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1. INTRODUCTION

After the introduction of fuzzy sets by Zadeh [24] in 1965 and fuzzy topology
by Chang [5] in 1967, several researches were conducted on the generalizations of
the notions of fuzzy sets and fuzzy topology. The concept of intuitionistic fuzzy
sets was introduced by Atanassov [l, 2, 3] as a generalization of fuzzy sets. In
the last 27 years various concepts of fuzzy mathematics have been extended for
intuitionistic fuzzy sets. In 1997 Coker [6] introduced the concept of intuitionistic
fuzzy topological spaces as a generalization of fuzzy topological spaces. Recently

many fuzzy topological concepts such as fuzzy compactness [3], fuzzy connectedness
[22],connectedness between fuzzy sets [20], fuzzy separation axioms [4, 12], fuzzy
nets and filters [11], fuzzy metric spaces [21], fuzzy continuity and it’s weak forms
[9, 10, 16, 19], fuzzy generalized closed sets [18] and fuzzy topological groups [14, 23],

have been generalized for intuitionistic fuzzy topological spaces. The section 2 of
this paper review the concepts of intuitionistic fuzzy sets and intuitionistic fuzzy
topology. The section 3 explores the some properties of Lower and Upper semi-
continuous intuitionistic fuzzy multifunctions introduced by Ozbakir and Coker[13]
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and the last section introduces and studies stronger classes of Upper and Lower semi
continuous intuitionistic fuzzy multifunctions.

2. PRELIMINARIES

Throughout this paper (X,7) and (Y,I') represents a topological space and an
intuitionistic fuzzy topological space respectively.

Definition 2.1 ([1, 2, 3]). Let Y be a nonempty fixed set. An intuitionistic fuzzy
set A in Y is an object having the form

A={<y,puily),vily) >y €Y}

where the functions p4(y) : Y — I and v4(y) : Y — I where I = [0,1] , denotes the
degree of membership (namely p ;(y)) and the degree of non membership (namely
v;(y) ) of each element y € Y to the set A respectively, and 0 < pily)+pi(y) <1
foreachy € Y.

Definition 2.2 ([1, 2, 3]). Let Y be a nonempty set and the intuitionistic fuzzy
sets A and B be in the form A = {< y,u;(y),vi(y) > y € Y}, B = {<
v, 1Y), va(y) >y € Y} and let {A, : o € A} be an arbitrary family of intu-
itionistic fuzzy sets in Y. Then:

(a) ACBifVy €Y [nzy) < uply) and v4(y) > v5(y)]

(b)A Bif ACBand B C A;

(c) A°={<y,vi(y),paly) >y €Y}

(d) {<y,0,1>:y€Y}and1:{<y,1,0>:y€Y}

(e) ={<y, Aui(y), Vrily) >y €Y}

() UA ={<y,Vui(y), \vi(y) > yeY}

Definition 2.3 ([7]). Two Intuitionistic fuzzy sets A and B of Y are said to be
quasi-coincident (AgB for short) if 3y € Y such that

pi(y) >vay) or vi(y) < pp(y)

D =1 :L,

Lemma 2.4 ([7]). For any two intuitionistic fuzzy sets A and B of Y, |(A¢B) <
Ac Be.
Definition 2.5 ([6]). An intuitionistic fuzzy topology on a non empty set Y is a
family T" of intuitionistic fuzzy sets in Y which satisfies the following axioms:

01 6, 1 el

02 Al ﬂ/ig eI for any Al,fig c F,

O3 UA, €T for arbitrary family {A, : a € A} € T.

In this case the pair (Y,T") is called an intuitionistic fuzzy topological space and
each intuitionistic fuzzy set in I' is known as an intuitionistic fuzzy open set in Y.
The complement B¢ of an intuitionistic fuzzy open set B is called an intuitionistic
fuzzy closed set in Y.

