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ABSTRACT. Further properties of int-soft subsemigroups are investi-
gated, and then generalizations of int-soft subsemigroups are discussed.
The notion of 0-generalized int-soft subsemigroups in semigroups is in-
troduced, and several properties are investigated. Characterizations of a
0-generalized int-soft subsemigroup are considered, and a condition for a
special set to be a subsemigroup is provided. The soft union and soft inter-
section of two 0-generalized int-soft subsemigroup over U are dealt with,
and the soft pre-image and soft image of a #-generalized int-soft subsemi-
group under the homomorphism are discussed.
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1. INTRODUCTION

Moolodtsov [12] introduced the concept of soft set as a new mathematical tool
for dealing with uncertainties. Molodtsov pointed out several directions for the
applications of soft sets. At present, works on the soft set theory are progressing
rapidly. Maji et al. [11] described the application of soft set theory to a decision
making problem. Maji et al. [10] also studied several operations on the theory of
soft sets. Many algebraic properties of soft sets are studied (see [1, 2, 3, 1, 5, 6, 7,

, 9, 13, 15]). Song et al. [14] introduced the notion of an int-soft subsemigroup in
a semigroup, and investigated their properties.

In this paper, we first discuss further properties of int-soft subsemigroups, and
then we consider generalizations of int-soft subsemigroups. We introduce the no-
tion of #-generalized int-soft subsemigroups in semigroups, and investigate several
properties. We consider characterizations of a #-generalized int-soft subsemigroup.
We provide a condition for a special set to be a subsemigroup. We show that the
soft intersection of two #-generalized int-soft subsemigroup over U is a #-generalized
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int-soft subsemigroup over U. We discuss the soft pre-image and soft image of a
0-generalized int-soft subsemigroup under the homomorphism.

2. PRELIMINARIES

Let S be a semigroup. Let A and B be subsets of S. Then the multiplication of
A and B is defined as follows:
AB={abe S|a€ Aandbec B}.

A nonempty subset A of S is called a subsemigroup of S if AA C A, that is,
ab € A for all a,b € A.

Molodtsov [12] defined the soft set in the following way: Let U be an initial
universe set and E be a set of parameters. Let &?(U) denotes the power set of U
and A C E.

A pair (f, A) is called a soft set (see [12]) over U, where f is a mapping given by

f: A= 20).

In other words, a soft set over U is a parameterized family of subsets of the
universe U. For € € A, f (¢) may be considered as the set of e-approximate elements
of the soft set ( f ,A). Clearly, a soft set is not a set. For illustration, Molodtsov
considered several examples in [12].

The soft union of (f,S) and (g, S), denoted by (f,S)U(g,9), is defined to be the

soft set (f0§, S) of S (over U) in which fUg is defined by

(fOQ) (z) = f(x) U §(z) for all z € S.
The soft intersection of (f, S) and (g, S), denoted by (f, S)N (g, S), is defined to be
the soft set (fﬁg, S) of S (over U) in which fA§ is defined by

(fﬁg) (z) = f(z) N g(z) for all z € S.

3. INCLUSIVE SETS

For a soft set (f A) over U and a subset 7 of U, the y-inclusive set of (f, A),
denoted by (f, A)2, is defined to be the set

(f, AR = {zedlrc f@)}.

The proper y-inclusive set of (f, A), denoted by ( A) ,% is defined to be the set
(F. 47 :={reAlrc @)}

Proposition 3.1. For a soft set (f, A) over U, we have

1) (vee ) (fw)=n{re 2W) |z (J.A3}).

(2) (7,42 € (7, A)2. ~
(3) (f,A)2 = (f,A)2 if and only if there is no x € A such that f(x) =, that

is, f(x) %~ for all x € A.

m

870
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F43 2 (F,43,)

(f’ A)’%
Proof. (1) ~ (5) Straightforward.

(6) Let 41 C 2 in Z2(U) \ Im(f, A). If z € (f, A)w,then f(x) 272 2 1, and so
z € (f, A)Z . Hence (f, A)Z 2 (f, )% Since 71,72 ¢ Im(f, A), it follows from (3)
(f,

that <f,A>m (f.A)2 2 (f A)% A)z,.- O
4. INT-SOFT SUBSEMIGROUPS

In what follows, we take a semigroup S as a set of parameters, and let 2*(U) =
P(U) \ {2} unless otherwise specified.

