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1. INTRODUCTION

In 1965, L. Zadeh [33] introduced the concept of a fuzzy sets. Many researchers
have developed the theory of fuzzy sets and its applications and introduced the
notion of fuzzy metric spaces (FM-spaces). For example, we can refer to Kramosil
and Michalek [20], George and Veeramani [10], Kaleva and Seikkala [19], Ereeg [3],
Deng [7], Fang [9] and etc. Recently, many authors, for example ([1], [6], [12], [L6],
[17], [21], [22], [23], [28]) proved fixed and common fixed point theorems in fuzzy
metric spaces. In 1994, Mishra et al. [24] introduced the notion of compatible
mappings in FM-spaces. Cho et al. ([3], [1]) introduced the concept of compatible
mappings of types () and (8) in FM-spaces (compatible mappings of types («) and
(8) introduced by Jungek et al. [18] and Pathak et al. [27] in metric spaces). Also
the notion of weakly compatible mappings in fuzzy metric spaces studied by Singh
and Jain [32].
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2. PRELIMINARIES

Definition 2.1 ([33]). Suppose X is a nonempty set. A fuzzy set A in X is a
function with domain X and values in [0, 1].

Definition 2.2 ([29]). A binary operation = : [0,1] x [0,1] — [0,1] is called a
continuous t-norm (triangular norm) if the following conditions hold:

(1) * is associative and commutative;

(2) ax1=aforall a €]0,1];

(3) axb < cxdwhenever a < cand b <d for all a,b,c,d € [0,1];

(4) * is continuous.

Some typical examples of continuous ¢-norms are :
Tr(a,b) = min(a,b) , Tp(a,b) = ab and T (a,b) = maz(a+b—1,0).

Definition 2.3. A FM-space in the sense of Kramosil and Michalek [20] is a 3-tuple
(X, M, *) where X is an arbitrary (nonempty) set, * is a continuous ¢-norm and M
is a fuzzy set on X2 x [0, 00) such that the following properties hold :

(FM-1) M(z,y,0) =0 Vz,y € X;

(FM-2) M(z,y,t) =1Vt >0iff z = y;

(FM-3) M(z,y,t) = M(y,z,t) Ve,y € X and t > 0;

(FM-4) M(z,y,-) : [0,00) — [0, 1] is left continuous for all z,y € X;
(FM-5) M(x, z t+s)>M(x y, 1)« M(y,z,s) Ve,y,z € X , Vt,s > 0.

We refer to these spaces as KM-fuzzy metric spaces.

Definition 2.4. A FM-space in the sense of George and Veeramani [10] is a 3-tuple
(X, M, ) where X is an arbitrary (nonempty) set, * is a continuous t-norm and M
is a fuzzy set on X2 x (0, 00) such that the following conditions are satisfied for all
z,y,z € X and t,s > 0:

(GV-1) M (z,y,t) > 0;

(GV-2) M(z,y,t) =1 if and only if x = y;
(GV-3) Mz, y.t) = M{y,x1);

(GV-4) M(z,y,-) : (0,00) —> [0,1] is continuous;
(GV-5) M(z,z,t+s) > M(z,y,t) x M(y, z, s).

We refer to these spaces as G V-fuzzy metric spaces.

We can see some common fixed point theorems in GV-fuzzy metric spaces by
Gopal and Imdad in [11].

Suppose (X, M, x) is a fuzzy metric space. For all ¢ > 0, the open ball B(x,r,t)
with center # in X and radius 0 < r < 1 is defined by

B(z,r,t)={y e X : M(z,y,t) >1—r}.

Suppose (X, M, ) is a fuzzy metric space and 7 is the set of all A C X with
this property : x € A if and only if there exists ¢ > 0 and 0 < r < 1 such that
B(z,r,t) C A. Then )/ is a topology on X (induced by the fuzzy metric M). This
topology is Hausdorff and first countable. (See [5]).
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Example 2.5 ([10]). Let (X, d) be a metric space. Define a *b = ab (or a x b =
min(a,b)). For z,y € X and ¢t > 0, put
Mz, yt) = —— .
(@,9:1) t+d(x,y)
Then (X, M, *) is a GV-fuzzy metric space which is called the standard fuzzy metric
induced by the metric d.

