Annals of Fuzzy Mathematics and Informatics

Volume 8, No. 4, (October 2014), pp. 527-547 QFMI
ISSN: 2093-9310 (print version) © Kyung Moon Sa Co.

ISSN: 2287-6235 (electronic version)

http://www.kyungmoon.com
http://www.afmi.or.kr

Solutions of fuzzy wave-like equations by
variational iteration method

L. S. CHADLI, A. HARIR, S. MELLIANI

Received 1 December 2013; Revised 22 February 2014; Accepted 2 March 2014

ABSTRACT. In this paper we give sufficient condition for the Buckley-
Feuring solution to exist by the variation iteration method are used for
find the exact fuzzy solution of the fuzzy wave-like equation in one and
two dimensions with variable coefficients and fuzzy parameters. Some ex-
amples are given to show the reliability and the efficiency of the sufficient
condition..

2010 AMS Classification: 03E72, 08A72
Keywords: Fuzzy wave-equations, Variational iteration method, Fuzzy number.

Corresponding Author:  S. Melliani (melliani@fstbm.ac.ma)

1. INTRODUCTION

The fuzzy partial differential equation method is used for solving many prob-
lems in several applied fields like economics, finance, engineering and physics. These
problems often boil down to the solution of a fuzzy equation. Therefore, various
approaches for solving these problems have been reported in the last years.

In present paper, we assume wave-like models which can exactly describe some non-
linear phenomena, for example, wave-like equation can describe earthquake stresses
[11], coupling currents in a flat multi-strand two-layer super conducting cable [1] and
non-homogeneous elastic waves in soils [13]. We suppose the existence of imprecise
parameters in wave-like equations with variable coefficients. Since fuzzy sets theory
[17] is a powerful tool for modeling imprecise and processing vague in mathematical
models, hence, the our idea is solving wave-like equations with fuzzy parameters via

the same strategy as Buckley and Feuring [3] using Variational Iteration Method
(VIM) [3, 9, 10].
In comparison with the paper [2], we investigate problems with fuzzy parameters,

fuzzy initial value and fuzzy forcing functions, we propose a new theorem for finding
the exact fuzzy solutions, witch extended to the Buckley-Feuring for the proposed
models .
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We begin section 2 by defining the notation where we will use in the paper and
then in Sections 3 and 4, fuzzy wave-like equations and the VIM are illustrated,
respectively. In Section 5, the same strategy as in Buckley-Feuring is presented for
two-dimensional fuzzy wave-like equation. Some examples in Section 6 are illus-
trated.

2. PRELIMINARIES

We place a bar over a capital letter to denote a fuzzy number of R". So, A, K, 7,
B etc. all represent fuzzy numbers of R™ for some n. We write p%(t), a number
in [0, 1], for the membership function of A evaluated at ¢t € R”. An a—cut of A is
always a closed and bounded interval that written A[a], is defined as {¢ | u%(t) > a}
for 0 < a < 1. We separately specify A[0] as the closure of the union of all the A[a]
for0<a<1

Definition 2.1 ([6]). Let Rx = {Z | A:R —[0,1], satisfies (1) — (4)} :

(1) VA € Rz, A is normal.

(2) VA € Rz, A is a fuzzy convex set.

(3) VA € Rz, A is upper semi-continuous on R.
(4) A[0] is a compact set.

Then R is called fuzzy number space and YA € Rz, A is called a fuzzy number.

Definition 2.2 ( [ , 12]). We represent an arbltrary fuzzy number by an ordered
pair of functions Afa] = [A1(a), A2(a)], € [0,1], which satisfy the following
requirements :

(1) Ai(a) is a nondecreasing function over [0, 1],

(2) Az(a) is a nonincreasing function on [0, 1]

(3) Ai(a) and As(«) are bounded left continuous on (0, 1], and right continuous
at « =0, and

(4) Ai(a) < As(a),for0<a <1

Definition 2.3. Let A = (a1, a2,a3), (a1 < az < az). A is called triangular fuzzy
number with peak (center) as, left width ag — a; > 0 and right width ag — as > 0,
if its membership function has the following form :

—1
18270 g
GQ—GS
(1) = t—
palt) = mm) oy,
as — ag
0, otherwise.

The support of 4 is [a1,a3]. We can write :
(1) E>Oifa1 > 0,
(2) A>0ifa; >0,
(3) A <0if az <0,
(4) A<0ifaz<0.
528
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Definition 2.4. For arbitrary fuzzy numbers Ala] = [al(a),ag (a)] and
Bla [ 1(@), ba(c )} we have algebraic operations as follows :

| =
(1) (A+ B)la] = [ai(a) + by (), az(@) + ba(a)]
8; (A= B)la] = [a1(a) = ba(a), az(@) — by ()]

KA[a] = | Far (@), kax(@)] k>0
[kas(a), kai(a)] k<O

(4) (A.B)[a] = {min z, max z} with

2= {al(a).bl(a), a1 () .ba(), as(@).bi(a), a2(a).b2(a)}
(5) I£0 ¢ [bi(a), ba(c)]

where

as(a
()

}

)
—)(a) = max ai(e) a(a) aQ(O‘) az(a)
) {bl( )" ba(a)” by (e )’b2(a)}

We adopt the general definition of a fuzzy number given in [7].