Definition 4.1 ([11]). A soft set (f,S) over U is called an int-soft subsemigroup
over U if it satisfies:

(4.1) (va,y € 9) (flay) 2 F@) N () -

Lemma 4.2 ([14]). A soft set (f,S) over U is an int-soft subsemigroup over U if

and only if the nonempty y-inclusive set of (f, S) is a subsemigroup of S for all
v e L2({U).

Example 4.3. Let S = {e,a,b, c} be a semigroup with the following Cayley table:

QO ot e o

D O o Ol®

QO 2 0oL
@

QO TR |0

Let (f, S) be a soft set over U = {0,1,2,3} defined as follows:

. U if x =e,
f:S—=>20U), z— < {0,1} if x € {a,c}
{0,1,3) ifa=b

Then ( 1, S) is an int-soft subsemigroup over U.

Theorem 4.4. If (f, ) and (§,S) are int-soft subsemigroups over U, then the soft
intersection (f,S)N(g,S) is also an int-soft subsemigroup over U.

Proof. For any x,y € S, we have
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Therefore (f, S)N(g,S) is an int-soft subsemigroup over U. O

The following example shows that the converse of Theorem 4.4 is not true in
general.

Example 4.5. Let S = {a,b,¢,d} be a semigroup with the following Cayley table:

-‘abcd
ala a a a
bla b a a
cla a ¢ ¢
dla a d d

Let (f, S) and (g, S) be soft sets over U = {1,2,3,4,5,6,7,8,9,10} defined as follows:

{1,2,4,8} ifz =a,

. {2,3,4,5) ifz=0b,
F:8=2W), =9 5468 ifr—-c

{1,2,5,10} ifz=d,

and
{1,2,3,5} ifx=a,
o {1,2,3,6} ifz=hb,
g:5=>2WU) 2= G984y e -
{2,5,8} if z =d,
respectively. Then the soft intersection (f,S) A (§,5) of (f,S) and (g, S) is given as
follows:
{1,2} ifz=aq,
o {2,3} ifx=0b,
fng:S—20), z— (24} ifz—c
{2,5} ifx=d,

and it is an int-soft subsemigroup over U. But (f, S) is not an int-soft subsemigroup
over U since

f(bd) = f(a) = {1,2,4,8} 2 {2,5} = f(b) N f(d).

In general, we know that the soft union of two int-soft subsemigroups over U is
not an int-soft subsemigroup over U as seen in the following example.

Example 4.6. Let S = {a,b,c} be a semigroup with the following Cayley table:

Let (f,S) and (g, S) be soft sets over U = {0, 1,2, 3} defined as follows:

{2,3} if v =a,

f:8—=2U), z—{ {0,3} ifz=0b,
{1,2,3} ifz=c
872
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and
{3} if x = a,
§g:8—=>2U), z—< {1,3} ifz=h,
{0,3} ifx=c

respectively. Then the soft union (f, S)U(g,S) of (ﬁ S) and (g,S) is given as
follows:
{2,3} if x =a,
f0G:8 - 20U), z—{ {0,1,3} ifx=0,
U ifx=c
We note that (f, S) and (g, S) are int-soft subsemigroups over U, but (f, SYU (g, S)
is not an int-soft subsemigroup over U since

(£09) (o) = (703) (@) = {2.3} 2 {0.1,3} = (f0g) 1) N (703) (0.

We know that there exist soft sets (f,S) and (g, S) over U such that the soft union
(f,5)0(g,8) of (f,S) and (g,S) is an int-soft subsemigroup over U, but (f,S) is
not an int-soft subsemigroup over U or (g,.5) is not an int-soft subsemigroup over

U.
Example 4.7. Let S = {a,b, ¢} be a semigroup with the following Cayley table:

Let (f,S) and (3, S) be soft sets over U = {0,1,2,3} defined as follows:

{0} if x =a,
f:8—2U), —<{ {2,3} ifz=b,
{3} ifx=c

and
{2,3} if v = a,
g:8S—>2U), z—< {0,1,2} ifzx=0,
{1,3} ife=c
respectively.  Then the soft union (f,S)U0(g,S) of (f,S) and (g, S) is given as
follows:

) {0,2,3} iftzx=a,
fUG:8—2U), x—< U ifz =0,
{1,3} ifr=c
and it is an int-soft subsemigroup over U. But (f, ) is not an int-soft subsemigroup
over U since

flaa) = F(b) = {2,3} 2 {0} = f(a) N f(a).
Also (g, 5) is not an int-soft subsemigroup over U since
g(aa) = g(b) ={0,1,2} 2 {2,3} = g(a) N §(a).
873
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Theorem 4.8. For any soft set (f, S) over U and v € 2(U), let (fy, S) be a soft
set defined as follows:

]E,YZS%@(U), :c+—>{ f(a:) ifa:e(f,S)%,

T otherwise

where T € P (U) with T ¢ f(@). If (f,8) is an int-soft subsemigroup over U, then
50 is (f,9).

Proof. Assume that ( 1, S) is an int-soft subsemigroup over U. Then ( 1, S),% is a
subsemigroup of S for all v € Z2(U) with (f, S);/ #+ & by Lemma 4.2. Let z,y € S.
If z,y € (f, S)2, then zy € (f,S)% and so
Fy(xy) = flay) 2 f2) 0 fly) = F(2) 0 F ().
If ¢ (f, 5)2 ory ¢ (f, S)%, then f.(z) =7 or f,(y) = 7. Hence
fv(xy) 27T = fv(x) N fN’y(y)
Therefore (f,,S) is an int-soft subsemigroup over U. O
Theorem 4.8 is illustrated by the following example.

Example 4.9. Consider the semigroup S = {a,b, ¢} in Example 4.6 and let (f,S)
be a soft set over U = {0,1,2,3,4,5,6,7,8,9,10} defined by
~ U if z = a,
f:8S—=>20U), - {1,2,5,7} iftx=hb,
{1,3,6,9} ifz=c
Then (f, S) is an int-soft subsemigroup over U. If we take v := {2, 7}, then (f, S)% =
{a,b} and so we can make a soft set (f,,S) over U as follows

R U if x = a,
fy:8—=2U), z— ¢ {1,2,5,7} ifx=0b,
{1} ife=c

which is an int-soft subsemigroup over U.

The following example shows that the converse of Theorem 4.8 is not true in
general, that is, for a soft set (f,S) over U there exist v € Z(U) such that (f,,S)

is an int-soft subsemigroup over U, but ( f ,S) is not an int-soft subsemigroup over
U.

Example 4.10. Let S = {a,b, ¢,d} be a semigroup with the following Cayley table:

-‘abcd
ala a a a
bla b a a
clec ¢ ¢ ¢
dlc ¢ ¢ d

oo
3
>~
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Let (f, S) be a soft set over U = {1,2,3,4,5,6,7,8,9,10} defined as follows:

U if z = a,
. {2,4,6,8,10} if 2 = b,
f:8—->2U), z— (3.6,9} ifr—c
{2,6,10} if v =d,

Then ( f ,,S) is not an int-soft subsemigroup over U since

fdb) = f(c) = {3,6,9} 2 {2,6,10} = f(d) N f(b).
For a subset v = {3,6,9} of U, we know that (f, S)% = {a, c} is a subsemigroup of
S. Hence the soft set (f,,S) over U which is given by

3 U if x =a,
fy:8—=2U), z— ¢ {3,6,9} ifz=c,
{6} if « € {b, d}.

is an int-soft subsemigroup over U.

For any soft set (f,S) over U and § € 2*(U), let (fmg,S) be a soft set over U
where

frs: S —= 2U), x— f(x)Nd.
Theorem 4.11. If (f, S) is an int-soft subsemigroup over U, then so is (fm;,S)
for all § € 7*(U).
Proof. For any z,y € S and 6 € Z*(U), we have
frolay) = flay) 06 2 flx)n fly)no

= (f@na)n (fw)no)

= frs() N fas(y)-
Hence ( frs, S) is an int-soft subsemigroup over U for all § € &2*(U). g

We pose a question as follows.