Definition 2.6 ([7]). Let ¥ be a nonempty set and ¢ € Y a fixed element in Y. If
a € (0,1] and 8 € [0,1) are two real numbers such that oo + 5 < 1 then,
816
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(a) c(a, B) =< y, ¢, c1—p > is called an intuitionistic fuzzy point(IFP in short) in
Y, where a denotes the degree of membership of ¢(a, 8) , and S denotes the degree
of non membership of ¢(a, 3).

(b) ¢(8) =< y,0,1 —c1_p > is called a vanishing intuitionistic fuzzy point (VIFP
in short) in Y, where 8 denotes the degree of non membership of ¢(53).

Definition 2.7 ([0]). Let (Y,T) be an intuitionistic fuzzy topological space and A
be an intuitionistic fuzzy set in Y. Then the interior and closure of A are defined
by:
cl(A ) ﬂ{K K is an intuitionistic fuzzy closed set in Y and A C K }
Int(A)=U{G : G is an intuitionistic fuzzy open set in Y and G C A}.

Lemma 2.8 ([5]). For any intuitionistic fuzzy set A in (Y,I') we have:
(a) A is an intuitionistic fuzzy closed set in'Y < CI(A) =
(b) A is an intuitionistic fuzzy open set in Y < Int(A) =
(¢) CI(A°) = (IntA)°
(d) Int(A¢) = (ClA)*

4
A

Definition 2.9 ([15]). Let X and Y are two non empty sets. A function F :
(X,7) = (Y,T) is called intuitionistic fuzzy multifunction if F'(z) is an intuitionistic
fuzzy set in Y, Vo € X.

Definition 2.10 ([17]). Let F :(X,7) — (Y,T') be an intuitionistic fuzzy multifunc-
tion and A be a subset of X. Then F(A) = UzeaF(z).

Lemma 2.11 ([17]). Let F «(X,7) = (Y,T') be an intuitionistic fuzzy multifunction.
Then

(a) AC B = F(A) C F(B) for any subsets A and B of X.

(b) F(ANB) C F(A) N F(B) for any subsets A and B of X.

(c) F(UagenAo) = U{F(Ay) : o € A} for any family of subsets {As : o € A} in
X.

Definition 2.12 ([15]). Let F': (X,7) — (Y,I') is an intuitionistic fuzzy multifunc-
tion. Then the upper inverse F'*(A) and lower inverse F'~(A) of an intuitionistic
fuzzy set A in Y are defined as follows:

FH(A)={ze X :F(z) C A}
F~(A) ={z € X : F(z)qA}

Lemma 2.13 ([17]). Let F : (X, 7) = (Y,T') be an intuitionistic fuzzy multifunction

and A, B be intuitionistic fuzzy sets in'Y. Then:
(a) FH(1) = F-()=X

(b) F*(A) C F~(4)
(c) [F~(A))° = [F*(A)]
(d) [F*(A)° = [F~(A)]

(e) If AC B, then F*(
(f) If AC B, then F—(
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3. SOME PROPERTIES OF UPPER AND LOWER SEMI-CONTINUOUS INTUITIONISTIC
FUZZY MULTIFUNCTIONS

In 1999, Ozbakir and Coker [13] introduced the concept intuitionistic fuzzy mul-
tifunctions and studied their lower and upper intuitionistic fuzzy semi continuity
from a topological space to an intuitionistic fuzzy topological space.In this section
we obtain some characterizations and properties of lower and upper semi-continuous
intuitionistic fuzzy multifunctions

Definition 3.1 ([13]). An Intuitionistic fuzzy multifunction F : (X,7) — (Y,T) is
said to be:

(a) Intuitionistic fuzzy upper semi continuous at a point xg € X , if for any
intuitionistic fuzzy open set W C Y such that F(zo) C W there exists an open set
U C X containing xy such that F(U) C W .

(b) Intuitionistic fuzzy lower semi continuous at a point zg € X , if for any
intuitionistic fuzzy open set W C Y such that F(xq)gWW there exists an open set
U C X containing xg such that F(w)qW, VreU.

(c) Intuitionistic fuzzy upper semi-continuous (intuitionistic fuzzy lower semi-
continuous) if it is intuitionistic fuzzy upper semi-continuous (Intuitionistic fuzzy
lower semi-continuous) at each point of X.

