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ABSTRACT. In this paper, the concepts of an intuitionistic fuzzy rings,
intuitionistic fuzzy structure ring spaces, intuitionistic fuzzy ring exteriors,
intuitionistic fuzzy ring exterior B spaces and intuitionistic fuzzy ring ex-
terior V' spaces are introduced. Also, the concepts of an intuitionistic fuzzy
ring continuous functions, intuitionistic fuzzy ring hardly open functions
and somewhat intuitionistic fuzzy ring continuous functions are studied. In
this connection, some interesting properties are established and provided
necessary examples.

2010 AMS Classification: 54A40, 03E72

Keywords:  Intuitionistic fuzzy rings, Intuitionistic fuzzy structure ring spaces,
Intuitionistic fuzzy ring exteriors, Intuitionistic fuzzy ring exterior B spaces, Intu-
itionistic fuzzy ring exterior V spaces, Intuitionistic fuzzy ring continuous functions,
Intuitionistic fuzzy ring hardly open functions and somewhat intuitionistic fuzzy
ring continuous functions.

Corresponding Author: R. Narmada Devi (narmadadevi23@gmail.com)

1. INTRODUCTION

Thhe concept of fuzzy sets was introduced by Zadeh [10]. Chang [3] introduced
the concepts of fuzzy topological spaces. Atanassov [1] introduced and studied in-
tuitionistic fuzzy sets. On the otherhand, Coker [4, 5] introduced the notions of an

intuitionistic fuzzy topological spaces, intuitionistic fuzzy continuity and some other
related concepts. G. Balasubramanian [2] introduced the concepts of fuzzy Gs sets in

fuzzy topological spaces. Later R. Narmada Devi [7, 8] was introduced the concepts
of intuitionistic fuzzy Gs sets. Meena and Thomas [6] were introduced the concepts
of intuitionistic L-fuzzy subrings. A.A.Salama [9, 10] introuced the concepts of ex-

terior and ideal theory in intuitionistic topological spaces and intuitionistic fuzzy
topological spaces respectively. In this paper, the concepts of an intuitionistic fuzzy
rings, intuitionistic fuzzy structure ring spaces, intuitionistic fuzzy ring exteriors,
intuitionistic fuzzy Gs rings, intuitionistic fuzzy first category rings, intuitionistic
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fuzzy ring GsT1 /o spaces, intuitionistic fuzzy ring exterior B spaces and intuitionis-
tic fuzzy ring exterior V spaces are introduced. Also, the concepts of an intuitionistic
fuzzy ring continuous functions, intuitionistic fuzzy ring hardly open functions and
somewhat intuitionistic fuzzy ring continuous functions are studied. In this connec-
tion, some interesting properties are established and provided necessary examples.

2. PRELIMINARIES

Definition 2.1 ([1]). Let X be a nonempty fixed set and I is the closed inter-
val [0,1]. An intuitionistic fuzzy set(IFS) A is an object having the form A =
{{z, pa(x),va(x)) : © € X},where the mapping ppg : X — T and 74 : X — I
denote the degree of membership (namely pa(z)) and the degree of nonmember-
ship (namely 4 (z)) for each element z € X to the set A respectively and 0 <
wa(z) +va(x) <1 for each z € X. Obviously,every fuzzy set A on a nonempty set
X is an IFS of the following form, A = {(z, pa(z),1—pa(x)) : € X}. For the sake
of simplicity, we shall use the symbol A = (x, g, v4) for the intuitionistic fuzzy set
A = {{x,pa(x),va(x)) : © € X}. For a given nonempty set X, the family of all
IFSs in X is denoted by ¢X.

Definition 2.2 ([1]). Let X be a nonempty set and the IF'Ss A and B in the form
A= {{@,1a(@),74()) : @ € X}, B = {{z. 45 (), 75()) : @ € X}. Then

(i) AC Biff pa(z) < pp(r) and ya(z) > yp(z) for all z € X;

(i) A= {(@,7a(2),pa(z)) : = € X}.

Definition 2.3 ([1]). The IFSs 0. and 1. are defined by 0.={(z,0,1) : € X}
and 1.={(z,1,0) : x € X}.

Definition 2.4 (1, 5]). An intuitionistic fuzzy topology (I FT)on a nonempty set
X is a family 7 of IF'Ss in X satisfying the following axioms:
(i) 0,10 €713

(ii) G1 NGy € 7 for any G1,G3 € T;

(iii) UG; € 7 for arbitrary family {G; |i € I} C 7.
In this case the ordered pair (X, 7) or simply by X is called an intuitionistic fuzzy
topological space (IFTS) on X and each IFS in 7 is called an intuitionistic fuzzy
open set (IFOS). The complement A of an IFOS A in X is called an intuitionistic
fuzzy closed set (IFCS) in X.

Definition 2.5 ([4, 5]). Let A be an IFS in IFTS X. Then

int(A) = U{G | Gisan IFOS in X and G C A} is called an intuitionistic fuzzy
interior of A;

cdlA =G| Gisan IFCS in X and G D A} is called an intuitionistic fuzzy
closure of A.

Definition 2.6 ([3]). Let (X,T) be an intuitionistic fuzzy topological space. Let
A = (x,14,74) be an intuitionistic fuzzy set on an intuitionistic fuzzy topological
space (X,T). Then A is said be an intuitionistic fuzzy Gs set if A = (2, A;,
where A; = (x, pa,,7va,) is an intuitionistic fuzzy open set in an intuitionistic fuzzy
topological space (X,T). The complement of an intuitionistic fuzzy G5 set is said
to be an intuitionistic fuzzy F, set.
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Definition 2.7 ([9]). Let A = (A;, A2) be an intuitionistic set on a intuitionistic
topological space (X,7). We define an intuitionistic exterior of A as follows: if
AP = X;n AC

3. PROPERTIES OF INTUITIONISTIC FUZZY RING EXTERIOR B SPACES

In this section, the concepts of an intuitionistic fuzzy rings, intuitionistic fuzzy
structure ring spaces, intuitionistic fuzzy ring exterior, intuitionistic fuzzy Gg rings,
intuitionistic fuzzy first category rings, intuitionistic fuzzy ring GsT} /o spaces and
intuitionistic fuzzy ring exterior B spaces are introduced. In this connection, some
interesting properties are established.

Definition 3.1. Let R be a ring. An intuitionistic fuzzy set A = (x,ua,7v4) in R
is called an intuitionistic fuzzy ring on R if it satisfies the following conditions:

(1) pa(z+y) = pal@) A paly),
(i) pa(zy) > pa(@) Apaly),
(ili) valz +y) < valx) Vyaly),
(iv) va(zy) < pa(x) Vya(y),
for all z,y € R.

Definition 3.2. Let R be a ring. A family . of an intuitionistic fuzzy rings in R is
said to be intuitionistic fuzzy structure ring on R if it satisfies the following axioms:
(i) 00,10 € ..

(11) Gi1 NGy € & for any Gl,GQ c.Z.

(iii) UG; € .7 for arbitrary family {G; |i € I} C ..
Then the ordered pair (R,.¥) is called an intuitionistic fuzzy structure ring space.
Every member of . is called an intuitionistic fuzzy open ring in (R,.”). The
complement A of an intuitionistic fuzzy open ring A in (R,.¥) is an intuitionistic
fuzzy closed ring in (R, .%).

