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ABSTRACT. The analysis of prime bi-ideals in near-rings is the primary
focus of our research. The concept of strongly prime, semiprime, irreducible
and strongly irreducible bi-ideals in near-rings N have been dilated upon
by our research team. Now we are taking up the significant concept of
fuzzification in prime bi-ideals of near-rings and exploring its behaviour and
its operations. Prime, strongly prime and semiprime fuzzy bi-ideals in near-
rings have been attempted to be defined systemotically. We have further
made a very minute and meticulous study of the process of irreducible and
strongly irreducible fuzzy bi-ideals in near-rings.
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1. INTRODUCTION

Generalized rings may be nomenclated as near-rings. We could describe them
as rings (IV,+, *) which needs no additions as abelian and sufficies with only one
distributive law. In the historical perspective, a leading role was initiated toward
near-rings as an axiomatic research by Dickson in 1905 in [3]. He broughtout that,
there are certain fields which exist with only one distributive law called near-fields.
After a laps of few years these near-fields re-emerged and proved their utility in
co-ordinatizing some significant types of geometric plans.

Zassenhaus [13] was the one who enabled to distinguish and fixate all finite near-
fields. Presently near-fields happened to be a very effective tool in discovering and
determining bi-transtive, incidence and Ferobenious groups. Whereas it is assumed
that two endomorphisms of a non-abelian group (G, +) can not be termed in gen-
eral usage as endomorphisms. The set E(G) of all finite sums and differences of
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endomorphisms of G were taken in to consideration. F(G) are near-rings related
to the class of the distributely generated near-rings as regards, the addition and
composition of these structures.

LA Zadeh in 1965 in [14] launched the theory of fuzzy set as a general abstraction
of set theory. The concept of Quasi-ideals in integrative near-rings was poineered
by Yakabe [12]. Similarly, the notion of bi-ideals in near-rings was broughtforth by
Tamizh Chelvam and N. Ganesan [11]. S. J. Abbassi and Ambreen Zahra Rizvi
[2] meditated and research upon the prime ideals in near-rings in 2008. The ideas
of fuzzy subnear-rings was initiated by S. Abou-Zaid [1] in 1991 and thoroughly
discussed and evaluated fuzzy left(right) ideals of near-rings and discovered some
prominent characteristics of fuzzy prime ideals of a near-rings. In this discourse, we
have thoroughly thrashed prime bi-ideals, semiprime bi-ideals and not further re-
ducible bi-ideals in near-rings. We have further meditated and research fuzzification
of prime bi-ideals, semiprime bi-ideals and irreducible bi-ideals in near-rings inspired
from [10].

2. PRELIMINARIES

A near-ring is a set N together with two binary operations addition and multi-
plication such that (N, +) is a group ( not necessarily abilian), (N,-) is a semigroup
and for all n1,ne,n3 € N, (n14n2) - ng = ni.ng + na.ng (right distributive law).

In a near-ring only one distributive law holds (left or right). If (IV, +) is abelian, we
call N an abelian near-ring. If (N, -) is commutative we call N itself a commutative
near-ring. The set Ng = {n € N | n0 = 0} is called the zero- symetric part of N.
N.={neN|n0=n}={neN |forall n’ € N:nn'=n} is called the constant
part of N. A near-ring N is regular if for each element a in N there exist an element
x in N such that a = axa. A near-ring N is strongly regular if for every element
a there is an x in N such that ¢ = za?. A subgroup M of N with MM C M is
called subnear-ring of N and is denoted by M < N (see [(]). A subnear-ring M of
N is called invariant if MN C M and NM C M. A normal subgroup I of (N, +) is
called ideal of N if

(i) INCI

(ii) For all n,n’ € N and for all i € I, n(n' +14) —nn’ € I. This ideal is denoted
by (I < N).

Normal subgroups R of (N,+) with (i) are called right ideals of N denoted by
(R <, N), while normal subgroups L of (NN, +) with (ii) are said to be left ideals
of N denoted by (L <; N). A non-empty subset I of N is called an invariant N-
subgroup of N, if I is a subgroup of (N,+), IN CI and NI CI. Anideal P4 N
is called prime if for all ideals I, J < N such that IJ C P implies that either]/ C P
or J C P. Let (Py),c4 be a family of prime ideals totally orderd by inclusion. Then

ﬂ Pa = P is also a prime ideal. If I < N is a direct summand and P < N is prime

then P N1 is prime ideal in I. An ideal S < N is semiprime if and only if for all

ideals I < N such that I? C S this implies I C S. Each prime ideal is semiprime.

If (Sa)yca is a family of semiprime ideals, then ﬂASa is again semiprime. Let
ae

I < N be a direct summand and S < N be semiprime then S NI is semiprime
in I ([8]). Let N be a near-ring. Given two subsets A and B of N, the product
126
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AB = {abla € A, be B}. Also we define another operation ‘«’ on the class of
subsets of N given by A B = {a(a’ +b) — ad’| a,a’ € A,b € B}. A subgroup B
of (N,+) is said to be a bi-ideal of N if BNBN (BN) *« B C B. A subgroup @ of
(N, +) satisfying QN N NQ NN = Q C Q is called a quasi-ideal of N ([11]). Note
that

Remark 2.1 ([11]). Every quasi ideal is a bi-ideal in a near-ring but the converse
is not true. For this, let N = {0,a,b,c} be the near-ring defined by the caleys
tabels

+10lalb]|c - 10]alb|c
0|0]lal|b]|c 0/0[{0|0|O
alal0|c|b al0|b|0]b
b|blc|0]a b|10]0]0|O
c lc|lblal|0 c|0|b|0O]b

Here {0,a} is a bi-ideal but not a quasi-ideal. Note that one sided ideals, N sub-
groups and invariant subnear-ring are quasi-ideals and so they are also bi-ideals.