Example 2.6. [2] Let X = IR and a *b = Tp(a,b) for all a,b € [0,1]. For all ¢ > 0
and z,y € X, define

lz—y]|
t

M(z,y,t) = (e
Then (X, M, x) is a GV-fuzzy metric Space.

Example 2.7 ([2]). Let X = IN and a *b = Tp(a,b) for all a,b € [0,1]. For all
t > 0, define

.

ife<y

Mot = {
Then (X, M, x) is a GV-fuzzy metric Space.

8ee |8

if y <uax.

Example 2.8 ([14]). Let f : X — (0,00) be a one to one function, g : Rt —
[0,00) be an increasing continuous function and a *x b = Tp(a,b) for all a,b € [0,1] .

For fixed a, 5 > 0, define M as
(min{f (@), f(4)))° + (1) )5
M x’ y?t = < )
0= Gnaali ). )} + 90
for all z,y € X and t > 0. Then, (X, M, *) is a FM-space on X.
Example 2.9 ([11]). Let (X,d) be a bounded metric space with d(x,y) < k (for

all z,y € X), g: IR" — (k,+00) is an increasing continuous function and a * b =
Ty (a,b) for all a,b € [0, 1]. Define a function M as

d(z,y)
g(t)
for all ,y € X and t > 0. Then, (X, M, *) is a FM-space on X.

M(z,y,t)=1-

Example 2.10 ([11]). Let g : Rt — [0,00) be a non-decreasing continuous func-
tion, a xb = Tp(a,b) for all a,b € [0, 1] and define function M as

M (z,y,t) = e~4@v)/9®)
for all z,y € X and ¢ > 0. Then, (X, M, ) is a FM-space on X.
For more examples of FM-spaces refer to [2].

Lemma 2.11 ([13]). Let (X, M, *) be a FM-space. Then M (z,y,t) is non-decreasing
with respect to t, for all x,y in X.

Definition 2.12 ([13]). Let (X, M,x*) be a (KM- or GV-) fuzzy metric space. A
sequence {z,} in X is said to be convergent to a point z € X if and only if

lim M(z,,z,t)=1

n—oo
for all ¢ > 0.
741
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The sequence {z,,} in X is said to be Cauchy if
lim M(zy,zm, t) = 1.

n,m— o0
Or, equivalently, if for each 0 < ¢ < 1 and ¢t > 0, there exists ng € IV such that
M (Zp, T, t) > 1 — € for any n,m > ng.
The FM-space (X, M, *) is said to be complete if every Cauchy sequence in X is
convergent.

Lemma 2.13 ([5]). Suppose (X, M, %) is a FM-space. If a sequence {x,} in X
satisfies

M(xn; Tn41, t) > M(:EO; I, k"t)
for allk > 1, n € IN, then the sequence {x,} is a Cauchy sequence.

Definition 2.14 ([24]). Let f and g be self-maps on a FM-space (X, M, x). Then
the mappings f and g are said to be compatible (asymptotically commuting) if for
each t > 0,

lim M(fg2n,gfen,t) =1,
n—moao0
whenever {x,} is a sequence in X such that

lim fz,= lim gz, ==
n—o0 n—-o0

for some z € X.
Also we can see definition of noncompatible in [11].

Definition 2.15 ([32]). Let f and g be self-maps on a fuzzy metric space (X, M, ).
Then the pair (f,g) is said to be weakly compatible if f and g commute at their
coincidence point, that is, fr = gx implies that fgxr = gfz.

Also Singh et al. and Pant respectively in [31] , [26] defined semi-compatible
and reciprocal continuous and Mishra et al [25] showed that semi-compatible and
reciprocal continuous are equivalent.

Definition 2.16 ([15]). A fuzzy metric space (X, M, ) is said to be compact if
(X, 7ar) is a compact topological space.
The above definition is equivalent to:

Definition 2.17 ([13]). A fuzzy metric space (X, M, x) is said to be compact (se-
quentially compact) if every sequence in X has a convergent subsequence.