Example 3.3. Let R = {0,1} be a set of integers of module 2 with two binary
operations as follows:

+10]1 101
0/0|1|and|0O|0O]|O0O
1110 1101

Then (R, +, ) is a ring. Define intuitionistic fuzzy rings B and C on R as follows:
pp(0) =0.5,up(1) =0.7 and v5(0) = 0.3,y5(1) = 0.2

1o (0) = 0.3, uc(1) = 0.4 and y¢(0) = 0.5,7¢(1) = 0.6
Then . = {0, B,C, 1.} is an intuitionistic fuzzy structure ring on R. Thus the
pair (R,.¥) is an intuitionistic fuzzy structure ring space.

Notation 3.1. Let (R,.”) be any intuitionistic fuzzy structure ring space. Then

(i) O(R) denotes the family of all intuitionistic fuzzy open ring of an intuition-
istic fuzzy structure ring space (R,.7).

(ii) C(R) denotes the family of all intuitionistic fuzzy closed ring of an intuition-
istic fuzzy structure ring space (R,.%).
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Definition 3.4. Let (R,.#) be any intuitionistic fuzzy structure ring space. Let
A = (x,pua,v4) be an intuitionistic fuzzy ring in R. Then

(i) the intuitionistic fuzzy ring interior of A is defined and denoted as
IFRrint(A) = U{B = (z, up,vB) | B € O(R) and B C A}.

(i) the intuitionistic fuzzy ring closure of A is defined and denoted as
IFgcl(A) =n{B = {(x,up,v8) | B € C(R) and A C B}.

Remark 3.5. Let (R,.) be any intuitionistic fuzzy structure ring space. Let
A = {(x,pa,74) be any intuitionistic fuzzy ring in R. Then the following statements
hold:

) IFgcl(A) = A if and only if A is an intuitionistic fuzzy closed ring.
) IFRint(A) = A if and only if A is an intuitionistic open ring.
) IFgint(1.) = 1. and IFRrint(0~) = O~.
v) IFgrcl(1.) = 1. and IFgcl(0.) = 0~.
) IFgcl(A) = IFrint(A) and IFrint(A) = [ Frcl(A).
) URLIFRcl(A;) C IFRcl(U2A4;).
) ﬂ?:l]FRCl(Az) = IFRCZ(U;(l:lAi).
) ﬁ;’illFRcl(Al) - IFRCl(U?ilAZ)
) U?illFRZ'nt(Ai) - IFRiTLt(UQO 1A,‘).

1=
Proof. The proof is simple. O
Definition 3.6. Let (R,.#) be any intuitionistic fuzzy structure ring space. Let

A = (z,p4,74) be an intuitionistic fuzzy ring in R. Then IFgrint(A) is called an
intuitionistic fuzzy ring exterior of A and is denoted by IFrExt(A).

Proposition 3.7. Let (R,.) be an intuitionistic fuzzy structure ring space. Let
A = (x,pa,74) and B = (x,up,vp) be any two intuitionistic fuzzy rings in R.
Then the following statements hold:
(i) IFrRExt(A) C A.

iii) IFpExt(IFgrExt(A)) = IFrint(IFgrcl(A)).
iv) If AC B then IFgpExt(A) D IFgrExt(B).
(v) IFRExt(1.) =0, and IFRExt(0.) = 1.

(vi) IFRExt(AU B) = [FrExt(A) N IFrExt(B).
Proof. The proof is obvious. O

(
(

Definition 3.8. Let (R,.”) be an intuitionistic fuzzy structure ring space. Let
A = (z,pa,v4) be any intuitionistic fuzzy ring in R. Then A is said be to an
intuitionistic fuzzy Gs ring in (R,.%) if A = (5o, Ai, where A; = (@, jua,,7a4,) is an
intuitionistic fuzzy open ring in (R, .%).

The complement of an intuitionistic fuzzy Gs ring in (R,.¥) is an intuitionistic
fuzzy F, ring in (R,.7).

Definition 3.9. Let (R,.¥) be an intuitionistic fuzzy structure ring space. Let
A = (x,pa,v4) be any intuitionistic fuzzy ring in R. Then A is said be to an
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(i) intuitionistic fuzzy dense ring in (R,.¥) if there exists no intuitionistic fuzzy
closed ring B in (R,.%) such that A C B C 1.

(ii) intuitionistic fuzzy nowhere dense ring in (R,.?) if there exists no intuition-
istic fuzzy open ring B in (R,.¥) such that B C IFrcl(A). That is,
IFRint(IFRCl(A)) =0~.

Definition 3.10. Let (R,.¥) be an intuitionistic fuzzy structure ring space. Let A =
(x, pa,v4) be any intuitionistic fuzzy ring in R. Then A is said be to an intuitionistic
fuzzy first category ring in (R, .”) if A = U2, A; where A;’s are intuitionistic fuzzy
nowhere dense ring in (R, .7).

The complement of an intuitionistic fuzzy first category ring in (R,.%) is an
intuitionistic fuzzy residual ring in (R, .%).

Proposition 3.11. Let (R,.%) be an intuitionistic fuzzy structure ring space. If A
is an intuitionistic fuzzy Gs ring and the intuitionistic fuzzy ring exterior of A is
an intuitionistic fuzzy dense ring in (R,.7), then A is an intuitionistic fuzzy first
category ring in (R,.7).

Proof. Since A is an intuitionistic fuzzy Gs ring in (R,.”), A = N2, A; where A;’s
are intuitionistic fuzzy open rings. Since the intuitionistic fuzzy ring exterior of
A is an intuitionistic fuzzy dense ring in (R,.”), IFrcl(IFrRExt(A)) = 1. Since

IFRExt(R) C A C IFgcl(A), [FrExt(R) C IFgcl(A).

This implies that [Frcl(IFRExt(A)) C IFgcl(A), that is, 1. C IFgcl(A).
Therefore, IFrcl(A) = 1.. That is, IFrcl(A) = IFgcl(N2,4;) = 1.. But
ITFRcl(N2,A4;) SN2 ITFRCl(A;). Hence, 1. C N2, IFRcl(A;).

That is, NS, IFrcl(A;) = 1.. This implies that IFrcl(A;) = 1., for each A; €
. Hence IFrcl(IFgint(A;)) = 1.. Now,

IFRint(IFRCZ(Ai)) = IFRint(IFRint(Ai))
= [Fpel(IFgint(A;)) = 0~.

Therefore, A; is an intuitionistic fuzzy nowhere dense ring in (R,.#). Now, A =

Ne,A; = UX,A;. Therefore, A = UX,A; where A;’s are intuitionistic fuzzy
nowhere dense rings in (R,.#). Therefore, A is an intuitionistic fuzzy first cate-
gory ring in (R,.7). O

Proposition 3.12. If A is an intuitionistic fuzzy first category ring in an intu-
itionistic fuzzy structure ring space (R,.7) such that B C A where B is non-zero
intuitionistic fuzzy Gs ring and the intuitionistic fuzzy ring exterior of B is an intu-
itionistic fuzzy dense ring in (R,.), then A is an intuitionistic fuzzy nowhere dense
ring in (R,.%).

