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ABSTRACT. The notions of bipolar fuzzy KU-subalgebras and bipolar
fuzzy KU-ideals in KU-algebras are introduced, and related properties are
investigated. Characterizations of a bipolar fuzzy KU-subalgebra/ideal in
KU-algebras are established. Relations between a bipolar fuzzy subalge-
bra and a bipolar fuzzy ideal are given. Conditions for a bipolar fuzzy
subalgebra to be a bipolar fuzzy ideal are provided. Using a collection of
KU-ideals, a bipolar fuzzy KU-ideal is established.
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1. INTRODUCTION

In the traditional fuzzy sets, the membership degrees of elements range over the
interval [0, 1]. The membership degree expresses the degree of belongingness of ele-
ments to a fuzzy set. The membership degree 1 indicates that an element completely
belongs to its corresponding fuzzy set, and the membership degree 0 indicates that
an element does not belong to the fuzzy set. The membership degrees on the interval
(0,1) indicate the partial membership to the fuzzy set. Sometimes, the membership
degree means the satisfaction degree of elements to some property or constraint cor-
responding to a fuzzy set (see [5) [13]). In the viewpoint of satisfaction degree, the
membership degree 0 is assigned to elements which do not satisfy some property.
The elements with membership degree 0 are usually regarded as having the same
characteristics in the fuzzy set representation. By the way, among such elements,
some have irrelevant characteristics to the property corresponding to a fuzzy set and
the others have contrary characteristics to the property. The traditional fuzzy set
representation cannot tell apart contrary elements from irrelevant elements. Only
with the membership degrees ranged on the interval [0, 1], it is difficult to express
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the difference of the irrelevant elements from the contrary elements in fuzzy sets. If a
set representation could express this kind of difference, it would be more informative
than the traditional fuzzy set representation. Based on these observations, K. M.
Lee [9] introduced an extension of fuzzy sets named bipolar-valued fuzzy sets. Later
on, K. J. Lee [§] applied the bipolar-valued fuzzy set theory to BCK/BCI-algebras,
and introduced the notions of bipolar fuzzy subalgebras and bipolar fuzzy ideals of a
BCK/BCI-algebra. Kim et al. [7] discussed bipolar-valued fuzzy set theory in the
ideal theory of semigroups. Jun et al. [6] studied ideals and filters in C'I-algebras
based on bipolar-valued fuzzy set. In the sequel, Akram et al. studied bipolar-
valued fuzzy set theory in graphs, Lie algebras, Lie superalgebras and K-algebras
(see [1]- [4]). The notion of KU-algebras was introduced by Prabpayak and
Leerawat [12]. Further, Mostafa et al. [I1] studied the fuzzification of KU-ideals in
KU-algebras.

In this paper, we apply the bipolar-valued fuzzy set theory to KU-algebras, and
introduce the notions of bipolar fuzzy KU-subalgebras and bipolar fuzzy KU-ideals
in KU-algebras. We consider characterizations of a bipolar fuzzy KU-subalgebra
and a bipolar fuzzy KU-ideal in KU-algebras. We discuss relations between a bipolar
fuzzy KU-subalgebra and a bipolar fuzzy KU-ideal. We provide conditions for a
bipolar fuzzy KU-subalgebra to be a bipolar fuzzy KU-ideal. Using a collection of
KU-ideals, we establish a bipolar fuzzy KU-ideal.

2. PRELIMINARIES

By a KU-algebra (see [12]) we mean an algebra X := (X,x,0) satisfying the
following axioms:
(al) (zxy)*((y*z)*(rx2)) =0,
(a2) 0%z =z and %0 =0,
(a3) xxy =0=y*z implies z =y
for all z,y, z € X. We define a binary relation < on X := (X, %,0) as follows:
Vz,ye X)(x <y & yxx=0).

Every KU-algebra X := (X, *,0) satisfies the following conditions.

(b1) (Vao,y,z € X)(z* (yx2) =yx*(x*2)).

(b2) (Vx e X)(z*x2z=0).
A nonempty subset G of a KU-algebra X := (X, x,0) is called a KU -subalgebra of
X = (X,%,0) (see [12]) if (G, *,0) is a KU-algebra. Note that a nonempty subset
G of a KU-algebra X := (X, *,0) is a KU-subalgebra of X := (X, ,0) if and only
ifzxyeGforall z,y € G (see [12]).