Remark 3.2. The concepts of intuitionistic fuzzy upper semi-continuous and in-
tuitionistic fuzzy lower semi-continuous intuitionistic fuzzy multifunctions are inde-
pendent. For,

Example 3.3. Let X = {a,b},Y =[0,1] and let 7 = {¢, {b}, X} and

I'={0,1,Cp/32/3),C(5/6,1/6)}

are topology and intuitionistic fuzzy topology on X and Y respectively. We use
the notion Ch 3 (0 < a < 1,0 < f < land 0 < a+ f < 1) to denote the
constant intuitionistic fuzzy sets such that C, g (y) = {< y,a,8 >;Vy € Y}
Then the intuitionistic fuzzy multifunction F : (X,7) — (Y,T') defined by F(a) =
Cs/6,1/6) and F(b) = C(1/2,1/2) is intuitionistic fuzzy upper semi-continuous but not
intuitionistic fuzzy lower semi-continuous.

Example 3.4. Let X = {a,b,c},Y =[0,1] and let 7 = {¢, {a, c}, X} and
I'={0,1,Cp 212, C1/3,2/3)}

are topology and intuitionistic fuzzy topology on X and Y respectively. We use
the notion C(h5(0 < a < 1,0 < g < land 0 < a+ f < 1) to denote the
constant intuitionistic fuzzy sets such that C, g (y) = {< y,a,8 >;Vy € Y}
Then the intuitionistic fuzzy multifunction F : (X,7) — (Y,T") defined by F(a) =
Cs/6,1/6) and F(b) = C1/2,1/2) and F(c) = C(3/4,1/4) is intuitionistic fuzzy lower
semi-continuous but not intuitionistic fuzzy upper semi-continuous.

Definition 3.5. An Intuitionistic fuzzy multifunction F': (X,7) — (Y,T'), then the
Intuitionistic fuzzy multifunction CIF : (X,7) — (Y,T) is defined by (CIF)(z) =
Cl(F(x)) for every z € X

818
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Theorem 3.6. For a intuitionistic fuzzy multifunction F : (X,7) — (Y,T'), it

follows that (CL(F))~ (V) = F~(V), for each intuitionistic fuzzy open set V of Y.

Proof. Let V be any intuitionistic fuzzy open set of Y and z € (CI(F))~ (V). Then
CI(F(z))qV and hence F(x)qV because V is intuitionistic fuzzy open set of ¥ There-
fore, we obtain z € F~(V'), this shows that (CI(F))~ (V) C F~(V). Conversely let,
x € F~(V). Then we have F(z)qV . which implies that CI(F(x))qV and hence

z € (CI(F))~(V). This shows that F~(V) C (CI(F))~ (V). Consequently, we
obtain (CI(F))~ (V)= F~(V). O

,7) — (Y,T) is in-

Theorem 3.7. An intuitionistic fuzzy multifunction F : T
(X, 1) = (Y\T) s

(
tuitionistic fuzzy lower semi continuous if and only if CU(F
intuitionistic fuzzy lower semi continuous.

X
)

Proof. Necessity, Suppose that F' is intuitionistic fuzzy lower semi continuous. Let
z € X and let V be any intuitionistic fuzzy open set of ¥ such that Cl1(F(z))qV.
By theorem 3.6 , we have z € (CI(F))~ (V) = F~(V) and hence F(z)qV. Since F is
intuitionistic fuzzy lower semi continuous, there exists an open set U of X containing
z such that F(u)qVVu € U. Hence CI(F)(u)qV for each u € U. This shows that
CI(F) is intuitionistic fuzzy lower semi continuous.

