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1. INTRODUCTION

The concept of fuzzy integral was introduced by Sugeno [12]. In order to evaluate
a fuzzy integral some numerical methods have been proposed in recent years. Wu
in [14, 15], Allahviranloo in [I, 2, 3, 4] and Fariborzi in [9, 10] proposed some

numerical methods for computing fuzzy integrals by using quadrature methods and
the definition of a-level set. Wu and Gong in [13] proposed the Henstock integral
of a fuzzy number-valued function and then developed this work by applying the
concept of differentiability of a fuzzy function. Bede and Gal in [0] applied the
quadrature rule for evaluating the integral of a fuzzy number valued function. In
this paper, we develop this idea for a double fuzzy valued function by applying the
double Simpson’s rule and introducing the Henstock double integral.

In section 2, we present some basic definitions and properties of fuzzy sets and
fuzzy numbers and also some basic theorems which are used in the work.

In section 3, we introduce the double Simpson’s rule for computing a fuzzy Hen-
stock double integral (FHDI).
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Finally, in order to illustrate an application of the proposed method, in section
4, two double fuzzy integrals are evaluated in order to show the efficiency of the
mentioned method.

2. PRELIMINARIES

In this section, some basic definitions of fuzzy sets theory are remined which are
used in the rest of this paper.

Definition 2.1 ([8]). A fuzzy number is a function v : R — [0, 1] satisfying the
following properties :

(i) w is normal, i.e. Jzp € R with u(xo) =1,

(i) w is a convex fuzzy set, i.e.,

u(Az + (1 — Ny) > min{u(z),v(y)}Ve,y € R, A € [0,1]),

(iii) w is upper semi-continuous on R,

(iv) {z € R : u(z) > 0} is compact, where A denotes the closure of A.
The set of all fuzzy real numbers is denoted by Rp. For 0 < r < 1, we define
[u]" = {z € R:u(z) >r} and [u]’ = {z € R : u(x) > 0} as the r—cut and support
of a fuzzy number like u respectively. Also, we define u,; = inf[u]” and u;} = sup[u]”.
A triangular fuzzy number u = (a, b, ¢) where, a < b < cand a, b, ¢ € R is determined
such that u,” =a+ (b—a)r and u,” =c— (c —b)r.
For u,v € Ry and A € R, we have the sum u @ v and the product A © u defined
by [u @ v]” = [u]” + [v]", [N ©u]" = A[u]"Vr € [0,1], where [u]” + [v]" means the
usual addition of two interval (as subsets of R) and A[u|” means the usual product
between a scalar and a subset of R.

Definition 2.2 ([5]). The Hausdorff distance between two fuzzy numbers v and v
given by D : Rp x Rp — R1T U0, is defined as,

(21)  D(wv) = sup max{lu, —v, |, [uf —vf[} = sup {du([u]"[0])},

rel0,1] r€[0,1]
where [u], = [u;,uf],[v]" = [v;,v] € R and dg is the Hausdorff metric. We
define || . ||= D(.,0).

Theorem 2.3 ([13]). (i) If we define 0 = X {0} then 0 € Rp is neutral element with
respect to @, i.e. u®0 =0 u=u for allu € Rp.

(ii) With respect to 0, none of u € Rp,u # 0 has inverse in Ry (with respect to
D).
(iii) For any a,b € R with a,b >0 or a,b <0, and any u € Rp, we have
(a+b)Ou=a@udbOu.

For general a,b € R, the above property does not hold.

(iv) For any A € R and any u,v € Rp, we have
A0 (UBv)=A0udAOv.

(v) For any A\, u € R and any u € Ry, we have
AO(pou)=A\06u Ou.

676



F. Khadem et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 5, 675-686

(vi) || . ||F has the properties of a usual norm on Rp, i.e. || u ||p=0 iff u =0,
[AQullp=[Al || ullr and [[u®v [[p<[ ulF + ] ve.
(vii) || v [|[F< D(u,v) and D(u,v) <|u||lr ® || v ||F for any u,v € Rp.