Question. Let (f7 S) be a soft set over U such that (fm;,S) is an int-soft sub-

semigroup over U for some § € 22*(U). Is (f, S) an int-soft subsemigroup over
Uu?
The answer to the question above is No. In fact, let (f,S) be a soft set over U

which is not an int-soft subsemigroup over U. If we take § = () f(x), then (fm57 S’)
€S
is an int-soft subsemigroup over U.

Example 4.12. Let S = {a, b, ¢, d} be a semigroup with the following Cayley table:

a b ¢ d
ala a a a
bla b a a
cla a ¢ ¢
dla a ¢ d

875
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Let (f, S) be a soft set over U = {0,1,2,3,4,5,6,7,8,9,10} defined as follows:

{1,3,5,7,9} ifz=a
- {4,7,10}  ifz=0b
F:8=22W) =3 17100 ifa=c
U if x =d.

Then (f,S) is not an int-soft subsemigroup over U since
fleb) = f(a) = {1,3,5,7,9} 2 {7.10} = f(c) N f(b).
For a subset § := {1,7,9} of U, the soft set (fm57 S) over U is given by
{1,7,9} ifz e {a,d}

frs: 8= 2U), z—{ {7} ifxe="5
{1,7} ife=c

and it is an int-soft subsemigroup over U.

For any A, B,C € 2*(U), we use the notation [A; B, C| which means that the
following condition holds:

(4.2) ANBCANC.

—_~—

Denote by Z(U) := {[4;B,C] | A,B,C € *(U)}.

Theorem 4.13. Let (f,S) be a soft set over U such that
(1) Im(f,S) is closed under “N”.
@)Wée@%U»(%LBehmﬁS»(@AJﬂegﬁU)é.AgB)

If (fmg, S) is an int-soft subsemigroup over U for some § € 2*(U), then (f, S) is
an int-soft subsemigroup over U.

Proof. For any x,y € S, we have
]E(zy) né = fmé(wy) 2 fmé(l') n fmé(y)

= (f@na)n (fw)no)

= (fw)nf@w)ns
and so [5; (@) N fly), fzy)] € % Theorefore f(xy) 2 f(z) N f(y), and thus
(f,S) is an int-soft subsemigroup over U. O

We provide an example to illustrate Theorem 4.13.

Example 4.14. Let S = {a,b,c} be a semigroup with the following Cayley table:
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Let (f, ) be a soft set over U = {1,2,3} defined as follows:

{1,3} ifxe{b,c}.

Note that Im(f,S) is closed under “n”. If we take § = {1,3}, then the soft set
(frs,S) is given as follows:

f:8—= 20), xe{{g} ifz=a,

- {3} if z = a,
frs: S = 2(U), xl—>{ {1,3} ifz e {bc}

—_~—

and it is an int-soft subsemigroup over U. Note that [§; A4, B] € Z(U) for A, B €
Im(f) and (f,S) is an int-soft subsemigroup over U.

5. O-GENERALIZED INT-SOFT SUBSEMIGROUPS

Definition 5.1. If a soft set (f,S) over U satisfies the following assertion:
(5.1) (va,y € §) (30 € 2°(U) (Fflzy) 200 f@) N fw)).
then we say that (f, S) is a O-generalized int-soft subsemigroup over U.

Obviously, every int-soft subsemigroup is a 6-generalized int-soft subsemigroup
for all § € 2*(U). Also, if § € P(U) satisfies f(z) C 0 for all z € S then every
f-generalized int-soft subsemigroup ( 1, S) over U is an int-soft subsemigroup over
U.

For a soft set (f, S) over U, we know that there exists nonempty subset 6 of U such
that ( f,S ) is a f-generalized int-soft subsemigroup, but not an int-soft subsemigroup
as seen in the following example.

Example 5.2. Let S = {e, a,b} be a semigroup with the following Cayley table:

Let (f,S) be a soft set over U = Z defined as follows:

5 47, if x = e,
f:8—=>2U), v— (¢ AN ifx=aq,
8N ifz=0

Then (£, S) is 8N-generalized int-soft subsemigroup over U. But it is not an int-soft
subsemigroup over U since f(aa) = f(b) =8N 2 4N = f(a) N f(a).

