the collection all soft sets
(F, A) over X for which F'(\) # @, for all A € A together with the null soft set ®.
Let (F,A)(# ®) € S(X), then the collection of all soft elements of (F, A) will be
denoted by SE (F, A) . For a collection B of soft elements of X, the soft set generated
by B is denoted by SS(B).
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Definition 2.16 ([6]). A mapping d : SE(X) x SE(X) — R (A)", is said to be a
soft metric on the soft set X if d satisfies the following conditions:
(M1). d(%,§) >0, for all 7, jEX.
(M2). d(%,§) = 0 if and only if & = §.

(M3). d(&,7) = d(j,%) for all z,jEX.

(M4). For all &,§,2€X,d(i,%) <d(%,§) + d (3, 2)
The soft set X with a soft metric d on X is said to be a soft metric space and
is denoted by (X,d, A) or (X,d). (M1), (M2), (M3) and (M4) are said to be soft

metric axioms.

Theorem 2.17 ([6]). (Decomposition Theorem) If a soft metric d satisfies the con-
dition:

(M5).For (§,m) € XxX, and X € A, {d(z,9) (N) : T (X) =&,7(X) =n} is a singleton
set, and if for N € A, dy: X x X — RV is defined by dy (£ (N),5(N) =d(Z,7) (),
Z,9€X; then dy is a metric on X.

Definition 2.18 ([6]). (X,d) be a soft metric space, 7 be a non-negative soft real
number and @€X. By an open ball with centre & and radius 7, we mean the collection
of soft elements of X satisfying d(Z, a) <.

The open ball with centre a and radius 7 is denoted by B(a,T).

Thus B (a,7) = {#€X;d(%,a)<7} C SE(X).

SS(B (a,r)) will be called a soft open ball with centre @ and radius 7.

Definition 2.19 ([6]). Let B be a collection of soft elements of X in a soft metric

space (X, d). Then a soft element a is said to be an interior element of B if there
exists a positive soft real number 7 such that @ € B (a,7) C B.

Definition 2.20 ([6]). Let (X,d) be a soft metric space and B be a non-null col-
lection of sof:t elements of X. Then B is said to be ‘open in X with respect to d’ or
“open in (X,d) if all elements of 9B are interior elements of B.

Definition 2.21 ([6]). Let (X, d) be a soft metric space and (Y, A) be a non-null
soft subset of S (X) in (X,d). Then (Y, A) is said to be ‘soft open in X with respect
to d’ if there is a collection B of soft elements of (Y, A) such that 9B is open with
respect to d and (Y, A) = SS(*B).

Definition 2.22 ([0]). Let (XJ d) be a soft metric space. A soft set (Y, A) of S(X),
is said to be ‘soft closed in X with respect to d’ if its complement (Y, A)“ is soft
open in (X, d).

Definition 2.23 ([6]). Let (X,d) be a soft metric space and 9B be a collection of
soft elements of X. A soft element G€B is said to be a limit element of B, if every
open ball B (@, 7) containing & in (X, d) contains at least one element of B different
from a.

The set of all limit elements of B is said to be the derived set of 8 and is denoted
by B9,

Definition 2.24 ([6]). Let (X, d) be a soft metric space and (Y, A) € S(X). A soft
element a€X is said to be a soft limit element of (Y, A), if every open ball B (a,7)

containing @ in (X, d) contains at least one soft element of (Y, A) different from a.
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A soft limit element of a soft set (Y, A) may or may not belong to the soft set (Y, A).
The set of all soft limit elements of (Y, A) is said to be the derived set of (Y, A) and
is denoted by (Y, A)%.

Definition 2.25 ([(]). Let (X, d) be a soft metric space and B be a collection of

soft elemepts of X. Then the collection of all soft plements of B and limit elements
of B in (X, d) is said to be the closure of B in (X, d). It is denoted by B.

Definition 2.26 ([0]). Let (X,d) be a soft metric space and (Y, A) be a soft subset
of S(X). Then the collection of all soft elements of (Y, A) and soft limit elements of
(Y,A) in (X,d) is said to be the soft closure of (Y, A) in (X,d). It is denoted by
(V. 4).

Definition 2.27 ([6]). Let {Z,} be a sequence of soft elements in a soft metric
space (X, d). The sequence {Z, } is said to be convergent in (X, d) if there is a soft
element #€X such that d(#,,#) — 0 as n — oc.

This means for every £>0, chosen arbitrarily, there exists a natural number N =
N (&), such that 0<d(&,, Z)<&, whenever n > N. i.e., n > N = &, € B(&, £).

We denote this by &, — & as n — oo or by lim, .., &, = Z. Z is said to be the
limit of the sequence Z,, as n — oo.

3. SOFT VECTOR/LINEAR SPACES

Let V be a vector space over a field K and let A be a parameter set. A soft set
(F,A) where F : A — p(V) will be denoted by F only.

Definition 3.1. (Sums and Scalar products of soft sets) Let Fy, Fy,..., F, ben
soft sets over V. Then ' = Fy + F» + ---+ F, is a soft set over V' and is defined as
FN)={x1+aa+ - Fapx; €F(N),i=1,2,...,n}, VA€ A.

Let o € K be a scalar and F' be a soft sets over V, then aF' is a soft set over V' and
is defined as follows: aF = G, G(\) = {ax;xz € F(\)}, A € A.

Definition 3.2. Let V' be a vector space over a field K and let A be a parameter
set. Let G be a soft set over V. Now G is said to be a soft vector space or soft linear
space of V over K if G()) is a vector subspace of V, VA € A.

