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1. INTRODUCTION

The concept of soft set was initiated by Molodtsov [11] in 1999, to handle the
ambiguousness and uncertainty, that were not handled by old classical methods. He
has given a number of applications of soft sets in the field of economics, engineer-
ing, social science and medical science etc. Maji et al. [9] introduced some basic
operations of soft sets. Ali et al. [l] also worked on the operations of soft sets.
They improved some already defined operations and introduced some new opera-
tions. Sezgin and Atagiin [13] and Ali et al. [3] also worked on the operations of
soft set. Feng et al. [1] and Feng et al. [5] worked on the combination of fuzzy sets,
rough sets and soft sets. Sezgin et al. [14] introduced the notions of soft-int ideals
and soft-int bi-ideal of a ring. Maji et al. [10] initiated the study of fuzzy soft set by
combining the concepts of fuzzy sets and soft sets. Many authors worked on fuzzy
soft sets, e.g. [2, 12, 6, 15, 16].

Goguen [7] was the first who gave the concept of L-fuzzy sets by generalizing
Zadeh’s fuzzy set. Recently Li, Zheng and Hao worked on L-fuzzy soft sets based on
complete Boolean lattice [8]. They discussed topological and algebraic structures of
L-fuzzy soft sets.
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In this paper we defined L-fuzzy soft subsemigroup, L-fuzzy soft left (right, two-
sided) ideal of semigroups over a universe U and studied some properties of L-fuzzy
soft subsemigroups and L-fuzzy soft left (right, two-sided) ideals of semigroups over
a universe U. We characterized different classes of semigroups by the properties of
these L-fuzzy soft ideals.

2. PRELIMINARIES

An algebraic system (.5, -) consisting of a non-empty set S together with an asso-
ciative binary operation ”-” is called a semigroup. By a subsemigroup of a semigroup
S we mean a non-empty subset A of S such that A2 C A. A non-empty subset A of
a semigroup S is called a left (right) ideal of S if SA C A (AS C A). A non-empty
subset A of S is called a two-sided ideal or simply an ideal of S if it is both a left
and a right ideal of S.

A partially ordered set (poset) (L, <) is called

1) alattice,ifavbe L,aAbe L for any a,b € L.

2) a complete lattice, if VN € L, AN € L for any N C L.

3) distributive, if aV (bA¢) =(aVb) A(aVe),aN(bVe)=(aAb)V (aAc) for
any a,b,c € L.

Let L be a lattice with top element 1; and bottom element Oz and let a, b € L.
Then b is called a complement of a, if a Vb = 17 and a Ab = 0y. If a € L has
complement element, then it is unique. It is denoted by a.

A lattice L is called a Boolean lattice, if

(¢) L is distributive,

(¢4) L has Oy and 1p,

(iii) each a € L has the complement ' € L.

Let X be a non-empty set. A fuzzy set A in X is a function, A : X — [0, 1] and
A (x) is interpreted as the degree of membership of element z in the fuzzy set A for
each r € X.

In [7], Goguen generalized the concept of fuzzy set and introduced L-fuzzy set as:

An L-fuzzy set A in a non-empty set X is a function A : X — L, where L is a
complete distributive lattice with 1 and 0. We denote by LX the set of all L-fuzzy
sets in X.

Let A, B € LX. Then their union and intersection are L-fuzzy sets in X, defined
as

(AUB) (z) =A(x)V B(z) and (AN B) (z) = A(x) A B(z) for all z € X.

A C B ifand only if A (z) < B(x) for all z € X.

The L-fuzzy sets 0 and 1 of X are defined as 0 (z) = 0 and 1 (z) = 1 for all z € X.
Obviously 0 CAC 1 for all A e LX.

A pair (F, F) is called a soft set (over U) if F is a mapping of E into the power
set of U, that is F : E — P(U).

In other words, the soft set is a parametrized family of subsets of the set U [11].

Definition 2.1 ([8]). Let E be a set of parameters, U be an initial universe, L be
a complete Boolean lattice and A C E. An L-fuzzy soft set f4 over U is a mapping
fa: E — LY such that fa(e) =0 for all e ¢ A.