Example 5.3. Let S = {a,b,¢,d} be a semigroup with the following Cayley table:

-‘abcd
ala a ¢ ¢
blb b d d
cla a ¢ c
dlb b d d
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Let (f, S) be a soft set over U = {1,2,3,4,5,6,7,8,9,10} defined as follows:
U if z = a,

. {2,4,6,8,10} ifw=b
f:8—->2U), z— {1,2,3,4,5} ifz=c
{2,8} ifx=d

Then (f,S) is not an int-soft subsemigroup over U since

flbe) = f(d) = {2,8} 2 {2,4} = F(b) N f(0).
But it is a #-generalized int-soft subsemigroup over U with § = {2,6,10}.

Theorem 5.4. Let € 2*(U). Then a soft set (f,S) over U is a 0-generalized
int-soft subsemigroup over U if and only if the nonempty v-inclusive set (f, S),% of
(f,S) is a subsemigroup of S for all v € P(U) with v C 6.

Proof. Assume that ( 1, S) is a 6-generalized int-soft subsemigroup over U. Let
z,y € (f, S’)% where v € 2(U) with v C 6. Then f(z) 2 v and f(y) D 7. It follows
from (5.1) that

f(xy)Qﬁmf(x)mf(y)ngvzm

Hence zy € (f, S)%, and (f, S),% is a subsemigroup of S for all v € L (U) with
cé.
! Conversely, suppose that the nonempty ~-inclusive set ( 1, S)% of ( f.S ) is a sub-
semigroup of S for all vy € Z(U) with v C . Let 2,y € S be such that f(z) =,
and f(y) = vy Take v = 0 Ny, N7y Then z,y € (f,S’)%, and so zy € (f,S)%
Hence - - -
flay) 27 =0N7 Ny =00 f(x)N f(y).
Therefore ( f,s ) is a -generalized int-soft subsemigroup over U. O

Corollary 5.5. For 6 € 22*(U), if a soft set (f, S) over U is a 0-generalized int-soft
subsemigroup over U, then the nonempty v N O-inclusive set (f, S),%mg of (f,S) is a
subsemigroup of S for all v € P (U).

Proposition 5.6. Let (f, S) be a 0-generalized int-soft subsemigroup over U. Then
(5:2) (va,y € ) (F(2) 20, f4) 20 = Flay) 20).
Proof. Straightforward. O

The following example shows that there exists a soft set (f,S) over U such that
(i) The condition (5.2) is valid.
(ii) (f,S) is not a f-generalized int-soft subsemigroup over U.

Example 5.7. Let S = {a,b,c,d} be a semigroup with the following Cayley table:

-‘abcd
ala a a a
bla b a b
clec ¢ ¢ ¢
dla b ¢ d

oo
3
oo
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Let (f, S) be a soft set over U = {1,2,3,4,5,6,7,8,9,10} defined as follows:

{2,5,10} ifz=a
7. {1,2,3,4,5} ifz =1
f:8—=20), (2.48) G
U if x =d.

If we take 6 = {3,4}, then the condition (5.2) is valid. But (f, S) is not #-generalized
int-soft subsemigroup over U since

f(be) = f(a) = {2,5,10} 2 {4} =01 f(b) N f(c).

Theorem 5.8. If (f, S) is a 0-generalized int-soft subsemigroup over U, then the
set

S, = {x€S|f(x) gemf(a)}

is a subsemigroup of S for all a € S.

Proof. Note that a € S, for all a € S. Let 2,y € S,. Then f(x) 2 6N f(a) and
f(y) 20N f(a). It follows from (5.1) that

flzy) 200 f(z)n f(y) 200N f(a).

Thus zy € S,, and S, is a subsemigroup of S for all a € S. O

The following example shows that there exist a € S and a soft set ( f ,S) over U
such that
(i) The set S, is a subsemigroup of S.
(ii) (f,S) is not a f-generalized int-soft subsemigroup over U.

Example 5.9. Let S = {e,a,b} be a semigroup with the following Cayley table:

e
e
b

Let (f, S) be a soft set over U = {0,1,2,3,4,5} defined by

~ {1,3,5} ifz=e
f:8—=>20U), z—«¢ {0,1,4} ifz
{3,4} if

a
b.
If § = {1,4}, then S. = {e,a} is a subsemigroup of S. But (f,S) is not a 6-
generalized int-soft subsemigroup over U since

flab) = f(e) = {1,3,5} 2 {4} = 0.1 f(a) N f(b).

