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ABSTRACT. In this paper we introduce the concepts of interval valued

fuzzy ideals with thresholds (&, 5) , interval valued fuzzy interior ideals
with thresholds (&,B), interval valued fuzzy quasi ideals with htresh-
olds (&, B) and interval valued fuzzy generalized bi-ideals with thresholds

a, B), which are generalization of interval valued fuzzy ideals, interval

valued fuzzy interior ideals, interval valued fuzzy quasi ideals and interval
valued fuzzy generalized bi-ideals, in a semigroup are introduced, and re-
lated properties are investigated. Characterizations of regular semigroups
by the properties of interval valued fuzzy left (right, interior, bi, generalized

bi, quasi) ideals with thresholds (&, 5) are given.
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1. INTRODUCTION

The fundamental concept of a fuzzy set was introduced by L. A. Zadeh in his
definitive paper [21] of 1965, provides a natural frame-work for generalizing several
basic notions of algebra. Murali [13] proposed a definition of a fuzzy point belonging
to fuzzy subset under a natural equivalence on fuzzy subset. The idea of quasi-
coincidence of a fuzzy point with a fuzzy set, which is mentioned in [15], played a
vital role to generate some different types of fuzzy subgroups. Bhakat and Das [5]
gave the concepts of (a, §)-fuzzy subgroups by using the ”belongs to” relation (€)
and ”quasi-coincident with” relation (g) between a fuzzy point and a fuzzy subgroup,
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and introduced the concept of an (€, € Vq)-fuzzy subgroup. In [6] (€, € Vq)-fuzzy
subrings and ideals are defined. In [7] Davvaz define (€, € Vq)-fuzzy subnearrings
and ideals of a nearring. In [11] Jun and Song initiated the study of («, )-fuzzy
interior ideals of a semigroup. In [4] Bhakat defined (€ Vq)-level subset of a fuzzy
set. In [I6], Shabir et al, characterized regular semigroups by the properties of
(a, B)-fuzzy ideals, bi-ideals and quasi-ideals. Abdullah et al, introduced a new type
of fuzzy normal subgroups and fuzzy coset [1]. In [2], Abdullah et al defined direct
product of finite fuzzy ideals of LA-semigroups. In [20], Shabir et al, characterized
semigroups by the properties of (€,€ V q)-fuzzy ideals, generalized bi-ideals and
quasi-ideals of a semigroup. Shabir et. al. defined some types of (€, € Vgg)-fuzzy
ideals of a semigroup and characterized regular semigroups by these ideals [I§].
Davvaz introduced fuzzy R-subgroups with threshold of near-rings and implications
operators [8]. In [19], Shabir and Mehmood studied (€, € Vgg)-fuzzy h-ideals of
hemirings and characterized different classes of hemirings by the properties of (&
, € Vqi)-fuzzy h-ideals. Hong et al. studied the concept of fuzzy interior ideal of
semigroups in [9]. The notion of interval valued fuzzy sets was first introduced by
Zadeh [22] as an extension of fuzzy sets in which the values of the membership
degrees are intervals of numbers instead of the numbers. Thus, interval valued
fuzzy sets provide a more adequate description of uncertainty than the traditional
fuzzy sets. Interval valued fuzzy set theory has been shown to be a useful tool to
describe situations in which the data are imprecise or vague. In [14], Narayanan and
Manikantan initiated the notion of interval valued fuzzy ideals in semigroup. In 2008,
Shabir and Khan introduced the concept of interval valued fuzzy ideals generated by
interval valued fuzzy subset in ordered semigroup [17]. Recently, Hedayati initiated
interval valued («,)-fuzzy bi-ideals of semigroups and obtained some fundamental
results [10]. In [3], Aslam et al defined interval valued (@, (3)-fuzzy ideals of LA-
semigroups and charcterized regular LA-semigroup by these ideals.

In this paper we initiate the notions of interval valued fuzzy ideals with thresholds

a, ﬁ) , interval valued fuzzy interior ideals with thresholds (627 5), interval valued
fuzzy quasi ideals with thresholds (&7 5) and interval valued fuzzy generalized bi-

ideals with thresholds (&, 5) , which are generalization of interval valued fuzzy ideals,

interval valued fuzzy interior ideals, interval valued fuzzy quasi ideals and interval
valued fuzzy generalized bi-ideals, in a semigroup are introduced, and related prop-
erties are investigated. We give some characterization of regular and intra-regular

semigroups by the properties of interval valued fuzzy ideals with thresholds <&, ﬁ)

2. PRELIMINARIES

A semigroup is an algebraic system (S,.) consisting of a non-empty set S to-
gether with an associative binary operation ”.”. By a subsemigroup of S we mean
a nonempty subset A of S such that 42 C A. A nonempty subset A of S is called
a left (right) ideal of S if SAC A (AS C A). A non-empty subset A of S is called
a two-stded ideal or simply an ideal of S if it is both a left and a right ideal of
S. A nonempty subset @ of S is called a quasi-ideal of S if QS NSQ C Q. A
subsemigroup B of a semigroup S is called a bi-ideal of S if BSB C B. A nonempty
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subset B of S is called a generalized bi-ideal of S if BSB C B. A subsemigroup
A of a semigroup S is called an interior ideal of S if SAS C A. Obviously every
one-sided ideal of a semigroup S is a quasi-ideal, every quasi-ideal is a bi-ideal and
every bi-ideal is a generalized bi-ideal. An element a of a semigroup S is called a
regular element if there exists an element x in S such that a = axa. A semigroup S
is called regular if every element of S is regular. It is well known that for a regular
semigroup the concepts of quasi-ideal, bi-ideal and generalized bi-ideal coincide.

A fuzzy subset A of a universe X is a function from X into the unit closed interval
[0,1], i.e. A: X — [0,1]. For any two fuzzy subsets A and u of S, A < p means that,
for all x € S, A(x) < p(x). The symbols A A p, and AV p will mean the following
fuzzy subsets of S

= A@) A p(z)
AV p)(z) = Az) V p(x).
forall z € S.