Definition 2.18 ([3]). Let f and g be self-maps on a FM-space (X, M,*). Then
the mappings f and g are said to be compatible of type () if for each ¢t > 0,

lim M(fgen, ggn,t) =1, lm M(gfwn, ffon,t) =1,

n——oQ0

whenever {x,} is a sequence in X such that

lim fx, = lim gz, ==
n—oo n——oo

for some z € X.
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Definition 2.19 ([4]). Let f and g be self-maps on a FM-space (X, M,x*). Then
the mappings f and g are said to be compatible of type (8) if, for each t > 0,

n—00
whenever {z,} is a sequence in X such that
lim fz,= lim gz, ==

for some r € X.

Remark 2.20 ([29]). If self-maps f and g of a FM-space (X, M, *) are compatible
of type («) or compatible of type (8) then they are weak compatible.

The converse is not true as seen in example below.

Example 2.21 ([29]). Let X = [0,2] and (X, M, %) be a FM-space. Define a * b =
min(a,b), for a,b € [0,1] and M(z,y,t) = Hd(ﬁ’ for t > 0 and M(z,y,0) = 0, for
x,y € X. Define self-maps f and g on X as follows:

fr=2if0<zx<landgr=2if x=1;

1 1
fr= 22 if 1<xz<2andgx= g(a: + 3) otherwise.
Taking z,, = 2 — o= we have f(1) = g(1) = 2 and f(2) = g(2) = 1. Also fg(1) =

2n
gf(1) =1 and fg(2) = gf(2) = 2. Thus (f,g) is weak compatible. Again, fxz, =

1— 4+ and gz, =1 — 5. Thus, fz, — 1 and gz, — 1. Also

1 8

. . 2
nhjle(ffxn,ggxn,t) —nh_>mooM(2,g — 50711’“ =t/(t+ 5) <1,

Vt > 0. Hence f and g are not compatible of type (3).
Now, we give the following example :

Example 2.22. Let X = [0,1] and (X, M,*) be a FM-space. Define a x b =

min(a,b), for a,b € [0,1] and M (x,y,t) = m, for ¢t > 0 and M(x,y,0) =0, for

x,y € X. Define self-maps f and g on X as follows:
Vee X; fr=gzx=1
Taking z,, =1 — % we have,
lim fz, = lim gz, =1
n—ro0 n—ro0
Also
im M(fgxn, ggan,t) = M(1,1,t) = 1;
n—:oo
im M(gfan, ffon,t)=M(1,1,1) =1
n—o0
Vt > 0. Hence f and g are compatible of type (a). Also
lim M(ffxn,ggxmt) - M(la 1, t) =1,
n—oo
Yt > 0. Hence f and g are compatible of type ().
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Proposition 2.23 ([3]). Let (X, M,*) be a fuzzy metric space with this property :
txt=t for allt €[0,1]. And f,g be continuous mappings from X into itself. Then
f and g are compatible if and only if they are compatible of type ().

Proposition 2.24 ([4]). Let (X, M, *) be a fuzzy metric space with this property :
txt =1t forallt € [0,1]. And f,g be continuous mappings from X into itself. Then
f and g are compatible if and only if they are compatible of type (5).

Proposition 2.25 ([1]). Let (X, M,*) be a fuzzy metric space with this property :
txt=t forallt €[0,1]. And f,g be continuous mappings from X into itself. Then
f and g are compatible of type () if and only if they are compatible of type (B).

Definition 2.26 ([5]). Let f and g be self-maps on a FM-space (X, M,x*). Then
the pair (f, g) is said to be compatible of type (I) if, for each ¢ > 0,

n—ro0
whenever {z,} is a sequence in X such that

lim fz,= lim gz, ==
n—»oo n—>oo

for some x € X.

Definition 2.27 ([5]). Let f and g be self-maps on a FM-space (X, M, ). Then
the pair (f, g) is said to be compatible of type (II) if and only if (g, f) is Compatible
of type (I).

3. IMPLICIT RELATION

Suppose ® denote the set of all functions E : [0,1]* — IR such that one of the
following conditions is true for all u,v € [0,1) :

(A1) E(v,u,u,v) >0 or E(v,u,v,u) > 0 implies u < v and

E(v,1,1,v) <0, E(v,v,1,1) <0 and E(v,1,v,1) <0.