3. FUuzzy WAVE-LIKE EQUATIONS

We consider the wave-like equations in one and tow dimensional cases which can
be written in the forms

e One-dimensional [2] :
(3.1) U (t,z) + P(2,7)Uss(t,z) = F(t, 2, k)
e Two-dimensional [2] :
(3.2) Un(t,z,y) + P2, Usa(t, 2,y) + Qy, B)Uyy (t, 2, y) = F(t,2,y, k)
or

(3.3) U (t, 2, y) + QY B)Uss(t, 2, y) + P(z,7)Uyy (t, 2, y) = F(t,2,k)

subject to certain initial and boundary conditions.
These initial and boundary conditions, in state two-dimensional, can come in a
variety of forms such as

U,z,y) =c; or U(0,z,y) = gi(x,y,c2) or UMy, z,y) = ga2(x,y,cs3,c4),
In this paper the method is applied for the wave-like equation (3.2). For (3.1) and
(3.3), the same discussion can be made. In following lines, the components of (3.2)
are enumerated :
o I = [0, M), I = [My, M3] and I3 = [My, M5] are three intervals, which
M, (n1 =2,3,4,5) is negative or positive and M; > 0.
529
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o F(t,x,y,k), U(t,z,y), P(z,7v) and Q(y, ) will be continuous functions for
3
(ta x, y) S Hj:l Ij'
e P(x,7v) and Q(y, B) have a finite number of roots for each (z,y) € I x I3
o k= (k17"'7kn)a c= <Cla"'acm)a Y= (717"'778) and 6 = (ﬂlw"?ﬁe)
are vectors of constants with k; € J;, ¢; € L; and v, € H, and §; € D;.
Assume that (3.2) has a solution

(3.4) Ut,z,y) = G(t,x,y,k,c,v, )
for G and Gtt(t’ :E’ y7 k7 C, 7’ /B)+P(:I:7 ’Y)Gl‘z(t7 :C, y’ k7 C7 ’y’ ﬂ)+Q(y7 ﬁ)G’yy(t7 :E? y’ k’ C? 77 /3)
3

n m S
are continuous with (¢, z,y) € Hlj, keld= H Jj,ce L= HLi, ~ve H= HH,.
j=1 i=1 r=1

Jj=1

and € D =[] D

Suppose the cloristant kj, ¢; ,vr and B are imprecise in their values. We will model
this uncertainty by substituting triangular fuzzy numbers for the k;, ¢; , 7, and
Bi. If we fuzzify (3.2), then we obtain the fuzzy wave-like equation. Using the
extension principle, we compute F, P and @ from F, P and Q where F(t,z,y, K)
has K = (k1,...,kn), P(z,5) has 57 = (71,...,7,) and Q(y, ) a B = (B1,...,5.)
for k;, v and §; a triangular fuzzy numbers in J; (0 < j <n), H, (0 <r <s) and

3
The function U is changed to U where U : H I; — F(R). That is, U(t,x,y) is a
j=1
fuzzy function. The fuzzy wave-like equation is

(3-5) Uilt,,y) + P(2, ) Usa(t, 2,y) + Qy, B)Uyy(t 2,y) = F(t,2,y, K)

subject to certain initial and boundary conditions. The initial and boundary condi-
tions can be of the form

U0,z,y) =C1 or U(0,2z,y) = g,(x,y,C2) or UMy, x,y) =Gy(x,y,C3,C4)
The g, is the fuzzification g; via extension principle. We wish to solve the problem
given in (3.5). Finally, we fuzzify G in (3.4).

Let Z(t,x,y) = G(t,z,y, K,C,7, ) where Z is computed using the extension prin-
ciple and is a fuzzy solution. In section 5, we will discuss the concept solution with
the same strategy as Buckley-Feuring for fuzzy wave-like equation.

Let Klo] = [T'_, K;lal. 3la] = [, 7,la]. Cla] = [T, Cila]
and Blo] = T;_, Bila]

4. THE VARIATIONAL ITERATION METHOD
To illustrate the basic idea of the VIM we consider the following PDE model
(4.1) LU+ L,U+L,U+ NU = F(t,z,y,k)

where L, L, and L, are linear operators of ¢, x and y, respectively, and N is a
nonlinear operator, also F'(t, z,y, k) is the source non-homogeneous term. According
530
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to the VIM [15, 16], we can express the following correction function for (4.1) in ¢,
z and y directions can be written as

t
Un+1(t,x, y) = Un(t,x, y) +/ >‘1{LSUn + (Lx + Ly + N)Un - F(571'7y7 k)}ds
0
Un-l—l(taxa Z/) = Un(t,.li, y) +/ /\2{L5Un + (Lt + Ly + N)ﬁn - F(S,%% k‘)}dS
0
) ~
Un+1(tax7y) = Un(tax7y) +/ )‘3{L8Un + (Lt + Lw + N)Un - F(Saﬂf,%k’)}dS
0

where A;, 1 < < 3 are general Lagrange multipliers, which can be identified opti-
mally via the variational theory [3, 16], and U, is a restricted variation which means
6[771 = 0. It is required first to determine the Lagrange multipliers A; that will be
identified optimally via integration by parts.The approximations U, 11, n > 0, of
the solution U(t,x,y) will immediately follow upon using any selective function Uy.
The initial values U(0, z,y) and U(0,z,y) are usually used for the selected zeroth
approximations Uy. With the Lagrange multipliers A\; determined, then several ap-
proximation u;(t,x,y), i > 0, can be determined. Consequently, the solution is given
as

U(t,2,y) = lim Un(t,2,y)

According to the VIM, we construct a correction functional for (3.2) in ¢-direction
as follows

(4.2) Upyi(t,z,y) = Un(t,z,y)
[ N[ e+ P T+ QB Ty~ Flsr ) s
where n > 0 and ) is a lagrange multiplier. We now determine the lagrange multiplier
0Up41(t,z,y) = 0U, (t z,y)

+5/ Un)ss + P, 7))oz + QLo A)(Tn)yy — Fls, 2,9, 1) }ds

6Un+1 (t7 Z, y) = 6Un(t7 x, y)
t
AN ((O).) ot = N ()30t + [ V' (5)00s
0

Therefore, the stationary conditions are :

oU, : N'(s) =0,
U, + 1 =X (8)|s=¢ =0,
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So, the lagrange multiplier is A = s — ¢. Submitting the results into (4.2) leads to
the following iteration formula

(43) Un+1(t,$,y) = Un(taxay)
+A<&%me%+vaxymm+Q@ﬁx Dy — (s, k) }ds

Iteration formula start with initial approximation, for example Uy (¢, z,y) = U(0,z, y).
Also the VIM used for system of linear and nonlinear partial differential equation
[16] which handled in obtain Seikkala solution.