Suf ficiency, Suppose CI(F') is intuitionistic fuzzy lower semi continuous. Let
z € X and let V be any intuitionistic fuzzy open set of Y such that F(x)qV. By
theorem 3.5, we have 2 € F~(V) = (CI(F))~ (V) and hence CI(F)(x)qV. Since
CI(F) is intuitionistic fuzzy lower semi continuous, there exists an open set U of X
containing z such that C1(F(u))qV for each u € U. Since V be intuitionistic fuzzy
open set of Y, hence F(u)qV for each u € U. This shows that F is intuitionistic
fuzzy lower semi continuous. O

4. STRONGLY UPPER AND STRONGLY LOWER SEMI-CONTINUOUS INTUITIONISTIC
FUZZY MULTIFUNCTIONS

In this section we introduce the concept of strongly lower and strongly upper semi-
continuous intuitionistic fuzzy multifunctions obtain some of their characterizations
and properties.

Definition 4.1. An Intuitionistic fuzzy multifunction F : (X, 7) — (Y,T) is said to
be:

(a) Intuitionistic fuzzy strongly upper semi continuous at a point = € X | if for
any intuitionistic fuzzy set B of Y such that F(z) C B 3 a neighborhood U of =
such that U C F*(B).

(b) Intuitionistic fuzzy strongly upper semi-continuous if it is intuitionistic fuzzy
strongly upper semi-continuous at each point x € X.

Theorem 4.2. Let F' be an intuitionistic fuzzy multifunction F : (X, 7) — (Y, 1),
then following conditions are equivalent:
(a) F is intuitionistic fuzzy strongly upper semi continuous.
(b) F*(B) is open in X for every intuitionistic fuzzy set B of Y.
(¢c) F~(B) is closed in X for every intuitionistic fuzzy set B of Y.
819
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Proof. (a)=(b). Let B be any intuitionistic fuzzy set of Y and let z € F*(B). Then
F(z) € B. And so 3 a neighborhood U of z such that U C F*(B). It follows that
F*(B) is the union of open sets of X is open in X.

(b)=(a). Let z € X and B be an intuitionistic fuzzy set of Y such that F(z) C B.

Then z € F*(B). Put U = F*(B).Then U is a neighbourhood of x such that
U C F*(B). Hence F is intuitionistic fuzzy stlzongly upper semi continuous.
(b)&(c). It follows from the fact that [F'~(A)]¢ = F(A°) for every intuitionistic

fuzzy set A of Y and compliment of every open set is always closed. O

Remark 4.3. Every intuitionistic fuzzy strongly upper semi continuous multifunc-
tion is intuitionistic fuzzy upper semi continuous but the converse may not be
true.For,

Example 4.4. Let X = {a,b,c},Y = {z,y,2} and let 7 = {¢, {a},{c},{a,c}, X}
and I' = {0,1} are topology and intuitipnisticNfuzzy topology on X and Y respec-
tively. Let the intuitionistic fuzzy sets U and V of Y are defined as follows,

U={<z,0504> <y,04,05> < 20.3,0.5 >},

V ={<,03,06><y,01><20,1>}

Then the intuitionistic fuzzy multifunction F : (X,7) — (Y,T'), defined by F(a) =
U, F(b) = Vand F(c) = U, is intuitionistic fuzzy upper semi continuous but it is not
intuitionistic fuzzy strongly upper semi continuous. For the intuitionistic fuzzy set
A={<,04,05><y,0,1><20,1>}of Y, Ft{A} = {b} is not open in X.

Definition 4.5. An Intuitionistic fuzzy multifunction F' : (X, 7) — (Y,T") is said to
be:

(a) Intuitionistic fuzzy strongly lower semi continuous at a point € X , if for
any intuitionistic fuzzy set B of Y such that F(z)gB 3 a neighborhood U of z such
that U € F~(B).

(b) Intuitionistic fuzzy strongly lower semi-continuous if it is intuitionistic fuzzy
strongly lower semi-continuous at each point of X.