Example 3.3. Consider the Euclidian n-dimensional space R™ over R. Let A =
{1,2,3,...,n} be the set of parameters. Let G : A — p(R™) be defined as follows:

G (i) ={t e R"i—th co—ordinate of t is 0}, i=1,2,...,n.
Then G is a soft vector space or soft linear space of R™ over R.
Proposition 3.4. o (F + G) = aF + aG for all soft sets F,G over V and o € K.

Proof. [a(F+ G)](\) ={azze (F+G)(\)}
={a(@+y);z e F(A),ye G}
={ar+ay;z € F(\),y € G(N)}, (V is a vector space)
Again (aF +aG)(\) ={z' +y ;2 € aF (\),y € aG(\)}
={az" oy’ e F(\),y eG(N)}.
Hence the result follows. O
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Lemma 3.5. Let [, Fs,..., F,, G1,Ga,...,G,, be soft sets over V and let F =
F+FB+-- 4+ F,andG=G1+Gy+---+G,p,. Then H=F+ G is soft set, where
H=F+F+ - +F,+G +G+ - +Gpn.

Proof. The proof is straightforward and hence omitted. 0

Definition 3.6. Let x € V and F be a soft set over V. Then x + F is a soft set
over V defined as follows:

@+F)N)={z+yye F(\)}, A€ A

Lemma 3.7. Let U be an ordinary subset of V and let F' be a soft set over V.. Then
U + F is a soft set over V defined as follows:

U+F) N = {z+yye FV}LA€A

zcU
U+F=J@+F)
zeU
Proof. Follows from Definition 3.6 and the Definition 2.7. 0

Definition 3.8. (Soft Vector Subspaces) Let F' be a soft vector space of V over K.
Let G: A — (V) be a soft set over V. Then G is said to be a soft vector subspace
of Fif

(1). for each A € A, G()) is a vector subspace of V over K
(ii). F(A) 2 G(N), YA€ A

Theorem 3.9. A soft subset G of a soft vector space F' is a soft vector subspace of
F if and only if for all scalars o,8 € K, aG + SGCG.

Proof. Let G be a soft vector subspace of F' of V over K.
Let A€ A, (@G + BG)(\) ={z' +y;2" € aG(N\),y € BG(\),a, 0 € K}
={azx+ py;z,y € G\),a, 5 € K} C G(N),
[Now, G()) is a vector subspace over K and z,y € G(\), o,8 € K = az+fy € G(\)]
So, aG + BGCG, and the given condition is satisfied.
Conversely, let the given condition hold.
We have, (aG + G) (A) = {az + By;z,y € G(N)}, VA € A.
By the given condition, aG + BGCG i.e., {ax + By;z,y € G(N)} C G(\),VA € A.
i.e., for all x,y € G (A) and for every scalar o, € K, az + 0y € G ()
This implies G(\) is a vector subspace of F over K. This is true for all A € A.
Also since G is a soft subset of F, F'(A) D G(\), VA € A.
Hence G is a soft vector subspace of F. O

Proposition 3.10. If F' and G be two soft vector subspaces of H over K and « be
a scalar, then F + G and oF are soft vector subspaces of H over K.

Proof. The proof is straight forward and hence imitted. O

Proposition 3.11. If {F;} be a family of soft vector subspaces of H over K, then
G =, F; is a soft vector subspaces of H over K.

Proof. The proof is straight forward and hence omitted. O
96



Sujoy Das et al./Ann. Fuzzy Math. Inform. 9 (2015), No. 1, 91-109

4. SOFT VECTORS IN SOFT VECTOR SPACES

In this section we introduce the concept of soft vectors in soft vector spaces and
study some of their basic properties.

Definition 4.1. Let G be a soft vector space of V over K. Then a soft element of
G is said to be a soft vector of G. In a similar manner a soft element of the soft set
(K, A) is said to be a soft scalar, K being the scalar field.

Example 4.2. Consider the soft vector space G as Example 3.3. Let & be a soft
element of G as the following;
z()=(1,1,..,0,—¢n,..,1) € R",i=1,2,..,n. Then % is a soft vector of G.

Definition 4.3. A soft vector Z in a soft vector space G is said to be the null soft
vector if Z (A\) =6, VA € A, 6 being the zero element of V. It will be denoted by ©.
A soft vector is said to be non-null if it is not a null soft vector.

Definition 4.4. Let Z,y be soft vectors of G and l;;be a soft scalar. Then the
addition T + gy of z,y and scalar multiplication k.Z of k and % are defined by

@+ N =20 +5 (N, (k;a:) (\) = E(\).E(\), VA € A. Obviously, & + §, k.7
are soft vectors of G.

Theorem 4.5. In a soft vector space G of V over K,

(i). 0.a = O, for all GEG; )

(ii). k.© = 0O, for all soft scalar k.

(iii). (-1).a = —a, for all G€G.
Proof. (i) We have, (0.a) (\) =0(\).a(\) =0.a(A) = 6, VA€ A.
This implies 0.a = ©, for all a€G.
(ii) (12;.@) N =k(N).ON) =k(\).0=0, VA e A
This implies k.0 = O, for all soft scalar k.
(i) ((~1).8) () = (-1) ()6 () = (-1 &(N) = &) = (@) (V).
YA€ A
This implies (—T) & = —a, for all a€G. O

Remark 4.6. However, k. = © does not necessarily imply that either k = 0 or
a=0. ~For example let us consider the soft vector space as Example 3.3. Let k(1) =
1, and k(i) = 0, for ¢ = 2,3,..,n and a (1) =0, and & (¢) = (1,1,..,0;—¢p,..,1) €
R",i=2,3,..,n. Then (ka) (1)=k(1).a(1)=1.0=0=0(1) and

(lé.a) (i) =k (3).a @) =0.(1,1,...,0;_tn,...1) = 0 = © (4), for i = 2,3, ., n.