Proposition 2.2 ([11]). The intersection of all bi-ideals of a near-ring N is a bi-
ideal of N.

Proposition 2.3 ([11]). If B be bi-ideal of a near-ring N and S is a subnear-ring
of N, then BN S is a bi-ideal of S.

Proposition 2.4 ([11]). Let N be a zero-symetric near-ring. A subgroup B of N is
a bi-ideal if and only if BNB C B.

Proposition 2.5 ([11]). Let N be a zero-symetric near-ring. If B is a bi-ideal of N
then Bn and n'B are bi-ideals of N, where n,n’ € N and n’ is distributive element
i N.

Corollary 2.6 ([L1]). If B is a bi-ideal of a zero symetric near-ring N and b is a
distributive element in N. Then bBc is a bi-ideal of N, where ¢ € N.

A function f from the non-empty set N to the unit interval [0, 1] of real numbers
is called a fuzzy subset of N, that is f : N — [0,1]. A fuzzy subset f : N — [0,1]
is non-empty if f is not the constant map which assumes the value 0. For fuzzy
subsets f and g of N, f < g means that for all a € N, f (a) < g (a).

Definition 2.7 ([1]). If f and g are fuzzy subsets of a near-ring N. Then f N g,
fUg, f+g, fg and f * g are fuzzy subsets of IV defined by

(fNg)(x) = min{f (z),g ()}
(fUg) (z) =max{f(z),g(z)}
sup {min{f (y),g(y)}} if z is expressible as x =y + z

(f+9) (@) = { vy

0 otherwise

T=yz

sup {min{f (y),g(y)}} if x is expressible as = = yz
(fg ={

otherwise
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sup  {min{f (a),g(c)}} if = is expressible as x = a(b+ ¢) — ab
(f * g) z=a(b+c)—ab

otherwise

Definition 2.8 ([4]). Let f be a fuzzy subset of N. Then f is called a fuzzy
left(right) N-subgroup of N if for all z,y € N

(1) f(z —y) = min{f(z), f(y)}
(2) f(zy) = fy) (f(zy) = f(2))
If f is both left and right fuzzy N-subgroup of N, then it is called a fuzzy N-

subgroup of N.

Definition 2.9 ([7]). Let N be a near-ring and f be a fuzzy subset of N. We say
f a fuzzy subnear-ring of N if

(1) f (& —y) > min{f (2), f (y)}
(2) f(wy) > min{f (2),f (y)} for all o,y € N.

Definition 2.10 ([4]). Let f be a non-empty fuzzy subset of N. f is a fuzzy ideal
of N, if for all x,y,i € N and

(1) f(z —y) > min{f (), f (y)}
2) f@)=f(y+z—y)
(3) f(zy) = [ ()
(4) (f (@(y +14) —xy) > f(i)) for any z,y,i € N.

If f satisfies (1), (2) and (3), then it is called a fuzzy right ideal of N. If f satisfies
(1), (2) and (4), then it is called a fuzzy left ideal of N , If f is both fuzzy right as
well as fuzzy left ideal of N, then f is called a fuzzy ideal of N.

Example 2.11 ([3]). Let N = {a,b,c,d} be a set with two binary operatipns as
follows,

+lalblc|d alblc|d
alalb|c|d alalalala
b|blal|d]|c bla|lal|ala
clc|d|b]|a clalalala
d|d|clalb dla|a|b|b

Then (N, +, ) is a (left) near-ring. Define a fuzzy subset f : N — [0,1] by
fle)=f(d) < f(b) < f(a). Then f is a fuzzy ideal of N.

Lemma 2.12 ([3]). If a fuzzy subset of N satisfies the property

flx—y) > min{f(z), f(y)},
then
(1) f (On) =2 f(x)
(2) f(—x) = f(z) forallz,y € N.
(

Definition 2.13 ([5]). Let X be a non-empty fuzzy subset of N, then the charac-
teristic function of X is denoted by fx and is defined as:

fx(a){ 1 ifae X

0 otherwise
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Lemma 2.14 ([1]). Let I be a subset of N. Then I is a left(right) ideal of N if and
only if fr is a fuzzy left(right) ideal of N.
Definition 2.15 ([5]). A fuzzy set f of a near-ring N is called a fuzzy bi-ideal of
N if

(1) f(z—y) = min{f(z), f (y)} for all z,y,z € N.

(2) f(zyz) > min{f (z), f(2)} for all x,y,z € N.

Definition 2.16 ([4]). A fuzzy subgroup f of N is called a fuzzy quasi-ideal of N
if (fofm)N(fnof)N(fnxf)<f
A fuzzy subgroup f of N is called a fuzzy bi-ideal of N if (fofyof)N(fofn*f) < f

Lemma 2.17 ([1]). For any non-empty subsets X andY of near-ring N, we have
(1) fx o fy = fxvy
(2) fx N fy = fxny
(3) fx * fy = fxsy-
Lemma 2.18 ([4]). Let Q be a subgroup of (N, +)
(1) Q is a quasi-ideal of N if and only if fo is a fuzzy quasi-ideal of N
(2) Q is a bi-ideal of N if and only if fq is a fuzzy bi-ideal of N.