Remark 4.6. Every intuitionistic fuzzy strongly lower semi continuous multifunc-
tion is intuitionistic fuzzy lower semi continuous but the converse may not be true.
For

Example 4.7. Let X = {a,b,c},Y = {x,y,2} and let 7 = {¢, {a}, {c},{a,c}, X}
and T' = {0,1} are topology and intuitionistic fuzzy topology on X and Y respec-
tively. Let the intuitionistic fuzzy sets U and V of Y are defined as follows,

U={<,0504> <y,04,05> < 20.3,0.5 >},

V ={<,06,04><y01><20,1>}.
Then the intuitionistic fuzzy multifunction F' : (X,7) — (Y,T'), defined by F(a) =
U,F(b) =Vand F(c) = U, is intuitionistic fuzzy lower semi continuous but it is not
intuitionistic fuzzy strongly lower semi continuous. For the intuitionistic fuzzy set
A={<2,04,05><y,0,1 > <20,1>}0ofY,F {A} = {b} is not open in X.
820
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Theorem 4.8. Let F' be an intuitionistic fuzzy multifunction F : (X,7) — (Y,T),
then following conditions are equivalent:

(a) F is intuitionistic fuzzy strongly lower semi continuous.

(b) F~(B) is open in X for every intuitionistic fuzzy set B of Y.

(¢c) FH(B) is closed in X for every intuitionistic fuzzy set B of Y.

Proof. (a)=(b). Let B be any intuitionistic fuzzy set of Y and Let z € F~(B).
Then F(x)gB. Therefore 3 a neighborhood U of x such that U C F~(B). Hence,
F~(B) is the union of open sets of X is open in X.

(b)=(a). Let € X and B be an intuitionistic fuzzy set of Y such that F(z)qB.
Then # € F~(B). Put U = F~(B). Then U is a neighbourhood of z such that
U C F~(B). Hence F is intuitionistic fuzzy strongly lower semi continuous.

(b)&(c). Tt follows from the fact that [F*(A)]¢ = F~(A°) for every intuitionistic
fuzzy set A of Y and compliment of every open set is always closed. O

Definition 4.9. An intuitionistic fuzzy multifunction F': (X,7) — (Y,I') is said to
be:

(a) Intuitionistic fuzzy strongly semi continuous at a point o € X, if for any
intuitionistic fuzzy sets G1,Gs of Y such that F(xo) C Gy and F(J;o)ng 3 neigh-
borhoods U and V of zq such that U C F+(G1) and V C F~(Gy)

(b) Intuitionistic fuzzy strongly semi-continuous if it is intuitionistic fuzzy strongly
semi-continuous at each point of X.

Remark 4.10. Every intuitionistic fuzzy strongly continuous intuitionistic fuzzy
multifunction is intuitionistic fuzzy strongly lower semi continuous (resp. intuition-
istic fuzzy strongly upper semi continuous).

Theorem 4.11. Let F' be an intuitionistic fuzzy multifunction F : (X, 7) — (Y, T),
then following conditions are equivalent:

(a) F is intuitionistic fuzzy strongly semi continuous.

(b) FH(A)N F~(B) is open in X for every intuitionistic fuzzy set A, B of Y.

(¢c) FY(A)UF~(B) is closed in X for every intuitionistic fuzzy set A, B of Y.

Proof. (a)=(b). Let A, B be any two intuitionistic fuzzy sets of ¥ and 2 € F*(A4)N
F~(B), Then F(z) C A and F(x)qB. Therefore there exists open sets U and V
containing z such that U € F*(A) and V C F~(B). It follows that z € UNV C
FH(A)N F~(B) and U NV is an open set of x. Hence FT(A) N F~(B) is an
intersection of open sets in X is an open set in X.

(b)=(a). Let x be any point of X and let A, B be intuitionistic fuzzy sets of
Y such that F(z) ¢ A and F(z)¢B. Then z € F*(A) and € F~(B) implies
ze FH(A)NF~(B),Put U=V = FT(A)NF~(A). Then by (b) U and V are open
in X containing z such that U ¢ F*(A) and V C F~(A). Hence, F is intuitionistic
fuzzy strongly semi continuous at x.