5. BUCKLEY-FEURING SOLUTION (BFS) AND SEIKKALA SOLUTION (SS)

5.1. Buckley-Feuring solution. Buckley-Feuring first present the BFS [3, 4]. They
define for all ¢, z, y and « € [0, 1],

Z(t,z,y)[a] = [zl(t,x,y, a),ZQ(t,x,y,a)], F(t,x,y,%) [a] = [Fl(t,:c,y, a),Fz(t,x,y,a)]
and to check (3.5) we must compute P(m,i) and @(y,B) The a-cuts of ﬁ(x,ﬁ)

and @(y, B) can be found as follows :

Va € [0,1]
Pz, 7] = [Pi(w,0), Po(z.0)], Q. B)la] = [Qu(y, ), Qa(y,0)]
Let W = K[a] x C[a] x F]a] x Bla]. By definition
(5.1) z1(t, z,y, o { (t,z,y,k,e,v,B) : (k,c,v,B) € W}
(2 ey =max{Gleyker.d) : (key.8) W]
and
(5.3) Fi(t,z,y,@) = min {F(t,x, y, k) ke F[a]},
(5.4) Fy(t,z,y, ) = max {F(t7 x,y,k) : k€ F[a]}

V(t,z,y) € H3:1 I; and o € [0,1]

and

(5.5)  Pi(z,a) =min{P(z,7)ly € ¥la]}, P(z,a)=max{P(z,7)ly € 7[a]}
Vo € Iz and a € [0, 1]

and

(5.6) Qi(y, ) =min{Q(y,B)|B € Blal}, Qa(y,a) =max{Q(y,B)|s € Bla]}

Vy € I3 and « € [0, 1]

Assume that P(z,v) > 0, (Pi(z,a) > 0), Q(y,0) > 0, (Q1(y,a) > 0) and the

zi(t,x,y,a) i = 1,2, has continuous partial derivatives so (z;)¢ + Pi(2i)ze +Qi(2i)yy
532
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is continuous for all ¢,z,y € H?:l I; and all o € [0,1].
Define

F(t7 T, Y, a) = (Z1)tt + P (SC7 a)(zl)xm + Ql(yv B)(Zl)y?ﬁ (22)”
+ Po(x, a)(22)ze + Q2(y, 5)(22)111/}

for all (¢,x,y) € H?:1 I; and all o
If, for each fixed t,z,y € H?:1 I;, I'(t,z,y, o) defines the a—cut of a fuzzy number,
then will be said that Z(t,z,y) is differentiable and is written

Zulo] + Plo]Zsla] + Qla]Zyylo] = T(t, 2y, @)
for all (¢,z,y) € H?:l I; and all «

Sufficient conditions for I'(¢, x,y, o) to define a—cut of a fuzzy number are [7] :
(1) (Zl)tt(tv x,Y, Oé) + Pl (33, a)(zl)l‘l(t) z,Y, O[) + Ql(y7 a)(zl)yy(ta xT,Y, O() is an
increasing function of « for each (¢,z,y) € szl I;
(11) (22)tt(tv x,Y, Oé) + PQ(J:’ a)(ZQ)OL‘I(t7 z,Y, Oé) + QQ(@L a)(ZZ)yy(ta T, Y, Ot) is an
decreasing function of « for each (¢, x,y) € ]_[3:1 I; and

(iii) for (t,z,y) € H§:1 I;
(Zl)tt(ta €, Y, 1) + Pl(xv 1)(21)zm(t7 €, Y, 1) + 1 (y7 1)(21)yy(ta x,Y, 1)
< (ZQ)tt(ta z,Y, 1) + P2(x7 1)(Z2)mx(t7 z,Y, 1) + Q2(ya 1) (22)yy(t7 T, Y, 1)
Now we assume that the z;(¢, 2, y, @) has continuous partial derivatives

50 (2i)u + Pi(x, a)(2i)ze + Qi(y, a)(2i)yy is continuous on Hj-:l I; x[0,1] i=1,2.
Hence, if conditions (i)-(iii) above are hold, Z(t,z,y) is differentiable.

For Z(t,x,y) to be a BFS of the fuzzy wave-like equation we need
(a) Z(t,z,y) differentiable
(b) (3.5) hold for U(t,x,y) = Z(t,x,y),
(c) Z(t,x,y) satisfies the initial and boundary conditions. Since no exist spec-
ifi

ed any particular initial and boundary conditions, then only is checked if
(3.5) hold.

Z(t,z,y) is a BFS (without the initial and boundary conditions) if Z(¢, z,y) is

differentiable and (Z)i + P(2,5)(Z) 4z + Q(y, B)(Z)yy = F(t,z,y, k) or the following

equations must hold

(5‘7) (Zl)tt + Pl(xva)(zl):m + Ql(% a)(zl)yy = Fl(t,.%', yvo‘)

(5‘8) (ZZ)tt + PQ(xv a)(ZQ):M + QQ(y7 a)(ZZ)yy = FQ(tv z,Y, a)

for all (¢,z,y) € H?=1 I; and « € [0,1].

