Annals of Fuzzy Mathematics and Informatics

Volume 8, No. 4, (October 2014), pp. 621-633 QFMI
ISSN: 2093-9310 (print version) © Kyung Moon Sa Co.

ISSN: 2287-6235 (electronic version)
http://www.afmi.or.kr

http://www.kyungmoon.com

Fixed point theorems on modified intuitionistic
fuzzy quasi-metric spaces with application to the
domain of words

BHAVANA DESHPANDE, AMRISH HANDA

Received 7 January 2014; Revised 23 February 2014; Accepted 29 March 2014

ABSTRACT. In this paper, we introduce the concept of modified intu-
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quasi-metric version of the Banach contraction principle which extend the
famous Grabiec fixed point theorem. By using this result we show the
existence of fixed point for contraction mappings on the domain of words
and apply this approach to deduce the existence of solution for some re-
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1. INTRODUCTION

It turned out to be milestone in the development of mathematics, when the
concept of fuzzy set was introduced by Zadeh [47] in 1965. After that many authors
developed the theory of fuzzy sets and their application. On the other hand the
concept of fuzzy sets was generalized as intuitionistic fuzzy set by Atanassov [4] in
1984, which found applications in various fields.

Many authors introduced the concept of fuzzy metric space in different ways.
George and Veeramani [16] modified the concept of fuzzy metric space given by
Kramosil and Michalek [21] with the help of continuous t-norm and defined Haus-
dorff topology of metric spaces which is later proved to be metrizable, they proved
that every metric induces a fuzzy metric. In [17], Grabiec proved fuzzy versions of
celebrated Banach fixed point theorem and Edelstein fixed point theorem. Many
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authors proved fixed point theorems in fuzzy metric spaces including [5, 9, 23, 25,
29, 36, 37, 38, 39, 46, 48].

The concept of fuzzy metric space given by Kramosil and Michalek [21] generalized
by Gregori and Romaguera [18] and introduced the notion of fuzzy quasi-metric
space. Romaguera, Sapena and Tirado [31] proved the Banach fixed point theorem
in fuzzy quasi-metric spaces and applied the result to the domain of words.

Park [27] using the idea of intuitionistic fuzzy sets, defined the notion of intu-
itionistic fuzzy metric space by generalizing the notion of fuzzy metric space given
by George and Veeramani [16] with the help of continuous t-norm and continuous
t-conorm, while Alaca et al. [3] defined the notion of intuitionistic fuzzy metric
space as a generalization of fuzzy metric space given by Kramosil and Michalek [21].
Alaca, Turkoglu and Yildiz [3] proved intuitionistic fuzzy versions of the celebrated
Banach fixed point theorem and Edelstein fixed point theorem by using the notion
of intuitionistic fuzzy metric space. In [40], Sintunavarat and Kumam introduced
a new intuitionistic fuzzy contraction mapping which is more general than intu-
itionistic fuzzy contraction mapping given by a Rafi and Noorani [28] and establish
the new fixed point and common fixed point theorems in intuitionistic fuzzy met-
ric spaces. Many authors proved fixed point theorems in intuitionistic fuzzy metric
spaces including [1, 2, 13, 26, 30, 35, 45].

The concept of intuitionistic fuzzy quasi-metric space was introduced by Tirado
[44] by generalizing the notion of intuitionistic fuzzy metric space given by Alaca,
Turkoglu and Yildiz [3] to the quasi-metric setting and gave intuitionistic fuzzy
quasi-metric version of the Banach contraction principle.

On the other hand, Saadati et al. [32] modified the notion of intuitionistic fuzzy
metric space and defined the notion of modified intuitionistic fuzzy metric spaces
with the help of continuous t-representable. Many authors proved coincidence and
common fixed point theorems in modified intuitionistic fuzzy metric spaces including
[6, 7, 8, 19, 20, 24, 33, 41, 43].

In this paper, we introduce the concept of modified intuitionistic fuzzy quasi-
metric space by generalizing the notion of modified intuitionistic fuzzy metric space
given by Saadati, Sedghi and Shobe [32] and prove Banach fixed point theorem
in modified intuitionistic fuzzy quasi-metric space. Our results are the genuine
generalization of the results of Deshpande, Sharma and Handa [14]. The existence
of a solution for a recurrence equation which appears in the average case analysis of
Quicksort algorithms is obtained as an application.

2. PRELIMINARIES

Definition 2.1. (Deschrijver and Kerre [11]). Consider the set L* and operation
<p~defined by

L* = {(21, x2) : (21, x2) €0, 1)? and x; + 29 < 1},

(z1, x2) <p+ (Y1, y2) & x1 < y; and xy > yo for every (x1, x2), (y1, y2) € L*. Then
(L*, <p+) is a complete lattice.