(A3) E(v,u,u,v) <0 or E(v,u,v,u) <0 implies u < v and

E(v,1,1,v) >0, E(v,v,1,1) > 0 and E(v,1,v,1) > 0.

(A3) E(v,u,u,v) >0 or E(v,u,v,u) > 0 implies u < v and

E(v,1,1,v) <0, E(v,v,1,1) < 0 and E(v,1,v,1) < 0.

(Ay) E(v,u,u,v) <0 or E(v,u,v,u) <0 implies u < v and

E(v,1,1,v) >0, E(v,v,1,1) > 0 and E(v,1,v,1) > 0.

Example 3.1.
E1(t1,ta, ts,tq) =t — totsty,
Es(t1,ta,t3,ts) = totsty — 1,
E3(ty,ta, t3,ts) = t1 — min{ta, ts, ta}.

It is easy to see that Ey € ® for k=1,2,3.
744
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4. MAIN RESULTS

Theorem 4.1. Let A, B, S and T be self-maps of a complete GV-fuzzy metric space
(X, M, *) such that:
(a) T(X) C A(X), S(X) C B(X),
(b) E(M(Sx, Ty, kt), M(Azx, By, (1 — k)t), M(Ax, Sz, (1 — k)t),
M(By, Ty, kt)) > 0;
foranyz,ye X,t >0,k e (0,1), E € ® and E satisfies (A1) [if E(t1,ta,t3,t4) <
0,> 0 and < 0 respectively E satisfies Ag, Az, A4],
(¢) The mappings A, B, S and T are continuous,
(d) The pairs (A,S) and (B,T) are compatible of type ().
Then A,B,S and T have a unique common fixed point as z in X. Also z is the
unique common fixed point of A, S, B and T

Proof. We prove theorem for the case (A1). The other cases are similar. Let xg
be an arbitrary element in X. Since S(X) C B(X) and T(X) C A(X), there exist
r1,x2 € X such that Sxg = Bz , Tx; = Axs. Inductively, we can make the
sequences {z,} and {y,} in X such that

(4.1) Yon = STon = BToni1, Yont1 = T2ont1 = AZon42

For each n=0,1,2,...
If we set dp,(t) = M (Ym,Ym—+1,t) for t > 0, then we prove that {y,} is a Cauchy
sequence.
Putting © = x2,, y = 2241 , k € (0, %) in (b), we have
0< E(M(S.TQH, T.I?Qn_H, kt), M(Axgn, B$2n+1, (1 — k‘)t), M(Al‘gn, STop, (1 — k‘)t)
, M(B$2n+17 Tl‘gn+1, k't))
= E(M (y2n, yan+1, kt), M(y2n—1, y2n, (1 — k)t), M (y2n—1, yon, (1 — k)t),
M (y2n, Y2n+1, kt))
= E(d2n(kt), don—1((1 — k)t), dan—1((1 — k)t), d2y (k1))
From (A1), we have

don—1((1 — k)t) < day (kt).
If we set ¢ = 1 — k, then we have

(42) dznfl(qt) < dgn(kt)
Putting = x2,41, ¥ = Tant2 , k € (0, %) in (b), we have
0 < E(M(Sxont1, Txont2, kt), M(Axont1, Bropyo, qt), M(Axont1, STany1,qt)
s M(Bxopyo, TToni2, kt))
= E(M (y2n+1, Y2n+2, kt), M (Y2n, Y2n+1, qt), M (Y2n; Yon+1,qt), M (Yan+1, Yant2, kt))

= E(d2n+1(kt), d2n(qt), don(qt), donir (Kt))
From (A;), we have

(43) dgn(qt) < d2n+1(k‘t).
Then, from (4.2) and (4.3) for each n € IN, we have
dp(kt) > dp—1(qt).
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Consequently

M (Yn, Ynt1, kt) > M (Yn—1,Yn, qt)-

That is

M (Y, Yns1,t) > M(Yn—1,Yn, £t) > . > M(yo, y1, (£)"1).