A subset G of a KU-algebra X := (X, %,0) is called a KU-ideal of X := (X, *,0)
(see [12]) if it satisfies:

(2.1) 0ed
(2.2) (Ve,y,ze€ X)(z*(yx2) €G, ye G = xxz€q).

For any family {a; | i € A} of real numbers, we define
s [ max{a; | i€ A} if A is finite,
\/{az i€ At:= { sup{a; | i € A}  otherwise,
410
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. min{a; | 1 € A} if A is finite,
/\{ai i€ A}:= { inf{gi | |z € A}} otherwise.

Let X be a universe of discourse. A bipolar-valued fuzzy set f in X is an object

having the form
=A@ fu(@), fp(2)) |z € X}

where f, : X — [-1,0] and f, : X — [0,1] are mappings. The positive member-
ship degree fp,(x) denotes the satisfaction degree of an element x to the property
corresponding to a bipolar-valued fuzzy set f = {(z; fn(2), fp(x)) | * € X}, and
the negative membership degree f,(x) denotes the satisfaction degree of x to some
implicit counter-property of f = {(z; fn(2), fp(x)) | = € X}. If f(x) # 0 and
fn(x) =0, it is the situation that z is regarded as having only positive satisfaction
for f = {(z; fo(x), fp(x)) | z € X} If fp(x) = 0 and f,(z) # 0, it is the situation
that o does not satisfy the property of f = {(z; fn(2), fp(z)) | z € X} but some-
what satisfies the counter-property of f = {(z; f,(2), fp(2)) | * € X}. It is possible
for an element = to be f,(z) # 0 and f,(x) # 0 when the membership function of
the property overlaps that of its counter-property over some portion of the domain
(see [10]). For the sake of simplicity, we shall use the symbol f = (X; f,, fp) for
the bipolar-valued fuzzy set f = {(z; fn(z), fp(2)) | * € X}, and use the notion of
bipolar fuzzy sets instead of the notion of bipolar-valued fuzzy sets.

3. BIPOLAR FUZzY KU-SUBALGEBRAS OF KU-ALGEBRAS
In what follows let X' := (X, *,0) denote a KU-algebra unless otherwise specified.

Definition 3.1. A bipolar fuzzy set f = (X; fn, fp) In X 1= (X, *,0) is called a
bipolar fuzzy KU -subalgebra of X := (X, x,0) if it satisfies the following condition:

falzxy) <V A{ful2), fa(y)}
fo(zxy) > N{fp(@), fr(y)} .

Example 3.2. Let X = {0, 1,2, 3} be a set with the following Cayley table:

(3.1) (Va,y € X) (

[0 1 2 3
ojo 1 2 3
1[0 0 0 2
210 2 0 1
3/0 0 0 0

Then X := (X,*,0) is a KU-algebra (see [12]). Define a bipolar fuzzy set f =
(X5 fns fp) by
f=1{(0;-0.7,0.8), (1, -0.6,0.6), (2; —0.4, 0.5), (3; —0.3,0.2) } .
It is easy to verify that f = (X f,, fp) is a bipolar fuzzy KU-subalgebra of X.
For a bipolar fuzzy set f = (X; fn, fp) in X and (s,t) € [-1,0] x [0, 1], we define
N(fn;s) ={z e X | fulz) < s},

P(fpit) ={x € X[ fp(x) > t}
411
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which are called the negative s-cut of f = (X fn, fp) and the positive t-cut of f =
(X5 fn, fp), respectively (see [6]). The set

C(f;(s,1)) := N(fnis) OV P(fpit)
is called the (s,t)-cut of f = (X; fn, fp). For every k € [0, 1], if (s,t) = (—k, k) then
the set

C(fik) = N(fn; —k) 0 P(fp; k)
is called the k-cut of f = (X; fn, fp) (see [6]).

Theorem 3.3. Let f = (X; fn, fp) be a bipolar fuzzy KU -subalgebra of X :=
(X,%,0). Then for any (s,t) € [—1,0] x [0,1], the nonempty negative s-cut and
positive t-cut of f = (X; fn, fp) are KU-subalgebras of X := (X, *,0).