Proof. Let A be an intuitionistic fuzzy first category ring in (R,.#). Then A =
U2, A; where A;’s are intuitionistic fuzzy nowhere dense rings in (R,.¥). Now
IFgcl(A;) is an intuitionistic fuzzy open ring in (R,.). Let B = N2, IFrcl(4;).
Then B is non-zero intuitionistic fuzzy Gs ring in (R,.%). Now,

B = ﬂ;’ilIFRcl(Al) = UioillFRCl(Ai) Q Uioi1Ai = K
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Hence B C A. Then A C B. Now,
IFRZTLt(IFRCl((A)) g IFRZHt(IFRCl((E))

= IFRint(IFRint B))

= IFRCZ(IFRiTLt(B))

= [Frcl(IFrExt(B))
Since I FrExt(B) is an intuitionistic fuzzy dense ring in (R,.%), I Fgrcl(Ext(B))
= 1.. Therefore, IFrint(IFrcl(A)) C O~. Then, IFrint(IFrcl(A)) = 0.. Hence
A is an intuitionistic fuzzy nowhere dense ring in (R,.7). O

Definition 3.13. Let (R,.¥) be an intuitionistic fuzzy structure ring space. Let A
be any intuitionistic fuzzy ring in R. Then A is said to be an intuitionistic fuzzy
regular closed ring in (R,.?) if IFrcl(IFRrint(A)) = A.

The complement of an intuitionistic fuzzy regular closed ring in (R..#) is an
intuitionistic fuzzy regular open ring in (R..%).

Notation 3.2. Every intuitionistic fuzzy regular closed ring is an intuitionistic fuzzy
closed ring.

Definition 3.14. Let (R,.¥) be an intuitionistic fuzzy structure ring space. Then
(R,.7) is called an intuitionistic fuzzy ring G571/, space if every non-zero intuition-
istic fuzzy Gs ring in (R,.) is an intuitionistic fuzzy open ring in (R,.7).

Proposition 3.15. If the intuitionistic fuzzy structure ring space (R,.) is an in-
tuitionistic fuzzy ring GsTy /o space and if A is an intuitionistic fuzzy first category
ring in (R,), then A is not an intuitionistic fuzzy dense ring in (R,.7).

Proof. Assume the contrary, suppose that A is an intuitionistic fuzzy first category
ring in (R,.#) such that A is an intuitionistic fuzzy dense ring in (R,.¥), that is,
IFgRcl(A) =1.. Then, A = U2, A; where A;’s are intuitionistic fuzzy nowhere dense
rings in (R,.?). Now, I Frcl(A;) is an intuitionistic fuzzy open ring in (R,.#). Let
B = N2, IFRcl(A;). Then, B is non-zero intuitionistic fuzzy Gs ring in (R,.”).
Now, B = N, IFgcl(A;) = U, IFgel(A;) CUZ,A; = A. Hence B C A. Then,
IFrint(B) C IFgint(A) C IFgcl(A) = 0. That is, [ Frint(B) = 0~.

Since (R,.#’) is an intuitionistic fuzzy ring G712 space, B = [ Frint(B), which
implies that B = 0.. This is a contradiction. Hence A is not an intuitionistic fuzzy
dense ring in (R,.7). O

Proposition 3.16. If (R,.”) is an intuitionistic fuzzy ring GsTy o space, then
IFRExt(U2, A;) = N2 A;.

Proof. Let (R,.”) is an intuitionistic fuzzy ring GsT;/, space. Assume that A;’s
are intuitionistic fuzzy regular closed rings in (R,.#). Then, A;’s are intuitionistic
fuzzy closed rings in (R,.”), which implies that A;’s are intuitionistic fuzzy open
rings in (R,.7).

Let B = N2, A;. Then B is non-zero intuitionistic fuzzy Gs ring in (R,.”).
Since (R,.) is an intuitionistic fuzzy ring GsT'/o space, B = [Frint(B) is an
intuitionistic fuzzy open ring, which implies that I Frint(N2,A;) = N2, A;. Now,
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IFRExt(UR | A;) = T Frint(U2, A;) = I Frint(N2, A;) = N, A;. Hence the proof.
O

Definition 3.17. Let (R,.¥) be an intuitionistic fuzzy structure ring space. Then
(R,.#) is called an intuitionistic fuzzy ring exterior B ( in short, ExtB ) space if
IFrExt(N2,A;) = 0. where A;’s are intuitionistic fuzzy nowhere dense rings in
(R,.7).

Example 3.18. Let R = {0,1} be a set of integers of module 2 with two binary
operations as follows:

+ 101 1011
0|01 |and| 0|00
11110 1701

Then (R, +,-) is a ring. Define intuitionistic fuzzy rings A, B,C, D, E, F and G
on R as follows:

pA(0) = 0.5, 4(1) = 0.7 and v4(0) = 0.3,v4(1) = 0.3
pp(0) =0.5,up(1) = 0.7 and v5(0) = 0.3,y5(1) = 0.2
pc(0) = 0.3, pc(1) = 0.4 and y¢(0) = 0.5,7¢(1) = 0.6
1p(0) =04, pp(1) = 0.5 and yp(0) = 0.3,7p(1) = 0.5
1e(0) = 0.3, up(1) = 0.2 and 4£(0) = 0.5,v5(1) = 0.7
ur(0) =0.3,up(1) = 0.2 and vr(0) = 0.5,vr(1) = 0.8
116(0) = 0.3, (1) = 0.2 and 76(0) = 0.6,v¢(1) = 0.8
wr(0) =0.3,up(1) = 0.2 and v (0) = 0.6,y (1) = 0.8

Then ¥ = {0.,A,B,C,D,1.} is an intuitionistic fuzzy structure ring on R.
Thus the pair (R,.¥) is an intuitionistic fuzzy structure ring space. Let {E, F, G, H}
be intuitionistic fuzzy nowhere dense rings in (R,.#). Then

IFRExt(\{E,F,G, H}) = IFRExt(E) = [Fgint(E) = 0..
Therefore, (R,.) is an intuitionistic fuzzy ring FxtB space.

Proposition 3.19. Let (R,.) be an intuitionistic fuzzy structure ring space. Then
the following statements are equivalent:
(i) (R,) is an intuitionistic fuzzy ring ExtB space.
(ii) IFRrint(A) = 0, for every intuitionistic fuzzy first category ring A in
(R,7).
(iii) TFRrcl(A) = 1., for every intuitionistic fuzzy residual ring A in (R,.7).

Proof. (i)=-(ii)

Let A be any intuitionistic fuzzy first category ring in (R,.#). Then A = U2, A;
where A;’s are intuitionistic fuzzy nowhere dense rings in (R,.¥). Now, [ Frint(A) =
IFRint(U, A;) = IFrint(N2, A;) = IFrBat(Ne, 4;).

Since (R,.#) is an intuitionistic fuzzy ring ExtB space, IFrRExt(N2, A;) = 0.
Therefore, I Frint(A) = 0. Hence (i) = (ii).

(i) = (iii)

Let A be any intuitionistic fuzzy residual ring in (R,.%). Then A is an intu-

itionistic fuzzy first category ring in (R,.#). By (ii), [Frint(A) = 0.. That is,
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IFgint(A) = 0. = IFrcl(A). Therefore, IFrcl(A) = 1.. Hence (ii) = (iii).
(iii)=(i)

Let A be any intuitionistic fuzzy first category ring in (R,.#). Then A = U2, A;
where A;’s are intuitionistic fuzzy nowhere dense rings in (R,.). Since A is an
intuitionistic fuzzy first category ring in (R,.#), A is an intuitionistic fuzzy residual

ring in (R,.#). Then by (iii), IFrcl(A) = 1.. Now,

IFRE;z:t(ﬂfilE) = IFrint(N2,

= IFpcl(A) = 0..