Putting k1 = ¢ in the above inequality, we have

M (Yn, Ynt1,1) > M(yo,y1, kT't) (k1 > 1).

Hence, by Lemma 2.13, {y, } is a Cauchy sequence. Completeness of X, follows that
{yn} converges to a point z in X. Hence we have

EllSY

hmn—>oo Yon = limn—)oo S$2n = hmn—>oo Bx?n-‘rl = liInn—><>o Yan+1

=lim, oo Twopy1 = lim, o0 ATopq2 = 2.
Suppose that M(Sz, Tz, %) # 1. Putting z = Axg,, y = Broyi1, k = % in (b), we
have

t t
0< E(M(SA:Eg,H TB,TQnJrh 5), M(AAQ:QH, BB$2n+1, 5), M(AA{,EQn,
t t
5), M(BB£2n+1, TB$2n+1, 5))
SAxsy, L), M(BBxoni1, TBrony1, 5)).
Since (A4, S) is compatible of type (a), then we have

lim M(SAxo,, AAzs,,t) = 1.

n—moao0

(4.4) SAzan,

Hence

n—>00 n—->00

Now, since A and S are continuous, then we have

(4.5) Az = lim AAx,, = lim SAzy, = S=z.
n—oo

n——0o0

Similarly, we have

(4.6) Bz =T-x.

Letting n — oo, in (4.4) and (4.5) we have
0< E(M(Sz,T=z, %), M(Az, Bz, %), 1,1) = E(M(S2,T=z, %), M(Sz,Tz, %), 1,1)
which is a contradiction with (A;). Hence, M(Sz,Tz,£) = 1 and consequently we
have Sz =Tz.
So, Az=Bz=5z="T-x.
Suppose that M(Sz, z, %) # 1. Putting z = Azay, Yy = Tont1, k = % in (b), we have
0< E(M(SA:EQn, T$2n+1, %)7 M(Aszn, Bl’2n+1, %), M(AA(EQn, SALL'Qn, %),

M (Bzany1, Toons1, %))
In the above inequality, letting n — oo, we have
0< E(M(Sz2,%),M(Az,2,1),1,1) = E(M(Sz,2,%),M(5z2,2,%),1,1)
which is a contradiction with (Ay). Hence M (Sz, z, 5) = 1 and consequently we have
Sz =z
So, we have Az = Bz=Sz2=Tz = z.
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Now, suppose that z is another common fixed point of A,B,S and 7. Hence
M(z,zl, L) # 1. Puttingz =z, y = 2 k= % in (b), we have
0< B(M(S2,Tz, %), M(Az, Bz, L), M(Az, Sz, 1), M(Bz Tz, L))

= E(M(z, z, %), M(z, Z, %),M(z, z, %), M(z,, Z, %))

= E(M(Za Zlv %)7 M(Z’ Z/’ %)7 17 1)
which is a contradiction with (A;). Hence M(z, z, %) =1 and consequently z = 2,
i.e. zis a common fixed point of A, B, S and T. Now, suppose that r is another
common fixed point of A and S. Hence M (r,z, %) # 1. Putting z =7, y = z, k = %
in (b), we have
0< E(M(Sr,Tz, %), M(Ar, Bz, %), M(Ar, Sr, %), M(Bz,Tz, %))

= E(M(r, z, %), M(r, z, %), M(r,r, %), M(z, z, %))

=FE(M(r,z, %), M(r, z, %), 1,1).
which is a contradiction with (A;). Hence, we have M (r, z, £) = 1 and consequently,
we have r = z.
Therefore, z is the unique common fixed point of A and S. Similarly we can show
that z is the unique common fixed point of B and T . O

Theorem 4.2. Let A, B, S and T be self-maps of a compact GV-fuzzy metric spaces
(X, M, *) such that:

(a) T(X) C A(X), S(X) C B(X),

(b) E(M(Sx,Ty,t), M(Ax, By,t), M(Ax, Sz,t), M(By, Ty,t)) > 0;

For all x,y € X such that one of the relations Ax # By, Ax # Sz

and By # Ty holds and for allt >0, E € ® and E satisfies (Ay)

[if E(t1,ta,t3,t4) < 0,> 0 and < 0 respectively E satisfies Ag, A3, A4],

(c) The pairs (A, S) and (B,T) are weakly compatible,

(d) Fither A and S are continuous or B and T are continuous.
Then A,B,S and T have a unique common fixed point as z in X. Also z is the
unique common fixed point of A and S and of B and T .