Let A and p be two fuzzy subsets of a semigroup S. The product Ao is defined
by

V (M) Ap(2)}, if 3y, ze S, such that z = yz
(o) (@) =

otherwise

By an interval number D we mean an interval [a™, a™], where 0 < o~ < a™ < 1.
For interval numbers Dy = [a~,at], Do = [37,87] € D0,1], where D [0, 1] denotes
the set of all closed subintervals of the interval [0, 1], we define

DiyNDy = min(Dy, Dy) = min ([a_,o["] , [ﬁ_,ﬁ+])

[min {a‘,ﬁ_} , min {a+,ﬂ+}} )

D1 UDy = max (D, Ds) = max ([of, oﬁ] , [67,6+])
= [max{a_,ﬁ_}, max {oﬁ,ﬂ"‘}] ,
Dy < Dyea <pB anda’ < BT,
D, < Dyea <f and ot < gt
Dy = Dy a =pf anda’ =gt
mD = m [a_7a+] = [maﬂmaﬂ , where 0 <m < 1,
Dy+Dy = [of + 07 —a.f7, a++ﬂ+—a+.ﬁ+] .

Let X be a given non-empty set. An interval valued fuzzy set X on X is defined by
B={(z, [\ @), \}(@)]):zeX},
where A5 (z) and A} (z) are fuzzy sets of X such that A5 (v) < A} (z) forallz € X.
Let Ap (z) = [A5 (z),A} (2)]. Then,
B:{(az, XB(x)) :xeX},

where Ap : X — D0,1].
An interval valued fuzzy subset A in a universe X of the form
421



S. Abdullah et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 3, 419-445

X(y) ={teD(,1] ify=20 ify+#ux
is said to be an interval valued fuzzy point with support z and value ¢ and is
denoted by x;. An interval valued fuzzy pomt x7 is said to belong to (resp qua51—
coincident Wlth) an interval valued fuzzy set A written xy € by (resp xtq/\) ifX(z) >1
resp. ()\( Y+t > 1) and in this case, x; € VA (resp x3 € AgA) means that Ty € A
or xtq)\ (resp. x; € X and x;q)\) To say that x;oz)\ means that x;a)\ does not hold.
For any two interval valued fuzzy subsets X and 7 1 of S, A< 11 means that, for all

z €S, Mz) < fi(z). The symbols XA A Ji, and X V i will mean the following interval
valued fuzzy subsets of S

for all z € S.
_ Let A and g be two interval valued fuzzy subsets of a semigroup S. The product
Ao g is defined by

(Xoﬁ> () = V {X(y)/\ﬂ(z)}, if Jy,2 € S, such that x = yz

rT=yz

0 otherwise

Throughout this paper, the following notations will be used.

(1) We use 0 to denote the interval valued fuzzy empty set and 1 to denote the
interval valued fuzzy whole set in a set X, and define 0 (z) = [0,0] and 1 (z) = [1, 1],
for all x € X.

(2) We write t = [t1,1] and § = [s1, 9] € D[0,1].

Definition 2.1 ([12]). A fuzzy subset A of S is called a fuzzy subsemigroup of S if
for all z,y € S.

A(zy) = min A (z), A (y)}
Definition 2.2 ([12]). A fuzzy subset A of S is called a fuzzy left (right) ideal of S

if for all z,y € S.
Aey) 2 A(y)  (A(zy) = A=)

A fuzzy subset A of S is called a fuzzy ideal of S if it is both a fuzzy left and a
fuzzy right ideal of S.

Definition 2.3 ([12]). A fuzzy subset X of S is called a fuzzy quasi-ideal of S if
Ao S)A(SoX) <A
where S is the fuzzy subset of S mapping every element of S on 1.

Definition 2.4 ([12]). A fuzzy subsemigruop A of S is called a fuzzy bi-ideal of S
if for all z,y,z € S.
A(zyz) > min{\ (z), A (2)}
Definition 2.5 ([12]). A fuzzy subset A of S is called a fuzzy generalized bi-ideal
of S if for all z,y,z € S,
A(zyz) > min{A (z), A (2)}
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Definition 2.6 ([12]). A fuzzy subsemigruop X of S is called a fuzzy interior ideal
of S if for all z,a,y € S,

A(zay) = A(a)

Theorem 2.7. For a semigroup S the following conditions are equivalent.
(1) S is reqular.
(2) RN L = RL for every right ideal R and every left ideal L of S.
(3) ASA = A for every quasi-ideal A of S.

3. MAJOR SECTION

In this section we defined interval valued fuzzy left (right, interior, generalized,

quasi) ideals with thresholds (&, E) and investigated some useful results.

Definition 3.1. An interval valued fuzzy subset X of a semigroup S is called an

interval valued fuzzy subsemigroup with thresholds (&, 5) of S, where a < B and
Q, B € D0,1], if it satisfies the following condition

max {X (zy) ,&} > min {X (), X (y) ,B}
Definition 3.2. An interval valued fuzzy subset Nofa semigroup S is called an inter-
val valued fuzzy left (right) ideal with thresholds (&, ﬁ) of S, where @ < fand a, § €
D[0,1], if it satisfies the following condition for all z,y € S max {X(xy) ,&} >
min {X (y) ,B} (max {X (zy), a} > min {X (z) ,,5})

An interval valued fuzzy subset X of a semigroup S is called an interval valued
fuzzy ideal with thresholds (&, ﬁ) of S if it is both an interval valued fuzzy left ideal
and interval valued fuzzy right ideal with thresholds (&, B) of S.

Definition 3.3. An interval valued fuzzy subset X of a semigroup S is called an

interval valued fuzzy interior ideal with thresholds (&, 5) of S, where a < B and
a, € DI0,1], if it satisfies the following conditions for all z,a,y € S

(1) max {X (xy) ,&} > min {X(;E) A (y) ,5} )

(2) max {X (xay) ,&} > min {X (a) ,B} .
Definition 3.4 (|[10]). An interval valued fuzzy subset X of a semigroup S is called
an interval valued fuzzy bi-ideal with thresholds (&,B) of S, where a < B and
a, 3 € D|0,1], if it satisfies the following conditions for all z,y,z € S

(1) max {X (wy),@} > min {X (), X (), 5},

(2) max {X (xyz) ,&} > min {X (2), X (2) ,B}
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Definition 3.5. An interval valued fuzzy subset X of a semigroup S is called an
interval valued fuzzy generalized bi-ideal with thresholds (52, ﬁ) of S, where a < 3

and @, (B € D [0, 1], if it satisfies the following condition for all x,y,z € S,
max {X (xyz) ,52} > min {X (x) ,X (2) ,B} .