Theorem 2.4 ([5]). (i) (Rp, D) is a complete metric space,
(i) D(u ®v,v ®w) = D(u, w)Vu,v,w € Rp,
(i1i) D(k © u,k ©®v) = |k|D(u,v)Vu,v € Rp,Vk € R,
(iv) D(u @ v,w®e) < D(u,w)+ D(v,e)Vu,v,w,e € Rp.

Wu and Gong in [13] introduced the concept of the Henstock integral for a fuzzy
number-valued function. We introduce this definition for a two-dimensional fuzzy
number-valued function.

Let f:[a,b] x [e,d] > Rpand Ay ta=29 <21 <...<Zpy=band A, :c=yp <
y1 < ... < yn = d be the partitions of the intervals [a, b] and [c, d] respectively.

We consider the points & € [z;—1,2;],4 = 1,...,m and n; € [y;—1,y;], = 1,..,n
and § : [a,b] X [c,d] = RT. The division P = {([z;_1,:];&);i = 1,...,m} and
Q = {(lyj-1,y;];m;); 7 = 1,...,n} denoted shortly by P = (A,,§) and Q = (Ap,7)
are said to be d-fine if [z;_1,2;] C (& — 6(&%).& + (&) and [yj—1,y;] C (n; —
6(n;),mj + 0(n;))-

Definition 2.5. The function f is called Henstock double integrable to I € Ry if
for every € > 0 there is a function § : [a,b] x [¢,d] — R™ such that for any d-fine

divisions P and @ we have D(32 ) 30 (2 — 2i-1)(y5 — yj-1) O (& my), 1) < e
Then T is called the fuzzy Henstock double integral of f and it is denoted by (FHDI)

1219 (2, y)dady.

Lemma 2.6. (i) If f and g are Henstock double integrable mappings and if D(f(x,y),
g(z,y)) is Lebesque integrable, then

D((FHDI) /ab /Cdf(x,y)dydm, (FHDI) /ab /Cd g(x,y)dydx)
b d
0 [ [ D). ate)duda.

(i) Let f : [a,b] X [¢,d] = Rp be a Henstock double integrable bounded mapping.
Then, for any fized (u,v) € [a,b] x [c,d], the function @, . : [a,b] x [c,d] — RT
defined by @) (x,y) = D(f(u,v), f(x,y)) is Lebesgue integrable on [a,b] x [c, d].

(2.2)

Proof. (ii) If f is Henstock integrable and bounded on [a,b] x [¢,d], then it follows
that f7 (x,y), f} (x,y) (as real functions of (x,y) € [a,b] x [c,d]) are Henstock double
integrable (and uniformly bounded) with respect to r € [0,1]. Therefore, f, (z,y)
and f,F(z,y) are Lebesgue measurable (as functions of (z, y))and uniformly bounded
with respect to r € [0,1], [13] Furthermore,

o(x,y) = D(f(w1,y1), f(22,y2))

sup max{|f’ (z1,y1) — fL(22,92)], |fi($1»y1) - fi($2ay2)|}
(2.3) rel0,1]

= Su[op1] max{|f"" (z1,y1) — [ (z2, 92)|, [ f1 (21, 91) — [ (22, 92)]},
’V'Le 9
677
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where 7,,n € N, represent all the rational numbers in [0, 1]. By Lebesgue’s theorem
of dominated convergence, it follows that ¢(z,y) is Lebesgue integrable on [a, b] x
[e,d] and this ends the proof. O

Definition 2.7. Let f : [a,b] X [¢,d] =& Rp be a bounded mapping. Then the

function w([a,b]x[c,d])(fa SE RTU0O—RT
(2.4) W(ja,b) x[e,d]) (f5 01, 02) = sup{D(f (21,91, f(22,92));
. (xhyl)a (m23y2) € [avb] X [C, dL ‘331 - y1| < 617 ‘.132 - y2| < 62}

is called the modulus of oscillation of f on [a,b] X [¢,d].
If f:[a,b] x [c,d] = Rp is continuous on [a,b] x [c,d], then w((q 5 x[c,q)) (f,01,02) is
called uniform modulus of continuity of f.

From definition 2.7, the following theorem can be proved.