Lemma 2.19 ([1]). Let f and g be two fuzzy bi-ideals of a near-ring N. Then f A g
is a fuzzy bi-ideal of N.

3. PRIME, STRONGLY PRIME AND SEMIPRIME BI-IDEALS

Definition 3.1. A bi-ideal B of a near-ring N is called a prime bi-ideal of N if
BBy C B implies By C B or By C B for any bi-ideals By, By of N.

Example 3.2. If N ={0,1,2}. Define addition and Multiplication on N as

+ 1012 10112
0]0|1]2 0/0{0]0
1 11|01 11011
212110 210112
then N is a commutative near-ring and {0}, {0,1} and {0, 1,2} are prime bi-ideals

of N.

Definition 3.3. A bi-ideal B of a near-ring N is called a strongly prime bi-ideal of
N if BiBs N ByBy; C B implies By C B or By C B for any bi-ideals By, By of N.

Definition 3.4. A bi-ideal B of a near-ring N is called a semiprime bi-ideal of N
if B? C B implies B; C B for any bi-ideal By of N.

Proposition 3.5. Fvery strongly prime bi-ideal of a near-ring N is a prime bi-ideal
of N.

Proof. Let B be a strongly prime bi-ideal of a near-ring N. Now let By Bj be

two bi-ideals of N such that B1By C B. Then By1B; N ByBy C B1By; C B implies

B1Bs N ByBy C B. Thus by hypothesis, By C B or By C B. Hence B is a prime

bi-ideal of N. O
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Proposition 3.6. Every prime bi-ideal of a near-ring N is a semiprime bi-ideal of
N.

Proof. Let B be a prime bi-ideal of a near-ring N. Now let B; be a bi-ideal of N
such that Bf C B. This implies B1B; C B implies By C B, as B is a prime bi-ideal
of a near-ring N. Hence B is a semiprime bi-ideal of N. O

Remark 3.7. A prime bi-ideal of a near-ring N is not necessarily a strongly prime
bi-ideal of N.

Example 3.8. Consider N = {0,a,b}. Define addition and multiplication on N
as

+10|alb Olal|b
0[0]|albd 00|00
a |al0]b Olala
b l|b|b|O b|O|b|b

Then (N,+,.) is near-ring and its bi-ideals are {0},{0,a},{0,b},{0,a,b}. Now
{0} is a prime bi-ideal of N but not a strongly prime bi-ideal. As {0,a}{0,b} N
{0,0}{0,a} = {0,a} N {0,b} = {0} C {0}. But neither {0,a} nor {0,b} contained in
{0}. This example shows that every prime bi-ideal of a near-ring is not a strongly
prime bi-ideal.

Lemma 3.9. Intersection of any family of prime bi-ideals of a near-ring N is a
semiprime bi-ideal of N.

Proof. Let {B; : i € I} be any family of prime bi-ideals of a near-ring N. We have
to show that 'iji is a semiprime bi-ideal of N. Now DIBi being the intersection of
s 1€

any family of bi-ideals of a near-ring N is a bi-ideal of NV, by Proposition 2.2. Now
let B be any bi-ideal of N such that B2 C ﬁIBi implies BB = B2 C B, foralli € I.
ic

Thus B C B; for all i € I, because each Bj; is a prime bi-ideal of N. So B C ‘ﬂlBi'
1€

Hence 'OIBZ- is a semiprime bi-ideal of N. O
S

Theorem 3.10. Let X be an arbitrary subset of a near-ring N and B is a bi-ideal
of N, then BX is a bi-ideal of N.

Proof. To show that BX is a bi ideal of N, we have to show that,
(i) BX is a subgroup of (N, +)
(ii) BXNBX NBXN xBX C BX

Since 0 € B so 0z1 + 0x2 + 0z + ... + Oz, € BX. Implies BX # ¢. Let > b,
i=1
Zb]xj € BX, then Y bx; — ijxj = > bx; + (—b])xj € BX because its
=1 i=1 j=1 i=1 j=

'again a finite sum. So BX is a subgroup of N.
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(ii) Now consider

BXNBXNBXNx*xBX = (BXNBNBXN % B)X by right distributive law
C (BNNBNBNN=x«B)X as X CN
C (BNBNBN x*B)X as N>CN
C BX as B is a bi-ideal of N
BXNBXNBXN=x*«BX C BX
Hence BX is a bi-ideal of V. O

Corollary 3.11. Product of two bi-ideals of near-ring N is a bi-ideal of N.

Proof. Let By and By be two bi-ideals of N. In Theorem 3.10, if we take a bi-ideal
By of N and By as an arbitrary subset of N. Then B Bs is a bi-ideal of N. O

4. IRREDUCIBLE AND STRONGLY IRREDUCIBLE BI-IDEALS

Definition 4.1. A bi-ideal B of a near-ring N is called an irreducible bi-ideal of N
if By N Bo = B, implies either B; = B or By = B for any bi-ideals By, By of N.

Definition 4.2. A bi-ideal B of a near-ring N is called a strongly irreducible bi-
ideal of N if By N B C B implies either By C B or By C B for any bi-ideals By, By
of N.