Definition 2.2. (Atanassov [4]). An intuitionistic fuzzy set A, ,, in a universe U is
an object A¢, , = {Ca(u), na(u)}, where, for allu € U, (4(u) € [0, 1] and n4(u) € [0,
622
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1] are called the membership degree and non-membership degree respectively of u
in A¢ ,, and further they satisfy (4(u) + na(u) < 1.

n
For every z; = (x;, y;) € L* if ¢; € [0, 1] such that > ¢; = 1 then it is easy to
j=1
see that

(2.1) c1(x1, Y1)+ -+ cn(Tn, Yn) Zc] Tj, Y5) Zc]xj, Zc]y] e L.

We denote its units by 0y« = (0, 1) and 1.+ = (1, 0). Classically, a triangular norm
x =T on [0, 1] is defined as an increasing, commutative, associative mapping 7 : [0,
1)2 — [0, 1] satisfying T'(1, #) = 1 xx = x, for all x € [0, 1]. A triangular conorm
S = { is defined as an increasing, commutative, associative mapping S : [0, 1] — [0,
1] satisfying S(0, z) = 00z = z, for all « € [0, 1]. Using the lattice (L*, <p«) these
definitions can be straightforwardly extended.

Definition 2.3. (Deschrijver, Cornelis and Kerre [12]). A triangular norm (t-
norm) on L* is a mapping 7 : (L*)? — L* satisfying the following conditions:

(Vz € L*) (T(x, 1z+) = z) (boundary condition),

(V(z, y) € (L)) (T(z, 1) = T(y, @) (commutativity),

(V(z, y, 2) € (L %) (T (2. Ty, 2)) = T(T (@, y), 2)) (associativity),

(V(z, o', y, ¥) € (L)) (v <z- 2’ and y <p- ¢ = T(2, y) <p- T(2', ¥'))
(monotonicity).

Definition 2.4. (Deschrijver and Kerre [11], Deschrijver, Cornelis and Kerre
[12]). A continuous t-norm 7 on L* is called continuous t-representable if and only
if there exist a continuous t-norm * and a continuous t-conorm ¢ on [0, 1] such that,
for all x = (21, x2), y = (y1, y2) € L*,

T(z, y) = (z1 *y1, 20y2).
Now define a sequence 7" recursively by 7' =7 and
T (M, o 2T =TT W, L 2 ™), ),
for n > 2 and 2 e L*.

Definition 2.5. (Deschrijver and Kerre [11], Deschrijver, Cornelis and Kerre
[12]). A negator on L* is any decreasing mapping N : L* — L* satisfying N'(0p-) =
1z and N(1z«) = Op«. If N(N(z)) = =, for all z € L*, then N is called an in-
volutive negator. A negator on [0, 1] is a decreasing mapping N : [0, 1] — [0, 1]
satisfying N(0) = 1 and N(1) = 0. N, denotes the standard negator on [0, 1] defined
as Ng(z) =1 —xz for all z € [0, 1].

Definition 2.6. Let M, N are fuzzy sets from X2 x (0, +00) to [0, 1] such that

M(z,y,t)+ N(z,y,t) <1foral z,y € X and ¢ > 0. The 3-tuple (X, M, v, T)

is said to be a modified intuitionistic fuzzy quasi-metric space if X is an arbitrary

(non-empty) set, 7 is a continuous t-representable and M,  is a mapping X2 x (0,
623
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+o0) — L* satisfying the following conditions for every z, y, z € X and ¢, s > 0 :

(a) MM, N([Ea Y, t) >Lx 0L*7

(0) My, N(z, y, t) = My, N(y, z, t) = 11+ if and only if x =y,

(C) MI\/[, N(‘ra Y, t+ S) ZL* T(MM, N(xa z, t)a MM, N(Za Y, 8))7

(d) Mu, n(z, y, -) : (0, c0) = L* is continuous.

In this case My n is called a modified intuitionistic fuzzy quasi-metric (a mod-
ified ifqm). Here,
M]\/I,N(‘r7 Y, t) = (M(IE, Y, t)7 N(I7 Y, t))

If in addition My, y satisty M, n(z, ¥, t) = Mu, n(y, o, t) for all z, y € X
and ¢t > 0, then My, w is called modified intuitionistic fuzzy metric on X and (X,
M, N, T) is called a modified intuitionistic fuzzy metric space.