Theorem 3.6. Let a, B eD[0,1] anda < B and X be a nonzero interval valued fuzzy
subsemigroup with threshholds (a, B) of S. Then, the set \g = {x €S| A (z) > &}

is a subsemigroup of S.

Proof. Let ,y € A\z. Then, A(z) > & and A (y) > @. Since A be an interval valued
fuzzy subsemigroup with thresholds (52,5) of S, so we have max {X(my) ,&} >

min {X (x) A (y) ,B} > min {&, B} = &. This implies that A (zy) > a. So xy € Aa.
Thus, Xa is a subsemigroup of S. O

Theorem 3.7. Let &,5 € D[0,1] and a < B and X be a monzero interval val-
uwed fuzzy generalized bi-ideal with threshholds (a, B) of S. Then, the set Xa =

{x €S| X(x)> &} is a generalized bi-ideal of S.

Proof. Let 2,z € Az. Then, X (z) > @ and A (z) > @. Since X is interval valued fuzzy
generalized bi-ideals with thresholds (&, 5) of S, so we have max {X (zyz), &} >
min {X (x) A (2) ,5} > min {&,E} = &. Which implies that A (zyz) > a. So ayz €
Xa. Thus, Xa is a generalized bi-ideal of S. [l

Theorem 3.8. Let &, € D [0,1] and & < 3 and X be a nonzero interval valued
fuzzy bi-ideal with threshholds (&, E) of S. Then, the set X& = {m eS| A (z) > &}
s a bi-ideal of S.

Proof. Follows from Theorem [3.6/ and Theorem [3.7. O

Theorem 3.9. Let a,B € D[0,1] and & < 3 and X be a nonzero interval valued
fuzzy left (resp. right) ideal with threshholds (&,B) of S. Then, the set Ao =

{:C eS| X(m) > &} is a left (resp. right) ideal of S.
Proof. Follows from Theorem 3.6/ and Theorem [3.7. O

Theorem 3.10. Let L be a left (resp. right) ideal of S and let X be an interval
valued fuzzy subset in S such that,

A@)
A(x)

B ifx e L

>
< & ifreS\L

Then, X is an interval valued fuzzy left (resp. right) ideal with thresholds (&, B) of

S.
424
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Proof. (1) On the contrary suppose that there exist z,y € S such that

max {X (zy) ,&} < min {X (y) ,B} .
Then, y € L and zy ¢ L. This is a contradiction to the fact that L is a left ideal of
S. So, max {)\ (zy), &} > min {)\ (y) ,,@}. Thus, A is an interval valued fuzzy left
ideal with thresholds (&,ﬁ) of . 0

Similarly, we can prove the following Theorems.

Theorem 3.11. Let A be a subsemigroup of S and let X be an interval valued fuzzy
subset in S such that

B ifxe A
@ if x € S\A

¢
IN IV

Then, X is an interval valued fuzzy subsemigroup with thresholds (a, B) of S.

Theorem 3.12. Let B be a generalized bi-ideal of S and let X be an interval valued
fuzzy subset in S such that

B ifre B
a if x € S\B

>
&
IN IV

Then, X is an interval valued fuzzy generalized bi-ideal with thresholds (&, B) of S.

Theorem 3.13. Let B be a bi-ideal of S and let X be an interval valued fuzzy subset
in S such that

B ifr e B
a if x € S\B

t
IN IV

Then, X is an interval valued fuzzy bi-ideal with thresholds (a, B) of S.

Definition 3.14. Let X and 1 be interval valued fuzzy subsets of S. Then, define
A o%‘ i as

(X o2 ﬁ) (z) = vw:yz({/\ (y) ANz (z) A ﬂ} Va), if Jy,z €S, such that z = yz
B a otherwise

Theorem 3.15. IfX s an interval valued fuzzy left ideal and 1t is an interval valued

fuzzy right ideal with threshholds (&, B) of a semigroup S, then XO% 1 s an interval
valued fuzzy two-sided ideal with threshholds (&, B) of S.
425
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Proof. Let x,y € S. Then,

(Rof i) wnd = (V B@)AF@nFrvaIAG
= [(V A@ABAR@}V@]AB.

(If y = pq, then zy = x (pg) = (ap) q. Since X is an interval valued fuzzy left ideal
with thresholds (&, B), so by definition max{X (zp),a} > min{X (p), 3}). Thus,

(Re5a) s = \/{X@)ABAﬁ(q)}va)AB]AB
= \/{ (zp) V @) Aﬁ/\u()}V&)]Aﬁ
= \/{ ABVa) A (u(q)va)})]AB
< \/{/\ Aﬁ}Va)]AB
ry=ab
= (Xo37) e A B
< (X3 ) (a)
< (Rodi) @y va

So,
min{ (X o% ,E) (y), B} < max{ ()\ 0% ,u) y),at.
Similarly, we can show that max{ ()\ og ﬁ) (zy),a}t > min{ ()\ o% ﬁ) (z),5}.
Thus A o% 1 is an interval valued fuzzy two-sided ideal with thresholds (54, B) of
S. O

Lemma 3.16. Intersection of interval valued fuzzy left (resp. right) ideals with
thresholds (&, B) of a semigroup S is an interval valued fuzzy left (resp. right) ideal

with thresholds (&',g) of S.

Proof. Let {XZ} , be a family of interval valued fuzzy left ideals with thresholds
1€
(&75) of S. Let z,y € S.
Then,

(/\ X) () =\ (A (a9))

i€l i€l
426
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(Since each X; is an interval valued fuzzy left ideal of S, so max{\; (zy),a} >
min{\; (y), 5} for all ¢ € I). Thus,

(/\Xi> (zy)va = [/\ (Xi(xy))]V&
= A(iew)va)

(zy
> A(RiwnB)
()

S
m
~

i€l

= ie/\lii )AB
(/\Xi) oy

el

=

Hence, A Xl is an interval valued fuzzy left ideal with threshold (&, B) of S. g
iel

Similarly, we can prove that intersection of interval valued fuzzy right ideals with

thresholds (62, ﬂ) of a semigroup S is an interval valued fuzzy right ideal with
thresholds (&, B) of S. Thus intersection of interval valued fuzzy two-sided ideals
with thresholds (&, B) of a semigroup S is an interval valued fuzzy two-sided ideal

with thresholds (&, 5) of 5.