Definition 4.3. A bi-ideal B of a near-ring N is called a strongly irreducible
semiprime bi-ideal of N if (B ﬂBg)Q C B implies either By € B or By C B
for any bi-ideals By, By of N.

Proposition 4.4. FEvery strongly irreducible semiprime bi-ideal of N is a strongly
prime bi-ideal of N.

Proof. Let B be a strongly irreducible semiprime bi-ideal of a near-ring N. Let B;
and Bs be two bi-ideals of N such that B1Bs N BoB; C B...(i). Then we have to
show that either B1 C B or By C B. As By N By, C By and B; N By C By, implies
(B1 N By)? C B1By and (By N By)?> C ByBy. Thus (B N By)? C B1ByNByB; C B
(using (i)). By N Bs being the intersection of bi-ideals of N is also a bi-ideal of
N, by Proposition 2.2. So (B; N By)> C B implies (B N By) C B, because B is a
semiprime bi-ideal of N. Also By C B or By C B, because B is a strongly irreducible
bi-ideal of N. Hence B is a strongly prime bi-ideal of V. 0

Proposition 4.5. Let B be a bi-ideal of a near-ring N and a € N such that a ¢ B,
then there exists an irreducible bi-ideal I of N such that B C I and a ¢ I.

Proof. Let X be the collection of all bi-ideals of N which contain B but do not
contain a, that is X = {Y; : Y] is a bi-ideal of N, BCY; and a ¢ Y;}. Then X is a
non-empty as B € X. The collection X is a partially orderd set under inclusion.
If {Y; :i € I} be any totally orderd subset (chain) of X, Then 1'LeJIYi =Y is also a

bi-ideal of N containing B and ¢ ¢ Y. So Y is an upper bound of {Y; : ¢ € I'}. Thus

every chain in X has an upper bound in X. Hence by Zorn’s lemma, there exists a

maximal element [ (say) in X. This implies B C I and a ¢ I. Now we show that

I is an irreducible bi-ideal of N. For this let C', D be two bi-ideals of N such that
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I =CnNnD. If both C and D properly contain I, then a € C' and a € D. Thus
a € CN D =1, which is a contradiction to the fact that a ¢ I. So either I = C or
I=D. O

Theorem 4.6. For a near-ring N, the following assertions are equivalent:

(1) B? = B for every bi-ideal B of N.
(2) B1B2 n BgBl B1 n B2 for any bi-ideals Bl, BQ of N.
(3) Each bi-ideal of N is semiprime.
(4) Each proper bi-ideal of N is the intersection of irreducible semiprime bi-ideal
of N which contain it.

Proof. (1) = (2): Let By and By be any two bi-ideals of N. Then By N By is also a
bi-ideal of N, by Proposition 2.2. By hypothesis, we have (B; N By) = (B1 N 32)2 =
(Bl N Bz) (Bl N BQ) Q B1B2. Slmllarly BlﬂBg Q B2B1. So BlﬂBQ g BlBgmBgBl.
Now B;1Bjy and By Bj, being the product of two bi-ideals of IV, are bi-ideals of N
by Corollary 3.11. Also B1Bs N B3 B, is a bi-ideal of N, by Proposition 2.2. Then
by hypothesis BlBQ N BgBl = (B1B2 n BgBl) (BlBQ N B2B1) - BlB2 . BgBl =
B1B2B; C B1B2B;

Q BlNBl Q Bl. Similarly, BlBQ N BQBl Q BQ. Thus BlBQ N BQBl Q Bl N BQ.
Hence B1 By N BoB1 = By N Bs.

(2) = (3) : Let B be a bi-ideal of N such that B? C B for any bi-ideals By of
N. Then by hypothesis, we have By = By N By = B1 By N B1B; = B} C B. Which
shows that B is a semiprime bi-ideal of N. Hence every bi-ideal of N is a semiprime
bi-ideal of N.

(3) = (4) : Suppose each bi-ideal of N is semiprime. Now let B be a proper
bi-ideal of N. Then by Proposition 4.5, there exists an irreducible bi-ideal of N
containing B. If ﬂI be the intersection of all irreducible bi-ideals of N containing

B, then B C ﬁ[a, as B C I, for all a. If this inclusion is proper, then there exists
a € NI, such that @ ¢ B. This implies a € I, for all . As a ¢ B, Then by

Proposition 4.5, there exists an irreducible bi-ideal I (say) of N such that B C T
and a ¢ I. Which is the contradiction to the fact that a € I,, for all . So B = Nl,.

By hypothesis, each bi-ideal of N is semiprime. Thus each proper bi-ideal of Ja\/' is
the intersection of irreducible semiprime bi-ideals of N which contain it.

(4) = (1): Let each proper bi-ideal of N is the intersection of irreducible
semiprime bi-ideals of N which contain it. Now if B is a bi-ideal of N, then
BB = B2, being the product of two bi-ideals is also a bi-ideal of N. If B2 = N
(improper bi-ideal), then N C B? implies B C N C B2. Also B2 C B, so B> =B
for each bi-ideal B of N. Now if B? is a proper bi-ideal of N, B? # N, then B? =
Q{Ba : B, is an irreducible semiprime bi-ideal of N such that B> C B, for all a}.