Definition 2.7. A modified intuitionistic fuzzy quasi-metric space (X, My w,
T) is called a non-Archimedean modified intuitionistic fuzzy quasi-metric space if
(Mwm, N, T) is a non-Archimedean modified intuitionistic fuzzy quasi-metric on X,
that is, M, n(2, y, t) > min{ My n(z, 2, t), Muy, N(z,y, t)}, forallz, y, z € X
and ¢t > 0.

Definition 2.8. Let (X, My n, T) be a modified intuitionistic fuzzy quasi-metric
space. For ¢t > 0, define the open ball B(z, r, ) with center x € X and radius
O<r<l, as

B(LE, T, t) = {y cX: MM7 N(mv Y, t) > (Ns(r)7 T)}

A subset A C X is called open if for each x € A, there exist t > 0 and 0 < r < 1
such that B(z, r, t) C A. Let 7pq,, , denote the family of all open subsets of X.
TMar, 18 called the topology induced by modified intuitionistic fuzzy quasi-metric.

Remark 2.9. If (M, n, T) is a modified ifqm on X, then (M} v, T) is also a
modified ifqgqm on X, where M&l’ N is the fuzzy sets in X x X x [0, +00) defined by
My} n(@, y, t) = Mar, n(y, x, t). Moreover, if we denote MY,y the fuzzy sets on
X? % [0, +00) given by MYy, y(z, y, t) = min{ My, n(z, y, t), M]T/[l Nz, y, 1)}
Then (MY, n, T) is a modified intuitionistic fuzzy metric on X.
Example 2.10. Let (X, d) be a quasi-metric space. Denote T (a, b) = (a1by,
min{as + by, 1}) for all a = (a1, az) and b = (b1, by) € L*. Let M and N be fuzzy
sets on X2 x (0, +00) defined as follows:
My, (@, y, 1) = (M(z, y, t), N(z, y, 1))

B ht™ md(z, y)

N (ht” +md(z, y)' ht" + md(x, y)> ’
for all t, h, m, n € RT. Then (X, My n, T) is a modified intuitionistic fuzzy

quasi-metric space.

Definition 2.11. (Saadati, Sedghi and Shobe [32]). A sequence (), in a mod-
ified intuitionistic fuzzy metric space (X, M, n, T) is called a Cauchy sequence if
for each 0 < ¢ < 1 and t > 0, there exists ng € N such that

Mg, N(Zp, T, ) >1- (Ns(e), €),
624
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and for each n, m > ng, here Ny is the standard negator. The sequence (z,,), is

said to be convergent to x € X in the modified intuitionistic fuzzy metric space
M

(X, M, v, T) and denoted by z,, 0 x, it Muy, n(xn, z, t) — 11~ whenever

n — oo, for every ¢ > 0. A modified intuitionistic fuzzy metric space is said to be

complete if and only if every Cauchy sequence is convergent.

Lemma 2.12. (Saadati and Park [33]). Let My, n be a modified intuitionistic
fuzzy metric. Then for any t > 0, My, n(x, y, t) is non-decreasing with respect to
tin (L*, <p+), for all z, y in X.

3. THE BANACH FIXED POINT THEOREM IN A MODIFIED INTUITIONISTIC FUZZY
QUASI-METRIC SPACE

Definition 3.1. A sequence (z,), in a modified intuitionistic fuzzy metric space
(X, My, n, T) is said to be G-Cauchy if lim,, oo M, N(Tn, Tntp, t) = 1~ for
each t > 0 and p € N. We say that (X, Mus, v, T) is G-complete if every G-Cauchy
sequence is convergent.

Definition 3.2. A B-contraction on a modified intuitionistic fuzzy metric space
(X, Mu, n, T) is a self-mapping f on X such that there is a constant k& € (0, 1)
satisfying

M, n(f(2), f(y), kt) > M, N(2, y, t), forall z, y € X and ¢ > 0.

Generalizing in a natural way the notions of B-contraction, completeness and
G-completeness to modified intuitionistic fuzzy quasi-metric spaces are defined as
follows:

Definition 3.3. A sequence (z,), in a modified intuitionistic fuzzy quasi-metric
space (X, My N, T) is said to be Cauchy if it is a Cauchy sequence in the modified
intuitionistic fuzzy metric space (X, M§\4, ~» T). A modified intuitionistic fuzzy
quasi-metric space (X, M, n, T) is called bicomplete if the modified intuitionistic
fuzzy metric space (X, M}M ~ s T) is complete.