Hence, I FrExt(N°, A;) = 0. where A;’s are intuitionistic fuzzy nowhere dense
rings in (R,.”). Therefore, (R,.¥) is an intuitionistic fuzzy ring ExtB space. 0O

Proposition 3.20. If A is an intuitionistic fuzzy first category ring in an intu-
itionistic fuzzy structure ring space (R,.7) such that B C A where B is non-zero
intuitionistic fuzzy Gs ring and the intuitionistic fuzzy ring exterior of B is an in-
tuitionistic fuzzy dense ring in (R,.%), then (R,.) is an intuitionistic fuzzy ring
ExtB space.

Proof. Let A be an intuitionistic fuzzy first category ring in (R,.?) such that B C A
where B is non-zero intuitionistic fuzzy Gs ring and the intuitionistic fuzzy ring
exterior of B is an intuitionistic fuzzy dense ring in (R,.%). Then by Proposition 3.3.,
A is an intuitionistic fuzzy nowhere dense ring (R,.), that is, I Frint(I Frcl(A)) =
0~. Then, IFrint(A) C IFrint(IFrcl(A)) implies that [Frint(A) = 0.. By
Proposition 3.6., (R,.¥) is an intuitionistic fuzzy ring ExtB space. g

Proposition 3.21. If (R,) is an intuitionistic fuzzy ring ExtB space and if
U, A; = 1. where A;’s are intuitionistic fuzzy reqular closed rings in (R,.7), then

[Frel(UX, IFrExt(4;)) = 1.

Proof. Let (R,.%) be an intuitionistic fuzzy ring ExtB space. Assume that A;’s are
intuitionistic fuzzy regular closed rings in (R,.”). Suppose that IFrint(A;) = 0.,
for each i € J. Since A; is an intuitionistic fuzzy regular closed ring in (R,.%), A;
is an intuitionistic fuzzy closed ring in (R,.”). Also, I Frint(A;) = 0. implies that
IFgint(IFgcl(4;)) = 0. Therefore, A;’s are intuitionistic fuzzy nowhere dense
rings in (R,.). Since U2, 4; = 1.,

IFRESUt( ?ilz) = IFREZL’t(U;?ilAi)
= IFRint(U;?ilAi)
= IFpint(1.) = 1..
Hence, [FrExt(N2, A;) = 1. Since (R,.¥) is an intuitionistic fuzzy ring ExtB
space, I FrExt(N32, A;) = 0, which is a contradiction.
Hence IFgrint(A;) # 0., for atleast one ¢ € J. Therefore, U°, I Frint(A;) # O~.

Since A; is an intuitionistic fuzzy regular closed rings in (R, %) and U2 | T Frcl(A;) C
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IFRel(U2, Ay),
= U IFRcl(IFgint(A;)) C IFgcl(U2, IFRrint(A4;))
= U, A; CIFRcl(U2, I FRint(4;))
= U2 A; C IFRC (U2 IFRETt(A;))
= 1. C IFrel(UX, IFrExt(4;)).

But 1. D IFgrcl(UX,IFgrExt(A;)). Therefore, IFrcl(U, IFRExt(A;)) = 1.
O

4. ON INTUITIONISTIC FUZZY STRUCTURE RING EXTERIOR V' SPACES

In this section, the concepts of an intuitionistic fuzzy ring exterior V spaces,
intuitionistic fuzzy ring continuous functions, intuitionistic fuzzy ring open functions,
intuitionistic fuzzy ring hardly open functions and somewhat intuitionistic fuzzy ring
continuous functions are introduced. In this connection, some interesting properties
among these functions are discussed. Necessary examples are provided.

Definition 4.1. Let (R,.) be an intuitionistic fuzzy structure ring space. Then
(R,7) is called an intuitionistic fuzzy ring exterior V' ( in short, FxtV )space if
IFpcl(N?_1A;) = 1. where A;’s are intuitionistic fuzzy Gs rings and the intuition-
istic fuzzy ring exterior of A;’s are intuitionistic fuzzy dense rings in (R,.%).

Example 4.2. Let R = {0,1,2} be a set of integers of module 3 with two binary
operations as follows:

TTo[1]2 Tol12
0jo0[1]2 0]0[0]0
AR ETIE
21201 21021

Then (R,+,-) is a ring. Define intuitionistic fuzzy rings A, B and C' on R as
follows:

pa(0) =1,4(1) =0.2,4(2) = 0.9 and y4(0) = 0,74(1) = 0.8,74(2) = 0.1
pi(0) = 0.3, pp(1) = 1,15(2) = 0.2 and v5(0) = 0.7,y5(1) = 0,y5(2) = 0.8

pc(0) = 0.7, uc(1) = 0.4, pc(2) = 1 and y¢(0) = 0.3,7¢(1) = 0.6,7¢(2) =0

Then . = {0~,A,B,C,ANB,AUB,ANC,AUC,BNC,BUC,CnN(AUB),
AU(BNC),BU(ANC),1.} is an intuitionistic fuzzy structure ring on R. Thus
the pair (R,.%) is an intuitionistic fuzzy structure ring space.

Now, ANC =n{BU(ANC),CN(AUB),C,A} and CN(AUB) =n{AUB,CnN
(AU B), AU C} are intuitionistic fuzzy G rings in (R,.¥). Also, the intuitionistic
fuzzy ring exterior of AN C and C' N (AU B) are intuitionistic fuzzy dense rings in
(R,.”). Now,

IFRcd(M{ANC,CN(AUB)}) =IFrcd(ANC)=1..

Therefore, (R,.¥) is an intuitionistic fuzzy ring ExtV space.
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Proposition 4.3. Let (R,.) be an intuitionistic fuzzy structure ring space. Then
(R,.7) is an intuitionistic fuzzy ring ExtV space if and only if I Frint(U?_,A;)

= 0~ where A;’s are intuitionistic fuzzy Gs rings and the intuitionistic fuzzy ring
exterior of A;’s are intuitionistic fuzzy dense rings in (R,.S).

Proof. Let (R,.) be an intuitionistic fuzzy ring FxtV space. Assume that A;’s
are intuitionistic fuzzy G's rings and the intuitionistic fuzzy ring exterior of A;’s are
intuitionistic fuzzy dense rings in (R,.7).

Since (R,.?) is an intuitionistic fuzzy ring ExtV space, IFrcl(N?_;A;) = 1..
Now,

IFRint(Ulnzlz) = IFRint(ﬂ?ZIAi) = IFRCl(ﬂznzlAi) =0~.

Therefore, I Frint(U'_; A;) = 0. where A;’s are intuitionistic fuzzy Gs rings and
the intuitionistic fuzzy ring exterior of A;’s are intuitionistic fuzzy dense rings in
(R, 7). o

Conversely, let I Frint(U?_,A;) = 0. where A;’s are intuitionistic fuzzy Gs rings
and the intuitionistic fuzzy ring exterior of A;’s are intuitionistic fuzzy dense rings
in (R,.). Now,

IFrel(Ni_1A;) = IFrcl(UT_, A;) = IFrint(U_1A;) = 1.
Therefore, (R,.#) is an intuitionistic fuzzy ring ExtV space. O

Proposition 4.4. Let (R,.Y) be an intuitionistic fuzzy structure ring space. If ev-
ery intuitionistic fuzzy first category ring in (R, ) is formed from the intuitionistic
fuzzy Gs rings and the intuitionistic fuzzy ring exterior of its complements are intu-
itionistic fuzzy dense rings in an intuitionistic fuzzy ring ExtV space (R,.7), then
(R, ) is an intuitionistic fuzzy ring ExtB space.