Implies B C B, for all a, because each B, is a semiprime bi-ideal of N. Thus
B C NB, = B?. Also B?> C B as B is closed under multiplication. Hence B?> = B
for each bi-ideal B of N. O

Theorem 4.7. If each bi-ideal of a near-ring N is idempotent then the following
assertions are equivalent
132
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(1) B is strongly irreducible.
(2) B is strongly prime.

Proof. (1) = (2) : Let B be a strongly irreducible bi-ideal of N. Then we have to
show that B is a strongly prime bi-ideal of V. For this let By and By be any two
bi-ideals of N such that By BoNByB; C B. As each bi-ideal of N is idempotent then
by Theorem 4.6, we have By N By = B1By; N BBy C B, this implies By N By C B.
But B is a strongly irreducible bi-ideal of N. Thus we have By C B or By, C B.
Hence B is a strongly prime bi-ideal of N.

(2) = (1) : Let B be a strongly prime bi-ideal of N. To show that B is a
strongly irreducible bi-ideal of NV, let By, B be any two bi-ideals of N such that
By N By € B. By Theorem 4.6, we have B1Bs N BoB; = By N By C B, this implies
B1B; N By By C B. But B is strongly prime bi-ideal of N, thus we have By C B or
By C B. Hence B is a strongly irreducible bi-ideal of N. O

Theorem 4.8. Fach bi-ideal of a near-ring N is strongly prime if and only if each
bi-ideal of N is idempotent and the set of bi-ideals of N is totally orderd by inclusion.

Proof. Suppose that each bi-ideal of N is strongly prime. This implies that each
bi-ideal of N is semiprime. Then by Theorem 4.6, each bi-ideal of N is idempotent.
Now we show that the set of bi-ideals of N is totally orderd by inclusion. For this let
By, B3 be two bi-ideals of IV, by Theorem 4.6, we have

BBy N ByBy = By N By... (i)

By hypothesis, B; and By are strongly prime bi-ideals of N, so is By N Ba. Then
(i) implies
Bl gBl ﬂBQ or Bz QBlﬁBg.

Thus B; C Bs or B, C B;. Hence the set of bi-ideals of N is totally orderd by
inclusion.

Conversely, assume that each bi-ideal of N is idempotent and the set of bi-ideals
of N is totally orderd by inclusion. We have to show that each bi-ideal of N is
strongly prime. For this let B be an arbitrary bi-ideal of N and B; and Bs be any
two bi-ideals of N such that

BB, N ByB; C B ... (ii)

By Theorem 4.6, we have By By N BoB; = By N By. Thus (ii) can be written
as

BiN By C B ... (iii)

Also the set of bi-ideals of N is totally orderd by inclusion, then either By C By
or By C By. If By C By, then By N By = B;. Thus (iii) implies B; € B. And if
By C By, then By N By = By. Thus (iii) implies B, C B. So either B; C B or
By C B. Thus B is strongly prime. Hence each bi-ideal of N is strongly prime. [

Theorem 4.9. If the set of bi-ideals of a mear-ring N is totally orderd, then each
bi-ideal of N is idempotent if and only if each bi-ideal of N is prime.
133
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Proof. Let each bi-ideal of N is idempotent, B is an arbitrary bi-ideal of N and By,
B5 be any two bi-ideals of N such that B;Bs C B. As the set of bi-ideals of N is
totally orderd, then either By C By or By C By. If By C By, then B1B; = B? C
B1 By C B, by Theorem 4.6, B is a semiprime bi-ideal of N. Then B? C B implies
B1 Q B, Similarly, if B2 Q Bl, then BQBQ = B% g BlBQ Q B. Implies BQ Q B, as
B is a semiprime bi-ideal of N. Thus B is a prime bi-ideal of N.

Conversely, suppose that each bi-ideal of N is prime, so is semiprime, by Propo-
sition 3.6. Thus by Theorem 4.6, each bi-ideal of IV is idempotent. O

Proposition 4.10. If the set of bi-ideals of a near-ring N is totally orderd, then
the concepts of primeness and strongly primeness coincide.

Proof. Let B be a prime bi-ideal of N. To show that B is a strongly prime bi-ideal
of N, let By, By be any two bi-ideals of N such that BiBs N BoB; C B. As the
set of bi-ideals of near-ring NV is totally orderd, then either By C By or By C By. If
B]_ - Bg, then

BB, = B} =B?N B} C BiByN ByB; C B.
Implies By C B, as B is a prime bi-ideal of N. Similarly, if By C By, then

ByBs = B3 = BN B3 C BB, N ByB; C B.

Implies By C B, as B is a prime bi-ideal of N. This shows that B is a strongly
prime bi-ideal of V. Thus every prime bi-ideal of N is strongly prime. Now let B be
a strongly prime bi-ideal of V. To show that B is a prime bi-ideal of N, let By, Bo
be any two bi-ideals of IV such that B;Bs C B. Implies By By N BoB; C B. Implies
either By C B or By C B, as B is a strongly prime bi-ideal of N. This shows that B
is a prime bi-ideal of N. Thus every strongly prime bi-ideal of N is a prime bi-ideal
of N. O

Theorem 4.11. For a near-ring N, the following assertions are equivalent:

(1) The set of bi-ideals of a near-ring N is totally orderd by inclusion.
(2) Each bi-ideal of N is strongly irreducible .
(3) Each bi-ideal of N is irreducible.