Lemma 3.17. Let A and 1 be interval valued fuzzy left ideals with thresholds (54, B)
of S. Then, A /\g 1 is an interval valued fuzzy left ideal with thresholds (&,5) of S,
where A /\g‘ 1 is defined as
(X /\% ﬁ) (z) = max {min{x (z), () 75} ,a}
Proof. Let x,y € S. Then,
(M%) @va = {(May) Aji(ay) AB) va)va

(e Afi(ay) A ) va
(X@y) v a) A (i ey) va) A (BYa)
> {QW)AB) VAW ARV EEABYaE)
AW AL(y)ABYY
(XA37) )
(A% 7)) A B

427
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Thus, A /\% 1 is an interval valued fuzzy left ideal with threshold (&, 5) of S. g

It is clear that every interval valued fuzzy bi-ideal with thresholds (&, 5) of a

semigroup S is an interval valued fuzzy generalized bi-ideal with thresholds (&, E)
of S. The next example shows that the interval valued fuzzy generalized bi-ideal
with thresholds (&, E) of S is not necessarily an interval valued fuzzy bi-ideal with

thresholds (&,B) of S.

Example 3.18. Consider the semigroup S = {a,b, ¢, d}.
d

(=l Bl Bol Ne}

ISEESEESHESHES]
ISEESEESEESHESY
S |e

QIO

b

Let A be an interval valued fuzzy subset of S such that

Xa)=1[0.4,05], X(b)=[0.1,02], X(c)=[0.2,0.3], X(d)=]0,0]
Then, \is an interval valued fuzzy generalized bi-ideal with thresholds (& = 6V1 B =
OA?’)) of S. Because max{\ (zyz),0.1} = X (a) V0.1 = [0.4,0.5] > X (z) A )\( )A05
But \ is not an interval valued fuzzy bi-ideal with thresholds (a =01 1,3 )
S. Because A (cc) V 0.1 = A (b) = [0.1,0.2] #[0.2,0.3] = A(c) A A (¢) A 0.5.

Lemma 3.19. Fvery interval valued fuzzy generalized bi-ideal with thresholds (a, ﬂ)

of a reqular semigroup S is an interval valued fuzzy bi-ideal with thresholds (a, )

of S.

Proof. Let X be any interval valued fuzzy generalized bi-ideal with thresholds (a, ﬁ)

of S and let a, b be any elements of S. Then there exists an element x € S such
that b = bxzb. Thus, we have )\(ab) = Aa(bxb)) Va = Aa(bz)b) va >
min{X (a), A (b), B}. This shows that \ is an mterval valued fuzzy subsemigroup with

thresholds (&, B) of S and so X is an interval valued fuzzy bi-ideal with thresholds
(aﬁ) of 8. O

Definition 3.20. An interval valued fuzzy subset X of a semigroup S is called an
interval valued fuzzy quasi-ideal with thresholds (&, 6) of S, if it satisfies,

max{) (z), &} > min{ (X o 5) (z), (5 of X)) )
_ Where S is an interval valued fuzzy subset of S mapping every element of .S on
1.
428
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Theorem 3.21. Let \ be an interval valued fuzzy quasi-ideal with thresholds (&, B)

of a semigroup S. Then, the set Xa = {x eS| A () > &} is a quasi-ideal of S.

Proof. In order to show that Xa is a quasi-ideal of S, we have to show that SXa N
XaS C Az. Let a € SAz N AS. This implies that a € SAz and a € AzS. So, a = sz
and a = yt for some s,t € S and x,y € Ay. Thus A (z) > & and A (y) > & Now
max{\ (a),&} > min{ (X O% g) (2), (50% X)) (x)}.

Since

(§ogx)(a) -V ({§(p)AX(q)AE}va)

v
— =
%
=
>
>
&
>
™
——
<
N
on
@
Q
Q
=1
»n
@
IS
Il
V)
8

= a

Similarly, (X o% g‘) (a) > @. Thus, we have

max{X(a),d} > min{ (X o 5) (z), (5 o X)) ()}
> min{a,a} =a
Which implies that A (a) > a. Thus, a € Xa. Hence, A5 is a quasi-ideal of S. O
Remark 3.22. Every fuzzy quasi-ideal of S is a fuzzy quasi-ideal with thresholds
(&, B) of S.

Lemma 3.23. A non-empty subset Q of a semigroup S is a quasi-ideal of S if and
only if the characteristic function Cg is an interval valued fuzzy quasi-ideal with

thresholds (&, B) of S.

Proof. Suppose @ is a quasi-ideal of S. Let C~‘Q be the characteristic function of Q.
Let x € S. If £ ¢ Q, then z ¢ SQ or x ¢ QS. If x ¢ SQ, then (gog‘CN'Q) () =

and so min{(éQ O% g) (x), (gog 5@) (x)} =a = C~'Q (x) Va. If z € Q, then
max{Cq (z),a} = 1 > min { (GQ o% g) (2), (go% 5@) (sc)} . Hence, Cq is a fuzzy
quasi-ideal with thresholds (&,B) of S.

Conversely, assume that éQ is an interval valued fuzzy quasi-ideal with thresholds
(&,E) of S. Let a € QS N SQ. Then, there exist b,c € S and z,y € @ such that
429
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a = xb and a = cy. Then, we have

(Cao38) @ = Vamp({Co®)AS@AB}VE)
> {Co)ASB)ABIVE
= (T/\g)\/oz
= 8.

So, (é@ o2 g) (a) = 3. Similarly, (50% 5Q> (a) = B.
Hence CQ( )Va > min{(éQ o% g) (a), (5‘0% 6’@) (a)} = (3. Since a < 3, so

Cq (a) > . Thus, Cg (a) = 1, which implies that a € Q. Hence, SQNQS C Q, that
is @ is a quasi-ideal of S. O

Lemma 3.24. The characteristic function (NI’L is an interval valued fuzzy left ideal
with thresholds (&, E) of S if and only if L is a left ideal of S.