Theorem 2.8. The following statements, concerning the modulus of oscillation, are
true:

(a) D(f(z1,91), f(22,92)) < Wiap)x(e,dq)(fs[T1 — y1l, |22 — y2l) for any (z1,y1),
(x2,y2) € [a,b] X [¢,d],

(b) Wia,b)x[e,d)(f501,02) is a non-decreasing mapping in d1, b2,

(C) w[a,b]x[c,d](fa 07 O) = 07

(d) Wia,p)x[e,a) (f; 161, Mm2) < nmwiq p)x[c,q) (f; 01, 02) for any 61,02 > 0 and n,m €

(€) Wiap)x[e,d) (fs A161, A202) < (A1 + 1) (A2 + D)wia,p)x[e,q) (f; 01, 02) for any 01, d2,
)\la )‘2 > 0.

(f) If [e, f1 < [g, h] C [a,b] x [c,d], then wic f1x[g,n)(f>01,02) < Wap)x[e,d)(f5 01, 02)-
Proof. (f) According to the hypothesis,
sup{ D(f (w1, y1), f(22,92)); (x1,91), (z2,92) € [e, f] X [g, h],
|21 — y1| < 01,2 — yo| < 02}
< sup{D(f(z1,y1), f(z2,92)); (z1,91), (z2,92) € [a,b] x [c, d],
71 = y1] < 01, |w2 — y2| < 02}

so the relation is proved.
The other statements can be proved similarly. 0

Definition 2.9. . A function f : [a,b] X [¢,d] — R is said to be (L1, Lg) Lipschitz
if for any (x1,y1), (x2,¥2) € [a,b] x [c,d],

(2.5) D(f(z1,y1), f(z2,y2)) < Li|z1 — x2| + Lalyr — y2

3. DOUBLE SIMPSON’S RULE FOR THE FUZZY HENSTOCK DOUBLE INTEGRALS

In order to introduce double Simpson’s rule for evaluating FHDI, at first, we prove
the following theorem.

Theorem 3.1. Let f : [a,b] X [¢,d] = Rp be a Henstock integrable, bounded map-
ping. Then, for any divisiona =x9 < 21 < ... < Ty =b, c=yo <y1 < ... < yYp =d
678
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and any points & € [xi_1,x;], n; € [yj 1,yj] we have

((FHDI) / / fxyda:dy,zz —xi)(yj —yj—1) © f(&,m;))
=1 j=1

n

SZZ i = i) (Y5 — Y1) Wi w x [y, (Fr (@0 — 2i1), (95 — y5-1))-

Proof. Since that the Henstock integral is additive related to interval [11], hence,
(FHDI) / / Pl dady, S 3 a2y — 971 @ F(Em)
1=15=1
=D(> > (FHDI) / f z,y)dzdy,
1=1 j=1 Yj—1

DD (@i =)y — y-1) © f(&smy).

i=1 j=1

Since it is obvious that (FHDI) fj fcd kdzdy = (¢ — a)(d — b) Ok for any fuzzy
constant k € Rp, we obtain

FHDI//fxyda:dy,ZZ i = 2ie) (i — yi-1) © f(&,m))

i=1 j=1
ZZ (FHDI) / f x,y)dxdy,
i=1j=1 Yi—1
m n Yj
S°S (FHDI) / £ (& my)dady).
i=1 j=1 Yj—1

By property (iv) of theorem 2.4, we have

ZZ (FHDI) / f x,y)dxdy,

1=1 j=1 Yj—1
m " Yj
S°S (FHDI) / | fenaody)
i=1 j=1 —17Yj—1

Yj
f(x,y)dady, (FHDI) /

Yji—1

o Yj
/ f(&ismy)dady).