So, k.@ = O, but neither k¥ = 0 nor & = O.

Theorem 4.7. A non-null soft subset (W, A) of a soft vector space G of V' over

K, is a soft subspace of G if and only if a, BE(VV, A) and 1~£,§ be soft scalars then
k.a + 5.3E(W, A).

Proof. Let (W, A) be a soft vector subspace of G of V' over K. Let q, EE(W, A) and
k, s be soft scalars, then
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(zé.mg.ﬁ) N =EN).aN)+35N) B0 € W), YA€ A (W () is a vector
subspace of V for each A € A, k(A), §(A\) € K, (A +B(\) e W(A), VA€ A)
- ka+3.0E(W,A).

Conversely, let the given condition be satisfied. ) B
Then for all soft scalars k, § and soft vectors a, B€ (W, A) , k.a + 5.3€ (W, A).

ie., (lé.az + 5.5) (\) € W (M), VA€ A ie, k(N).aA\)+5N).B(N) € W (\),VA€ 4

This implies W () is a vector subspace of V for each A € A. Also it is obvious that,
W) CcV (N, Vae A

Hence, (W, A) is a soft vector subspace of G of V over K. O
Definition 4.8. Let G be a soft vector space of V over K. Let ai,aq,... ,an€G. A
soft vector 3 in G is said to be a linear combination of the soft vectors ay, as, ..., ay if
[ can be expressed as 3 = ¢;.a1+C2.a+..+C,,.Qp, for some soft scalars é1, o, . . ., Cp.

Example 4.9. Consider the soft vector space G as Example 3.3.
Let a; = (1,1, ey 05—ty oey 1) € R",i=1,2,3. Then a1 + as, aj + as + as, ?&1 +
5, aip + a3 are linear combinations of a1, ao, 3.

Definition 4.10. A finite set of soft vectors {a, as,...,a,} of a soft vector space
G is said to be linearly dependent in G if there exists soft scalars ¢, ¢s,. .., ¢, not
all 0 such that

(4.1) C1.0q0 + G2.0i9 + -+ - + Ep.ty, = O

An arbitrary set S of soft vectors of G is said to be linearly dependent in G if there
exists a finite subset of S which is linearly dependent in G.

Definition 4.11. Let {1, as,...,a,} be a set of soft vectors of a soft vector space
G such that a; (A\) # 0 for any A € A and ¢ = 1,2,..,n. Then {&1,as,...,an}
is said to be linearly independent in G if for any set of soft scalars ¢i,¢s, ..., Cn,
C1.000 + G2.Qp + -+ + Cp.0, = © implies 61 = G = -+ = ¢, = 0.

Proposition 4.12. A set S = {ay,Q2,...,a,} of soft vectors in a soft vector space
G over V is linearly independent if and only if the sets
SA) ={ar(N),a2(N),...,a, (N} are linearly independent in V, VA € A.

Proof. Let S be linearly independent.
Let \p € A,and S ()\0) = {621 ()\0) , Qo ()\0) s, Ol ()\0)} Let c;. oy ()\0)+02. Qo ()\0)+

coo 4 ep. ap (Ng) = 0. Let us consider any set of soft scalars ¢;, é, ...,Cp, such
that 61 ()\0) = 61,52 ()\0): Cy .. &n ()\0) = Cp and 51 (/JJ) = 52 (,LL) == én (/L) =
0, VM(# )\0) € A. Now ¢1. a1 + G2. Qg + -+ + . Oy = O.

Since S is linearly independent, ¢ = é = -+- = &, = 0.

2>61262:"'ZCT7,:0'

= S (Xo) ={a1(Xo),a2(Ao),...,an (Ao)} is linearly independent in V.
Since A\¢g € A is arbitrary, it follows that S (A) = {1 (A), a2 (N),..., &, (A}, are
linearly independentin V, VA € A.
Conversely let S (A) = {a1 (A), a2 (N), ..., &y (A)} belinearly independent in V, VA €
A.
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Let ¢1, és, ..., ¢y, be any set of soft scalars such that ¢;. a; +¢é. as+..+¢é,. a, = ©.
Then 61(>\) 621()\)4-52()\) &2()\)"‘!‘4-6“()\) &'n()\) =0= 51()\) = 52()\) =
o=, (\)=0,VAN€EA=>¢ = G=--=¢,=0.

Hence S = {ay,aa,...,ay} is linearly independent. O

Proposition 4.13. A set S = {ay,as,...,a,} of soft vectors in a soft vector space
G over V is linearly dependent if and only if the sets
SA) ={a1(N),a2(N),...,an (N}, are linearly dependent in V' for some A € A.

Proof. Let S be linearly dependent. Then there is a set of soft scalars ¢y, ¢s, ..., Cn,
not all equal to 0 such that ¢1.6q + é.0i + -+ - + .0, = ©. Then ¢; (N).a1 (A) +
Ga(A).aa(A) + -+ & (A).a,(N) = 0, YA € A and there is at least one Ay €
A, such that & (Ag),é (Xo),...,én (No) are not all zeros. Then ¢&; (N\g) .1 (o) +
Co (/\0) .Qly ()\0) +---+Cp ()\0) Qi (/\0) =0 and ¢; ()\0) , Co ()\0) yeueyCn ()\0) are not all
zeros. Proving that S (Ag) = {&1 (M), a2 (No), ..., &, (Ao)} is linearly dependent.
Conversely let S (Ag) = {a1 (Mo),a2(No),--., %, (Xo)}, be linearly dependent for
some \g € A. Then there is a set of scalars ci,cs,...,c, not all zeros such that
c1.01 ()\0) + 9.0 ()\0) + -+ p.Qp ()\0) = 0.