Proof. Let C}, be an interval valued fuzzy left ideal with thresholds (&, B) of S. Let
y € L, then Cy, (y) = 1. Since C'1, is an interval valued fuzzy left ideal with thresholds
(&,B) of S, so Cr. (zy) Va> Cy, (y) A B = 5 Since a < B, so Cp, (zy) > B Which
implies that Cr (zy) = 1. Thus, zy € L.

Conversely, suppose that L is a left ideal of S. On the contrary suppose that there
exist z,y € S such that Cp, (xy) Va < Cp (y) A B, which implies that CL (y) =1and
Cp(zy) =0. If Cp(y) = 1, then y € L. So, 2y € L, but Cp, (zy) = 0 means that
xy ¢ L, which is a contradiction. Hence, CrL (zy)Va > CrL (y) A 3 holds. Therefore,

C}, is a interval valued fuzzy left ideal with thresholds ( ﬁ) O

Similarly, the characteristic function éR is an interval valued fuzzy right ideal
with thresholds (a, B) of S if and only if R is a right ideal of S. Hence, it fol-

lows that characteristic function C 1 is an interval valued fuzzy two-sided ideal with
thresholds (&, B) of S if and only if I is a two-sided ideal of S.

Theorem 3.25. Every interval valued fuzzy left ideal with thresholds (&, B) of S is
an interval valued fuzzy quasi-ideal with thresholds (&, B) of S.
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Proof. Let x € S. Then

(Se5X) (@) = Ve ({SW AX () A B} v a)

Vaey:({X(2) A B} V &)

(Vamy:-({A(y2) v @} v @)

({A@) va}va)) N

~ ( because A is an interval valued fuzzy )

IA

Az)va left ideal with thresholds (&, 5) of S.

Thus, (S o% X) (z) < X(x) V & Hence,

Mz)Va> (gogx) (z) > min{(Xogﬁs“) (), (s“ogx) (a:)}.
Thus, ) is a interval valued fuzzy quasi-ideal with thresholds (&, B) of S. O

Similarly, we can show that every interval valued fuzzy right ideal with thresholds

(&, B) of S is an interval valued fuzzy quasi-ideal with thresholds (&, B) of S.

Lemma 3.26. FEvery interval valued fuzzy quasi-ideal with thresholds (&,5) of S
is an interval valued fuzzy bi-ideal with thresholds (&, B) of S.

Proof. Suppose that \ is an interval valued fuzzy quasi-ideal with thresholds (&, 5)
of a semigroup S. Now,

Azy)Va > (X o% g) (zy) A (g o% X) (zy)

. zy=ab
S LY asm A @R va
_— {{A(m)A@(y)A@}v&,}
- {S@)AXY) AP Va

= [(C@ADVAANAWAD) VA
= (A@AB) VAN AH) Val
= M@ AA@ABva

> min{X(m),X(y),g}
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So, max{\ (zy),a} > min{X (z), A (y), 8}. Also,

max{\ (zyz),a} > (X O% N) (xyz) A <§ O% X) (zy2)

LY B@nsens v

xylpq({s )AX (@) ABYVa

. mi{( () A S (=) A B) v }
(S(zy) AX(2) AB)V

> min{(\ () AB)va, (A(z) A va)

_ min{X(x),X(z),B}Va

> min{X(x),X(z),E}.

So, max{A (zyz),a} > min{\(z),X(z),3}. Thus, X is an interval valued fuzzy

bi-ideal with thresholds (a,ﬁ) of 8. O

Lemma 3.27. Every interval valued fuzzy two-sided ideal with thresholds (a, B) of
S is an interval valued fuzzy interior ideal with thresholds (&B) of S.

Proof. Let X be an interval valued fuzzy two-sided ideal with thresholds (&, B) of
S. Now, A(zy) Va > A(y) AB > A(@) AX(y) AB. So, A(zy) Va > A(z) AN (y) AP
Also, for all z,a,y € S. )\(:ray)\/a— Xz (ay))vVa> (A(ay) Va)AB > X(a) AB.
So A (zay) V@ > X(a) A B. Hence, A is an interval valued fuzzy interior ideal with
thresholds ( ,ﬁ) of S. O

The following example shows that the converse of Lemma [3.27 does not hold in
general.

Example 3.28. Consider the semigroup S = {0, a,b,c}

.|10]al|ble
0/0|{0]0]O
al0]|0]0]O0
b|0|0|0]a
c|0]{0]alb

Let A be an interval valued fuzzy subset of S such that

X(0) =[0.7,0.8], A(a) =[0.4,0.5], A(b) =1[0.6,0.7], X(c) =[0,0].
Then, X is an interval valued fuzzy interior ideal with thresholds (& = (IZ/S, 8= Oﬁj’))
of S which is not an interval valued fuzzy two-sided ideal with thresholds (a = OA?)

ﬁ:()NE)) of 5. Since X (be)Va = A(a) V0.3 = [0.4,0.5] < 0.5 = X (b) A 3. So, A is not
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an interval valued fuzzy right ideal with thresholds (& =03,8= 6?)) of S, that is

it is not an interval valued fuzzy two-sided ideal with thresholds (52 = (Tfi 8= OA?’))
of S.

Definition 3.29. Let A be an interval valued fuzzy subset of a semigroup S. We
define the )\g as )\g () ={A(z)AB}Va.

Lemma 3.30. Let A and 1 be interval valued fuzzy subsets of a semigruop S. Then
the following holds.

W (Ram); = (35475)
@ (), - (5v7)
@ (o) (5om)

If every element x of S is expressible as « = be, then (X ) ﬁ)ﬁ = (X% o ﬁ%) .

Proof. For all a € S.