ZTi—1YYj—1

< Zm;i D((FHDI) /

Since the functions D(f(x,y), f(&,n;)) are Lebesgue integrable for ¢ = 1,...,m and
j=1,...,n, from lemma 2.6 we obtain

((FHDI) / / f(z, yda:dy,zz — i) (Y5 — yj—1) © f(&,n;)

1=15=1
Yi

<YW [ [ o, e )i
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From property (a) of theorem 2.8 applied to each of the above integrals we have

(FHDI) / / fxydxdy,zz = zi-1)(y; = yi-1) © f(&, ;)

=1 j=1

Yj
O [ " et o= )y = o)y

y]l

NE
M:

o
Il
o

<.
Il
-

('Ti - xifl)(yj - yj)w[ibi—lyxi]x[yjfl»yj](f7 Ti— wifl)(yj - yjfl)a

I
M-
NE

s
Il
—

<.
Il
-

which completes the proof. O

Corollary 3.2. Let f : [a,b] X [¢,d] = Rp be a Henstock double integrable, bounded
mapping. Then

FHDI//fxydxd%ZZ wi = 2i-1)(Y; — Yi-1) © f(& nj))

i=1 j=1
< (Oé - a)(fy - C)w[a,a]x[c ’y](f’ (a - a)’ (7 - C))

+ (B = a)(v — Wiag)x[eA] (5 (B — @), (v — ¢))
+(b-8)(v— C)w[ﬁ bx[en](f5 (0= B), (v — )
+ (@ = a) (8 = 7)wia,a)x [0 (f; (@ — a), (6 = 7))
+(B—a)(0— V)W[a,ﬁ 1x[v.6] (f5 (B — ), (6 — 7))
+ (b= B)(0 — Mwis.px .8 (f> (0= B), (6 —7))
+ (= a)(d = §)wia,0)x (5.4 (f, (@ — @), (d = J))
+ (B —a)(d- )W[aﬁ]xsd(fa(ﬁ ), (d—9))
+ (b= B)(d = S)wippx(5.a4(f, (b= B), (d = 9))

forany o, B € [a,b] and v,6 € [c,d] , (u,u’) € [a,a] x[c,7] and (v,v") € [a, B] X [v, 6]
and (w,w’) € [B,b] X [0,d] where &1 =u, & =v,&=w andm =/, =0, 3 = w'.

Proof. 1t is obvious that for m = 3 and n = 3 in theorem 3.1 the inequality stated
above is obtained. g

The following corollary is the fuzzy variant of the classical double Simpson’s rule
mentioned in [7] with a new error bound.

680
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Corollary 3.3. Let f : [a,b] x [¢,d] = R be a Henstock double integrable, bounded
mapping. Then

D( FHDI//fxydxdy,W

o (0. PO (2L @ f(b.e)
DOl EHP1Or L B re. LY
D) +4Q 1S ) @ s,

<9(b—a)(d - C)w[a,b]x[c,d] (f, G g a)’ (e g 9 )-

Proof. The inequality follows from the corresponding assertion of the previous corol-
lary by taking o = (5a +b)/6,6 = (a + 5b)/6,y = (5¢ + d)/6,0 = (c+ 5d)/6,u =
aw=(a+b)/2u/ =cand v = (d+¢)/2 and w =bw' =d . O

Theorem 3.4. Let f : [a,b] X [¢,d] = Rp be a Lipschitz mapping with constants
Ly and Lo. Then, for any division Ny, @ a = 29 < 1 < ... < T, = b and
Np:ic=9y <y < ..<yn=d and any points & € [x;_1,x;],i = 1,....,m and
nj € [yj-1,v;],J =1,...,n, we have

((FHDI) / / f (=, ydxdy,zz i —2i—1)(yj — yj—1) © f(&,ny))

i=1 j=1

< ZZ Ly (y; — yj—1) (@i — wic1) + Lo(@i — xi-1)(y; — yj-1))-

i=1 j=1

(3.1)

Proof. Similar to the proof of theorem 3.1 we have

FHDI//f:cydxdy,ZZ i = 2ie1)(Y — vi-1) © f(&n;))

=1 5=1

Z_:Z_: / s 2y), f(&,nj))dyde.