Proof. Assume that A;’s are intuitionistic fuzzy Gs rings in (R,.”) and the intu-
itionistic fuzzy ring exterior of A;’s are intuitionistic fuzzy dense rings in (R,.%), for
i=1,...,n. Since (R,.) is an intuitionistic fuzzy ring ExtV space and by Propo-

sition 4.1., IFrint(Ur_,A;) = 0. But U™, IFrint(4;) C IFrint(U%,A4;), which
implies that U ;I Frint(A;) = 0~. Then IFgint(A;) = 0. Since A;’s are intu-
itionistic fuzzy Gs rings in (R,.#) and the intuitionistic fuzzy ring exterior of A;’s
are intuitionistic fuzzy dense rings in (R,.%), for i = 1,...,n. By Proposition 4.2.,
A;’s are intuitionistic fuzzy first category rings in (R,.?), for i = 1,...,n. There-

fore, I Frint(A;) = 0~, for every A; is an intuitionistic fuzzy first category rings in
(R,.#). By Proposition 3.6., (R,.¥) is an intuitionistic fuzzy ring FxtB space. 0O

Definition 4.5. Let (R;,.1) and (R, .%) be any two intuitionistic fuzzy structure
ring spaces. Let f: (Ry,.%1) — (Ra,.%) be any function. Then f is said to be an
(i) intuitionistic fuzzy ring continuous function if f~!(A) is an intuitionistic
fuzzy open ring in (R, #7), for every intuitionistic fuzzy open ring A in
(R2, ).
(ii) somewhat intuitionistic fuzzy ring continuous function if A € .% and f~1(A)
# 0., implies that there exists an intuitionistic fuzzy open ring B in (Ry,.%7)
such that B # 0. and B C f~1(A).
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(iii) intuitionistic fuzzy ring hardly open function if for each intuitionistic fuzzy
dense ring A in (Rg, %) such that A C B C 1. for some intuitionistic
fuzzy open ring B in (Ry,.%), f~1(A) is an intuitionistic fuzzy dense ring
in (R1, ,5”1)

(iv) intuitionistic fuzzy ring open function if f(A) is an intuitionistic fuzzy open
ring in (Rg, %), for every intuitionistic fuzzy open ring A in (R, .%1).

Proposition 4.6. Let (Ry,.1) and (Re, %) be any two intuitionistic fuzzy struc-
ture ring spaces. Let f : (R, 1) — (Ra, %) be any function. Then the following
statements are equivalent:
(i) f is an intuitionistic fuzzy ring continuous function.
(ii) f=Y(B) is an intuitionistic fuzzy closed ring in (Ry,.71), for every intuition-
istic fuzzy closed ring B in (Ra, %3).
(iii) IFrcl(f~1(A)) C fY(IFgrcl(A)), for each intuitionistic fuzzy ring A in

(Ra, ).

(iv) f~Y(IFgrint(A)) C IFrint(f~*(A)), for each intuitionistic fuzzy ring A in
(Ra2, S).

Proof. The proof is simple. O

Remark 4.7. Let (Ry,.71) and (Ra,-%%) be any two intuitionistic fuzzy structure
ring spaces. If f : (Ry,%) — (Rg, ) is an intuitionistic fuzzy ring continuous
function, then f~1(IFpExt(A)) C IFgExt(f~1(A)), for each intuitionistic fuzzy
ring A in (Rg, .%%).

Proof. The proof is follows from the Definition 3.4. and Proposition 4.3.. O

Proposition 4.8. If a function [ : (Ry, 1) — (Ra, %) from an intuitionistic fuzzy
structure ring space (Ry,.%1) into another intuitionistic fuzzy structure ring space
(Ra, S) is intuitionistic fuzzy ring continuous, 1-1 and if A is an intuitionistic fuzzy
dense ring in (Ry,.71), then f(A) is an intuitionistic fuzzy dense ring in (R, S).

Proof. Suppose that f(A) is not an intuitionistic fuzzy dense ring in (Rg, #%). Then
there exists an intuitionistic fuzzy closed ring in (Rg, .#%) such that f(4) C C C 1.
Then, f~1(f(4)) c f~YC) c f~*(1~). Since f is 1-1, f~1(f(A)) = A. Hence
Ac f7Y0) c1..

Since f is an intuitionistic fuzzy ring continuous function and C'is an intuitionistic
fuzzy closed ring in (R, #2), f~1(C) is an intuitionistic fuzzy closed ring in (Ry, .77).
Then IFrcl(A) # 1., which is a contradiction. Therefore f(A) is an intuitionistic
fuzzy dense ring in (Rz, %%). O

Remark 4.9. Let (Ry,.71) and (Ra,-%%) be any two intuitionistic fuzzy structure
ring spaces. Then
(i) the intuitionistic fuzzy ring continuous image of an intuitionistic fuzzy ring
ExtV space (Ry,-#1) may fail to be an intuitionistic fuzzy ring FatV space
(R2, S).
(ii) the intuitionistic fuzzy ring open image of an intuitionistic fuzzy ring ExtV
space (Rq, .1 ) may fail to be an intuitionistic fuzzy ring ExtV space (Rg, 72).

Proof. 1t is clearly from the following Example 4.2. and Example 4.3. U
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Example 4.10. Let R = {0, 1,2} be a set of integers of module 3 with two binary
operations as follows:

TTo0[1]2 0l1]2
0lo[1]2 0]0/[0
TTirzlol™ o2
21201 21021

Then (R,+,-) is a ring. Define intuitionistic fuzzy rings A, B,C, D, E, and F on
R as follows:

pa(0) =1,14(1) =0.2,44(2) = 0.9 and 74(0
1,up(2) = 0.2 and y5(0) = 0.7,v5(1) = 0,75(2) = 0.

) (0) = 0,7a(1) = 0.8,74(2) = 0.1

) (0) (1) 8

0.4, uc(2) =1 and v¢(0) = 0.3,7¢(1) = 0.6,7¢(2) =0
) (0) (1) = 8

( (0) = (1) =

) =

)=
) =
)=1,up(2) =0.2 and yp(0) = 0.1,7p(1
1)=0.2,pp(2) =1 and vg(0 1

pr(0) =1, pp(1) = 0.7, up(2) = 0.4 and yp(0) = Oﬂ’F( =0. 37'7F( ) =0.6.

Then .1 = {0.,A,B,C,ANB,AUB,ANC,AUC,BNC,BUC,CN(AUB),
AU(BNC),BU(ANC),1.} and % = {0, D, E,F,DAE,DUE,DAF,DUF,
ENnF,EUF,FN(DUE),DU(ENF),EU(DNF),1.} are two intuitionistic fuzzy
structure rings on R. Thus the pair (R,.#7) and (R,.%%) are intuitionistic fuzzy
structure ring spaces.