Theorem 5.10. The soft intersection of two 0-generalized int-soft subsemigroup
over U is a 0-generalized int-soft subsemigroup over U.

879
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Proof. Let ( f, s ) and (g, S) be f-generalized int-soft subsemigroups over U. For any
x,y € S, we have

—0n (fﬁfz) (z) N (fﬁé) (y)-
Therefore ( f,s )N (g, S) is a f-generalized int-soft subsemigroup over U. O

The following example shows that the soft union of two 6-generalized int-soft
subsemigroup over U is not a #-generalized int-soft subsemigroup over U in general.

Example 5.11. Let S = {a,b,c} be a semigroup with the following Cayley table:

Let (f,S) and (g, S) be soft sets over U = {1,2,3,4,5,6,7,8,9,10} defined as follows:
} {6} if x = a,
f:8—=>20U), z— ¢ {2,7} if x =0,
{1,3,5} ifz=c,
and
6,10} if x = aq,
6} ifx=hb,
9} ifx =c,

,6,10} if x = a,
,3,6,7}  ifx =0,
,3,5,7,9} ifx=c.
If we take 8 = {7,10}, then gNS
over U, but the soft union (f,.S)

over U since
(ng) (be) = (fog) (a) = {2,6,10} 2 {7} = 6N (fCJg) (b) N (ng) (c).

~ We know that there exist soft sets ( f,5) and (g, S) over U such that the soft union
(f,S)gJ (g,5) of (f,S) and (g,S) is a O-generalized int-soft subsemigroup over U,
but (f,S) is not a #-generalized int-soft subsemigroup over U or (g,S) is not a

0-generalized int-soft subsemigroup over U.
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Example 5.12. Let S = {a,b,c} be a semigroup with the following Cayley table:

Let (f,S) and (g, S) be soft sets over U = {1,2,3} defined as follows:

~ U if x =a,
f:S—=>20U), z— < {0,2,3} ifz=09,
{3} if x=c,
and
{3} if x =a,
§g:8S—=>2U), v—< {1,2} ifz=0h,
{0,3} ifx=c,

respectively. Then the soft union (f, S) ,S) of (f,S) and (g, S) is given by

U(g
if x € {a, b},
fog:5->2WU ‘TH{{OS} ifz=c.

If we take 6 = {1,3}, then the soft union (f,8)0(g,S) is a H-generalized int-soft sub-
semigroup over U. But (f,S) and (g, S) are not 8-generalized int-soft subsemigroups
over U since

f(aa) :f(b) = {07273} 41—5 {173} :9mf(a)ﬁf(a),
and
glaa) = g(b) = {1,2} 2 {3} = 0N g(a) N g(a).

Theorem 5.13. For every 0,9 € 22*(U), if ¥ C 0 then every 0-generalized int-soft
subsemigroup is a ¥-generalized int-soft subsemigroup.

Proof. Let 6,9 € 2*(U) be such that ¥ C 6. Let (f,S) be a f-generalized int-soft
subsemigroup over U. For any z,y € S, we have

flay) 200 f(2) N fy) 290 f(2) N f(y).
Therefore ( f ,S) is a ¥-generalized int-soft subsemigroup over U. g

The following example shows that there exist 6,9 € £2*(U) such that
(i) ¥ C 6,

(ii) ( f,S ) is a ¥-generalized int-soft subsemigroup over U.

(iii) (f,S) is not a f-generalized int-soft subsemigroup over U.

Example 5.14. Let S = {a,b, ¢,d} be a semigroup with the following Cayley table:

-‘a b ¢ d
ala a a a
bla a a a
cla a b a
dla a b b

881



J. H. Lee et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 6, 869-887

Let (f, ) be a soft set over U defined as follows:

v ifx =a,

;o Y4 1fx=b,
f:8—=>20U), z— v ifz=c
v3 ifx=d

where 1, 72, 73 and 74 are subsets of U with y1 2 72 2 73 2 74. Take 6 = 72 and
¥ = 4. Then ¥ C 6 and (f,S) is a ¥-generalized int-soft subsemigroup over U. But
(f,S) is not a B-generalized int-soft subsemigroup over U since

flde) = f(b) =4 27 =00 f(d) N f(o).