The following operations on L-fuzzy soft sets are defined in [8],
1028
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1) Let fa and gg be two L-fuzzy soft sets over U. Then f4 is contained in gp
denoted by faCgp if fa (e) C gp (e) foralle € E, thatis (fa (e)) (u) < (g5 (e)) (u)
for all u € U.

Two L-fuzzy soft sets f4 and gp over U are said to be equal, denoted by fa=gp
if faCgp and fa2ga. N

2) Let f4 and gp be two L-fuzzy soft sets over U. Then their union faUg=hays,
where haup (€) = fa(e) Ugp (e) foralle € E.

3) Let fa and gp be two L-fuzzy soft sets over U. Then their intersection
faNgs=hanp, where hanp (€) = fa(e)Ngp(e) forall e € E.

Proposition 2.2 ([8]). Let A, B, C C E and fa, g, hc are L-fuzzy soft sets over
U. Then the following holds:

1) faUfa=fa, falfa=fa

2)  faUge=gpUfa, faNgs=gBNfa

3) (faOgp) Ohc=faU0 (980hc), (faNgs) Nhe=faN (98Nhc)

4)  (faOgps) Nhe= (fanhe) U (gsNhe), (faNgs) Ohe= (faUhe) N (980he).

3. L-FUZZY SOFT SETS OF SEMIGROUPS

In this section we define product of L-fuzzy soft sets of a semigroup S over U
and study some properties of this product. Throughout this paper L is a complete
bounded distributive lattice and U is the initial universe and the set of parameters
is a semigroup S.

Definition 3.1. Let A be a non-empty subset of a semigroup S. Define an L-fuzzy
soft set Cy of S over U by

1 ifzecA
CA(x){ 0 ifadA

for all z € S. We shall call this L-fuzzy soft set the L-fuzzy soft characteristic
function of A.

Definition 3.2. Let f4 and gp be two L-fuzzy soft sets of a semigroup S over U.
Then their product fa © gp is an L-fuzzy soft set of S over U and is defined as

| Ue=y{fay)NgB (2)}, if 3 y,2 € S such that z = yz
(fa@gs) (x) = { 0 otherwise

We explain this concept with the help of an example.

Example 3.3. Let S = {z,y, 2z} be a semigroup , L = {0, a, b, c,d, 1} be a complete
bounded distributive lattice, U = {p, ¢} and A = {z,y}, B = {x, z} are subsets of
S.
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1

a

d

o
Let fa, g be L-fuzzy soft sets of S over U, defined by

falw) = {530 Ta) = {531 Ja (2) = (G o -

95 () = (1.5} 95 ) = {5, 1o () = (5. 7).

Now for z € S, we have

(fa©@gB)(x) = Us=pclfa(b)Ngp(c)]
= U{fa(@)Ngp(x), fa(x)Ngs (y),fa(®)Ngs(2)}

= Ul (L oG G o G 0 G T
P q P q P q
= U{{g’ﬁ}’{ﬁ’ﬁ}’{g’a}}'
= (fa@gp)(x) ={}. I}
For y € S, we have

(fa@gr) (W) = Uy=pe[fa(b)Ngr(c)]
= Wfal)ngs (), faly)Ngs (v),fa(y) Ngs (2)}
P q P q P q P q P q p q
P q P q P q
= U{{g’ﬁ}’{a’ﬁ}’{g’g}}'
= (fa@gg) (y) ={%,{}.

For z € S, we have

(fa©@gB)(2) = U.pelfa(b)Ngp(c)]
= Wfa(z)Ngs(x),fa(zx)Ngs(y),fa(z)Ngs(2)}

P q P q b q b q b q P q
= U{{E’ﬁ}m{?6}’{6’6}m{6’6}’{6’6}m{5’1}}
P q P q P q
= U{{a,ﬁ},{a,ﬁ},{a,ﬁ}}-

— (fa©gp) (2) = {5, §}-
1030
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Lemma 3.4. Let A and B be non-empty subsets of a semigroup S. Then
(1) CaNCp=Cang
(2) Cy e Cg=Cyp.