(1)
(Ani). (@) =

™ 2

AV (a) =

t
N—
W @

A(a)\/ﬁ(a)) ABY V@

Ma) AB)V (fia) AR}V @
(@) AB)vayv{(E(@ AB) v a)
= X (a) V& ()

- ()

(3) If a is not expressible as a = bc for some b,c € S, then (Ao i) (a) = 0. Thus,

{

(Xo ﬁ); (a) = ((Xqﬂ) (a) A B) V@ = @&. Since a is not expressible as a = be, so

(X% o ﬁg) (a) = 0. Thus, in this case ()\ o ﬁ)g > (Xg‘ o ﬁg‘) . And if a is expressible
433
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a = zy for some x,y € S, then

(Goi3(@ = ((Refi)@nrPva

= IV {P@nriw}asva
= 1V {f@riwnsjva

Hence, (Ao ﬁ)g (a) = (X% o ﬁ%) (a). O

Let A be a nonempty subset of a semigroup S. Then, define Cg‘ the interval
valued characteristic function is,

ég(a)z{.ﬁ ifacAa ifa¢ A

Lemma 3.31. Let A and B be non-empty subsets of a semigroup S. Then, the
followoing properties hold.

(1) A C B if and only if (C4)3 < (C)3.
(2) (Ca A Cg)
(3)
(4)

04 £ Cs)§ = Cana)
3 (CA\/OB)%:(CAUB)%

4) (Ca O% Cg) = (éAB)%

Proof. (1) Suppose A, B C S and (6‘,4)%‘ < (53)% Let a € A. Then, (6‘,4)%‘ (a) = .
Since (éA)g < (53)%, so 3 = (CN'A)% < (6’3)% Which implies that (53)% (a) = B,
so a € B. Thus, A C B.

Conversely, A, B C S such that A C B. On the contrary suppose that there exist
x € S such that (5,4)% () > (63)% (x). Then, (5’,4)% (z) = 3 and (5’3)% (z) = a,
which implies that € A and ¢ B. So, A ¢ B, which is a contradiction. Thus,

(Ca)5 < (CB)5-
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(2) Let a be any element of S. Suppose a € AN B. It implies that a € A and
a € B. So

ACp)(a) AP}V @

A () ACp(a) AB}V &
@AC@()AB}V&

I
.
@)
>

(Ca A G (o)

Qz Qz

|
Q
=
)
2

If a ¢ AN B, then it implies a ¢ A or a ¢ B. So,

(€anCe)(@ = {(CanCa)(@)nf}va
(Ca(a) A Cr (@) A} va

(
{ }

QE

— Cann)2(@).
(3) Let a € AU B, it implies that a € A or a € B. So,

(CavCp)i(a) = {(5AVC~'B)()/\B}V&

If a ¢ AU B, then it implies a ¢ A and a ¢ B. So,

(CavCp)5(a) = {(CavCp)(a)AB}va
= {(Cala)VCg(a)AB}Va
OAﬂ}v&

= 0vVa

I
/—/‘ﬂ

Il
=3

= (Cau)i(a).
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(4) Let a be any element of S. Suppose a € AB. Then, a = xy for some z € A and
y € B. Thus, we have

(Ca og Cp)@) = \/ ({Ca(w)ACy()AB}Va)

> {Cal@)ACpy)ABYva
= {IrnIAB}vVa
= BvVa
= 3
and so (C4 g Cp) (a) = B.
Since a € AB, (C’AB)% (a) = B. So, (Cya og Cp)(a) = (CAB)% (a). Now, if
a ¢ AB, then a # zy for all x € A and y € B. If a = wv for some u,v € S, then we

have

(Cao3Cr)(a) = \/ ({Ca(u)ACp ) AB}Va)

a=uv

= (Cas)

Q

(a).

™R

5 O

Thus, (Ca g Cp) = (Cap)

Lemma 3.32. The lower part of interval valued characteristic function (5L)% 5 an

interval valued fuzzy left ideal with thresholds (&,B) of S if and only if L is a left
ideal of S.

Proof. Let L be a left ideal of S. Then, by Theorem [3.10 (50% is an interval valued
fuzzy left ideal with thresholds (&, 5) of S.

Conversely, assume that (5 L)g‘ is an interval valued fuzzy left ideal with thresholds
(&7 E) of S. Let y € L. Then, (C~'L)% (y) = 3. Since (6'L)% is an interval valued fuzzy
left ideal with thresholds (&, B) of S, so (6L)g (xy) Va > (éL)% (y) A B = . Since

a < ,g, SO (éL)% (xy) > B, which imlpies that (5L)% (zy) = E Hence, xy € (5L)%
Thus, L is a left ideal of S. O

Similarly, we can prove that the interval valued characteristic function (5 R)% is

an interval valued fuzzy right ideal with thresholds (&, 5) of S if and only if R

is a right ideal of S. Thus, an interval valued characteristic function (CN'I)‘E‘ is an

B
interval valued fuzzy two-sided ideal with thresholds (&, B) of S if and only if I is

a two-sided ideal of S.
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Lemma 3.33. Let Q be a non-empty subset of a semigroup S. Then, Q is a quasi-
ideal of S if and only if an interval valued characteristic function (C’Q)% is an interval

valued fuzzy quasi-ideal with thresholds (&, B) of S.

Proof. Suppose @ is a quasi-ideal of S. Let (5@)% be an interval valued characteristic
function of Q. Let z € S. If © ¢ @, then z ¢ SQ or z ¢ QS. If x ¢ SQ, then

(gog (5Q)%> () = @ and so max{((éQ)% o% g) (2), (go% (éQ)%) ((I;)} - & =
(5@)% (z)Va.If z € Q, then

max{(Cq)3 (v),} = § > min { ((éQ)g o §) (z), (§og (éQ)g) (x)} .

Hence, (5@)% is an interval valued fuzzy quasi-ideal with thresholds (&7 3) of S.

Conversely, assume that (CN'Q)% is an interval valued fuzzy quasi-ideal thresholds

(&,B) of S. Let a € QS N SQ. Then, there exist b,c € S and x,y € @ such that

a = xb and a = cy. Then,

(€5 058) (@) = Vaepa({(CQF W) AS (@) A B} va)
{(CQ5 @ AS@®)ABYVaE
(EA B) Va

= B

Y

So, ((5@2)‘2‘ o% g) (a) = B Similarly, (go% (é@)%) (a) = B

Hence (C’Q)% (a) Va > min{((é’Q)% o% g) (a), (50% (5’@)%) (a)} = f3. Since
a < E, SO (5@)% (a) > B Thus, (é@)% (a) = E, which implies that a € Q. Hence,
SQNQS CQ, thus Q is a quasi-ideal of S. O

@

Theorem 3.34. For a semigroup S the following conditions are equivalent.
(1) S is reqular.
(2) (A /\% ) = (A og i) for every interval valued fuzzy right ideal X\ and every

interval valued fuzzy left ideal ;o with thresholds (62, B) of S.