Corollary 5.15. Let {0; € 22*(U) | i € A} be a family of nonempty subsets of U.
If a soft set (j,S’) over U is a 0;-generalized int-soft subsemigroup over U for all
i € A, then (f,S) is a N;cpb;-generalized int-soft subsemigroup over U.

Proof. Straightforward. O

Theorem 5.16. For a subset A of S, define a soft set (fA, S) over U as follows:

yNo ifxeA,
T otherwise

fa:S— 2U), x»—){

where v, 7 € P(U) with T C yN 0. Then (fa,S) is a -generalized int-soft subsemi-
group over U if and only if A is a subsemigroup of S.

Proof. Assume that ( f 4,5) is a 6-generalized int-soft subsemigroup over U. Let
z,y € A. Then fa(zy) 2 0N fa(z)N faly) =0N(yNO) =~N6H, and so zy € A.
Thus A is a subsemigroup of S.

Conversely, suppose that A is a subsemigroup of S. Let z,y € S. If x,y € A, then
xy € A. Hence fa(zy) =yNO = fa(x) N faly). Iz ¢ Aory¢ A, then fa(x) =7
or fa(y) = 7. Hence fa(zy) 2 7 = fa(x) N fa(y). Therefore (fa,S) is an int-soft
subsemigroup over U, and so a #-generalized int-soft subsemigroup over U. d

The following example illustrate Theorem 5.16.

Example 5.17. Let S = {a,b, ¢} be a semigroup with the following Cayley table:

Note that A = {a,b} is a subsemigroup of S. If we take 6 = {1,2,6,10}, v =
{2,4,6,8,10} and 7 = {2, 10}, then the soft set (f4,.5) over U = {1, 2,3,4,5,6,7,8,9,10}
which is given by

. {2,6,10} if z € {a, b},
fa:8— 2(U), a:»—>{ (2,10} ifo—ec,

is a #-generalized int-soft subsemigroup over U.
882



J. H. Lee et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 6, 869887

For any semigroups S and T, let p: S — T be a function and (f, S) and (g,7T)
be soft sets over U.

(1) The soft pre-image of (§,T) under u is denoted by u=1(g,T) and is defined
to be the soft set

(7@ ) = { (@17 (9)@) v € 8, w7 (G) (@) € P},
where (g (x) = §(n()).

(2) The soft image of (f,S) under u is denoted by pu(f,S) and is defined to be
the soft set

(u09):8) = { (v 1N W) sy T, (D) € 2W)

where

~ U fl@) ifp i) # 2,
u(f)y) =q =en='@w)
(%] otherwise.

Theorem 5.18. Let u: S — T be a homomorphism of semigroups and (§,T) a soft
set over U. If (§,T) is a 0-generalized int-soft subsemigroup over U, then the soft
pre-image p=1(§,T) of (§,T) under p is also a §-generalized int-soft subsemigroup
over U.

Proof. For any x1, x5 € S, we have

pH(G)(@122) = g (u(z132))

x1) N~ (g)(w2)
Hence p=1(g,T) is also a f-generalized int-soft subsemigroup over U. g

Theorem 5.18 is illustrated by the following example.

Example 5.19. Consider two semigroups S = {a1,a2,a3} and T = {by, ba, b3, bs}
with the following Cayley tables, respectively.

‘ ap a4z ag
ap (ar ar a1
az | a1 a2 ag
asz | az az ag

by | by by by by
by [ b1 b2 b2 by
b3 [ b1 bz b3 by
by | by by by by

The function

by if x = aq,
pw:S—=T, x—< by ifx=a,
b4 ifl‘:a:;,
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is a homomorphism. Let (g, T') be a soft set over U = {1,2,3,4,5,6,7,8,9,10} which
is given by
(4,8}  ifx =0,
(2,47} ifz = b,
{1,7,10} if z = b,
Then (g,T) is a O-generalized int-soft subsemigroup over U with § = {4,7,10}, and
the soft pre-image (g, T) of (§,T) under p is described as follows:
{4, 8} if ¢ = aq,
@) : S = 2U), v < {1,7,10} if x = as,
U if x = ag,

Gg:T—2U), =+

and it is a f-generalized int-soft subsemigroup over U with 6 = {4,7,10}.
The following example shows that the converse of Theorem 5.18 may not be true.