Now we will present a sufficient condition for the BFS to exist such as Buckley and

Feuring. Since there are such a variety of possible initial and boundary conditions,

so we will omit them from the following theorem. One must separately check out

the initial and boundary conditions. So, we will omit the constants ¢;, 1 < i < m,
533
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from the problem. Therefore, (3.4) becomes U(t,x,y) = G(t,z,y, k,, 3),
SO Z(t7 x? y) = é(t7 x’ y’ F’ i’ B) N

Theorem 5.1. Assume Z(t,x,y) is differentiable.

(a)

_ oP 0G ,
(5.9) if P(x,v;) >0 and 97 0 >0 zely for i=1,2,...,m
and
. 0Q 0G
.1 — I =1,2,...
(5.10) if Q(y.B1)>0 and op o5 >0 VED for I=1.2,.. e
and
oG OF
11 if — — =1,2,...

Then BFS = Z(t,z,y)
(b) If relations (5.9) does not hold for some i or relation (5.10) does not hold

for some 1, or relation (5.11) does not hold for some j, then Z(t,x,y) is not
a BFS.

Proof.
(a) For simplicity assume k; =k, v; =7, /i = 8 and %—ﬁ <0, 68—1; <0,

9
98 >0, % > 0, §% < 0and 5 < 0. The proof for 3¢ > 0, $£ >0, 3 <0,
% <0, g—g > 0 and % > 0 is similar and omitted.

Since 2¢ <0, g—ff > 0 and g—g < 0, then from (5.1) and (5.2) we have

o
21t 7,9,0) = G(t2,y,ka(a). 71 (), Bo() )
2 (t2,y.0) = Gt 2,9,k (0). 22(a), A1 @)
from (5.3), (5.4) and % < 0 we have
Fi(to,y,0) = F(Lay k() Fabey) = F(toy k)
since (5.5) and §& > 0 we have
Pi(w.0) = P(z.7(0))  Pale.0) = P(2.72(0))
from (5.6) and %% < 0 we have
Qily:0) = Qv (e))  Qa(y:0) = Q(y r(e))
for all a € [0,1] where K[o] = [kl(a), kz(a)}, Fla] = [Wl(a),'yg(a)] and

Bla] = |B1(@), Ba(e)].
Now G(t,z,y, k,,3) solves (3.2), which means

Gtt + P(l‘,’Y)wa + Q(%B)Gyu = F(t7$7ya k)
534
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3
for all (¢,z,y) € Hlj, kedJ,yeHand B €D
j=1
Suppose Z(t,x,y) is differentiable and P(z,v) > 0 and Q(y,8) > 0 so

5‘ttzl (t, z,Y, Oé) + Pl (.’E, a)amle (t; z,y, a) + Ql(ya a)ayyzl (tv z,Y, a) = Fl (ta x,Y, Cl/,)
8tt22(t7 z,yY, Oé) + PZ(xa a)ang(t, z,y, O[) + QQ(ya a)ayyZQ(tv z,y, O[) = FQ(ta €, Y, Oé)
3
for all (¢t,z,y) € H I; and a € [0, 1]

j=1
Hence, (5.7) and (5.8) holds and Z(t,x,y) is a BFS.

(b) Now consider the situation where (5.9) or (5.10) or (5.11) does not hold.

Let us only look at one case where —g <0 ( assume % > 0, %—k > 0, % > 0,

ap > 0 and ag >0, P(z,v) >0 and Q(y, ) > O) Then we have

21(ta,y,0) = G (62, k1(0), 71(0), A1 (@)
22(ta,y,0) = Gt 0,9, ka(0), 22(0), Ba(a))
Fi(t0,y,0) = F(tao.y, ki), Falt.a,y.0) = F(t,2,y,k(a))
and
Pi(w,0) = P(,(a))  Pala,a) = P(2,72(a)
Qily:0) = Qv (e))  Qaly:) = Qv r(e))
then we have
Ouz1(t, x,y, ) + Pz, a)0pz21(t, 2y, ) + Q1(y, a)Oyy21 (8, 2z, y, ) = Fi(t, 2, y, @)
Oupza(t, 2, y, @) + Po(w, @) Opaz2(t, 2, y, @) + Q2(y, @)dyy20(t, 7, y, @) = Fo(t, 2, y, @)
which is not true, because

Gy (t, x,y, k1(a), 11 (a), f1 (a)) + P(ﬂc, " (a)) Gua (t, x,y, k1 (@), (), B (a))
+Q(2.52(0) ) Gy (12, Ka (@), 71(), Bu()) = F (b, k(@)

Gra (£, k2(0). 72(0), B2() ) + P(2.71(2) Gas (12,3 R (@), 72(@), Ba(a)
+Q(5:61(2) Gy (12,51 (0), 71(@), o @) = @x%@m»

Therefore, if Z(t,x,y) is a BFS and it satisfies the initial and boundary conditions
we will say that Z(t,z,y) is a BFS satisfying the initial and boundary conditions.
If Z(t,x,y) is not a BFS, then we will consider the SS.
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5.2. Seikkala solution (SS). Now let us define the SS [14]. Let

U(t,.’ﬂ, y)[a] = ul(t7x3y7a)7u2(tvx7ya a)

For example suppose P(z,v) < 0 and Q(y, ) > 0, so consider the system of wave-
like equations