Now, ANC =n{BU(ANC),CN(AUB),C,A} and CN(AUB) =n{AUB,CnN
(AU B), AU C} are intuitionistic fuzzy Gs rings in (R,.1). Also, the intuitionistic
fuzzy ring exterior of AN C and C' N (AU B) are intuitionistic fuzzy dense rings in
(R, 7). Now, IFrcd(N{ANC,CN(AUB)}) = IFgcl(ANC) = 1. Therefore,
(R, #1) is an intuitionistic fuzzy ring ExtV space.

Define a function f : (R, %) — (R, %) by f(0) =1, f(1) = 2 and f(2) = 0.
Clearly, f is an intuitionistic fuzzy ring continuous function. Also, f(A) = D, f(B) =
E and f(C) =F.

Now, D ={D,DUE,DU(ENF)}, DNF =n{F,DUF,DNF,FN(DUE)}
and E=N{E,EUF,EU(DNF)} are intuitionistic fuzzy G5 rings in (R, .%%).

Also, the intuitionistic fuzzy ring exterior of D, E and D N F are intuitionistic
fuzzy Gs rings in (R, .%%). But, IFgcl(N{D,E,DNF}) = ENF # 1.. Therefore,
(R, %) is not an intuitionistic fuzzy ring ExtV space.

Therefore the intuitionistic fuzzy ring continuous image of an intuitionistic fuzzy
ring FxtV space (R1,.#)) may fail to be an intuitionistic fuzzy ring ExtV space
(Ra, 2).

Example 4.11. Let R = {0, 1,2} be a set of integers of module 3 with two binary
operations as follows:

TTo0[1]2 ToT12
0jo[1]2 0]0[0]0
TTirzlol™ ol
21201 21021
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Then (R, +,-) is a ring. Define intuitionistic fuzzy rings A, B,C and D on R as
follows:

1a(0) =1, pa(1) = 0.2, pa(2) = 0.9 and 74(0) = 0,7a(1) = 0.8,74(2) = 0.1
up(0) =03, u5(1) =1,u5(2) =0.2 and v5(0) = 0.7,v5(1) = 0,v5(2) = 0.8
pe(0) = 0.7, uc(1) = 0.4, pc(2) = 1 and y¢(0) = 0.3,7¢(1) = 0.6,7¢(2) =0

up(0) =0.5, up(1) = 0.6, up(2) = 0.4 and vp(0) = 0.5,vp(1) = 0.4,7p(2) = 0.6

Then .7 = {0.,4,B,C,ANB,AUB,ANC,AUC,BNC,BUC,CN(AUB),
AU(BNC),BU(ANC),1.} and S ={0.,A,B,C,D,AUB,AUC,AUD, BUC,
BUD,CUD,ANB,ANC,AND,BNC,BND,CND,DU(ANC),CN(AUB),
AU(BNC),BU(ANC), 1.} are two intuitionistic fuzzy structure rings on R. Thus
the pair (R,.#1) and (R,.¥%) are intuitionistic fuzzy structure ring spaces.

Now, ANC =n{BU(ANC),CN(AUB),C,A} and CN(AUB) =n{AUB,CnN
(AU B), AU C} are intuitionistic fuzzy Gs rings in (R,.%1). Also, the intuitionistic
fuzzy ring exterior of AN C and C' N (AU B) are intuitionistic fuzzy dense rings in
(R, 7). Now, IFrc(N{ANC,CN(AUB)}) = IFrcl(ANC) = 1.. Therefore,
(R, 1) is an intuitionistic fuzzy ring ExtV space.

Define a function f : (R,%1) — (R, %) by f(0) =0, f(1) = 1 and f(2) =
Clearly, f is an intuitionistic fuzzy ring open function. Also, f(A) = A, f(B)
B, f(C)=C and f(D)=D.

Now, A =nN{A,AUB,AUC,AU(BNC)}, DU(ANC)=n{C,CUuD,ANC,DU
(AnC),CNn(AUB)} and B=n{B,BUC,BUD,BU(ANC)} are intuitionistic
fuzzy Gs rings in (R,.#,). Also, the intuitionistic fuzzy ring exterior of A, B and
DU (AN C) are intuitionistic fuzzy G5 rings in (R, .%%).

But, IFgcl(N{A,B,DU(ANC)}) = BNC # 1.. Therefore, (R,.%) is not an
intuitionistic fuzzy ring ExtV space.

Therefore the intuitionistic fuzzy ring open image of an intuitionistic fuzzy ring
ExtV space (Rq,.-71) may fail to be an intuitionistic fuzzy ring FxtV space (Ra, S2).

2.

Proposition 4.12. Let (Ry,.%) and (R, %) be any two intuitionistic fuzzy struc-
ture ring spaces. If f : (R1,%1) — (Ra,Y) is onto function, then the following
statements are equivalent:
(i) f is an intuitionistic fuzzy ring hardly open function.
(ii) TFRrint(f(A)) # O~, for all intuitionistic fuzzy ring A in (Ry, ) with
IFRint(A) # 0~ and there exists an intuitionistic fuzzy closed ring B # 0~
in (Ra,.%%) such that B C f(A).
(iii) IFrint(f(A)) # O~, for all intuitionistic fuzzy ring A in (Ry,.71) with
IFRint(A) # 0~ and there exists an intuitionistic fuzzy closed ring B # 0~
in (Rg, %) such that f~1(B) C A.

Proof. (i)=-(ii)

Assume that (i) is true. Let A be intuitionistic fuzzy ring A in (Ry, 7)) with
IFgint(A) # 0. and B # 0., be an intuitionistic fuzzy closed ring in (Ra,.%3) such
that B C f(A). Suppose that [Frint(A) = 0. This implies that [Frcl(f(A4)) =
1. Thus, f(A) is an intuitionistic fuzzy dense ring in (Ry,.%) and f(A) C B. By
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assumption, f~1(f(A)) is an intuitionistic fuzzy dense ring in (Ry,.#1). That is,
IFRel(f~1(f(A))) = 1. Now,

IFpint(A) = IFrint(f~(f(A))) = IFrcl(f~(f(A))) = IFrcl(f~*(f(A))) = O~.

This is a contradiction. Hence (i)=-(ii).
(il)=-(iii)

Assume that (ii) is true. Since f is onto function and by assumption, B C f(A).
This implies that f~1(B) C f~(f(A)), that is, f~!(B) C A. Hence (ii)=-(iii).
(iii)=(i)

Let C C D where C is an intuitionistic fuzzy dense ring and D is non-zero
intuitionistic fuzzy open ring in (Ry,.%2). Let A = f~}(C) and B = D. Now,
f~1(B)=f"YD) C f~1(C) = A. Consider,

IFgrint(f(A)) = IFgint(f(f 1 (C)) = IFgint(C) = IFgint(C) = 0.
Therefore, I Frint(A) = 0., which implies that
IFrint(f~*(C)) = IFrint(f~1(C)) = 0~.

Therefore, I Frel(f~1(C)) = 0~. Thus, IFrcl(f~*(C)) = 1. Therefore, f~1(C)
is an intuitionistic fuzzy dense ring in (Ry,.#1). This implies that f is an intuition-
istic fuzzy ring hardly open function. Hence (iii)=>(i). Hence the proof. O

Proposition 4.13. If a function f : (R1,%1) — (Ra,Y2) from an intuitionistic
fuzzy structure ring space (Ry, 1) onto another intuitionistic fuzzy structure ring
space (Ra, Ho) is intuitionistic fuzzy ring continuous, 1-1 and intuitionistic fuzzy
ring hardly open function and if (Ry, 1) is an intuitionistic fuzzy ring ExtV space,
then (R, %%) is an intuitionistic fuzzy ring ExtV space.