Proof. (1)=(2): Let the set of bi-ideals of a near-ring N is totally orderd by set
inclusion. To show that each bi-ideal of N is strongly irreducible, let B be an
arbitrary bi-ideal of N and B; and Bs be any two bi-ideals of N such that B;N By C
B. By hypothesis, we have either By C By or By C B;. If By C Bs, then By =
Bl ﬂBl g Bl mBg g B. Slmllarly, if BQ g Bl, then B2 = Bg mBg g Bl ﬁBg g B.
So B is strongly irreducible.

(2)=(3): Suppose each bi-ideal of N is strongly irreducible. To show that each
bi-ideal of N is irreducible, let B be an arbitrary bi-ideal of N and Bj, B be any two
bi-ideals of N such that By N By = B. This implies BN B; C B and B C B; N Bs.
By N By C B implies By C B or By C B, by hypothesis, and B C By N By implies
B C B; and B C Bsy. Hence either B; = B or By = B. Thus B is an irreducible
bi-ideal of N. Hence each bi-ideal of N is irreducible.

(3)=(1): Let each bi-ideal of N is irreducible. To show that the set of bi-ideals
of N is totally orderd by set inclusion, let By, Bs be any two bi-ideals of N. Then
B1 N By, being the intersection of bi-ideals is also a bi-ideal of N, by Proposition 2.2.
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Now Bj N By is a bi-ideal of N such that By N By = B; N By. Implies By = B; N By
or Bo = Bi N By, by hypothesis. Thus By C By or B C B;. Hence the set of
bi-ideals of IV is totally orderd by set inclusion. O

5. PRIME, STRONGLY PRIME AND SEMIPRIME FUZZY BI-IDEALS

Definition 5.1. A fuzzy bi-ideal f of a near-ring N is called a prime fuzzy bi-ideal
of N if for any fuzzy bi-ideals g,h of N, go h < f implies g < f or h < f.

Definition 5.2. A fuzzy bi-ideal f of a near-ring N is called a strongly prime fuzzy
bi-ideal of N if for any fuzzy bi-ideals g,h of N, goh Ahog < f implies g < f or
h < f.

Definition 5.3. A fuzzy bi-ideal g of a near-ring N is said to be idempotent if
_ _ 2

g=g°cg9=g-.

Definition 5.4. A fuzzy bi-ideal f of a near-ring N is said to be a semiprime fuzzy

bi-ideal of N if go g = ¢g> < f implies g < f for every fuzzy bi-ideal g of N.

Proposition 5.5. Every strongly prime fuzzy bi-ideal of a near-ring N is a prime
fuzzy bi-ideal of N.

Proof. Let f be a strongly prime fuzzy bi-ideal of a near-ring N. Now let g, h be
two fuzzy bi-ideals of N such that goh < f . Then gohAhog < f . Thus by
hypothesis, g < f or h < f . Hence f is a prime fuzzy bi-ideal of N. O

Proposition 5.6. Every prime fuzzy bi-ideal of a near-ring N is a semiprime fuzzy
bi-ideal of N.

Proof. Let f be a prime fuzzy bi-ideal of a near-ring N. Now let g be any fuzzy bi-
ideal of N such that gog < f . Then by hypothesis ¢ < f . Hence f is a semiprime
fuzzy bi- ideal of N. O

Remark 5.7. Every fuzzy bi-ideal of N is semiprime. But every fuzzy bi-ideal of
N is not prime.

Proof. Consider the fuzzy bi-ideals f,g and h of N given by

[ =7 f1)=-6 f(2)=-4

g(0) = 1. g)=-5  ¢g(2)=-3

h(O0) = 7 h(1)=-65 h(2)=-3
Then

goh(0)=-7, goh(1)=:5, goh(2)="3

Where go h < f but neither g < f nor h < f . Hence f is not a prime fuzzy
bi-ideal of N. H

Lemma 5.8. Product of two fuzzy bi-ideals of N is a fuzzy bi-ideal of N.
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Proof. Let f and g be two fuzzy bi-ideals of N. We have to show that fog is a
fuzzy bi-ideal of N. For this let

(feg)x—y) = [flg(z—-y))
> f{min(g(z), g(y)}, as g is a fuzzy bi-ideal of N
= f{min(g(z)}, f{min(g(y)}
= min {(f (fog) )}

°g) (x)
9) (z)

\%

(fog)(z—y) = min{(fo (feg) (y)}

(foglofno(fegin(fog)ofnxfog = [(feg)ofnofn(fog)ofn=flg

[
< [fofnofnofn(fog)ofn=*flg
< [fofnofnfofnofnxflg
< foyg
Hence f o g is a fuzzy bi-ideal of N O

6. IRREDUCIBLE AND STRONGLY IRREDUCIBLE FUZZY BI-IDEALS

Definition 6.1. A fuzzy bi-ideal f of a near-ring N is said to be an irreducible
fuzzy bi-ideal of N if for any fuzzy bi-ideals g and h of N, g Ah = f implies g = f
or h=f.

Definition 6.2. A fuzzy bi-ideal f of a near-ring N is said to be a strongly irre-
ducible fuzzy bi-ideal of N if for any fuzzy bi-ideals g and h of N, g Ah < f implies
g<f orh<f.

Proposition 6.3. Fvery strongly irreducible semiprime fuzzy bi-ideal of a near-ring
N is a strongly prime fuzzy bi-ideal of N.