(5.12) (u1)t + Pr(w, a)(u2)ze + Q1(y, a)(u1)yy = Fi(t,z,y,a)
(513) (U’?)tt + P2 Z, a)(ul)xf + QQ(ya O‘)(u2)yy = FQ(ta z,Y, Oé)
OI‘IfP(.’I,‘”y)>0,Q(y,B >0,%>0,%€<0,%>0,g—g>0

(
)

(u1)e + Pr(z, @) (u1)ze + Q1(y, @) (u1)yy = Fi(t, z,y, @)
(

(u2)tt + P2 x, a)(UZ)mm + QZ(:% a)(u2)yy = F2(t7 x,Y, Oé)
for all (t,z,y) € H?‘:1 I; and o € [0,1]. We append to Egs. (5.12) and (5.13) any
initial and boundary conditions. For example, if it was U(0,z,y) = C then we add
Ul(oa z,Y, Ot) =C (a)
u2(05 z,y, O[) = 02(0[)

where Cla] = |:C]_(Oé),02(06):|.
Let u;(t, z,y, ) i=1,2 solve Egs. (5.12) and (5.13) plus initial and boundary condi-
tions.
If
|:’LL1 (ta z,Y, a)7 u2(t7 x,Y, a):| 3

defines the a—cut of a fuzzy number, for all (¢, z,y) € H?:1 I;, then U(t, x,y) is the
SS.

We will say that derivative condition holds for fuzzy wave-like equation

when Egs.(5.9),(5.10) and (5.11) are true.

Theorem 5.2.

(1) If BFS = Z(t,z,y), then SS = Z(t,z,y).

(2) If SS = Z(t,x,y) and the derivative condition holds, then BFS = U(t,z,y).
Proof.

(1) Follows from the definition of BFS and SS.

(2) If SS = U(t, x,y) then the Seikkala derivative [1] exists and since the deriv-
ative condition holds, therefore, Egs. following holds

(u1)ee + Pr(w, @) (u1)ae + Q1(y, @) (u1)yy = Fi(t, 2,9y, a)

(u2)tt + PQ(CC’ a)(UQ)II + Q2(97 a)(u2)yy = FQ(t7 r, Yy, 04)

Also suppose one k; =k, v, = v, b1 = B, % < 0, %—I; < 0, % < 0 and

%—1,: <0, % > 0, % > 0 (the other cases are similar and are omitted). We
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£,y ka(a). 72(a), Bi (@)

2t w,y,0) = Gty ki(a), (), fa(e))

Fi(t0,y,0) = F(t oy, k(). Falt,z,y,0) = F(t2,5,k1(a))
Pi(w,0) = P(2,72(0)), Pa(a.a) = P(z.71(a))
Quy,0) = Q1. A1(0)), Qa(y,0) = Q(y. fala))

Zl(tvxvyaa) =G
G

/N 7N

Now look at Egs. (5.7), (5.8) also Egs. (5.1) and (5.2), implies that
u1(t795711/7 G<t X y7k2 ( ) 51( )) = Zl(t7x7y7a)
ug(t,x,y, (t € yvkl 1(@),&2((1)) = zg(t,x,y,a)

Therefore BFS = U (t,z,y)

Lemma 5.3. Consider (3.1) suppose Z(t,x) is differentiable.

(a)
_ dP 0G .
(5.14) if P(z,v:) >0 and 97, 01 >0 xz€ly fori=1,2,....m
and
F
(5.15) faGa >0 forj=1,2,....n

Ok; Ok;
Then BFS=Z(t,z)

(b) If relations (5.14) does not hold for some i or relation (5.15) does not hold

for some j, then Z(t,z) is not a BFS.

Proof. Tt is similar to theorem (5.1)

6. EXAMPLES

We consider the following examples ([2],[15]) and we added fuzzy parameters to

these references.

Example 6.1. We first consider the one-dimensional wave-like equation with vari-

able coefficients as
(6.1) Uy + %ﬁUm = kat
with the initial conditions

U(0,z) = ca? (U(0,2)), =1
537



L. S. Chadli et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 4, 527-547

where z € [0,1], t €]0,7/2], k € [0, ], v €]0,1] and ¢ € [L, 0] are constants.
According to the VIM, a correct functional for (6.1) from (4.3) can be constructed
as follows

Ui (t,2) = Un(t, 7) + /0 (5 = O{(Un(5.2))ss + 202 (Ta(s,2))z — ks}s

Beginning with an initial approximation Uy(t,2) = U(0, ) = cz? +t, we can obtain
the following successive approximations

Up(t,z) = cax®(1 — ’yt;,) + kx% +t

Us(t,z) = cx®(1 — ’yg + 72%) + kx% +t

and U, (t,z) = cz?(1 — ’yt;! —i—’yQ% +... 4+ (=)™ (’;2:)!) + kx% +t n>1

The VIM admits the use of U(t,z) = nh_}ngo U, (t,x), which gives the exact solution

t3
U(t,x) = ca® cos(y/t) + k:xg +1

Now we fuzzify F(t,z,k), P(x,~y) and

3

t
G(t,x,k,c,v) = cx? cos(\/7t) + kxa +t
Clearly
F(t,r,K) = Kut
P(z,7) = T2
2
so that