Proof. (1) Let a € S. If a € AN B then Canp (a) = 1. On the other hand a € A
and a € B, so C4 (a) =1 and Cp (a) = 1. Thus (CaNCp) (a) = Ca(a) N Cp(a) =
1NT=1. Hence CANCE= C’AmB

Ifa ¢ ANB then Canp (a ) =0. On the other hand a ¢ Aora ¢ B, so Ca (a) = 0
or Cp (a) = 0. Thus (CANCE) (a) = Ca (a)NCp (a ) =0N0 = 0. Hence in any case
CaNCp=Canp.

(2) Let a € S. If a € AB then a = zy for some z € A and y € B. So we
have (Cap) (a) = 1. On the other hand (C4 ® Cp) (a) = Ug—yy [Ca (u) N Cp (v)] 2
CA(I)QCB( )—lﬂl—l

If a ¢ AB then there does not exist € A and y € B such that a = zy. Thus
Cap (@) = 0 and (C4 ® Cp) (a) = Uswo [Ca (1) N C ()] = Upuo [606} )
Hence in any case Cy © Cp=Cyp. O

Next we show that the operation ® is not commutative.

Example 3.5. Let S = {z,y, z} be a semigroup, L = {0, a,b,¢,d,1} be a complete
bounded distributive lattice, U = {p,q} and A = {x,y}, B = {x, z} are subsets of
S.

1

d

o
Let fa, gp be L-fuzzy soft sets of S over U defined by,

fale) = (550 Iaw) = {030 fa () = (G o
95 (@) = {T.ghos W) =G ghos () =1{].}

Now for z € S we have
1031
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(fa©@gp)(x) = Uz=y:[fa(y)Ngn(2)]
= U{fa(@)Ngp(x), fa(x)Ngs(y),fa(®)Ngs(2)}

= (fa@gg) (z) ={}, 1}.
On the other hand

(98 © fa)(x) = Us=y:l95 () N fa (2)]
= Wyp(@)N fa(x),9p(®)N fa(y), 95 (x) N fa(2)}
— (5 © fa) () = (2,8
This shows that fa © gg#gs ® fa.

Lemma 3.6. Let f4, gp and he be L-fuzzy soft sets of a semigroup S over U. Then
the following hold:

1) fa© (9 @hc)=(fa®@gp)© hc
) fa@® (gaUhc) = (fa ® gB) U(fa @ he)
) (95Uhc) ® fa= (98 © fa) U(he @ fa)
) fa© (g8Nhe) € (fa©g5) N (f4© he)
) (falgs) © haC (fa® ha) N (9B © he).
Proof. (1) Let x € S. Then

[fa®@(gp @ ho)(z) = Us=y{fa(y) N (9B @ he) (2)}
= Up=y{fa () N [Uz=pggs (p) N he (9)]}
= Ua—yz Usmpq {fa (y) Nlgs (p) Nhe (9)]}
Uz=yz Uzmpq {[fa (¥) N g5 (D)) Nhe (0)}

Uz=tm{Ui=ab [fa (a) N g5 (b)] N he (m)}
Us=tm{(fa @ gB) (1) N he (M)}
[(fa®gB) @ hcl ().
This implies that f4 ® (95 ® he) C (f4 © gB) © he.

Similarly we can show that

(fa®g5) ©hcCfa® (95 ® he).

Hence fa © (95 © he) = (fa @ gB) © he.

(2) Let € S. If x is not expressible as = yz for y,z € S, then

(fa® (98Uhc)) (z) = 0= (fa®gg) () U(fa®hc) (z).

N |

Otherwise

(fa® (980hc)) (®) = Up—y:{fa (y) N (980hc) (2)}

Uz=y={fa (y) N g5 (2) Uhc (2)]}

Uz=y{[fa (¥) NgB (2)] U [fa (y) N he (2)]}

{Uz=yz [fa (¥) N gB (2)]} U {Us=y: [fa () NV he (2)]}

= (fa©@gp)(x)U(fa@hc) ().
1032
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Hence f4 ® (9pUhc) = (fa © g8) U (fa ® he).
Similarly we can prove (3).
(4) Let z € S. If x is not expressible as = yz for y,z € S, then

(fa© (g8Nhe)) (@) =0=(fa©gp) (x) N (fa©® he) (z) .