Let ¢1,¢2,...,¢, be a set of soft scalars such that ¢ (Ao) = ¢, and & (A) = 0
for A € A\{X\o}, for i = 1,2,...,n. Then ¢y, Ca,..., ¢y, are not all equal to 0 and
C1.001 + Go.Q0 + -+ - + Cp.av, = ©. Hence S is linearly dependent. O

5. SOFT NORM AND SOFT NORMED LINEAR SPACES

Let X be a vector space over a field K, X is also our initial universe set and
A be a non-empty set of parameters. Let X be the absolute soft vector space i.e.,
X (A) = X, VA € A. We use the notation Z, §, Z to denote soft vectors of a soft
vector space and 7, §, t to denote soft real numbers.

5.1. Definitions and examples of soft norm and soft normed linear spaces.

Definition 5.1. Let X be the absolute soft vector space i.e., X (\) = X, VA € A.
Then a mapping |.| : SE(X) — R(A)" is said to be a soft norm on the soft vector
space X if ||.|| satisfies the following conditions:

(N1). ||#|> 0, for all ZEX;
(N2). ||z]] = 0 if and only if = ©;
(N3). ||a.z| = |a| ||| for all ZEX and for every soft scalar &;

(N4). For all 7, g€X, [|Z + 7| < [|Z]| + [|7]-
The soft vector space X with a soft norm ||.|| on X is said to be a soft normed linear
space and is denoted by (X, .||, 4) or (X,].|}). (N1), (N2), (N3) and (N4) are said
to be soft norm axioms.

Example 5.2. Let R(A) be the set of all soft real numbers. We define ||.|| : R(A) —
R (A)", by, ||Z|| = |Z|, for all Z€ R(A), where |Z| denotes the modulus of soft real
numbers. Then ||.|| satisfied all the soft norm axioms so, ||.|| is a soft norm on R(A)
and (R(A), .||, A) or (R(A),]|.]|) is a soft normed linear space.

Proposition 5.3. Every parametrized family of crisp norms {|.||, : A € A} on a
crisp vector space X can be considered as a soft norm on the soft vector space X.
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Proof. Let X be the absolute soft vector space over a field K, A be a non-empty
set of parameters. Let {|.|[, : A € A} be a family of crisp norms on the vector
space X. Let #€X, then #(\) € X, for every A € A. Let us define a mapping
II: X — R(A)" by [Z] (M) = |2 (Vl,, YA € A, VZEX.
Then ||.|| is a soft norm on X.
To verify it we now verify the conditions (N1), (N2), (N3) and (N4) for soft norm.
(N1). We have ||Z]| (\) = [|Z (\)]|, > 0,¥\ € A, VZEX,
- ||#]] =0, for all #EX.
(N2). 7] = ©
= ||1Z||(\) =0, YA€ A
= |z(N)], =0, VA€ A
=T\ =6,V e A
= 1T=0
(N3). We have, |[a.z| (A) = [|a(X).z2 (V)]
— &N [ (Vs E- IG)E W], = [@O]1E (Nl YA € 4]
= (Jal lal) (), YA€ A -
So, ||a.z|| = || ||Z]|, for all ZEX and for every soft scalar a€K.
N4). For all Z, jEX,
Hliill G = 2 (A) + gl ()
|
|

—

— 7 Wl + 17 (V]

> [|Z (A\) + 7 (N)]ly, [by the property of triangle inequality of ||.||,]

= [z + gl (A), VA € A.

Szl gl =z + gl

Thus (N4) is satisfied. }

21 is & soft norm on X and consequently (X, ||.]|) is a soft normed linear space. [

Proposition 5.4. Every crisp norm ||.||x on a crisp vector space X can be extended
to a soft norm on the soft vector space X .

Proof. First we construct the absolute soft vector space X using a non-empty set of
parameters A.

Let us define a mapping |.| : SE(X) — R(A)" by [|Z]| (\) = [|#(\)||lx, Y\ €
A, ViEX.

Then using the same procedure as Proposition 5.3, it can be easily proved that ||.||
is a soft norm on X.

This soft norm is generated using the crisp norm |||, and it is said to be the soft
norm generated by ||.|| y. O

Theorem 5.5. (Decomposition Theorem) Every soft norm ||.|| satisfies the condition
(A) e Forée X, and A € A, {||z|| (M) : £ (N\) = £} is a singleton set.

And hence each soft norm ||.| can be decomposed into a family of crisp norms
{Il.ll\, A € A}, where |||, : X — RT is defined by the following:

for each € € X, |||y, = 12| (\), with & € X such that & () = £.

Proof. First we prove the condition (A) holds for each soft norm. The proof of the
first part of this theorem is as presented in [20].
Let & be any soft element of X such that Z (1) = 0, where 1 € A. Let us consider a
soft scalar & such that & (u) =1 and &(A) =0, VA € A — {u}. Then 6.2 = 0.
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We have by (N3), ||a.Z|| = |&| ||Z||

— 0] = [al |

= 0= |af [z

= 0=|a ()| ||Z| (#), in particular.