Proof. Let f be a strongly irreducible semiprime fuzzy bi-ideal of a near-ring N.
Let g, h be any fuzzy bi-ideals of N such that gohAhog < f. As (gAh)o(gAh) =
(gAh)? <gohand (gAh)o(gAh)=(gAh)><hog, implies (g Ah)*> < (goh)A
(hog) < f. SogAh < f,as [ is a semiprime fuzzy bi-ideal of N. Thus either
g < f or h<f, because f is a strongly irreducible fuzzy bi-ideal of N. Hence f is
a strongly prime fuzzy bi-ideal of V. O

Theorem 6.4. Let f be a fuzzy bi-ideal of a near-ring N with f(a) = «, where
a € N and « € [0,1]. Then there exists an irreducible fuzzy bi-ideal g of N such that

f<gandgla) =a

Proof. Let X={h : h is a fuzzy bi-ideal of N, h(a) = a and f < h}, then X # ¢(non-
empty), as f € X. The collection X is a partially orderd under inclusion. If
Y = {h; : h; is a fuzzy bi-ideal of N, h; (a) = a and f < h; for all ¢ € I} is any to-
tally orderd subset of X, then i\e/lhi is a fuzzy bi-ideal of N such that f < i\e/Ihi.
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Indeed, if a,b,z € N, then

()@= =

‘\/I (hi (@) A h; (b)) as each h; is a fuzzy bi-ideal of N.
1€

Il
<
—
&
—
S
I
=
~
~—

v

and
(h) @) =y, o (o)
>V (hi(a) A i (1) as cach by is a fuszy bicideal of N.
= (@) (gm0)
= (p)n ()
Now

I
o
n<
&
N————
—
N
>
n<
&
N————
—
=

Hence _é/lhi is a fuzzy bi-ideal of N. As f < h; for all ¢ € I. This implies f < '\e/fhi'
Also
<i\e/1hi> (a) = V hi(a) =a.
Thus ‘\/Ihi € X and ‘\/Ihi is an upper bound of Y. Hence by Zorn’s lemma, there
1€ 1€

exists a fuzzy bi-ideal g of N which is maximal with the property f < g and g (a) = a.
Now we show that g is an irreducible fuzzy bi-ideal of N. For this, suppose that
for any fuzzy bi-ideals g1, go of N, we have g1 A g2 = g. This implies ¢ < ¢g; and
g < g2. We claim that ¢ = g1 or ¢ = g2. On contrary, suppose that g # ¢g; and
g # go. This implies g < g1 and g < g2. So g1 (a) # « and g2 (a) # a, as g (a) = a.
Hence (g1 A g2) (a) = g1 (a) A g2 (a) # a. Which is a contradiction to the fact that
g1 (a) A g2 (a) = g(a) = a. Hence either g = g1 or g = g2. Thus ¢ is an irreducible
fuzzy bi-ideal of N. O

Theorem 6.5. For a near-ring N, the following assertions are equivalent:
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(1) f of = f for every fuzzy bi-ideal of N.

(2) g ANh=gohAhog for all fuzzy bi-ideals g and h of N.

(3) Each fuzzy bi-ideal of N is fuzzy semiprime.

(4) Each proper fuzzy bi-ideal of N is the intersection of irreducible semiprime
fuzzy bi-ideals of N which contain it.

Proof. (1) =(2) : Let g and h be two fuzzy bi-ideals of N. Then by Lemma
2.19, g A h is also a fuzzy bi-ideal of N. Thus by hypothesis, we have g A h =
(gAh)o(gAh)<goh. Similarly g Ah < hog. ImpliesgAh <gohAhog. Now
goh and ho g, being the products of two fuzzy bi-ideals of N, are fuzzy bi-ideals of
N. Also goh A hogis a fuzzy bi-ideal of N, by Lemma 2.19. Thus by hypothesis,
we have

gohAhog = (gohAhog)o(gohAhog)
< (goh)o(hoyg)
= gohog as h o h = h (by hypothesis)
< gofnwnog ash<fn
< g as g is a fuzzy bi-ideal of N.

Similarly goh Ahog < h. Thus gohANhog < gAh. Hence gohAhog =
gAh.

(2) = (3) : Let g be a fuzzy bi-ideal of N such that f 2 < g for any bi-ideal f
of N. Then by hypothsis,

f=FnNf=fof Nfof =fof =f%<g

This implies f < g. Thus f is a semiprime fuzzy bi-ideal of N. Hence every fuzzy
bi-ideal of IV is semiprime.

(3) = (4) : Let f be a proper fuzzy bi-ideal of N and { f; : i € I} be the
collection of all irreducible fuzzy bi-ideals of N such that f < f ; for all ¢ € I. This
implies f < ié\l f i Let @ € N then by Theorem 6.4, there exists an irreducible

fuzzy bi-ideal f , of N such that f < f , and f (a) = f o (a). This implies f,
€ { fi:iel}. Thus ‘/\If i < fa So ./\Ifl-(a) < fala)=f (a) for all a € N.
1€ 1€

This implies '/\1 fi < f . Hence ‘/\1 f i = f . By hypothesis, each fuzzy bi-ideal of
1€ 1€

N is semiprime. Thus each fuzzy bi-ideal of N is the intersection of all irreducible
semiprime fuzzy bi-ideals of N which contain it.