Otherwise

(fa® (9B0he)) () = Usey={fa (y) N (g8Nhe) (2)}

U$:yz{fA (y) N [gB (Z) Nhc (Z)]}

Uz=y={[fa (¥) NgB (2)] N [fa (y) N he (2)]}

{Ua=yz [fa (¥) N g (2)]} N {Us=y: [fa (y) N he (2)]}
= (fa@gp)(x)N(fa®@hc) ().

Hence f4 @ (950Mhc) € (fa © gg) N (fa @ he).
Similarly we can prove (5). O

N

Now we show that equality does not hold in (4) and (5).

Example 3.7. Let S = {a, 8,7} be a semigroup, L = {0, a, b, ¢,d, 1} be a complete
bounded distributive lattice, U = {p,q} and A =S, B = {,v} and C = {«a,~} are
subsets of S.

d

o

Let fa, g and ho be L-fuzzy soft sets of S over U.

fal@) = (500 IB) = {5 a0 = {0, 0},
g5(0) = {G.ghom (B ={7.3hos ()= (0.3}
he (o) = (5. 0)he (8) = {5, ghhe () = (G 3

1033
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Now for v € S, we have

[fa® (98Nhc)] (7) = Uyzap[fal(a)N (g (v) Nhe (7))]
U{fa (7) N (gB (a) Nhe (),
fa(y) N (g (B)Nhe (B), fa(y) N (gs (v) Nhe (7))}

Simple calculations show that [f4 ® (gsNhe)] (v) = {E, £}. Now

(fa©gB)(7) = Uy=aglfa(a)Ngs(B)]
U{fa()Ngp (@), fa(v)Ngs (B), fa(y)Ngs (1)}

Simple calculations show that (fa ® gp) (v) = {£,%}. Also

c?

(fa©@hc)(v) = Uy=ap[fa(a)Nhe (B)]
= Wfa(y)Nheo(a), fa(y)Nhe (B),fa(y) Vhe (7))

Simple calculations show that (fa ® h¢o) (v) = {5, £}. Then
(

[(fa®gB)N(fa®he)] (v) = {8, 2},
which shows that

fa® (98Nhe) # (fa®g) N (fa @ he).

Example 3.8. Let S = {z,y, z,p,q} be a semigroup, L = {0,a,b,¢,d,e, f,1} be a
complete Boolean lattice, U = {p, ¢} and A = {x,y, z,p}, B = {z,y,p}, C = {y,p,q}
are subsets of S.

r|\r Tr T T X
ylrx =z = y =z
z|lz y 2z x x
q|/r p qg T X
1
b c
a
e & f
o

1034
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Let fa, g and he be L-fuzzy soft sets of S over U.

A = {3 fal) = (o T fa ) = 5k fa ) = (4 7,

f
A =15,
on (@) = (G hon )= (g hon ()= (5. 5 han ) = (L. 7.
B(Q):{67H}
he () = {Grghhe )= {5 ghho () = (G ghhe ) = {g 7h
C(Q):{g’%
Now for € S we have
[(Fafigs) @ he] () = Uy=e [(£4 (@) Ngs (@) N he (2)]

= UW{(fa(y)ngs (y) Nhe (p),(fa(2) Ngr (2)) Vhe (y)}-
Simple calculations show that [(faNgs) ® he] (y) = {8, &}. Now
(fa®hc)(y) = Uy=e:[fa(z) Nhe (2)]
= Ufa) 0he (p). fa(z) Nhe ()}
Simple calculations show that (fa @ he) (y) = {5, }. Also

(9 @hc)(y) = Uy=z:lgs (z) Nhe (2)]
= Ulgs (y)Nhc (p),g98 () Nhe (y)}-

Simple calculations show that (98 ® he) (y) = {4, ¢}. Thus
[(fa®he)N (g @ he)] (y) ={E, L1,
which shows that (faNgp) ® he# (fa® he) N (g © he).