Proof. We only prove the case (A;).The other cases are similar. At first, we suppose
that A and S are continuous. For all ¢t > 0, let

(4.7 m = sup{ M (Ax, Sz,t) : x € X}.

Since A and S on a compact fuzzy metric space are continuous, there exists u in X
such that m = M (Au, Su,t).
Since S(X) C B(X), there exists v € X such that

(4.8) Su = Bu.
Since T(X) C A(X), there exists w € X such that

(4.9) Tv = Aw.
Let A, S, B and T have not any coincidence point in X. Then
m = M(Au, Su,t) #1, M(Bv,Tv,t) # 1 and M (Aw, Sw,t) # 1.
Hence, putting © = u and y = v in (b), we have
747
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0< E(M(Su,Tv,t), M(Au, Bv,t), M (Au, Su,t), M(Bv,Tv,t))
= E(M(Bv,Tv,t), M(Au, Su,t), M(Au, Su,t), M(Bv,Tv,t))
= E(M(Bv,Tv,t),m,m, M(Bv,Tv,t)).

So, from (A1), we have

(4.10) m < M(Bv,Twv,t).

Putting z = w, y = v in (b), we have

0< E(M(Sw,Tv,t), M(Aw, Bv,t), M (Aw, Sw,t), M (Bv, Tv,t))
= E(M(Sw, Aw,t), M(Tv, Bv,t), M (Aw, Sw,t), M (Bv,Tv,t))

So, from (A1), we have

(4.11) M(Bv,Tv,t) < M(Aw, Sw,t).
Now, from (4.7), (4.10) and (4.11) we have
m > M(Aw, Sw,t) > M(Bv,Tv,t) > m,

which is a contradiction. Hence, either A and S or B and T have a coincidence point
in X. That is, there exists a € X such that Aa = Sa or Ba = Ta.
Case (1): Suppose that Aa = Sa. Since S(X) C B(X), there exists b € X such
that Sa = Bb. Let M(Bb,Tb,t) # 1. Then, putting x =a , y = b in (b) we have
0< E(M(Sa,Th,t), M(Aa,Bb,t), M(Aa, Sa,t), M(Bb,Tb,t))

= E(M(Bb,Tb,t), M(Aa, Sa,t), M(Aa, Sa,t), M(Bb,Tb,t))

= BE(M(Bb,Tb,t),1,1, M(Bb, Tb,t)),
which is a contradiction with (A;). Hence, we have M (Bb, Tb,t) = 1. So, Bb = Tb.
Thus

(4.12) Aa=Sa=Bb=Tb=z.

Now, since the pair (A4,.5) is weakly compatible we have

(4.13) Az = ASa = SAa = Sz.
Suppose that M (Sz, z,t) # 1. Putting z = z , y = b in (b), we have
0 < BE(M(Sz,Tb,t), M(Az, Bb,t), M(Az, Sz,t), M(Bb, Th, 1))
= E(M(Sz,z2,t), M(Sz,2,t),1,1),
which is a contradiction with (A;). Hence M (Sz, z,t) = 1 and consequently we have
Sz = z. Thus

(4.14) Az =Sz =z
Since the pair (B,T) is weakly compatible we have

(4.15) Bz = BTb=TBb=Tx.

Suppose that M(z,Tz,t) # 1. Putting x = a , y = z in (b), we have
0 < E(M(Sa,Tz,t), M(Aa, Bz,t), M(Aa, Sa,t), M(Bz,Tz,t))
= E(M(z2,Tz,t),M(2,Tzt),1,1),
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which is a contradiction with (A1). Hence M (z,Tz,t) = 1 and consequently we have
Tz = z. Thus

(4.16) Bz=Tz=z.