By the definition of a Lipschitz mapping, we have

S w [ [ o st

i=1 j=1 Yi—1
m n T; Yy z; Y
<SYn [ [ e-glado L [ [ -y,
i=1 j=1 Ti—1YYj-1 Ti—1 YYj—1
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By direct computation it follows that

m.on T; Yj T; Yj
> > I / / |z — &i|dydz + Lz/ / ly — n;ldydz
N . Y 1 Y.

j—1 Ti— j—1

Z (L1(y; — yj—1)[(wic1 — &) + (i — &)
+ Lo(zi — 2i-1)[(yj—1 — m)” + (5 — n3)°])

< % Z (Ll(yj - Z‘/j—l)(xi - 961'71)2 + Lz(xi - 961;1)(:1/3- — yj,1)2).

Z(Ll(yj —yj—1)(@i — xio1)® + La(wi — 1) (y; — yj-1)°)

where mh = b — a and nk = d — c¢. Therefore, we have

(FHDI) / / fxydxdy,zz —ie1)(y; = Y1) © f(& ;)
(3.2) i=1j=1

< Uy =TT gy gy,

4. NUMERICAL EXAMPLES

Example 4.1. Let us consider f : [1,3] x [2,4] — Rp, f(z,y) = (2%)®227) @1,
with & = (z — 1,2,z +1),1 = (0,1,2) and 2 = (1,2,3), where (a1, az, az) denotes a
triangular fuzzy number having the membership function
aaif ar <z <ap,
(4.1) wx) = 2= if az <x < as,
0 otherwise.

We compute the integral (FHDI) fl f2 x, y)dydz numerically. We obtain

[f(x,y)]” =2r2 +r(2z +y—1) + (y — 22 + 2?)
682
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and [f(z,y)]. =2r? —r(2z 4+ y +7) + (2? + 22 4 3y + 6). We observe that

D(f(z1,y1), f(w2,92))

= Z‘I[EPI] max{|f’ (z1,y1) — fZ (22, y2)|, |f(z1,91) — i (22,92)}

= sup max{r|2(z1 — z2) + (y1 — y2)| + [2(z2 — 21) + (41 — ¥2) + 27 — 23],
rel0,1]
r2(xg — x1) + (1 — y2)| + [2(21 — 22+ 3(y1 — y2) + 27 —23)}
< sup max{|x; — z2|(2r + 2+ |21 + 22|, 2r + 2 + |21 + 22|}
rel0,1]

+ sup max{|yr — y2|(r + 1,7+ 3)} < 10|z1 — z2| + 4|y1 — y2
rel0,1]

i.e., f is a Lipschitz mapping with constants L, = 10 and Ly, = 4. For r = 1 we
have I' = I' = [/ f24(x2 + 2y + 1)dydx = 45.3333333. Table 1 shows the results for
different 7 and m = 100, n. = 40. In the table, the notations I™" and T, are the
approximate values of r-cut for (FHDI) f13 f24 f(z,y)dydz obtained by the double
Simpson’s rule with h = 22 and k = << [7].

In this case, from (3.2) we have U(h, k) = 0.8.

=TT, 7T

r " I,

1 | 45.3333333 45.3333333
0.9 | 41.4133333 49.4133333
0.8 | 37.6533333 53.6533333
0.7 | 34.0533333 58.0533333
0.6 | 30.6133333 62.6133333
0.5 | 27.3333333 67.3333333
0.4 | 24.2133333 72.2133333
0.3 | 21.2533333 77.2533333
0.2 | 18.4533333 82.4533333
0.1 | 15.8133333 87.8133333
0.0 | 13.3333333 93.3333333
Table 1. The results of example 4.1

Example 4.2. Consider f : [1,2]x[2,4] = Rp, f(z,y) = (FQEQIQL)® (02,
with # = (z — 1,z,2 + 1), = (y — 1,9,y + 1) and 2 = (1,2, 3), where (a1, as,a3)
denotes a triangular fuzzy number having the membership function mentioned in
(4.1). We compute numerically the integral (FHDI) ff f24 f(z,y)dzdy. In this case,

[f(x, )" = a* + (4r — 4)2® + (6r% — 12r + 6)2 + (4r® — 12r% + 12r — 4)2
+Q2r =2y +y>+rt =43+ 7% —5r 43
and