— 0= 1.3 (4

— 0= |zl ()

Thus we see that if for any soft element & of X, :c( )=0 = ||z|| (1) = 0.
Next let £ € X and p € A be arbitrary. Let , j€ X be any two soft elements such
that & (1) =g (n) = &

Then (Z — g) (1) = 6 and hence by the above argument we get ||Z — g|| (¢) = 0.
We also have by (N4), |[Z]| = (|2 — g + gl <[|Z — gll + [[9]

ie. 2~ gl <le-gl

— (]~ 17]) () < | = 7] (). in particula.

= (12| () = 119l () < |7 = gl ()-

In a similar way it can be shown that,

190 — 121 ) < g — 2 ) = 2~ gl ().

Thus we get, | [|Z[| (1) — [[gll () [ < [[Z = gll (1) < 0. [since [|Z =g (1) = 0]

= 12l () = 7]l (W) [ =0

= [|1Z[| () = [|9]l (1)
= {||Z]| () : & (u) = &} is a singleton set.

= The condition (A) is satisfied.

Now we prove the second part of the theorem.

Clearly ||.||, : X — R is a rule that assign a vector of X to a non-negative crisp
real number VA € A. Now the well defined property of ||.||,, YA € A follows from the
condition (A) and the soft norm axioms gives the norm conditions of ||.|[,, VA € A.
Thus every soft norm gives a parameterized family of crisp norms. With this point
of view, it also follows that, a soft norm, is a particular ‘soft mapping’ as defined by

P. Majumdar, et al. in [15] where .|| : A — (R+)X. O

Proposition 5.6. Let (X, 1.1, A) be a soft normed linear space. Let us define
d:SE(X) x SE(X) — R(A)" by d(z,9) = |2 — g, for all Z,§€X. Then d is a
soft metric on X.

Proof. We have, (M1). d(&,§) = ||z — §|| =0, for all Z,jEX. [using (N1)]

(M2). d(2,9) = 0 <= |2~ gll = 0 <= & = y. [using (N2)]

(M3). d(2,7) = |2 = gll = [|§ — Z|| = d(§, %) for all Z,jEX. [using (N3)]

(M4). d(7,5) +d(5,2) = |3 — 3l + 17— 21 5 |15 — 2| = d(,2). [using (N4)

So, d is a soft metric on X. d is said to be the soft metric induced by the soft norm
|I-ll. From the above proposition it also follows that every soft normed linear space
is also a soft metric space. O

Proposition 5.7. (Translation invariance) A soft metric d induced by a soft norm
Il on a soft normed linear space (X,||.||) satisfies

(1). d(@+a, §+a)=d,7); )

(2). d(a.z, a.§) = |ald(Z,q), for all Z, JEX and for every soft scalar .

Proof. We have, (1). d(Z+a, g+a) = [|(Z+a) - (g+a)l =z -9l = d(z9);
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(2). d(a.z, a.g) = [lo.z — agll = |al [l — gl| = [a] d(z, 7). 0

Definition 5.8. Let (X, ||.|) be a soft normed linear space and (Y, A) be a non-null
member of S(X). Then the mapping ||.|y : SE(Y, A) — R(A)" given by ||Z|ly = ||Z||
for all z€(Y, A) is a soft norm on (Y, A). This norm |||y is known as the relative
norm induced on (Y, A) by ||.||. The soft normed linear space (Y, |.||y-, A) is called a
normed subspace or simply a subspace of the soft normed linear space (X, |||, A).

5.2. Sequences and their convergence in soft normed linear spaces.

Definition 5.9. Let (X, .|, A) be a soft normed linear space and #>0 be a soft
real number. We define the followings;

(5.1) B (z,7) = {§€X : ||z — §|| <7} € SE(X)
(5.2) B(#,7) = {jeX : |z — §|| <F} C SE(X)
(5.3) S(z,7) ={geX : |z —§| =7} C SE(X)

B(z,7),B(z,7) and S (Z,7) are respectively called an open ball, a closed ball and
a sphere with centre at 7 and radius 7. SS(B (%,7)),SS(B (z,7)) and SS(S (%,7))
are respectively called a soft open ball, a soft closed ball and a soft sphere with
centre at & and radius 7.

Definition 5.10. A sequence of soft elements {Z,} in a soft normed linear space
(X, .||, A) is said to be convergent and converges to a soft element  if ||, — Z|| — 0
as n — 00.This means for every £>0, chosen arbitrarily, there exists a natural number
N = N(&), such that 0< ||, — Z|| <& , whenever n > N.

ie, n > N = 7, € B(%,&). We denote this by &, — & as n — oo or by
lim,, .o &,, = Z. T is said to be the limit of the sequence Z,, as n — oo.

Example 5.11. Let us consider the set R of all real numbers endowed with the
usual norm ||.||. Let (R, ||.|[) or (R, |.|[, A) be the soft norm generated by the crisp

norm .||, where A is the non-empty set of parameters. Let (Y, A)CR such that
Y (M) = (0,1] in the real line, YA € A. Let us choose a sequence {Z,} of soft elements
of (Y, A) where &, (\) = L, Vn € N,VA € A. Then there is no Z&(Y, A) such that
&y, — T in (Y,||.|ly,A). However the sequence {7, } of soft elements of (Y, A) where

Jn (\) =%, Vn € N,V € A4 is convergent in (Y, .||, A) and converges to g

Theorem 5.12. Limit of a sequence in a soft normed linear space, if exists is
unique.