Definition 3.4. A sequence (z,), in a modified intuitionistic fuzzy quasi-metric
space (X, My, v, T) is said to be G-Cauchy if it is a G-Cauchy sequence in the
modified intuitionistic fuzzy metric space (X, MZM ~ » 7). A modified intuitionistic
fuzzy quasi-metric space (X, My, v, T) is called G-bicomplete if the modified
intuitionistic fuzzy metric space (X, My, y, T) is G-complete.

Definition 3.5. A B-contraction on a modified intuitionistic fuzzy quasi-metric
space (X, M, n, T) is a self-mapping f on X such that there is a constant k € (0,
1) satisfying

My, N(f(2), fly), kt) >0 M, N(z, y, t), forall z, y € X and ¢ > 0.

The number k is called a contraction constant of f.

Theorem 3.6. Let (X, My, n, T) be a G-bicomplete modified intuitionistic fuzzy
quasi-metric space such that lim_,oo M, n(z, y, t) = 1+ for all x, y € X. Then
every B-contraction on X has a unique fized point.
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Proof. Let f : X — X be a B-contraction on X with contraction constant k € (0,
1). Then

(3.1) My, Nv(f(z), fly), kt) >0 My ~N(z, y, t), Vo, y€ X and t > 0.
It immediately follows that
(3.2) My n(f(2), f(y), kt) >0 My n(x, y, t), Vo, y € X and t > 0.

Hence f is a B-contraction on the G-complete modified intuitionistic fuzzy metric
space (X, My, n, T). Let 29 € X and z,, = f"zo (n € N). Now, we get

. , t
(3.3) o, N(@ns Togrs 1) 20 My y (2o, 21, kj)a

for all n € N and ¢ > 0. Thus for any positive integer p, we have by (3.3)

7 t
M, N (:L‘n, Tn+1, 5)7

i t
ceey M?\/[, N (xn+p717 Tnip, 5)

%

TP

3\47 N(Tn, Tnip, t)

) t
M, N (an T, pkn)7

i t
ceey M?\/[, N (:L.O? 1, W)

Y%

TP

Letting n — oo in the above inequality, we get

lim ./\/13\47 N({En, Tn+tp, t) > Tp71 (]-L*; . 1L*) =17

n—oo

Thus (z,,), is a G-Cauchy sequence in the G-complete modified intuitionistic fuzzy
metric space (X, My N T). Thus there exists a point y € X such that x,, — y as
n — co. Thus we have

My n(fy, v, )

Y

. t ) t
L*T ('/\/111\47 N <fy7 fxnv 2) ) M?\/[’ N (fwru Y, 2))

7 t i t
L*T <MJV1, N <ya T, 2k> ) M, N <xn+17 Y, 2)) .

Letting n — oo in the above inequality, we get

Vv

My n(fys y, 8) =0 T (1pe, 1pe) = 1p-.
626
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Thus we get fy = y, that is, y is a fixed point of f. To show uniqueness, assume
fz =z for some z € X. Then

Ml}VJ,N(Z’ y, t) = MMNfZ fy, t

> My <Z Y, >
2 L*Ml . N (fza Ty, )
> My n <Z Y k2)
> L*MM N (f Ty, 2)
> L*Mf\LN(z, Y, k;t"> — 17+ as n — oo.
Thus y = z, that is, f has a unique fixed point. O

4. G-BICOMPLETENESS IN NON-ARCHIMEDEAN MODIFIED INTUITIONISTIC FUZZY
QUASI-METRIC SPACE

Lemma 4.1. Fach G-Cauchy sequence in a non-Archimedean modified intuitionistic
fuzzy quasi-metric space is a Cauchy sequence.

Proof. Let (z,), be a G-Cauchy sequence in the non-Archimedean modified intu-
itionistic fuzzy quasi-metric space (X, Mz, v, T), then it is a G-Cauchy sequence
in the non-Archimedean modified intuitionistic fuzzy metric space (X, Mﬁ\/h N T
Thus, for each ¢ > 0, we have

lim ./\/lM N(@n, Tpy1, t) =11+,
n—oo
which implies that, for each € € (0, 1), there is ng € N such that
MZM N(@ny Tny1, t) >« (Ns(e), €) for each n > ny.
Now, let m > n > ng. Then m = n + j, for some j € N. So

Mé\/[, N(x'ru Tim,, t)

> L min M?\/I, N(‘Tnv xn—_i—lv t)v M?\/], N(I"-‘rla LTn+2, t)a
N s M?M, N(xn-&-j—l’ Tty t)
> 1+(Ns(e), e).
We conclude that (x,,), is a Cauchy sequence in (X, M n, T). O

Theorem 4.2. Each bicomplete non-Archimedean modified intuitionistic fuzzy quasi-
metric space is G-bicomplete.