Lemma 3.9. Let fa, gp and hc be L-fuzzy soft sets of a semigroup S over U. If
faCgp, then fa ® haeCgp © he and he © faChe ® gg.

-~

Proof. Let x € S. If © # yz for y,z € S, then (f4 ® he) () =0 = (95 ® he) ().
Otherwise

(fa@he)(z) = Us=y:[fa (y) Nhe (2)]
é Um:yz [gB (y) N hC (Z)] ) (beca’use fAégB)
= (9a©@ha)(2).

Similarly it can be shown that ho ® fAihc ©® gB- O
1035
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4. L-FUZZY SOFT IDEALS OF SEMIGROUPS

Definition 4.1. An L-fuzzy soft set f4 of a semigroup S over U is called an L-fuzzy
soft subsemigroup of S over U if for all z,y € S, fa (zy) 2 fa(x) N fa(y). That is
[fa (@y)] (u) = [fa (@)] (w) A [fa ()] (u), for allu € U.

Example 4.2. Let S = {0,z,y, 2z} be a semigroup, L = {0,a,b,c,d,e, f,1} be a
complete Boolean lattice, U = {I,m} and G = {0,z,y} C S.

*‘Oxyz
0j0 0 O O
z|0 =z y O
y{0 0 0 O
z|0 z 0 O
1
b c
a
e & f
o

Let fo be an L-fuzzy soft set of S over U defined by,
I m

I m I m I m
fe (0) = {Ia E}’fG (z) = {5’ T}JG (y) = {E’ ;},fG (2) = {6a 6}
Simple calculations show that fg is an L-fuzzy soft subsemigroup of S over U.

Lemma 4.3. The intersection of two L-fuzzy soft subsemigroups of a semigroup S
over U is again an L-fuzzy soft subsemigroup of S over U.

Proof. Let fa and gp be two L-fuzzy soft subsemigroups of a semigroup S over U
and z,y € S. Then

(falgs) (xy) = fa(zy)Ngp (zy)
2 (fa@)Nfa(y)N(ge(z)Ngs(y)
(fa(z)Ngp (z)) N (faly) Ngs (v))
= (fangs) ()N (fangz) () -

O

Next we show that the union of two L-fuzzy soft subsemigroups of a semigroup
is not necessarily an L-fuzzy soft subsemigroup.
1036
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Example 4.4. Let S = {z,y, z,p,q} be a semigroup, L = {0,a,b,¢,d,e, f,1} be a
complete Boolean lattice, U = {l,m} and A, B =S.

*x1r Yy Z p q
r\r r r Tr T
ylr r xr Yy =z
Zlr Yy zZz T X
plx x*x x p (g
q|l* p q T X
1
b c
a
d
= f
o

Let fa, gp be L-fuzzy soft sets of S over U defined by,

fae) = (G Eh AW = (g a o) = (5 )
) = 5 Fh a0 = (5, 5)
g5 (@) = {5 Mon ) = {3, Dhos ()= (5,0,

I m

95 (0) = (1. )98 () = (5 7).

Simple calculations show that f4 and g4 are L-fuzzy soft subsemigroups of S over

U. Now
(falgs) (0) = (3.5, (Fa0gm) () = {3, ),

(Falom) () = {5 (7090 () = (2. 5
G5

)—K‘N

(faUgg) ()

Now,
[ m

(faUgs) (ya) = (faUgs) (2) = {57 E}'
(£a095) () 1 (1a0g5) (@) = {5, ™}, buta e

Hence faUgp is not an L-fuzzy soft subsemigroup of S over U.
1037



M. Sabir et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 6, 10271044

Lemma 4.5. Let A be a non-empty subset of a semigroup S. Then A is a subsemi-
group of S if and only if C4 is an L-fuzzy soft subsemigroup of S over U.

Proof. Suppose A is a subsemigroup of S and z,y € S. If z,y € A then xy € A.
This implies Cy (zy) =1 =1N1= Cy (x) N C (y). If one of z,y doesn’t belong to
Athen Cy (2)NC4 (y) =0 C Cx (zy). Hence in any case Cx (xy) 2 Ca (2)NCa (y).