Proof. Let (R1,#1) be an intuitionistic fuzzy ring FxtV space. Assume that A;’s
(1 =1, ...,n) are intuitionistic fuzzy G5 rings in (Rz,.72) and the intuitionistic fuzzy
ring exterior of A;’s are intuitionistic fuzzy dense ring in (Rg, %).

Then IFgrcl(IFgrExt(A;)) = 1. and A; = N32,Bi;j where B;;’s are intuitionistic
fuzzy open rings in (Ra,.%). Hence
(4.1) FHA) = fH (N5 Big) = 052, 1 (Bij)

Since f is an intuitionistic fuzzy ring continuous function and B;;’s are intu-
itionistic fuzzy open rings in (Rs, %), f~!(B;;)’s are intuitionistic fuzzy open rings
in (Ry,.%). Hence f~1(A;) = ﬁ;?‘;lf_l(Bij) is an intuitionistic fuzzy Gs rings in
(Ry, 7). o

Since f is an intuitionistic fuzzy ring hardly open function and IF! rExt(A;) is
an intuitionistic fuzzy dense ring in (Rg,.%%), f~(IFrExt(A;)) is an intuitionistic
fuzzy dense ring in (R1,.71). Now,

Y IFRrExt(Ay)) = f (IFgrint(4;))
C IFgint(f~(4))
— IFpEat(FT(A).
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Therefore 1. = IFrcl(f Y(IFrRExt(A;))) C IFrc(IFRExt(f~1(A4;))), which
implies that 1. = IFgrcl(IFrRExzt(f~1(A;))). Hence IFgrExt(f~1(4;)) is an intu-
itionistic fuzzy dense ring in (Ry,.#1). Since (Ry,.71) is an intuitionistic fuzzy ring
ExtV space, IFgel(N?_,f~1(A;)) = 1. where f~1(A;)’s are intuitionistic fuzzy
Gs rings in (Rp,.%1) and the intuitionistic fuzzy ring exterior of f=1(A4;)’s are
intuitionistic fuzzy dense ring in (Ry,.#1). Thus, IFgcl(N?,f~1(4;)) = 1. =
IFgel(f~1(N™_, A;)). Therefore, f~1(N";A;) is an intuitionistic fuzzy dense ring
in (Ry,%). Since f is an intuitionistic fuzzy ring continuous, 1-1 and by Propo-
sition 3.4., f(f~1(N™_,A;)) is an intuitionistic fuzzy dense ring in (Ra, %2). Hence
IFRel(f(f~1(N™,A;))) = 1.. Since f is 1-1, f(f~1(N";4;)) = N, A;. Then,
IFRcl(N?_1A;) = 1.. Therefore, (Rq,.%%) is an intuitionistic fuzzy ring FxtV space.

Conversely, let (Rg,.7) be an intuitionistic fuzzy ring ExtV space. Assume that
Ay’s (i =1,...,n) are intuitionistic fuzzy Gs rings in (Ra, %) and the intuitionistic
fuzzy ring exterior of A;’s are intuitionistic fuzzy dense ring in (Ry,.%3).

Then I[Frcl(IFrRExt(A;)) = 1 and A; = N2, Bij where B;;’s are intuitionistic
fuzzy open rings in (Rs, %). Hence

(4.2) FHA) = f_l(ﬁ;?c:le‘y) =N;2 f" Y(Bij)

Since f is an intuitionistic fuzzy ring continuous function and B;;’s are intu-
itionistic fuzzy open rings in (Ra,.%%), f _1(Bij)’s are intuitionistic fuzzy open rings
in (Ry,.1). Hence f~'(A;) = N2, f~1(By;) is an intuitionistic fuzzy G rings in
(Ry, 7). o

Since f is an intuitionistic fuzzy ring hardly open function and IFpExt(A;) is
an intuitionistic fuzzy dense ring in (Rg,.%%), f~(IFrExt(A;)) is an intuitionistic
fuzzy dense ring in (R1,.77). By Remark 4.2, f =1 (IFrExt(4;)) C IFgrExt(f~1(A;)).
Thus,

[Frel(f(IFrExt(A;))) = 1. C IFgel(IFrExt(f~1(A,))).

Hence, IFrRExt(f~1(A;)) is an intuitionistic fuzzy dense ring in (Ry,.77).
Suppose that I Frel(N?_, f~1(A;)) # 1. This implies that

TFRel(Ni_y f~1(As)) # 0
= IFgint(UP_, f~1(A;)) # 0~
= IFRan,(Un 1f ( z)) 75 O~.

Then, there is an non-zero intuitionistic fuzzy open ring C; in (Ry,.71) such that
C; C Uglzlf_l(Ai). Now,

F(C) C FUZ f7H(A)
C UL (1 (AD)
C UL, 4
=NP_A;.

(4.3) Then, I Fgint(f(C;)) C IFrint(NP_,A;) = [Frel(NP_, A;).
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Since (Rz,.7) is an intuitionistic fuzzy ring ExtV space, [Frcl(N,A;) =
Hence from (4.3), IFgint(f(C;)) C 0., which implies that IFgint(f(C;)) =
which is a contradiction. Hence IFgrel(N™,f~1(A;)) = 1~. Therefore, (Ry,.71
an intuitionistic fuzzy ring FxtV space. U

1.
O~,
) is

Proposition 4.14. Let (Ry,.%1) and (Ra, %) be any two intuitionistic fuzzy struc-
ture ring spaces. Let f : (Ry,1) — (Ra2,%%) be any bijective function. Then the
following statements are equivalent:

(i) f is somewhat intuitionistic fuzzy ring continuous function.

(i) If A is an intuitionistic fuzzy closed ring in (Ra, ) such that f~1(A) # 1.,
then there exists an intuitionistic fuzzy closed ring 0. # C # 1. in (Ry,.1)
such that f~1(A) c C.

(iil) If A is an intuitionistic fuzzy dense ring in (Ry, 71), then f(A) is an intu-
itionistic fuzzy dense ring in (Ra, %2).

Proof. (i)=-(ii)

Assume that (i) is true. Let A be an intuitionistic fuzzy closed ring in (Rg,.%%)
such that f~'(A) # 1.. Then A is an intuitionistic fuzzy open ring in (Rz,.%%)
such that f=1(A) = f~1(A) # 0~. Since f is somewhat intuitionistic fuzzy ring
continuous, there exists an intuitionistic fuzzy open ring C' in (R;,.%1) such that
C C f7Y(A). Then there exists an intuitionistic fuzzy closed ring C' # 0., in (Ry, %)
such that C C f~1(A). Hence (i)=(ii).

(ii)=(iii)

Assume that (ii) is true. Let A be an intuitionistic fuzzy dense ring in (Ry,.77)
such that f(A) is an intuitionistic fuzzy dense ring in (Rgz,.%%2). Then, there exists
an intuitionistic fuzzy closed ring C' in (Rg,.#%) such that

fA)cocl..

This implies that f~1(C) # 1.. Then by (ii), there exists an intuitionistic fuzzy
closed ring 0., # D # 1. such that A C f~1(C) C D C 1. This is a contradiction.
Hence (ii)=-(iii).