Proof. Let (z,)n be a G-Cauchy sequence in the bicomplete non-Archimedean modi-
fied intuitionistic fuzzy quasi-metric space (X, My, n, 7). By Lemma 4.1, (), is a
Cauchy sequence in (X, My, v, T). Hence there is € X such that lim,,_, /\/13\/[ ~N(z,
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Zp, t) = 1+, for all t > 0. We conclude that (X M?\/f ~s T) is G-complete, that is,
(X, Mus, N, T) is G-bicomplete. O

Corollary 4.3. FEach complete non-Archimedean modified intuitionistic fuzzy metric
space is G-complete.

5. APPLICATION TO THE DOMAIN OF WORDS

Let ¥ be a non-empty alphabet. Let X°° be the set of all finite and infinite
sequences ("words”) over ¥, where we adopt the convention that the empty sequence
¢ is an element of X°°. The symbol C denote the prefix order on 3°°, that is,
x Cy <= «xis a prefix of y. Now, for each x € £°°, [(x) denote the length of z.
Then I(x) € [1, o) whenever = # ¢ and I(¢) = 0. For each x, y € ¥, let x My be
the common prefix of  and y. Thus the function dc defined on ¥°° x ¥*° by

0 if x Cy,
de(z, y) { 2-H=MY)  otherwise,

is a quasi-metric on 3°°. (We adopt the convention that 27°° = 0). Actually dr is a
non-Archimedean quasi-metric on ¥°° and the non-Archimedean quasi-metric (dc )*
is the Baire metric on 3°°, that is,

(dc)’(z, ) =0 and (dc )*(z, y) = 9-=1any)

for all x, y € £°° such that = # y. It is well known that (dc )® is complete. From this
fact it is clear that dc is bicomplete. The quasi-metric dc , which was introduced
by Smyth [42], will be called the Baire quasi-metric. Observe that condition dc (z,
y) = 0 can be used to distinguish between the case that x is a prefix of y and the
remaining cases.

Example 5.1. Let dc be a (non-Archimedean) quasi-metric on a set X and let

M, Ny, in X x X x [0, 00) given by

t dc(z, y)
t+dc(z, y)' t+dc(x, y)

M, N)d;(l“, y, t) = ( ), Vo, y € X and t > 0.

Then (M, Ny, > T) is a (non-Archimedean) modified intuitionistic fuzzy quasi-

metric on X, where 7 denotes the continuous t-representable given by 7 = (min,
max).

Proposition 5.2. (X, My, N)ae > T) is a G-bicomplete non-Archimedean intu-
itionistic fuzzy quasi-metric space.

Consequently, Theorem 3.6 can be applied to this useful space.

Proposition 5.3. (X°°, My, N)ag o
ified intuitionistic fuzzy quasi-metric space. The modified intuitionistic fuzzy non-
Archimedean quasi-metric (M, N)ag T) is given by

628
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(z,y,0) =0« for all x, y € ¥,

Mo, Nyag, .

M, NYag . (z,y,t) =1p« if z is a prefix of y and t > 0,

M, N)d;” (z,y,t) = (1 —271@MW) 27U if 2 is not a prefiz of y and
te (0, 1),

M, N)ag .« (z, y, t) =11+« if x is not a prefix of y and t > 1.

Now we apply any of the Proposition 5.2 and Theorem 3.6 to the complexity
analysis of quicksort algorithm, to show, in direct way, the existence and uniqueness
of solution for the following recurrence equation:

2(n—1 n+1
(-1,

T(1)=0and T(n) = " -

T(n—1), n>2.

The average case analysis of Quicksort is discussed in [22] (see also [15]), where
the above recurrence equation is obtained. Consider as an alphabet 3 the set of
non-negative real numbers, that is, ¥ = [0, co). We associate to T the functional
P : ¥ — 3 given by

(®(z)); = T(1) and (®(z)), = 2(”71_ DI ”Z L 1 foralln > 2.

If x € ¥°° has length n < oo, we write z = z1x223...2,, and if x is an infinite word
we write T = r12223...

Next we show that & is a B-contraction on the G-bicomplete non-Archimedean
modified intuitionistic fuzzy quasi-metric space (3°°, M, n) i T) with contrac-
tion constant %

To this end, we first note that, by construction, we have {(®(z)) = I(z) + 1 for
all x € ¥*° (in particular {(®(z)) = oo whenever [(x) = 00).

Furthermore, it is clear that

xEy < o(z) C 2(y),
and consequently
O(zMNy) CE d(x) N P(y) for all z, y € B,
Hence
{P(xzMy)) <UP(x) N D(y)) for all z, y € 3.