Hence, from (4.14) and (4.16) we have
Az=8z2=Bz=Tz=z.
That is z is a common fixed point of A, B, S and T'.
Case (2): Suppose that Ba = Ta. Since T(X) C A(X), there exists b € X such
that Ta = Ab. Suppose that M (Ab, Sb,t) # 1. Then, putting x = b, y = a in (b)
we have
0 < E(M(Sb,Ta,t), M(Ab, Ba,t), M(Ab, Sb,t), M(Ba,Ta,t))

= E(M(Sb, Ab,t),1, M(Ab, Sb,t),1),
which is a contradiction with (A;). Hence, we have M (Ab, Sb,t) = 1. Consequently
Ab = Sb. Thus

(4.17) Sb=Ab=Ta= Ba = z.

Now, since the pair (4, S) is weakly compatible we have

(4.18) Az = ASb= SAb = Sz.

Suppose that M(Sz, z,t) # 1. Putting x = z , y = a in (b), we have

0< E(M(Sz,Ta,t), M(Az, Ba,t), M(Az,Sz,t), M(Ba,Ta,t))
=FE(M(Sz,z,t),M(Sz,z,1),1,1),

which is a contradiction with (A;). Hence M (Sz, z,t) = 1 and consequently we have

Sz = z. Thus

(4.19) Az =Sz =z.
Since the pair (B, T) is weakly compatible we have

(4.20) Bz=BTa=TBa="T-x.

Suppose that M (z,Tz,t) # 1. Putting x = b, y = z in (b), we have
0< E(M(Sb,Tz,t), M(Ab, Bz,t), M(Ab, Sb,t), M(Bz,Tz,t))
= E(M(Z’ TZ7 t)’ M(Z? TZ’ t)? ]" 1)7
which is a contradiction with (A1). Hence M (z,Tz,t) = 1 and consequently we have
Tz = z. Thus

(4.21) Bz=Tz=z.

Hence, from (4.19) and (4.21) we have
Az=Sz2=Bz=Tz=z.
That is z is a common fixed point of A, B, S and T
Uniqueness: Now suppose that 2z is another common fixed point of A, B, S and
T. Hence M(z, 2 ,t) # 1. Putting # = z, y = 2 in (b), we have
0< E(M(Sz,Tz ,t), M(Az Bz ,t), M(Az,Sz,t), M(Bz ,T% ,t)
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= E(M(z7z/,t),M(z,z/,t),M(z7z,t),M(z/7z/,t)).

= BE(M(z,z ,t),M(z,2 ,t),1,1),
which is a contradiction with (A;). Hence M(z,z ,t) = 1 and consequently z = 2.
That is z is the unique common fixed point of A, B, S and T.
Now, suppose that r is another common fixed point of A and S. Thus M (r, z,t) # 1.
Putting z = 7, y = z in (b), we have
0< E(M(Sr,Tz,t), M(Ar,Bz,t), M(Ar, Sr,t), M(Bz,Tz,t)

=EM(r,z,t), M(r,z,t), M(r,r,t), M(z, z,t)).

= E(M(T,Z,t),M(T’,Z,t), ]-7 1);
which is a contradiction with (A;). Hence we have M(r, z,t) = 1 and consequently
r=z.
Hence z is the unique common fixed point of A and S. Similarly we can show that
z is the unique common fixed point of B and T, and the theorem is true when B
and T are continuous. 0

5. EXAMPLES

Example 5.1. Let X = IR. For all a,b € [0,1], define a * b = Tp(a,b). For any

t > 0, define
t

T ttle—y
for 2,y € X. Define Sz = Tz = 1, Az = 22 and Bz = 2 for all 2 € X. In Theorem
3.1, put

M(x,y,t)

E(t1,ta, ts,ta) = ] — tatsty.
We can show that 1 is the unique common fixed point of A, B, S and T

Example 5.2. Let X = [0,1]. For all a,b € [0,1], define a xb = Tp(a,b) (or
a*xb="Ty(a,b)). For all z,y in X and ¢ > 0, define

M(z,y,t) = e —y

Define Sx =Tx =1, Ax = 3% and Bx = ‘"’%9 for all x € X. In Theorem 3.1, put
E(tl, tz, t3, t4) = tl — min{tg, t3, t4}.
We can show that 1 is the unique common fixed point of A, B, S and T
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