(iii) = (ii)

Assume that (iil) is true. Suppose (ii) is not true. Then there exists an intu-
itionistic fuzzy closed ring A in (Rg,.#%) such that f~1(A) # 1.. But there is no
intuitionistic fuzzy closed ring 0. # C # 1. in (Ry,.%) such that f~1(4) C C.
This implies that f~!(A) is an intuitionistic fuzzy dense ring in (Ry,.#). But from
hypothesis f(f~1(A)) = A must be intuitionistic fuzzy dense ring in (Rz,.#,), which
is a contradiction. Hence (iii)=>(ii).

(i) = (i)

Let A be an intuitionistic fuzzy open ring in (Ra,.%) and f~!(A) # 0~. Then,
f71(A) = f~1(A) = 0~. Then by (ii), there exists an intuitionistic fuzzy closed ring
0~ # B # 1. such that f~'(A) C B.

This implies that B C f~1(A) and B # 0~ is an intuitionistic fuzzy open ring in
(R1,.21). Hence (ii)=(i). Hence the proof. O

Proposition 4.15. If a function f : (R1,%1) — (Ra, %) from an intuitionistic
fuzzy structure ring space (Ry,.%1) onto another intuitionistic fuzzy structure ring
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space (Ra, %) is somewhat intuitionistic fuzzy ring continuous, 1-1 and intuition-
istic fuzzy ring open function and if (Ry,.%1) is an intuitionistic fuzzy ring ExtV
space, then (Ra,.%%)is an intuitionistic fuzzy ring ExtV space.

Proof. Let (Ry,.%1) be an intuitionistic fuzzy ring ExtV space. Assume that A;’s
(¢ =1,...,n) are intuitionistic fuzzy G rings in (Ry,.#1) and the intuitionistic fuzzy
ring exterior of A;’s are intuitionistic fuzzy dense rings in (Ry,.77).

Then, I Frcl(IFpExt(A4;)) = 1~ and A; = N2, B;; where By;’s are intuitionistic
fuzzy open rings in (R1,.#7). Since f is an intuitionistic fuzzy ring open function,
f(Bij)’s are intuitionistic fuzzy open rings in (Rg, #2). Now, N%2,f(B;;) is an
intuitionistic fuzzy Gy rings in (Rz, %%). Since f is 1-1,

(4.4) UM f(Biy) = M52~ (f(Biy) = M52y By = A

(4.5) Since f is onto, f(A4;) = f(ffl(ﬂ}";lf(Bij))) = N2, f(Bij)

Therefore, f(A;) is an intuitionistic fuzzy Gs rings in (Rg,.%). Since f is some-
what intuitionistic fuzzy ring continuous function, I FrExt(A;) is an intuitionistic
fuzzy dense ring in (Ry,.#1) and by Proposition 4.7., f(IFrExt(A;)) is an intuition-
istic fuzzy dense ring in (Rg,.%%2), which implies that IFrExt(f(A;)). Now we claim
that TFrel(N$2, f(A;)) = 1.. Suppose that IFrel(N?_, f(A4;)) # 1. This implies
that

TFRel(Mi_, f(Ai)) #
= IFrint(U"_, f(A;))
= [Frint(U"_, f(A;))

0~
£0.
7&

Therefore there is an non-zero intuitionistic fuzzy open ring C; in (Ra, %) such
that C; C U™, f(A;). Then f~1(C;) C f~H(U™,f(A;)). Since f is somewhat intu-
itionistic fuzzy ring continuous function and C; € %, IFRint(f*1 (C;)) # 0. implies
that IFgint(f~1(U,f(A;))) # O~. Then IFgint(U™,f~1(f(A;))) # O~. Since f
is a bijective function, IFRmt(ﬂ?:lAz) # 0., which implies that IFrcl(NP_,A;) #
0~. That is, IFrcl(N?_;A4;) # 1.. This is a contradiction. Hence (Rz,.%%) is an
intuitionistic fuzzy ring ExtV space.

Conversely, let (Ra, %) be an intuitionistic fuzzy ring ExtV space. Assume that
A;’s (i =1,...,n) are intuitionistic fuzzy Gy rings in (R;,.#1) and the intuitionistic
fuzzy ring exterior of A;’s are intuitionistic fuzzy dense ring in (Ry,.77).

Then [Frcl(IFRExt(A;)) = 1 and A; = M52, Bij where B;;’s are intuitionistic
fuzzy open rings in (Ry,.#7). Since f is somewhat intuitionistic fuzzy ring continu-
ous function, I FrExt(A;)’s are intuitionistic fuzzy dense rings in (Ry,.#)) and By
Proposition 4.7., f(IFrEzt(A;)) is an intuitionistic fuzzy dense ring in (Ra,.%%).
That is, IFrcl(IFREwxt(A;)) = 1.. Since f is an intuitionistic fuzzy ring open
function and B;;’s are intuitionistic fuzzy open rings in (R1,.%1), f(B;;)’s are intu-
itionistic fuzzy open rings in (Rz,.%2). Hence N2, f(B;;) is an intuitionistic fuzzy
G5 ring in (Rg,.%). Since f is 1-1,

(4.6) FTHO f(Big)) = 0y (F 71 (F(Bij) = Niy Byj.
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Since f is onto,
(4.7) F(A) = F(FHN2Lf(Big))) = N321 f (Biy)-
Hence f(A;) is an intuitionistic fuzzy Gs ring in (Re, %). Now,
IFrcl(IFgExt(f(A;)) = IFpcl(IFgExt(f(4;))
= IFrcl(IFrint(f(A;))
D IFgcl(f(IFRrint(A;))
>, f(IFRcl(IFRmt(A-)))
= /(1) =

This implies that I FrExt(f(A;) is an intuitionistic fuzzy dense ring in (Ry,.%%).
Hence the intuitionistic fuzzy ring exterior of f ( ;) is an intuitionistic fuzzy dense
ring in (Ra,.73). Since (Rg,.72) is an intuitionistic fuzzy ring ExtV space,

TFRel(Mi=y f(Ai)) = 1~

Now we claim that I Fgcl(Nl_, f(A;)) = 1. where A;’s (i = 1, ...,n) are intuition-
istic fuzzy G rings in (Ry,.#;) and the intuitionistic fuzzy ring exterior of A;’s are
intuitionistic fuzzy dense rings in (Ry,.%).

Suppose that IFrcl(N?_;A;) # 1. This implies that

TFrel(Ni_, A7) # 0.
= [Frint(N?_, A;) # 0~
= [Frint(U}_; A;) # 0.

Then there is a non-zero intuitionistic fuzzy open ring C; in (R, %) such that
C; CU,A;. Now,

f(C )C f( 1)
f(E)

1f(A)

)

(4.8) Then, IFrint(f(C})) C IFrint(N, f(A;)) € TFrcl(N, (A7)

)
Since (Rg,.7%) is an intuitionistic fuzzy ring ExtV space, IFgcl(NP_, f(A;)) = 1.
Hence from (4.8), IFrint(f(C;)) C 0., which implies that IFgrint(f(C;)) = 0.,
which is a contradiction. Hence IFgrcl(N_;A;) = 1.. Therefore (Ry,.77) is an
intuitionistic fuzzy ring ExtV space. O
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