From the preceding observations we deduce that for all x, y € X, if « is a prefix of
y, then

t
M(M, N)ag (<I>(33), ‘I’(ZU)» 5) = M(M, N)ag (907 Y, t) =1p-.

629
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and if x is not a prefix of y, then

t
3)
% 9—U(2(2)Ne(y))

o

- (; + 2@’ T4 2 [@@ne)

M, Ny (B(2), ©(y),

L (@ (2Ny))
> e 2
= L o-l(®@y)” T o=I(2(y))

v

% (U(zMy)+1)
Lx (; + 9—((=ny)+1)’ ;+2(l(zﬂy)+1))
. ( n 9—Ll(=My) )
t+2-U=My)’ ¢ 4 9-I(aMy)
> =M, N)ag (z, y, t),

for all ¢ > 0. Therefore @ is a B-contraction on (X°°, My, N)ag s T) with contraction

constant % So, by Theorem 3.6, ® has a unique fixed point z = z12223..., which is
obviously the unique solution to the recurrence equation T, that is, z; = 0 and

2("l 1) + n+1

Zp = Zn—1 for all m > 2.

6. CONCLUSIONS

We conclude the paper by applying our results to the complexity analysis of
Divide and Conquer algorithm. Recall [10, 34] that Divide and Conquer algorithms
solve a problem by recursively splitting it into subproblems each of which is solved
separately by the same algorithm, after which the results are combined into a solution
of the original problem. Thus, the complexity of a Divide and Conquer algorithm
typically is the solution to the recurrence equation given by

T(1) = ¢ and T(n) = aT(%) + h(n),

where a, b, ¢ € N with a, b > 2, n range over the set {o* : p = 0, 1, 2,...},
and h(n) > 0 for all n € N. As in the case of Quicksort algorithm, take ¥ = [0,
o) and put 2V = { z € ¥ : [(z) = oo}. Clearly =% is a closed subset of (3°°,
M%M, N)ag? T),s0 (XN, M, N)ag» T) is anon-Archimedean modified intuitionistic
G-bicomplete fuzzy quasi-metric space by Proposition 5.2. Now we associate to T’
the functional @ : ¥V — XV given by (®(x)); = T(1), and

(®(x))n = axpp+hn), ifne{b’:p=12 .}
and (®(z)), = O otherwise, for all z € XV,

For our purposes here it suffices to observe that for each z, y € £V, the following
inequality holds

[((z) M@(y)) > 1+ Uz My).

In fact, If [(z My) = 0, then I(®(z) M ®(y)) > 1 and if b? > [(zMy) > P~ p > 1,
thenbp+1>l( (z) M ®(y)) > bP.
630
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Hence, for each z, y € ¥ and ¢t > 0, we obtain

t

M(M, N)dE ((I)('T>7 (I)(y)7 5)

( L 9—1(®(2)NP(y)) )

Lo ie@new)’ I o-l@@new)
% 9—l(®(xMy))

Lr (5 2@y Ty 2l(¢><xny>>>

Y

% 9—(UaMy)+1)
z L (; +2-(Gmy+1)7 T o= <my)+1))

t 27l(:vﬂy)
Z L (t + Q—I(acl‘ly) ’ t+ 2—l(xﬂy))
> =M, N)ac (z, y, t).

Therefore ® is a B-contraction on (X, M, vy e T) with contraction constant

1
5

all
Co

(1]

(10]
(11]
(12]

(13]

So, by Theorem 3.6, ® has a unique fixed point z = z12223...

Consequently, the function F' defined on {b? : p =0, 1, 2,...} by F(bP) = zp» for
p > 0, is the unique solution to the recurrence equation of the given Divide and
nquer algorithm.

REFERENCES

C. Alaca, On fixed point theorems in intuitionistic fuzzy metric spaces, Commun. Korean
Math. Soc. 24 (4) (2009) 565-579.

C. Alaca, I. Altun and D. Turkoglu, On compatible mappings of type (I) and (II) in intuition-
istic fuzzy metric spaces, Commun. Korean Math. Soc. 23(3) (2008) 427-446.

C. Alaca, D. Turkoglu and C. Yildiz, Fixed point in intuitionistic fuzzy metric spaces, Chaos
Solitons Fractals 29(5) (2006) 1073-1078.

K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems 20 (1986) 87-96.

S. Chauhan, W. Sintunavarat and P. Kumam, Common fixed point theorems for weakly com-
patible mappings in fuzzy metric spaces using (JCLR) property, Applied Mathematics 3(9)
(2012) 976-982.