(b)<(c).Let A, B be any two intuitionistic fuzzy sets of Y. By Lemma 2.13 we
have - -

(FHA)UF(A)° = (F ( D) N (F~(B))* = F~ (A N F*(B°)
is open in X. Therefore, (F*(A)U F~(A)) is closed in X. O
821
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Theorem 4.12. Let {U, : w € A} be an open cover of a topological space (X, T).
An Intuitionistic fuzzy multifunction F(X,7) — (Y,T') is intuitionistic fuzzy strongly
upper semi continous if and only if the restriction F | U, : U, — Y is intuitionistic
fuzzy strongly upper semi continous for each w € A.

Proof. Necessity. Suppose that F is intuitionistic fuzzy strongly upper semi con-
tinous. Let w € A and 2 € U,. Let V be any intuitionistic fuzzy set of ¥ such
that (F | U,)(z) C V. Since F is intuitionistic fuzzy strongly upper semi continous
and F(z) = (F | U,)(x), there exists an open set G of X containing x such that
F(G) C V. Put U = GNU,, then U is an open set of X containing z such that
(F | U,)(U) = F(U) € V. Hence (F | U,) is intuitionistic fuzzy strongly upper
semi continous.

Sufficiency. Let 2 € X and V be any intuitionistic fuzzy set of Y, such that
F(z) C V. Since {U, : w € A} be an open cover of X, there exists w € A such that
xz €U,. Now F | U, : U, — Y is intuitionistic fuzzy strongly upper semi continous
and F(z) = (F | Uy)(z), there exists an open set U of U, containing z, such that
(F | U,)(U) C V. Since each U,, is open in X, therefore U is open in X containing
x and F(U) C V. Hence F is intuitionistic fuzzy strongly upper semi continous. [

Theorem 4.13. Let {U, : w € A} be an open cover of a topological space (X, ).
An Intuitionistic fuzzy multifunction F(X, 1) — (Y,T) is intuitionistic fuzzy strongly
lower semi continous if and only if the restriction F' | U, : U, — Y is intuitionistic
fuzzy strongly lower semi continous for each w € A.

Proof. Necessity. Suppose that F' is intuitionistic fuzzy strongly lower semi conti-
nous. Let w € A and 2 € U,,.Let V be any intuitionistic fuzzy set of Y such that
(F | U,)(x)qV.We have F(z) = (F | U,)(x) and hence F(z)qV . Since F is intuition-
istic fuzzy strongly lower semi continous, there exists open set G of X containing
x such that F(g)qV for each g € G. Put U = GNU,. Then U is an open set of
X containing z, such that (F | U,)(U) = F(U)qV. Hence (F | U,) is intuitionistic
fuzzy strongly lower semi continous.

Suf ficiency. Let z € X and V be any intuitionistic fuzzy set of Y, such that
F(x)qV. Since {U, : w € A} be an open cover of X, there exists w € A such that
x € U,. Since F(z) = (F | U,)(z), we have (F | U,)qV. Since F | U, : U, = Y
is intuitionistic fuzzy strongly lower semi continous and F'(z) = (F | U,)(z), there
exists an open set U of U, containing « such that (F | U,)(u)qV for each for each
u € U. Since each U, is open in X therefore U is open in X containing x and
F{U )qf/ Therefore F' is intuitionistic fuzzy strongly lower semi continous. O

FUTURE AND SCOPE OF NEWLY DEFINED MULTIFUNCTIONS

The theory of Intuitionistic fuzzy Multifunctions can be applied in functional
analysis and Fixed point theory, for instance we can study fixed point of Intuition-
istic fuzzy multifunctions in Intutionistic fuzzy Matric Spaces. Also,Intuitionistic
fuzzy Multifunctions can play important role in the study of the convergence of
Intuitionistic fuzzy Nets and filters in Intuitionistic fuzzy topological spaces. Intu-
itionistic fuzzy Multifunctions can be applied in many areas such as, Decision theory,
Non-cooperative games, Artificial Intelligence, Economic theory, Medical Sciences,

822
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Image Processing and Information Sciences. Intuitionistic fuzzy Multifunctions can
be considered as a generalization of fuzzy Multifunctions.
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