Conversely, assume that C4 is an L-fuzzy soft subsemigroup of S over U. Let z,
y € A Then Cp(z) =1 and Ca(y) =1 = Ca(x)NCa(y) =1N1=1. But
Ca(zy) D Ca(x)NCa(y) =1. Hence C4 (zy) = 1. This implies zy € A, that is A
is a subsemigroup of S. O

Lemma 4.6. Let fa be an L-fuzzy soft set of a semigroup S. Then fa is an L-fuzzy
soft subsemigroup of S if and only if fa © faCfa.

Proof. Let fa beA an L-fuzzy soft subsemigroup of S over U. Let x € S. If
(fa® fa)(x) = 0, then clearly (fa ® fa)(x) C (fa)(xz). Otherwise there exist
Y,z € S such that x = yz. In this case

(fa© fa) (2) Uz=yz (fa (y) N fa (2))

= U:z::yzfA (yz) = Ux:nyA ((E) = fA (CL‘) .

N

Hence fa ® faCfa.
Conversely, for x,y € S

falzy) 2 (fa®© fa)(xy)
= Uzy=pafa (p) N fa(q) D fa(z)N faly).

Hence f4 is an L-fuzzy soft subsemigroup of S over U. g

Definition 4.7. Let o € LY and hg be an L-fuzzy soft set of S over U. Then a-cut
of h¢ is denoted by h¢ and is given by,

c={s€S:hg(s)Da}
that is
a={seS:hg(s)](u) >a(u)VueU}.

Example 4.8. Let S = {x,y, z,t} be a semigroup, L = {0,a,b,¢,d,e, f,1} be a
complete Boolean lattice, U = {l,m} and G = {x,y,z} C S.

*‘xyzt
rlr x T x
ylz =z = x
zlzx Yy x
t|lz z y vy

1038
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1

b C
a

e & f
o

Let hg be an L-fuzzy soft set of S over U defined by,
P P _pa P
hG(m)_{17C}7hG(y) {(I’C}’hG(Z) {67d 7hG(t) {070 :

Let a(p) =a,a(q) =f. Then ht = {s€ S:hg(s) Da}t={se€S:[hc(s)](u) >
a(u)VueU} ={x,y}.

Theorem 4.9. An L-fuzzy soft set fa of a semigroup S over U is an L-fuzzy soft
subsemigroup of S over U if and only if each a-cut of fo is a subsemigroup of S.

Proof. Let fg be a non zero L-fuzzy soft subsemigroup of S over U. Let z, y €
f& = fo () D aand fo (3) 2 @ = fg (zy) 2 fo (2) N fo (y) D ana = a. Thus
xy € f&. This implies f& = {s € S: fa (s) D a} is a subsemigroup of S.
Conversely, suppose that there exist =,y € S such that fg (zy) C fo ()N fa (v).
This implies that there exist 8 € LY such that fo (xy) C 8 C fo(z) N fa (y). As
fe@nfely) 2=z € fg and y € fg But zy ¢ fg, because fg (zy) C B.
This shows that fg is not a subsemigroup of S, which is a contradiction. Hence
fa (xy) 2 fa (x) N fo (y) for all z, y € S. O

Definition 4.10. An L-fuzzy soft set fg of a semigroup S over U is called an
L-fuzzy soft left (right) ideal of S over U if for all z,y € S, fa(zy) 2 fo(y)
(fo (zy) 2 fo(x)). An L-fuzzy soft set fg of S over U is called an L-fuzzy soft
two-sided ideal of S over U if it is both an L-fuzzy soft left and an L-fuzzy soft right
ideal of S over U.

Example 4.11. Let S = {0,2,y, 2} be a semigroup, L = {0,a,b,c,d,e, f,1} be a
complete Boolean lattice, U = {I,m,n} and A = {0,z,z} C S.