S. Chauhan, M. Imdad and B. Samet, Coincidence and common fixed point theorems in
modified intuitionistic fuzzy metric spaces, Math. Comput. Modelling 58(3-4) (2013) 898-906.
S. Chauhan, B. D. Pant and S. Radenovic, Common fixed point theorems for R-weakly com-
muting mappings with common limit in the range property, J. Indian Math. Soc. 81(3-4)
(2014) 231-244.

S. Chauhan, W. Shatanawi, S. Kumar and S. Radenovic, Existence and uniqueness of fixed
points in modified intuitionistic fuzzy metric spaces, J. Nonlinear Sci. Appl. 7(1) (2014) 28-41.
N. R. Das and M. L. Saha, On fixed points in fuzzy metric spaces, Ann. Fuzzy Math. Inform.
7 (2) (2014) 313-318.

M. Davis and E. Weyuer, Computability, Complexity and Languages, Academic Press,
Newyork, 1993.

G. Deschrijver and E. E. Kerre, On the relationship between some extensions of fuzzy set
theory, Fuzzy Sets and Systems 133 (2003) 227-35.

G. Deschrijver, C. Cornelis and E. E. Kerre, On the representation of modified intuitionistic
fuzzy t-norms and t-conorms, IEEE Trans Fuzzy Syst. 12 (2004) 45-61.

B. Deshpande, Fixed point and (DS)-weak commutativity condition in intuitionistic fuzzy
metric spaces, Chaos Solitons Fractals 42(5) (2009) 2722-2728.

631



T. Bej et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 4, 621-633

(14]

(15]

[16]

[17]
(18]

19]

[20]

21]

22]
23]

24]

[25]

[26]

27]
(28]

29]
(30]
(31]
32]
(33]

34]

(35]

(36]

37]

(38]

(39]

B. Deshpande, S. Sharma and A. Handa, Fixed point theorems on intuitionistic fuzzy-quasi
metric spaces and application, J. Fuzzy Math. 22(1) (2014) 127-138.

P. Flajolet, Analytic analysis of algorithm, in: W. Kuich (Ed.), Automata, Language and
Programming, 19" Internet. Colloq. ICALP’92, Vienna, July 1992, in: Lecture Notes in
computer science, Springer (Berlin) 623 (1992) 186-210.

A. George and P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets and Systems
64 (1994) 395-399.

M. Grabiec, Fixed points in fuzzy metric spaces, Fuzzy Sets and Systems 27 (1988) 385-389.
V. Gregori and S. Romaguera, Fuzzy quasi-metric spaces, Appl. Gen. Topol. 5(1) (2004) 129-
136.

M. Imdad, J. Ali and M. Hasan, Common fixed point theorems in modified intuitionistic fuzzy
metric spaces, Iran. J. Fuzzy Syst. 9(5) (2012) 77-92.

M. Imdad, S. Chauhan and S. Dalal, Unified fixed point theorems via common limit range prop-
erty in modified intuitionistic fuzzy metric spaces, Abstr. Appl. Anal. 2013, Art. ID 413473,
11 pp.

I. Kramosil and J. Michalek, Fuzzy metric and statistical metric spaces, Kybernetika (Prague)
11(5) (1975) 336-344.

R. Kruse , Data structures and Programme Design, Prentice-Hall, Inc. 1984.

S. Kumar and S. Chauhan, Common fixed point theorems using implicit relation and property
(E.A) in fuzzy metric spaces, Ann. Fuzzy Math. Inform. 5 (1) (2013) 107-114.

S. Manro, S. Kumar, S. S. Bhatia and K. Tas, Common fixed point theorems in modified
intuitionistic fuzzy metric spaces, J. Appl. Math. 2013, Art. ID 189321, 13 pp.

S. Manro, S. S. Bhatia, S. Kumar, P. Kumam and S. Dalal, Weakly compatible mappings along
with CLRS property in fuzzy metric spaces, Volume 2013, Year 2013 Article ID jnaa-00206,
12 pages.

A. Mohamad, Fixed point theorems in intuitionistic fuzzy metric spaces, Chaos Solitons Frac-
tals 34(5) (2007) 1689-1695.

J. H. Park, Intuitionistic fuzzy metric spaces, Chaos Solitons Fractals 22(5) (2004) 1039-1046.
M. Rafi and M. S. M. Noorani, Fixed point theorem on intuitionistic fuzzy metric spaces, Iran.
J. Fuzzy Syst. 3(1) (2006) 23-29.

A. S. Ranadive and A. P. Chouhan, Absorbing maps and fixed point theorems in fuzzy metric
spaces using implicit relation, Ann. Fuzzy Math. Inform. 5 (1) (2013) 139-146.