Proof. First assume that (1) holds. Let X be an interval valued fuzzy right ideal
and g an interval valued fuzzy left ideal with thresholds (&, B) of S. Let a € S, we
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have

Roim@ =\ ((Aw) Afilz) A}V a)

=\ (@) AB) A (li(z) AB)} V &)
<V ({Cw2) v a) A B A l((y2) v @) A B}V &)

= {[(Aw=) va) B A (fly=) va) A B}V a
- (C@nfi@ABva)va
= {NX(@)/\TL(G)/\E}V&
— (A2 (@)
So, (A A% R) < (A o8 ).

Since S is regular and a € S, so there exists an element = € S such that a = aza.
So,

(AoS ) (a) = y ({Aw) ATi(2) A B}V @)

> {Aaz) Afi(a) ABYVaE

= {(A(az) AB) A (i) A B)} V R
{{(X (@) va)ABIA G (a)v&)Aﬂ)]}v&
{IX(@) A B A [fi(a) A B}V

)\(a)/\,u(a)/\ﬁ}\/a
= NS TD) (@)
So, (A o @) > (A o & 7). Thus, (A o% i) = (A o% @) and so (1) implies (2).
(2) 1mphes (1): assume that (2) holds. Let R and L be right ideal and left ideal

of S, respectevily. In order to see that RN L = RL holds. Let a be any element
of RN L. Then, by Lemma [3.32] interval valued characteristic functions (C’R) and

(AVARLY;

I
—~

(C L) of R and L are interval valued fuzzy right ideal and interval valued fuzzy left
ideal with thresholds (&, ﬁ) of S, respectevily. Thus, we have
(Cre)§(a) =

(Cr O~ C1r) (a) by Lemma [3.31
= (CR/\ Cr)(a) by (1)
(

= CRQL) (a) by Lemma [3.31
= /ﬁ.
So, a € RL, which implies that RN L C RL. Thus, RNL = RL. Hence, it follows
from Theorem 2.7 that S is regular and so (2) implies (1). O
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Theorem 3.35. For a semigroup S, the following conditions are equivalent.
(1) S is regular.

(2) (ZSV /\% A /\% /7) < (S 0% A O% ﬁ) for every interval valued fuzzy right ideal s,
every interval valued fuzzy generalized bi-ideal X and every interval valued fuzzy left
ideal pu with thresholds (&B) of S.

SAG Y AG TOEY ga : jght ideal 0.

(3) (5 /\5 A /\5 u) < (6 o% A OE~,u> for every interval valued fuzzy right ideal 9,
every interval valued fuzzy bi-ideal A, and every interval valued fuzzy left ideal i with
thresholds (62, ﬂ) of S.

(4) ((5 /\,(§ A /\,(§ u) < ((5 o% A o% u) for every interval valued fuzzy right ideal 6,

every interval valued fuzzy quasi-ideal A\, and every interval valued fuzzy left ideal 11
with thresholds (&, ﬁ) of S.

Proof. (1) = (2) : Let 6 , A and [z be interval valued fuzzy right ideal, interval valued
fuzzy generalized bi-ideal, and any interval valued fuzzy left ideal with thresholds

a,B) of S, respectevily. Let a be any element of S. Since S is regular, so there

exists an element x € S such that a = axa. Hence we have

(Feg o) (@ = V (@A (Aefi) (@B va
> {S(ax)A(Xogﬁ) (@) AB}Va

= {Wmm[v<{X<p>Aﬁ<q>AB}v&>Hva

=prq

%
—

(S(a)va) A [{X(a)m(mmﬁ}va)]}va
(bt va)

[B@rm@vava)lva

Y%
¢

(A\VAYS

|
/N
(«%)
>
wie
>
>
Wil
=
N—
—~
&

So, (1) implies (2). (2) = (3) = (4) straightforward.
(4) = (1) : Let ¢ and f be any interval valued fuzzy right ideal and any interval
valued fuzzy left ideal with thresholds (&, 3) of S, respectively. Since S is an interval
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valued fuzzy quasi-ideal with thresholds (a, B) of S, so by the assumption, we have

()

{GAf) (@) AB}va

= Asw)mw}va

= (Br5805) @

< (50%805/;)(60

=V {(558) ) nfie) A BV )

a=bc

=V {\/({g(p)AS(q)AE}V&')Aﬁ(c)AE}va)]
a=bc b=pq

=V {\/({g(p)/\ﬁ}\/&)/\ﬁ(c)/\ﬁ}v&”
a=bc b=pq

<V {\/<{5<pq>}va>Aﬁ(c>AB}va)]
a=bc b=pq

=\ ({(E(b)va)Aﬁ(c)AB}va)
a=bc

- Vi{Bovanrae@vanr@val
a=bc

= V{50 Afi(c) A B}V @)
a=bc

= (go%ﬁ)(a).

Thus, it follows that (5 /\g ﬁ) < (5 o% /7) for every interval valued fuzzy right ideal
§ and every interval valued fuzzy left ideal g with thresholds (&, B) of S. But
(g/\g ﬁ) < (go% ﬁ) always. So, (g/\% ﬁ) = (go% ﬁ) . Hence it is follows from
Theorem 13.34/ that S' is regular. g

Theorem 3.36. For a semigroup S, the following conditions are equivalent.
(1) S is regular.
(2) /\0‘ ()x o S o )\) for every interval valued fuzzy generalized bi-ideal X with

thresholds ( ,5) of S.
(3) X% < (A o% gog‘ X) for every interval valued fuzzy bi-ideal X with thresholds
(a,ﬁ) of S.
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(4) X% < (X O% S O% X) for every interval valued fuzzy quasi-ideal X with thresholds
(&, B) of S.
Proof. (1) = (2) : Let A be an interval valued fuzzy generalized bi-ideal with thresh-

olds [ a, B of S and let a be any element of S. Since S is regular, so there exists

an element x € S such that a = axa. Hence, we have

(028t X)) = \/ ({(Xog§)(y)AX(z)AE}va)

a=yz

IV

{(Xogg) (az) AX(a) ABYV &

_ {\/ (X(p)AE(q)AB}va)AX(a)AB}va

> {(X(a)A§(x)AB}va)AX(a)AB}va
- {({X(a)AB}va)AX(a)AB}va
> {{A@)ABYAX()AB}Va
= iX(a)AB}va
-
Thus, (X%&%X)zﬁ.
Now (2) = (3) = (4) are obvious.