*‘Oxyz
0j0 0 0O O
z|0 =z y O
{0 0 0 O
z|0 z 0 O
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1
b C
a
d
= f
0
Let f4 be an L-fuzzy soft set of S over U defined by,
Il mn Il m n I mn Il m n
fa (0) = {i’ o’ T}’fA (95) = {; E’ ?}»fA (y) = {63 67 6}qu (Z) = {Ea ;7 E}

Simple calculations show that f4 is an L-fuzzy soft left ideal of S over U. But f4 is

I m n

not an L-fuzzy soft right ideal of S over U, because fa (zy) = fa (y) = {5, 2. 5} 2
&8 5= fala).

Example 4.12. Let S = {0,z,y, 2z} be a semigroup, L = {0,a,b,c,d, 1} be a com-
plete bounded distributive lattice, U = {p, ¢} and B = {0,z,y} C S.

*‘Omyz
0j0 0 0 O
z|0 =z y O
{0 0 0 O
z10 z 0 O

1

a

b
c
d
o

Let gp be an L-fuzzy soft set of S over U defined by,
—_yqP 4q _¢P 1 _y¢P 1 _y¢P 4
gB(O)_{laa}agB(x) {C7b}7gB(y) {17b}7gB(Z) {070 .

Simple calculations show that gp is an L-fuzzy soft right ideal of S over U, but it
is not an L-fuzzy soft left ideal of S over U, because gp (2z) = gp (z) = {5, &} 2
gs (r) ={%, ¢}
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Lemma 4.13. Let A be a non-empty subset of a semigroup S. Then A is a left
(right, two-sided) ideal of S if and only if Ca is an L-fuzzy soft left (right, two-
sided) ideal of S over U.

Proof. The proof is similar to the proof of Lemma 4.5. g

Lemma 4.14. Fvery L-fuzzy soft left (right) ideal of a semigroup S over U is an
L-fuzzy soft subsemigroup of S over U.

Proof. Straightforward. O
The following example shows that the converse of the above Lemma is not true.

Example 4.15. Let S = {z,y, z,p, q} be a semigroup, L = {0, a,b,¢,d, e, f,1} be a
Boolean lattice, U = {I,m} and A, B=S.

x|z Yy z p q
r|lx x = x x
yle =z = y =z
zlx y z x x
plx =z = p g
qglx p q x =«
1
b c
a
d
= f
0
Let fa, g be L-fuzzy soft sets of S over U.
I m [ m I m
fa(z) = {T,E}afA(y)*{576}7fA(2)*{ga7}7
Il m I m
fA(P)*{Evf},fA(Q)*{aa;}
I m I m I m
9B (:17) = {T7T}393 (y):{Ivzth(Z):{E?;}?
I m I m
QB(P)*{;?LQB(Q)*{@?}*

Simple calculations show that f4 and gp are L-fuzzy soft subsemigroups of S over
U. But neither f4 nor gp are L-fuzzy soft left ideals of S over U, because f4 (yp) =
Faly) = {48 2 falp) = {1, %} and g (¢2) = g5 (0) = {5, F} 2 9B (2) =

I m
b’ al”
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Lemma 4.16. (1) The intersection of L-fuzzy soft left (right, two-sided) ideals of
a semigroup S over U is again an L-fuzzy soft left (right, two-sided) ideal of S over
U.

(2) The union of L-fuzzy soft left (right, two-sided) ideals of a semigroup S over
U is again an L-fuzzy soft left (right, two-sided) ideal of S over U.

Proof. Straightforward. a

Lemma 4.17. Let fp be an L-fuzzy soft set of a semigroup S. Then fp is an
L-fuzzy soft left (right) ideal of S over U if and only if 1® fgCfp (f5 ©@ 1Cfp).

Proof. Suppose fp be an L-fuzzy soft left ideal of S over U. Let z € S. If x # yz,
then (T@ fB) () =0 C fp (z). Otherwise there exist y,z € S, such that = = yz.
Then

(Toss)@ = Vem (T0)N13(2)
€ Usmye (105 (2)) = Vamys (T 15 (2)
= Up—y:fB (2) = fB(2).