Fi(t,z, ) = ki(a)xt, Fay(t,z,a) = ko(a)xt

Pl( ’ ):71(05) 2 PQ(JZ,Oé) 72(0‘)%2

2

Also G(t,z, K,C,7) = Cz? cos(v/Ft) + fm% + ¢, therefore

3
(b, ,0) = ()2 cos(yn(a)t) + i(a)as +1
fors=1, 2 and C <0 (C=(c,ca,c3) also with c3 < 0), K[a] = [k1(a), k2()],
Cla] = [c1(a), c2(a)], and F[a] = [11(a), 2(a)]-
Z(t,x) is differentiable because (z;(t, z, «))s + #xQ(zi(t,x, a))ge for i =1, 2 are

a—cuts of Kzt i.e. a—cuts of a fuzzy number. Due to

P(z,v) >0
oG oF
aik’l > 0, 67161 >0
OP oG t
— >0, — =—ca? sin t) >0
0 0 Na (Vt)
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That is, (Z)y + 322(Z) e = K=t, a fuzzy number.
So Lemma 5.3 implies the result that Z(t,z) is a BFS. We easily see that

2(0,z, @) = ¢;i(a)z? (zi(O,x,a))t =1

for i = 1,2, so Z(t,z) also satisfies the initial condition. The BFS that satisfies the
initial condition may be written as

3
Z(t,x) = Cx? cos(\/7t) + Fx% +t
for all t €]0,7/2], z € [0,1]

Example 6.2. Consider the two-dimensional wave-like equation with variable co-
efficients as

Ui + %xQwa + ngUyy = k1$2 - k2y2
(6.2) U(0,z,y) = c12”
(U(Oaxay)>t = C2y

which ¢ € [377‘—7271—]3 T,y € [03 1]7 kl € [J170[7 k? G]Oa JQL Y € [
c2 €[0,Lo] and B € [3,1]
Similarly we can establish an iteration formula in the form

; 1]7 C1 E]O7L1]7

N[

(63) UnJrl(taxa y) = Un(taxa y) + /0 (S - t){(Un(&x,y))ss

+ %ﬁ(ﬁn(s,x,y))m + gyZ(ﬁn(s,x,y))yy — kiz® + kzyQ}ds

We begin with an initial arbitrary approximation :
UO(t7 xz, y) = U(()? xz, y) = 01172 + CQyt

and using the iteration formula (6.3), we obtain the following successive approxima-
tions

2 2
Ui(t,z,y) = c1e?(1 —v5) + ’2%2(75, )— & 2( ) + eayt
2
Us(t,2,y) = az?(1 — v +9°4) + Ba 2( —928) - %yQ(ﬁi— 20) + cayt
2 4
Us(t,x,y) = cie®(1 = v + 2 — 32.) 22(vh -5+ 5) -
S35 4 1
and
t2 t4 t2n k t2 t4
U,(t = 1-— 1" 2 (= — A2
(t,z,y) = cra®( Vo 4,+ +(=1)"y 2n,)+ g = gt
t2n k,2 t4 2n
1 n+1l.n 2% 2 1 n+lon” t
(e - el s e e

Then, the exact solution is given by

Ul(t,x,y) = c12? cos(y/7t) + Ify (1 —cos(ft)) ﬁ (1 — cos(/ft) ) + coyt
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FllZZify F(ta‘r»klu k2)7 P(x77)7 Q(yaﬁ) and
_ 2 ky 2
G(t,x, k1, ko, c,v,ﬁ) = c12° cos(y/7t) + ?x (1 — cos(ﬁt))—

/4362 2( — cos \[t)—&—czyt

producing their a-cuts
/4311 (OZ

~—

21(t 2,1y, @) = cr1(a)z? cos(y/y1(a)t) + " 22(1 = cos(v/71()t))

M
kQQ(a
Pi(e)

k12(0[)

~—

y2(1 —cos(+/B1(a)t)) + co1(a)yt

23(t, @, y, @) = cra(@)a® cos(v/ya(@)t) + (@) 2?(1 = cos(v/72(a)t))
k?l(a)

Ba(a)
Fi(t,z,y,a) = ku(a)x2 - kgz(a)y2, Fy(t,z,y,a) = klg(a)x2 — kgl(a)yz
71(04) 27 PQ(LL',OZ) — sz

y*(1 — cos(/Ba(a)t)) + caala)yt

Pi(z,0) = 5 T 5
Qiw.0) = Dy Qya0) = 2Ly

where K1[a] = [kll(a), klg(a)} , Kala] = [kgl(a), im(a)} , Cila] = [cll(a), clg(a)},
Cafa] = [ean(@), e22(@)], 7la] = [11(@), 72(0)] and Bla] = [81(a), B2(a)].
We first check to see if Z(t,z,y) is differentiable. We compute

[+ 2802, 4 210 2 2 e + 22,

which are a—cuts of Kj2? — Kay? i.e. a—cuts of a fuzzy number. Hence, Z(t,x,y)
is differentiable.

y2 (Zl)yya (ZQ)tt +

Since
P(z,7) >0, Qy,8)>0
g—i > 0, Z—Z >0
0 G im0+ (0 o) + g sin(y /D) >0
gg 0, % Zi (1 — cos(+/Bt)) 2ﬁ\fsm\ft > >0

Then Theorem (5.1) tells us that Z(t,z,y) is a BFS. The initial condition
20,2, y, @) = c14(a)x?
(2:(0, 2, y, @))i = cai(a)y
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Therefore Z(t,z,y) is a BFS which also satisfies the initial condition. This BFS may
be written

Z(t,z,y) = Cz? cosft —:n <l—cosft) (1—c08\[t>+02yt
for all (z,y) €[0,1],t € [37“,27r]
Example 6.3. We consider the one-dimensional wave-like model
0uU(t, ) — 20, U (t, x) = kat?
(6.4) U0,2) =0
0:U(0,x) = ca®
which ¢ € [0,1],  €]0,1], and the value of parameters k, ¢ and 7 are in intervals

[0,J], [0, L] and [La, 0[, respectively.
We can obtain the following iteration formula for the Eq.(6.4)

(6.5) Upsi(t,z) = Un(t,z) +/0 (s — t){(Un(s,x))ss 2 (Un(5,2))zs — kxt2}ds

We begin with an initial approximation : U(0,z) = cz?t. By Eq (6.5), after than
two iterations the exact solution is given in the closed form as
43 4
t
U(t,x) = G(t,x, k, c,v) = cx’t + nyas— + k:c—
Since
P(z,v) >0
oG oF

%>O, %>0

or <0 9 _ cxﬁ >0
Oy ooy 3
then there is no BFS (lemma (5.3)). We proceed to look for a SS. We must solve
(ur(t, z, ) es — Y2 (@) z(ur (t, 2, @) pw = k() t?