Proof. If possible let there exists a sequence {Z,} of soft elements in a soft normed
linear space (X7 d) such that lim,, oo T, = Z, lim,, o0 T, = ;E,, where & # % . Then
there is at least one A € A such that

ch —Z||(\) # 0. We consider a positive real number ey satisfying 0 < ey <

1 Hx _F H (A). Let 250 with 2(\) = &5.
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Since &, — &, in — I . Corresponding to £>0, there exists natural numbers
N; = Ny(€), N2 = N3(€) such that n > Ny Implies &,, € B(Z, €) Implies H;ﬁ - ;E/‘ <&
This implies H:fc —i H (A) < ey, in particular.

Also, n > Ny Implies #, € B(,2) Implies Hx —F H 2 Implies Hgf; - :cH (\) < ex,

in particular.
Hence for all n > N = maX{Nl, Ng}

—xH ) < 2ex

[# =2 0 < -2

(M\). This contradicts our hypothesis.

So, ex > 3 || — &
Hence the result follows. O

Definition 5.13. A sequence {Z,} of soft elements in (X , d) is said to be bounded
if the set {||Z, — Zm | ;m,n € N} of soft real numbers is bounded, i.e., there exists

M30 such that ||Z, — & || <M, Vm,n € N.

Definition 5.14. A sequence {Z,} of soft elements in a soft normed linear space
(X, ]I, A) is said to be a Cauchy sequence in X if corresponding to every £>0, there
exists m € N such that ||#; — &, <&, V i,j > m ie., |# — &;|| — 0 as i,j — oc.

Theorem 5.15. Every convergent sequence in a soft normed linear space is Cauchy
and every Cauchy sequence is bounded.

Proof. Let {Z,} be a convergent sequence of soft elements with limit Z(say) in
(X, ||H) Then corresponding to each £>0, there exists m € N such that &, €
B(z, §) ie., Hic—gi’nHZ~ Yn > m.

Then for i,j > m, ||&; — ;|| < ||Zi — || + ||# — %] <E+ 5 =E Hence {i,}is a
Cauchy sequence.

Next let {Z,} be a Cauchy sequence of soft elements in (X, ||.|). Then there exists
m € N such that ||Z; — &;|| <1, Vi, j > m. Take M with

M(\) = maxi<ij<m { [ — Z;|| (\)} , VA € A. Then for 1 <7 < m and j > m,
1Zi = &1l S 112 — Zmll + 1B — &5 <M +T.

Thus, ||#; — Z,|| <M + 1, Vi, j € N and consequently the sequence is bounded. [

Definition 5.16. A soft subset (Y, A) with Y/(\) # @, VA € A, in a soft normed
linear space (X [I-1[, A) is said to be bounded if there exists a soft real number k
such that ||Z|| <k, VZE(Y, A).

Definition 5.17. Let (X, ||.||, A) be a soft normed linear space. Then X is said to

be complete if every Cauchy sequence in X converges to a soft element of X i.e.,
every complete soft normed linear space is called a soft Banach space.

Theorem 5.18. Let (X, ||.||, A) be a soft normed linear space. Then
(i). if T, — T and G, — G then Tp, + G — T+ 7.
(i). if &, — T and Xn — X then Xn.i“n — X.i‘, where {Xn} is a sequence of soft
scalars.
(iii). if {#,} and {§n} are Cauchy sequences in X and {Xn} is a Cauchy sequence
of soft scalars, then {Z,, +9n} and {anifn} are also Cauchy sequences in X .
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Proof. (i) Since Z,, —  and yp, — 7, for €50, there exists positive integers Ny, Na
such that ||Z,, — Z|| <5, Yn > Ny and ||§, — 7| <5, ¥n > Na. Let N = max{Ny, No},
then both the above relations hold for n > N. B o
Then [[(Z,, + n) = (@ + Pl = [|Tn +Jn =2 =Gl <NZp = 2 + |90 — 9l <5 + 5 =
g, VYn> N.

= Tn+Un—T+7Y.
(i) Since &, — Z, for £>0, there is a positive integer N such that ||z,, — Z| <&, Vn >
N.

Now, [[En = (|0 — & + &[| < |0 — & + ||Z]| <€+ || ]|, ¥n > N.

(5.4) = ||| <€+ ||Z]|, Yn > N.

Thus the sequence {||Z,||} is bounded.

Now, || An.dn — XxH = R nFn = Ao+ N — XxH - ‘ En(X, = X) + (i — x)H
= 0|+ |70 = 2| = [Xo = X 170l + |3 130 - 2

(5.5) —X.;z‘ Z X —X‘ Zn]l + ‘X‘ 170 — 7|

Since &, — Z and A, — A we get, ~an‘Hﬁand |Zn — Z|| — 0 as n — oo.

Now using (5.4) and (5.5)

f)\.sTcHHGaanoo.

Hence )\ Ty — 0.

(iii) Let {Z,} and {f,} be Cauchy sequences in X, then for £50, there exists positive
integers N7, Ny such that

|En — Zml| <5, ¥V m,n > Ny and ||§n — Gnl| <5, ¥V m,n > No.

Let N = max{Ni, N2}, then both the above relations hold for m,n > N.

Now, (@, + Gn) — (@, + Gin) | = [1F — Fm) + (G — T

< ||i'n - jm” + ”gn - gm” i% + % = gv

¥ m,n > N. = {#, + i} is a Cauchy sequence in X.

Since {z,,} is a Cauchy sequence in X, for 50, there exists positive integers N such
that ||Z, — Zm| <€, V. m,n > N.