Example 5.20. Consider two semigroups S = {a1, a2,a3} and T = {by, ba, b3, bs}
with the following Cayley tables, respectively.

~ | b by b3 by
by | ba by by b3
by | by by by bo
bs | b3 bz b3 b3
by | by by by by

‘a1 az as
ap (axr ar ax

az [ az az a2
az | a3 as asg

The function

by if x = aq,

pw:S—>T, x— < by ifx=as,

by if x = agz,
is a homomorphism. Let (g, T) be a soft set over U = {1,2,3,4,5,6,7,8,9,10} which
is given by
{2,7,10}  ifz=b,
{2,5} if 7 = by,
U ife= bg,
{3,5,7,10} if z = by.
Then (g,T) is not a #-generalized int-soft subsemigroup over U with 6 = {2, 5,10}
since

g:T—220U), z—

g(bib1) = g(b2) = {2,5} 2 {2,10} = 6N g(b1) N G(b1).
Now the soft pre-image u=1(g§,T) of (§,T) under p is described as follows:
{2,5} if 2 = ay,
p G S — 2U), x—< U if x = ag,
{3,5,7,10} if z = a3,
and it is a f-generalized int-soft subsemigroup over U with § = {2,5,10}.

Theorem 5.21. Let i : S — T be a homomorphism of semigroups and (f, S) a soft

set over U. If (f,S~) is a 0-generalized int-soft subsemigroup over U, then the soft

image u(f,S) of (f,S) under p is also a 0-generalized int-soft subsemigroup over U.
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Proof. Let y1,y2 € T. If at least one of p~1(y;) and p~!(y2) is empty, then the
inclusion

00 p(f)(y1) N u(f)(y2) € nlf)(yry2)
is clear. Assume that p=1(y1) # @ and pu=(y2) # @. Then p~L(y1y2) # @, and so

Do) = U o2 U (few)

zeEn~1(y1y2) z1ep—1(y1)
zoep—1(yz)

U (00 f@)nfla)

z1Ep~1(y1)
zoep™1(yz)

U

on|l U Ffey|n| U fa)

z1€p~ (Y1) z2€p~1(y2)
=00 u(f)(y1) N p(f)(ye)-
Therefore u( f ,S) is a f-generalized int-soft subsemigroup over U. d

Theorem 5.21 is illustrated by the following example.

Example 5.22. Consider two semigroups S = {ay, as,a3} and T = {by, by, b3} with
the following Cayley tables, respectively:

) ‘ ap a2 ag ) ‘ bi by b3
ay |az az az by | b2 b2 b
az | az az a2 by | ba by by
az | az az as b3 | b3 b3 b3

The function

' bl ifﬂf:alv
p:S—T, »’U'—>{ by if x € {ag, a3},

is a homomorphism. Let (f,S) be a soft set over U = {0,1,2,3,4,5,6,7,8,9,10}
which is given by
) {7} if x = ay,
f:8—=>2U), z— ¢ {2,7} if x = aq,
{1,2,8,10} if z = ag.

Then (f,S) is a 0-generalized int-soft subsemigroup over U with 6 = {7,10}. Now
the soft image u(f,S) of (f,S) under p is described as follows:

5 {7} lfy:bl,
w(f): T — 2U), v {1,2,7,8,10} ify= b,
%] if y = b3,

and it is a f-generalized int-soft subsemigroup over U with 6§ = {7,10}.

Theorem 5.23. If (f, S) is a 0-generalized int-soft subsemigroup over U, then
(fm;, S’) is a (0 N d)-generalized int-soft subsemigroup over U for all § € 2*(U).
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Proof. Let x,y € S. Then
frs(aey) = flazy) N6 200 f(z) N fly) N

nf
onin fernd)o (i)
(

0nNd) ﬁfm( )ﬁfmé(y)

and thus ( frss S) is a (6 N §)-generalized int-soft subsemigroup over U for all § €
2*(U). O
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