(ua(t,z, ) — y1(a)z(ua(t, 2, @))pe = ko(a)zt?
subject to
ui (0,7, ) = ¢;(a)2’t
for i= 1,2 and
Klo] = [k1(@). ka(@)], Clal = [es(a).ca()], and Fla] = [n(a),2(a)].
By VIM, the solution is

3 4

uilt,,0) = e1(@)?t + s (aala)e’s + k(@)
5 t3 ¢

us(t, z,a) = co(a)z™t + co(a)y1 (e )x§ + ko(a)x ik

Now we show |uq (¢, z, ), us(t, z, a)} defines a—cut of a fuzzy number.

Thus we only need to check if %1;1

> 0and 2% < 0. Since u;(t,z, @) are continuous
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and uy (¢, z,1) = uz(t,z,1). There is a region R contained in [0, 1]x]0, 1] for which
the SS exists and in [0, 1]x]0, 1] — 9 there may be no SS.

Since K, C and 7 are triangular fuzzy numbers, hence, we pick simple fuzzy param-
eter so that k() = ¢;(a) = ~;(a) = X and ky(a) = cy(a) = y5(a) = —A. Then, for
the SS exists we need

t3 3 tt

% = /\(x2t + ’yg(a)xg - cl(a)zg + :175) >0
3 3 tt

% = f)\(xzt + 'yl(a):cg — 02((1)1’3 + II) <0

Therefore inequalities hold if
(6.6) z2t + 'yl(oz)asﬁ - CQ(a)x—S + CEﬁ >0
3 3 4!
for t € [0,1], « €]0, 1]. The inequality (6.6) holds if
t2 3

0<t<1 (c2(e) f’yl(a))g TR <1 forall a€|0,1]
So under the above assumptions we may choose
2 3
34

m:{(t7x)|0§t§1 (ca(@) —71()) <x<l1 forallae[&l]}

and the SS exists on R in form Egs.
o o o t3 o t4
Ut,z) = Cx*t + Cﬁxg + ng
for all ¢ € [0,1], = €]0,1].

Example 6.4. We consider the one-dimensional wave-like model

{ OuU(t, ) + yrdpeU(t, z) = —ka?

(6.7) U(0,z) = csin(x)

which ¢t € [0,1], € [0,7] ,and the value of parameters k, ¢ and « are in intervals

[0, J], [0, L] and ]0, H], respectively.
We can obtain the following iteration formula for the Eq.(6.7)

(6.8) Unya(t,a) = Un(t, 2) + /0 (s = { (Uals,2))as + 12D (5,2))as + ko s

We begin with an initial approximation : U(0,x) = e¢sin(x). By Eq (6.8), after than
two iterations the exact solution is given in the closed form as

¢ ¢2
Ut,x) = G(t,z, k,c,7y) = esin(x) + cxsin(z)(cosh(y/7t) — 1) + 'ykxﬁ - x2§
since %—Z =—22 <0 and % = ’ya:% —ng > 0 for

6—x<t§1and0<x<1
V v 6
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then there is no BFS (lemma (5.3)). We proceed to look for a SS. We must solve
(ur(t, 2, )i + 71 (Q)z(ur (t, 2, Q) = —ka2(a)2?
(uz(t, z,a)) s + Yo(a)z(ua(t, 2, @) pe = —ki(a)z?
subject to
u; (0, z, @) = ¢;() sin(z)
for i =1, 2 and
Fla] = [k1(@),ka(@)], o] = [e1(a), ca(a)| and 7la] = [11(a),72(e)].
By VIM, the solution is

(6.9) wui(t,z,a) = c1(a)sin(x)

¢ t?
+ c1(a)z sin(z) (cosh(\/'yl(a))t - 1) + 'yl(a)kg(a)xﬁ - k'g(a)x2§
us(t, z, ) = co(a) sin(x)
t o 12

+ ca(a)x Sin(as)(cosh(\/vg(a))t — 1)+ v (a)k (a):vﬁ — ki(a)x®—.

Since w;(t, x, ) are continuous and up(t,x,1) = ua(t,x,1) then we only require to
check if % >0, % < 0 and K,/C’, 5 are7 triangu%ar fuzzy numbers, hence, we pick
simple fuzzy parameter so that k;(«a) = ¢;(a) = vy, (a) = X and

ky(a) = cy(a) = v9(a) = —A. Then, for the SS exists we need

% = )\(sin(x) + xSiH(JU)(COSh(\/W)t B 1)

+ cl(a)2j1(a)x sin(x) sinh ( 7 (@) t) - 71(a)x%2 + k2(a)xi + xﬂ) > 0.

% = —/\(Sin(z) + xsin(x)<COSh( 72(@))t = 1)

+ ea(0) s —asin(x) sinh (V3a(a)t) ~ (@l 4 kel 1228 <0
02a2 72(05)1:1 x) sl Yo (o ’ygal’m gozxu x 5 .