(4) = (1) : Let f be a fuzzy bi-ideal of N. Then by the definition of fuzzy
bi-ideal we have, f 2= f of < f. Also f 2= f of , being the product of two fuzzy
bi-ideals of N is a fuzzy bi-ideal of N. Then by hypothesis, f 2 = .é\l f i, where each

f i is an irreducible semiprime fuzzy bi-ideal of N such that f 2 < f ; for alli € I .

This implies f < f ; for all ¢ € I, because each f ; is a semiprime fuzzy bi-ideal of

N.Thusf§‘/\Ifi:fQ.HencefQ:f. O
1€

Proposition 6.6. Let each fuzzy bi-ideal of a near-ring N is idempotent. Then the
following assertions for a fuzzy bi-ideal of N are equivalent:
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(1) f is strongly irreducible.
(2) f is strongly prime.

Proof. (1) = (2) : Let each fuzzy bi-ideal of a near-ring N is idempotent and f
be a strongly irreducible fuzzy bi-ideal of N. Suppose that g and h be two fuzzy
bi-ideals of N such that gohAhog < f . By Theorem 6.5, gAh =gohAhog < f.
Implies either ¢ < f or h < f, as f is strongly irreducible. So f is strongly prime
fuzzy bi-ideal of N.

(2) = (1) : Suppose f is a strongly prime fuzzy bi-ideal of N. Let g and h be any
fuzzy bi-ideals of N such that gAh < f . By Theorem 6.5, gohANhog=gAh < f
,s0gohAhog < f. Implies either g < f or h < f, as f is a strongly prime fuzzy
bi-ideal of N. Thus f is strongly irreducible. O

Theorem 6.7. Fach fuzzy bi-ideal of a near-ring N is strongly prime if and only if
each fuzzy bi-ideal of N is idempotent and the set of fuzzy bi-ideals of N is totally
orderd by inclusion.

Proof. Suppose that each fuzzy bi-ideal of a near-ring N is strongly prime, then each
fuzzy bi-ideal of N is semiprime. Thus by Theorem 6.5, each fuzzy bi-ideal of N is
idempotent. Now we show that the set of fuzzy bi-ideals of N is totally orderd by
inclusion. For this let g and h be any two fuzzy bi-ideals of N. Then by Theorem
6.5, gohAhog=gAh,impliesgohAhog < gAh. As each fuzzy bi-ideal of N is
strongly prime, so is g A h. Thus either g < gAhor h < gAh. If g < g A h, implies
g < handif h < gAh, implies h < g. So the set of fuzzy bi-ideals of N is totally
orderd by inclusion.

Conversely, assume that each fuzzy bi-ideal of NV is idempotent and the set of
fuzzy bi-ideals of N is totally orderd by inclusion. Let f be an arbitrary fuzzy bi-
ideal of N and g, h be any fuzzy bi-ideals of N such that goh Ahog < f . By
Theorem 6.5 gAh=gohAhog< f implies

gAR<f . (i)

Since the set of fuzzy bi-ideals of IV is totally orderd by inclusion. So either g < h
or h < g, implies either g Ah =g or g A h = h. Then (i) implies either g < f or
h<f. O

Theorem 6.8. If the set of fuzzy bi-ideals of a near-ring N is totally orderd by
inclusion, then each fuzzy bi-ideal of N is idempotent if and only if each fuzzy bi-
ideal of N is prime.

Proof. Suppose each fuzzy bi-ideal of N is idempotent. Let f be an arbitrary fuzzy
bi-ideal and g, h be fuzzy bi-ideals of N such that go h < f . Since the set of fuzzy
bi-ideals of N is totally orderd by inclusion, so either g < h or h < g. If g < h then
gog<goh< f,implies g < f as f is semiprime by Theorem 6.5. If h < g then
hoh < goh < f,implies h < f as f is semiprime by Theorem 6.5. So each fuzzy
bi-ideal of N is prime.

Conversely, suppose that every fuzzy bi-ideal of N is prime. Since every prime
fuzzy bi-ideal of N is semiprime. So by Theorem 6.5, each fuzzy bi-ideal of N is
idempotent. O
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Theorem 6.9. For a near-ring N the following assertions are equivalent:

(1) Set of fuzzy bi-ideals of a near-ring N is totally orderd by inclusion.
(2) Each fuzzy bi-ideal of N is strongly irreducible.
(3) Each fuzzy bi-ideal of N is irreducible.

Proof. (1) = (2) : Let f be an arbitrary fuzzy bi-ideal of N and g,h be fuzzy
bi-ideals of N such that g A h < f. Since the set of fuzzy bi-ideals of N is totally
orderd by inclusion, so either ¢ < h or h < ¢g. Thus either gAh =g or gAh =h,
implies either ¢ < f or h < f.

(2) = (3) : Let f be an arbitrary fuzzy bi-ideal of N and g, h be fuzzy bi-ideals
of N such that

gAh=f .09

Thus g > f and h > f . (i) impliesg AR < f. Sog<f orh< f, 6 as fis
strongly irreducible. Hence either g = f or h = f .

(3) = (1) : Let g and h be two fuzzy bi-ideals of N. Then by Lemma 2.19, g A h
is also a fuzzy bi-ideal of N. Also g Ah = gAh, implies either g = gAhor h =gAh.
Thus g < hor h <g. 0
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