(4) = (1) : Let @ be any quasi-ideal of S. Then we have QSQ C Q(SS)N

(S9)Q CRSNSQ C Q. Let a be any element of Q. Since by Lemma 3.23/ Cg is an
interval valued fuzzy quasi-ideal with thresholds (&, B) of S. Now, by assumption

sy

and Lemma 3.31, we have
(CQ)§ < Cq o5 S o5 Co = (Casq)§-

Then, it follows from Lemma 3.31 that @Q C QS@Q. Therefore, QSQ = Q. Thus,
S is regular by Lemma 2.7. a

Theorem 3.37. For a semigruop S, the following conditions are equivalent.
(1) S is regular.

(2) (X /\% ﬁ) < (X og ﬁog X) for every interval valued fuzzy quasi-ideal X and
every interval valued fuzzy two-sided ideal ;i with thresholds (54, B) of S.

(3) (X /\% ﬁ) < (X O% ﬁog X) for every interval valued fuzzy quasi-ideal X and
every interval valued fuzzy interior ideal i with thresholds (a, B) of S.

(4) (X /\g ﬁ) < (X o%‘ m og‘ X) for every interval valued fuzzy bi-ideal X and every

interval valued fuzzy two-sided ideal p with thresholds (&, E) of S.
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(5) (X /\% ﬁ) < (X O% m og X) for every interval valued fuzzy bi-ideal X and every
interval valued fuzzy interior ideal ;i with thresholds (a, E) of S.

(6) (X /\% ﬁ) < (X O% I og X) for every interval valued fuzzy generalized bi-ideal
X and every interval valued fuzzy two-sided ideal ;i with thresholds (&, B) of S.

(7) (X /\% ﬁ) < (X O% ! 0% X) for every interval valued fuzzy generalized bi-ideal
X and every interval valued fuzzy interior ideal i with thresholds (&, B) of S.
Proof. (1) = (7) : Let X and [i be any interval valued fuzzy generalized bi-ideal and

any interval valued fuzzy interior ideal with thresholds (&, ﬁ) of S, respectively.

Now, let a be any element of S. Then, since S is regular, there exists an element
x € S such that @ = axa (= axzaza) . Since [ is an interval valued fuzzy interior ideal
of S, we have

(B ol })(a) = v({m (o3 %) (2) A B} v &)

a=yz

\%

/\(,uoﬁ~) zaza) A B}V &

= /\( /\x\()/\E}V&))/\B}\/a

> _A a /\({u zaz) A ( )/\E}\/&)/\ﬁ}\/&
{

(a)

= [M@) A {(i (waz) va@) A (M(@) AB) va A G| va
Aa) A
(a)

a

(@) AB) A (A @) AB) V@I AB| v

B) A
D@ var A {(E(@ AB) vV arA (@) A V@) A {Bva)
= M@ nfi@np}va

(X A3 ﬁ) (a).

So, (Ao% ot ) = (AT fi). (7) = (5) = (3) = (2) and (7) = (6) = (4) = (2)
are clear. _ .
(2) = (1) : Let A be any interval valued fuzzy quasi-ideal with thresholds (&, ﬂ)

a,pB

of S. Then, since S itself is a interval valued fuzzy two-sided with thresholds
of S, so we have
M) = Ma)rBva
= {M()AS(@)AB}vVa
- ()\ A3 5) (a)
< ()\OBSOB A)(a).
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Thus, it follows from Theorem [3.36 that S is regular. O

Theorem 3.38. For a semigroup S, the following conditions are equivalent.
(1) S is regular.

(2) (X /\% ,E) < (X og ﬁ) for every interval valued fuzzy quasi-ideal X and every
interval valued fuzzy left ideal 1 with thresholds (62, B) of S.

(3) (X /\% /7) < (X O% ﬁ) for every interval valued fuzzy bi-ideal X and every
interval valued fuzzy left ideal [ with thresholds (&, B) of S.

(4) (X /\%’ ﬁ) < (X og ﬁ) for every interval valued fuzzy generalized bi-ideal X and
every interval valued fuzzy left ideal [ with thresholds (&, B) of S.

Proof. (1) = (4) : Let X and i be an interval valued fuzzy generalized bi-ideal and
an interval valued fuzzy left ideal with thresholds (&, B) of S, respectively. Let a

be any element of S. Then, there exists an element z € S such that a = axa. Thus
we have

(NeSi) @ = VW) AGVa)

> {Aa)Afi(za) AB}V @

= M@AGle)va)rpyva
{Ma)Afi(a)ABYVaE
(XA@ (a).

Y

=
=

So, (X o ,7) > (X AS ﬁ) .

Now, (4) = (3) = (2) are obvious.

(2) = (1) : Let A be an interval valued fuzzy right ideal and zi an interval val-
ued fuzzy left ideal with thresholds (a, B) of S. Since every interval valued fuzzy

right ideal with thresholds (&, B) of S is an interval valued fuzzy quasi-ideal with
thresholds (&,E) of S, so (X O% ,E) > (A /\g ).
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Now,
(oS ma) =\ (M) Afi(z) A B}V @)
= \/ {Q@) AB) A (fi(z) AB) A B}V @)
<V {Qw2) va) A (ilyz) V@) A B}V @)
= (@ V&A@ VE GV
- X(a)Aﬁ(a)Aﬁ} Va
— GAT) ().
So, (X o% ) < (X A2 [i). Hence, (X O% ) = (X A2 1) for every interval valued fuzzy

B B

right ideal A with thresholds (a, B) of S, and every interval valued fuzzy left ideal

1 with thresholds (&, B) of S. Thus, by Theorem [3.34] that S is regular. 0
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