Taking in particular n = m + 1, [|Zm41]| <€, ¥V m,n > N, so {||Z,||} is bounded.
Now {Xn} is bounded too.

Then, N F 4 Ao — Xm.;zmH
— T +xm<An ~Xm) (@, = @)l + ]l |G = J)| — T as
— {)\n.xn} is also a Cauchy sequence in X. O

Theorem 5.19. If (M, A) is a soft subspace in a soft normed linear space (X, |.| , A),
then the closure of (M, A), (M, A) is also a soft subspace.

Proof. Let &,§5€(M, A), we must show that any linear combination of &, belongs
o (M, A). Since 7,5€(M, A), corresponding to £>0, there exists soft elements
Z1,71€(M, A) such that || — 21| <&, ||§ — i <c.
(&i + ﬁﬂ) — (a2 + 5171)“
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216l 2 — 1)) +|B] 19 — a1l 22 (a1 + |B]) = & (say).
The above mequahty shows that az; + Byl belongs to the open ball B(az + /By, )

As aii + ﬁyl and £ 50 are arbitrary, it follows that aZ + Bye( ,A).
Hence (M, A) is a soft subspace of X. O

Definition 5.20. A soft linear space X is said to be of finite dimensional if there
is a finite set of linearly independent soft vectors in X which also generates X.

Lemma 5.21. Let &1,Z2,...,T, be a linearly independent set of soft vectors in a
soft normed linear space X. Then there is a soft real number ¢>0 such that for every
set of soft scalars ay,as, . .., a, we have

G121 + Qoo + - + Ann|| ZE (|a1| + [2] + - + [an) -
Proof. The lemma will be proved if we can prove
@121 + QaFig + - - - + Andnl| (N) > [E(|G0 ]| + |G| + - + |@n])] (V) , VYA € A.

Le, [lar (A) .21 (A) + @z (A) .22 (A) + -+ 4 an (A) .20 (V)]

> [0 (@ )]+ G )]+ + @ (V)] 7A € A.

Now, &1, &9, .. ..., Ty being soft vectors in X, Z; (A),Zo (A),...,Z, (N) are vectors in
X and &y, Qs, . .., &, being soft scalars &y (M), as (A),..., &, (\) are scalars. Then
using the property of normed linear space (X, ||.|[,) we get a real number c, such
that the above relation holds for é(X) = ¢y, VA € A. O

Theorem 5.22. FEvery Cauchy sequence in R(A) with finite parameter set A is
convergent, i.e., the set of all soft real numbers with its usual modulus soft norm as
defined in Example 5.2, with finite parameter set A, is a soft Banach space.

Proof. Let {Z,} be any arbitrary Cauchy sequence in R(A). Then corresponding to
every £>0, there exists m € N such that |%; — ij|§5~, Vi,j>mie,|z — ;] (N) <
EA), Vi, j>m, VA e Aie,|z;(N) —Z; (V)| < €(N), Vi,j>m, VA € A Then
{Z, (A\)} is a Cauchy sequence of ordinary real numbers R for each A € A. By the
Completeness of R and finiteness of A, it follows that {Z, (\)} is convergent for
each A € A. Let Z,, (\) — xy, for each A € A. Consider the soft element Z defined
by Z (A) = xy, for each A € A. Then Z is a soft real number and it follows that the
sequence {Z,} of soft real numbers is convergent and it converges to the soft real
number Z. Hence R(A) is a soft Banach space. O

Theorem 5.23. FEwvery finite dimensional soft normed linear space over a finite
parameter set A is complete.

Proof. Let X be a finite dimensional soft normed linear space over a finite parameter
set A. Let {§m} be any arbitrary Cauchy sequence in X. We show that {g,,}
converges to some soft element yeX Suppose that the dimension of X is n, and
let {é1,é2,...,6,} be a basis for X. Then each Y has a unique representation
Im = \™e1 + aes + - + AT Vén.
Because {§,} is a Cauchy sequence, for £>0 arbitrary there exist a positive integer
N such that |G, — §r|| <€ for m,r > N.
From Lemma 5.21, it follows that there exists ¢>0 such that
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E> Gm — ¥l = HZ?=1 @™ — &z, am — &

Consequently, ‘&gm) — &;r)

>ey

=y, ‘ag.”“ —an ‘ig/e

, for m,r > N.

J

shows that each of the n sequences {&;m)} = {&gl), &§2), &;3), e } ,j=1,2,..,nis
Cauchy in R(A) and A is finite, converges to &;, (say), j =1,2,...,n.

We now define the soft element § = a1€1 + agés + - - - + @, €, which is clearly a soft
(m)

element of X. Moreover, since &j —a;asm —ooand j=1,2,...,n; we have
= 31l = [y @ = @5)es]| 2 5y [a™ = @l — 0 as m — oo.
i.e., Ym — Y a8 M — Q. O

5.3. Equivalent soft norms.

Definition 5.24. Let X be a soft linear (vector) space. A soft norm |||, on X is
said to be equivalent to a soft norm ||.||, on X if there are positive soft real numbers
@ and b such that for all ZEX we have

(5.6) allzll,<lIz ], <o)zl

Theorem 5.25. On a finite dimensional soft linear space X, any soft norm ||.|, is
equivalent to any other norm ||.||.

Proof. Let n be the dimension of X and {é1,és,.....,&,} be a basis for X. If zEX
then Z has the representation T = a1, + @29 + .... + G, E,.