A. Razani, Existence of fixed point for the nonexpansive mapping of intuitionistic fuzzy metric
spaces, Chaos Solitons Fractals 30(2) (2006) 367-373.

S. Romaguera, A. Sapena and P. Tirado, The Banach fixed point theorem in fuzzy quasi-metric
spaces with application to the domain of words, Topology Appl. 154(10) (2007) 2196-2203.
R. Saadati, S. Sedghi and N. Shobe, Modified modified intuitionistic fuzzy metric spaces and
some fixed point theorems, Chaos Solitons Fractals 38 (2008) 36—47.

R. Saadati and J. H. Park, On the modified intuitionistic fuzzy topological spaces, Chaos
Solitons Fractals 27 (2006) 331-44.

M. Schellekens, The Smyth completion: a common foundation for denotational semantics and
complexity analysis. Mathematical foundations of programming semantics (New Orleans, LA,
1995), 22 pp. (electronic), Electron. Notes Theor. Comput. Sci., 1, Elsevier, Amsterdam, 1995.
S. Sharma and B. Deshpande, Common fixed point theorems for finite number of mappings
without continuity and compatibility on intuitionistic fuzzy metric spaces, Chaos Solitons
Fractals 40 (2009) 2242-2256.

Y. Shen and W. Chen, Fixed point theorems for cyclic contraction mappings in fuzzy metric
spaces, Fixed Point Theory Appl. 2013, 2013:133, 9 pp.

D. Singh, M. Sharma, M. S. Rathore and N. Singh, An application of compatibility and weak
compatibility for fixed point theorems in fuzzy metric spaces, Ann. Fuzzy Math. Inform. 6(1)
(2013) 103-114.

W. Sintunavarat and P. Kumam, Common fixed point theorems for a pair of weakly compatible
mappings in fuzzy metric spaces, J. Appl. Math. 2011, Art. ID 637958, 14 pp.

W. Sintunavarat and P. Kumam, Common fixed points for R-weakly commuting in fuzzy
metric spaces, Ann. Univ. Ferrara Sez. VII Sci. Mat. 58(2) (2012) 389-406.

632



T. Bej et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 4, 621-633

[40]

[41]

42]

[43]

44]
(45]
[46]

[47]
(48]

W. Sintunavarat and P. Kumam, Fixed point theorems for a generalized intuitionistic fuzzy
contraction in intuitionistic fuzzy metric spaces, Thai J. Math. 10(1) (2012) 123-135.

W. Sintunavarat, S. Chouhan and P. Kumam, Some fixed point results in modified intuitionis-
tic fuzzy metric spaces and applications to integral type, Afr. Mat. 2013 DOI: 10.1007/s13370-
012-0128-0.

M. B. Smyth, Quasi-uniformities: reconciling domains with metric spaces. Mathematical foun-
dations of programming language semantics (New Orleans, LA, 1987) 236-253, Lecture Notes
in Comput. Sci., 298, Springer, Berlin, 1988.

M. Tanveer, M. Imdad, D. Gopal and D. K. Patel, Common fixed point theorems in modified
intuitionistic fuzzy metric spaces with common property (E.A.), Fixed Point Theory Appl.
2012, 2012:36, 12 pp.

P. Tirado, Contractive maps and complexity analysis in fuzzy quasi metric spaces, Universidad
Politecnica De Valencia Ph.D. thesis 2008.

D. Turkoglu, C. Alaca, Y. J. Cho and C. Yildiz, Common fixed point theorems in intuitionistic
fuzzy metric spaces, J. Appl. Math. Comput. 22(1-2) (2006) 411-424.

S. Wang, S. M. Alsulami and L. Ciric, Common fixed point theorems for nonlinear contractive
mappings in fuzzy metric spaces, Fixed Point Theory Appl. 2013, 2013:191, 15 pp.

L. A. Zadeh, Fuzzy sets, Information and Control 8 (1965) 338—-353.

J. Zhu, Y. Wang and S. M. Kang, Common fixed point theorems of new contractive conditions
in fuzzy metric spaces, J. Appl. Math. 2013, Art. ID 145190, 9 pp.

BHAVANA DESHPANDE (bhavnadeshpande@yahoo . com)

Department of Mathematics, Govt. P. G. Arts & Science College, Ratlam (M. P.)
India

AMRISH HANDA (amrishhanda83@gmail.com)
Department of Mathematics, Govt. Arts & Science P. G. College, Ratlam (M. P.)
India

633



	 Fixed point theorems on modified intuitionistic fuzzy quasi-metric spaces with application to the domain of words . By 