So in any case 1® fgC[5. N N
Conversely, assume that 1 ® fgCfp. Let y, z € S. Then

/s 2 (e fs) @)
= Uy (T(@) N 15 1))

2 1) nfe(z)=rfs(2).
Hence fp is an L-fuzzy soft left ideal of S over U. 0

U

Theorem 4.18. An L-fuzzy soft set fa of a semigroup S over U is an L-fuzzy soft
left (right) ideal of S over U if and only if each a-cut of fo is a left (right) ideal of
S.

Proof. The proof is similar to the proof of Theorem 4.9. 0

Next we characterize different classes of semigroups by the properties of their
L-fuzzy soft ideals.

5. REGULAR AND INTRA-REGULAR SEMIGROUPS

Recall that a semigroup S is regular if for all a € .S, there exists x € S such that
a = aza.

A semigroup S is said to be intra-regular if for each a € S there exist y,z € S
such that a = yaaz. In general, neither regular semigroup is intra- regular nor intra-
regular semigroup is regular. If S is commutative then both the concepts coincide.

Example 5.1. Let A be a countably infinite set and
S={a:A— A:«aisoneoneand A— «(A) is infinite}.
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Then S is a semigroup with respect to the composition of functions and is called
Baer-Levi Semigroup. It is well known that this semigroup is right cancelative, right
simple without idempotents. Thus S is not regular but intra-regular.

Example 5.2. Consider the semigroup S = {0, 1,2, 3,4}.

- 1011]213]|4
0j0|0|0]0O]O0
110{0]0]1]2
210(1(2]010
3/0(0|10(3]4
410(314]0]0

This semigroup S is regular but not intra-regular.
It is well known that

Theorem 5.3. A semigroup S is reqular if and only if RN L = RL for every right
ideal R and left ideal L of S.

Now we show that:

Theorem 5.4. The following assertions are equivalent for a semigroup S.

(1) S is regular.

(2) faNgs=fa © gp for every L-fuzzy soft right ideal fa and L-fuzzy soft left
ideal gp of S over U.

Proof. (1) = (2) Let fa be an L-fuzzy soft right ideal and gp an L-fuzzy soft left
ideal of S over U. Then by Lemma 4.17, f4 © ggCfa ® 1Cf4 and fa © ggCl ®

98C98 = fa®gpCfaNgn. Now, let z € S, since S is regular so there exists a € S
such that x = xax. Thus we have

(fa@gB)(x) = Uz=y (fa(y) Ngn(2))
2 fa(za)Ngp(v) 2 fa(z)Ngs(z)
(faNgs) (z)
— fa4® ga2faNga. Hence faNiga=fa ® ga.
(2) = (1) Let R and L be any right and left ideal of S, respectively. Then by

Lemma 4.13, C'r and Cf, are L-fuzzy soft right ideal and L-fuzzy soft left ideal of S
over U, respectively. Then by Lemma 3.4

Crr.=(Cr@Cp)= (CRﬁCL) =CRrnL-
Thus RN L = RL. Hence by Theorem 5.3, S is regular. O

Theorem 5.5. For a semigroup S the following conditions are equivalent:
(1) S is intra-regular.
(2) LN R C LR for every left ideal L and right ideal R of S.
(3) fangsCfa ® gp for every L-fuzzy soft left ideal fa and L-fuzzy soft right
ideal gg of S over U.
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Proof. (1) < (2) It is well known.

(1) = (3) Let fa be an L-fuzzy soft left and gp an L-fuzzy soft right ideals of
S. Let a € S. Since S is intra-regular, so there exist z, y € S such that a = za?y.
Thus

(fa@ggp)(a) = Us=pq(fa(p)Ngr ()
2 fa(za)Nyggp(ay) 2 fa(a)Ngs(a)
= (faNgs) (a)

— faNgsCfa© gp.

(3) = (2) Let L be a left and R be a right ideal of S. By Lemma 4.13, Cf, and
Cr are L-fuzzy soft left ideal and L-fuzzy soft right ideal of S over U, respectively.
So by Lemma 3.4, C,p=CL ©® Cr2CACR=Crnr. This implies LNRC LR. O
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