Therefore inequalities hold if

(6.10) sin(z) + xsin(z) ( cosh(y/71 ()t — 1)

4 4 2
+ cl(a)Q;Ol)x sin(z) sinh ( 71(Oé)t) - vl(a)x% + kz(a)x% + xz% >0
(6.11) sin(z) + xsin(x)(cosh(\/m)t - 1)
+ 02(04)2\/%33 sin(x) sinh ( ny(a)t) — 72(04)35% + kl(a)ﬂﬂﬁ n 1;2% -0
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it is sufficient that
t tt o ,t?
(6.12) - vg(a)xﬁ + k1(0¢)$ﬁ +x 5 > 0
for t € [0,1], = € (0, 7]. The inequality (6.12) holds if
t2
0<t<1 (y2() — kl(a))g <z <m forall a€]|0,1]

So under the above assumptions we may choose

%:{(t,xﬂogtgl (vg(a)—kl(a))%<w§7r forallaE[OJ]}

and the SS exists on R in form Egs.(6.9).

Example 6.5. We consider the one-dimensional wave-like model

Utt(t7x) - ’YUJWL =—k
U(0,z) =0
Ui(0,2) = cexp(a)

which z € [0,1] , t €]0, %] and the value of parameters k, ¢ and ~ are in intervals
[0, J], [0,10] and ]0, 10] respectively.
We can obtain the following iteration formula

(6.13)  Upt1(t,z) =Up(t,z) + /0 (s = t){(Un)ss(s,2) = v(Up) (s, ) + k}ds

We begin with an initial approximation : Uy(¢,z) = U(0,z) = cexp(z)t. By (6.13),
the following successive approximation are obtained

Uo(t,z) = U(0,2) = cexp(x)t

Ui(t,z) = i exp(z)(t + (\ﬁ)?’g) — k%

Un(t,) = % exp(@)(t + (VI)* 5 + (VA)° ) — kS

) c 3 2n+1 2
Un(t, x) = = exp(x)(t + WV*5) + o+ (V)" ) — kS n > 1

The VIM admits the use of U(t,z) = li_)m U, (t, )
n—oo

2
Ut,z) = G(t,x, k,c,y) = \% exp(z) sinh(y/7t) — k‘%

which gives the exact solution. There is no BFS because P(z,7) = —y < 0 with
v €]0,10] (lemma (5.3)). We proceed to look for a SS. We must solve

(u1(t, 2, @))ee = v2(ua(t, @, @))ae = —ka(a)

(ur(t, o, a))er —y1(ua(t, @, @))ze = —k1(a)
subject to u;(0,z, @) = ¢;(a) exp(z)t for i = 1,2

and Ka] = [k1(a), kz(a)], Clo] = [e1(a), c2()] and Fla] = [y1(a), y2(a)].
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We note
= & _ cz(a) Y ’71(0&)’72(a)
El g ’71(&)’}/2(04)7 Cl o (a)
€2 = % <2 _ Cl(a) N '71(01)’72(0z)
vV (OZ)’}/Q(O[)’ Y2 ()

The solution is

(6.14) wi(t,z, o) =& ex;;(x) (sinh ( vV (a)wg(a)t) + sin ({‘/’W?ﬁ))
.2

6 22 (s (et aa) — i (/T ) ~ ale)'s

us(t,z,0) = & T2 (smh (Vr@rra@)t) +sin (& m(a)w(oat))

s exr;(x) <Sinh ( 4 ’Yl(CY)W(a)t) — sin ( V71 (a)’yg(a)t)) —k (O‘)g

We only need to check if % > 0 and % < 0, since the u;(t,z, «) are continuous
and uq(t,z,1) = ua(t, z,1).

We pick simple fuzzy parameter k7 (a) = ¢j(a) = vi(a) =X >0

and ky(a) = c5(a) = ya(a) = =A.

Let w = {/7i()y2(@), s = y1(a)y2(@) and b= y2(a) — 71 (a)

Now we need to check if % > 0 and % <0, for all ¢ €]0, 3].

We note

( —4sy1 (@) + co(a)y1 ()b — 402(04)8)

m=

% = % (((W) (sinh(wt) + sin(wt))

m ( sinh(wt) — sin(wt)) * 014(13)bt<<?03h(wt) + cos(wt))
+ mlt(cosh(wt) - cos(wt))) exp(x) Hz) -
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(6.15) ——=

duy = (((45 + ca(a)b

Twd ) (sinh(wt) + sin(wt))

oa 2
+ 79 ( sinh(wt) — sin(wt)) - %j)bt(cosh(wt) + COS(’UJt))
c1(a)b

— T ~rlcosh{wt) — cos(w exp(z 2
4vz(a)\/§t( h(wt) — cos( t>)) p( )+t)<0

Since (6.15) holds for each t €]0, 3], z € [0,1], ¢ € [0,10] and ~ €]0, 10], therefore,
Ul(t,z) is SS in form Eqs.(6.14), for all t €]0, 3], z € [0,1], ¢ € [0,10] and v €]0, 10]

7. CONCLUSION

In this paper, we give sufficient condition for the Buckley-Feuring solution to exist
by the VIM for the proposed models , we obtain the exact solution of various kinds
of fuzzy wave-like equations. Application of this method is easy and calculation
of successive approximations is direct and straightforward. We using the VIM and
strategy based on [5] introduced two type of solutions, the Buckley-Feuring solution
and the Seikkala solution. If the Buckley-Feuring solution fails to exist and when the
Seikkala solution fails to exist we offer no solution to the fuzzy wave-like equations.
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