[f(@,9)]} =2 + (=4r + 4)2° + (61" — 12r + 6)2° + (—4r®

+ 1272 —12r + ) + (=2r + 2y + 3> +r* — 43 + 2 — Tr + 5.
683
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We observe that

D(f(w1,y1), f(w2,y2)) = sup max{|f" (z1,91) —

rel0,1]

fL(x2,y2)l,

|fi(z,91) —

Ji(z2,92)}

= sup max{|(z1 —z2)(z1 + $2)(£C% + x%) + (21 — xg)(xl + 2129 + xg)(élr —4)

rel0,1]
+ (21 — 22)
+ (y1 — y2)(y1 +y2) +
+ (21 — mo) (27
+ (21 — 22)(—

—4r3 1272 —12r +4) +

(21 + 22) (612 — 127 + 6) + (21 — z2)(4r® — 1292 4+ 127 — 4)

(1 — y2)(2r — 2)|, |(z1 — 22) (21 + 22) (2] + 23)

x] + 120 + x2)(—4r +4)+ (1 — x2) (21 + xg)(6r2 —12r +6)
(y1 —y2)(y1 +y2) + (y1 —

y2)(=2r +2)[}

< sup max{|(z1 — x2)|(|(z1 + x2) (2] + 23) + (2] + 2122 + 23) (47 — 4)

rel0,1]

+ (@1 + 22)(6r% — 12r 4+ 6) +

(4r® — 1212 +12r — 4)],

|(21 + 22) (23 + 23) + (27 + z120 + 23) (—4r + 4) + (21 + 2)(6r% — 127 + 6)

rel0,1]

+ (—4r 4 1272
+ sup max{|yr — y2|(|(y1 + y2) +

< 256|x1 — 29| + 12|y1 — yo|

—12r + 4)[}

(2r = 2)|,[(y1 + y2) + (=2r + 2))}

i.e., f is a Lipschitz mapping with constants L; = 256 and Ly = 12. For r = 1 we

have I' = I!
results for different r.

In the tables, the notations I7"" and Tm

(FHDI) fl f2

= 2 [(@* + 42 + 2)dydr = 35.0666667. Tables 2 and 3 show the

™ are the approximate values of r -cut for
x,y)dydz obtained by the double Simpson’s rule with A = 22 and

k = %< In table 2 we consider m = 200, n = 80 and then U(h,k) = 1.58 and in
table 3 we choose m = 300, n = 180 and hence U (h, k) = 0.9867 which are computed

using (3.2).

I7n N

=TT, 7T

IT

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0

35.06666667317709
30.95486667317708
27.37386667317709
24.25886667317708
21.54986667317708
19.19166667317709
17.13386667317709
15.33086667317709
13.74186667317708
12.33086667317708
11.06666667317709

35.06666667317709
39.77886667317709
45.16586667317707
51.30686667317710
58.28586667317709
66.19166667317708
75.11786667317711
85.16286667317711
96.42986667317710
109.0268666731771
123.0666666731771

Table 2. The results of example 4.2
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T n "

1 | 35.06666666692070 | 35.06666666692070
0.9 | 30.95486666692069 | 39.77886666692069
0.8 | 27.37386666692069 | 45.16586666692069
0.7 | 24.25886666692070 | 51.30686666692071
0.6 | 21.54986666692070 | 58.28586666692072
0.5 | 19.19166666692070 | 66.19166666692071
0.4 | 17.13386666692070 | 75.11786666692071
0.3 | 15.33086666692070 | 85.16286666692071
0.2 | 13.74186666692070 | 96.42986666692072
0.1 | 12.33086666692069 | 109.0268666669207
0.0 | 11.06666666692070 | 123.0666666669207

Table 3. The results of example 4.2

5. CONCLUSIONS

In this work, the fuzzy Henstock double integral was introduced and evaluated
by applying double Simpson’s rule. In this case, a theorem was proved to show the
upper boundedness of the distance between the exact and approximate values. The
examples illustrated the accuracy of the double Simpson’s rule and the efficiency
of the proposed method. In the sequel, one can use the Monte Carlo method [15]
for the fuzzy Henstock double integral and compare the results of the methods with
each other.
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