By Lgmma 5.21, there is a soft real number ¢>0 such that,

130, 36 (1| + [al + - - + [

If R(X\) = max;{[|&ll, (A\)},VA € A. Then soft norm axioms give,

n n ~
U ~ e - ~(R .
Zl,< ) lajlllg;ll,<k. ) layl< | = | -IZl,
C
=1 j=1

or, (£) Nz, 2Nzl
The other side inequality in (5.6) is obtained by interchanging the roles of ||.||; and
[I.]l5 in the above argument. O

Lemma 5.26. (Riesz’s Lemma) Let L be a proper soft closed subspace of a soft
normed linear space X. Then for €50, there exists j€X — L with ||§|| = T such that
for all TEL, the inequality ||T — §|| >T — € is satisfied.

Proof. Let £>0, then £(\) =&, > 0,V € A.

Also, L (\) = Ly is a proper closed subspace of the normed linear space X (\) = X,

for each A € A. Thus by Riesz’s Lemma for normed linear space (X, |.||,), there

exists § (A) € X — Ly with ||g (N\)||,, = 1 such that for all Z(\) € Ly the inequality

12 (A) =g (A)]|, > 1 — ey is satisfied.

Then for £>0, there exists §€X — L with ||| = I such that for all ZEL, the inequality

|z — g|| >1 — € is satisfied. O
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5.4. Convex sets in soft normed linear spaces.

Definition 5.27. Let X be a soft normed linear space and Z1, Z2€X. The set of all
soft elements of the form § =t + (T - ﬂ Zo, where ¢ assumes all soft real numbers
such that £()\) € [0, 1], VA € A, is called the segment joining the soft elements
%1 and Z5. A soft set KCX is called convex if all segments joining any two soft
elements of K are contained in K. Clearly, every soft subspace M of X is a convex
soft set.

Example 5.28. Let R be the set of all real numbers and A be a set of parameters.
Consider a soft set (F, A) over the Euclidean space R? such that F()) is a circle
with center at (ay, b)) and radius ry for each A € A; where ay, by and r) are real
numbers.

Let #;, & be any two soft elements of (F, A) and £ be a soft real number such
that £(A) € [0, 1], VA € A. Consider the segment tZ; + (1 — ) Z joining the
soft elements Z; and Z5. Then for each A € A, (121 + (1 —1) Z2)(A) = {(N)@Z1(N) +
(1 — (X)) Z2(X) and the right hand side is the segment joining two crisp pointb Z1(N)
and Z5()\) of a circle with center at (ay, by) and radius ry. So, (%1 + (1 — ﬂ T2)(A) is
an element of the circle with center at (ay, b)) and radius r). Hence ti + (1 — f) To
is a soft element of (F, A); proving that (F, A) is a convex soft set.

Theorem 5.29. A soft sphere in a soft normed linear space, is a convex soft set.

Proof. We prove the theorem for a soft closed sphere. The proof for the soft open
sphere is analogous. Let &1, #2€5S (B(a,)) , so that ||Z; — all <7 and ||Zy — a|| <7
Let § = t&; + (I—1%) @2, £()\) € [0, 1], VA € A. Then we have, |[§—a| =
[tz + (T —1) & —a = |[td1 + (1 —1) 32 —ta— (I —1) a|

= ||tz —tal| + [|(T = 8) &2 — (I = 1) a|| =t ]|&1 —al| + (T - 1) |22 —all

<ir + (I—1)7=7. So, §€SS (B(a,7)). This proves the theorem. O

Theorem 5.30. Let X be a soft normed linear space and K be a convex soft subset
of X. Then the closure of K, K is convez.

Proof. Let Z,j€K and €50, there exists #1, §; €K such that

17 — 21|l <&, [|§ — || <E ~

Let t (A) € [0, 1], YA € A. Then ¢ is a non-negative soft real number.

Then, |tz + (T—£) §— {tix + (T—1) fu }|| <ENZ — 21 ]| + (T— ) |l5 — du

<iz + (1 —t)e=g¢;

Since K is convex, {2, + (1 — f) j1€K. Again since £50, is arbitrary,

tT + (1 — f) yeK. This implies K is convex. 0

Theorem 5.31. The intersection of an arbitrary number of convex soft sets is a
convez soft set.

Proof. Let M = Na M,, where each M, is a convex soft set. If & §eM, then

#, 7 belongs to all M, and because each M, is a convex, t& + (T — f) §EM,, where

t(\) €0, 1], VA € A. So, t& + (I — ) €M and M is convex. O
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Remark 5.32. However, the inverse of the above theorem may not be true. For
example let us consider two soft sets (F, A) and (G, A) over R? such that F()) is
the circle with center at (1,0) and radius 2 units and G(\) is the circle with center
at (9,0) and radius 4 units; for each A € A. Then by Example 5.28, (F, A) and
(G, A) are convex soft sets. Let us choose soft elements Z1, Z2 of (F, A) and (G, A)
respectively, such that Z;(A) = (2,0) and Z2(A) = (6,0), for each A € A. We consider
t = 1/2. Then we have ({21 + (I — ) Z2)(A) = (1/2)(2,0) + (1/2)(6,0) = (1,0) +
(3,0) = (4,0); which is not a element of F(A\) UG(X). Consequently, {Z; + (I — £) &,
is not a soft element of (F, A)U(G, A). Hence (F, A)U(G, A) is not a convex soft set.

6. CONCLUSIONS

In this paper we have introduced a concept of soft linear space and soft norm
on a soft linear space. Completeness of soft normed linear spaces, convex soft sets
and equivalent soft norms are introduced and some basic properties are investigated.
There is an ample scope for further research on soft linear spaces, soft normed linear
spaces and operators on soft normed linear spaces.
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