Proof. (1) Let s € [—1,0] be such that N(f,;s) # &. If 2,y € N(fn;s), then
fo(x) < sand f,(y) <s. It follows from (3.1) that

so that x xy € N(fp;s). Hence N(f,;s) is a KU-subalgebra of X.
(2) Let t € [0, 1] be such that P(fy;t) # @. Let z,y € P(fp;t). Then f,(x) >t
and fp(y) > ¢, which imply from (3.1) that

fo@xy) = \{fp(@), fo()} > t.
Thus z xy € P(fy;t), and so P(f,;t) is a KU-subalgebra of X. O

Corollary 3.4. If f = (X; fn, fp) s a bipolar fuzzy KU -subalgebra of X, then the
sets N(fn; fn(0)) and P(fp; fp(0)) are KU-subalgebras of X.

Now we consider the converse of Theorem [3.3.

Theorem 3.5. For a bipolar fuzzy set f = (X; fn, fp) in X = (X,*,0), if the
nonempty negative s-cut and positive t-cut of f = (X; fn, fp) are KU-subalgebras of
X = (X, %,0) for all (s,t) € [—1,0] x [0,1], then f = (X; fn, fp) is a bipolar fuzzy
KU-subalgebra of X := (X, *,0).

Proof. Assume that the nonempty negative s-cut N(f,; s) and positive t-cut P(fp;t)

of f = (X; fn, fp) are KU-subalgebras of X := (X, *,0) for all (s,t) € [-1,0] x [0, 1].
If there exist a,b € X such that f,(axb) > \/{fn(a), fn(b)}, then

falaxb) > s0 > \/ {fula), fu(b)}

for some sg € [—1,0]. It follows that a,b € N(fn;s0) but axb ¢ N(fn;s0), a
contradiction. Therefore f,,(z*y) <\ {fn(z), fn(y)} for all z,y € X. Suppose that
there exist a,b € X such that f,(a*b) < A{fp(a), fp(b)}. Then

folaxb) <to < /\{fp(a)vfp(b)};

which implies that a,b € P(f,;t0) but a*b ¢ P(fp;to). This is impossible, and

thus fp(z*y) > A{fp(z), fp(y)} for all z,y € X. Consequently, f = (X; f,, fp) is a
bipolar fuzzy KU-subalgebra of X' := (X, %,0). g

412
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4. BIPOLAR FUzzY KU-IDEALS OF KU-ALGEBRAS

Definition 4.1. A bipolar fuzzy set f = (X; fn, fp) In X := (X, *,0) is called a
bipolar fuzzy KU -ideal of X := (X, *,0) if it satisfies the following condition:

(11) (V2 € X) (fa(0) < fula), 75(0) > fy(x),
fulex2) <V U (g % 2)), fulo)}
42) (V.92 € X) ( folw2) = AMfpla s (5 2), fy(0)) ) |

Example 4.2. Let X = {0, 1,2, 3,4} be a set with the following Cayley table:

|
Then X := (X,*,0) is a KU-algebra (see [11]). Define a bipolar fuzzy set f =
(X5 fns fp) by

£ ={(0;-0.8,0.9), (1; —0.5,0.7), (2; —0.5,0.7), (3: —0.3,0.4), (4; —0.3,0.4)}.
It is easy to verify that f = (X; fn, fp) is a bipolar fuzzy KU-ideal of X.

Proposition 4.3. Every bipolar fuzzy KU -ideal of X := (X, *,0) satisfies the fol-
lowing condition.

(4.3) (Va,y € X) (fu(zxy) < fuly), fo(zxy) > fp(y)).

Proof. Let f = (X; fn, fp) be a bipolar fuzzy KU-ideal of X := (X, *,0). If we put
y =z in (4.2)), then

*

W — O

coococo|o
cCo RO R| R~
C oo NN N
O W w| w
O W ok |

Falwxy) <\ {falex (y*y), fa(y)}
=\ {fa(z%0), fu()}

—\/ 1a(0), Fu )}
= fn(y)

and

fo(zxy) = Nl x (y ), [(y)}
= N\ {fp(@*0), f,(»)}
= /\{fp(o)afp(y)}

= fp(y)
for all z,y € X by using (a2), (bl) and (b2). O

Theorem 4.4. Fvery bipolar fuzzy KU-ideal of X := (X,,0) is a bipolar fuzzy
KU-subalgebra of X := (X, *,0).
413
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Proof. Let f = (X fu, fp) be a bipolar fuzzy KU-ideal of X := (X, *,0). Since
falz*y) < fo(y) and fy(x *xy) > f,(y) for all z,y € X by Proposition 4.3, we have

Falwxy) <\ @), Fa W)}, folwxy) = N\ {fo@), fo(0)}

for all z,y € X. Therefore f = (X; fy, fp) be a bipolar fuzzy KU-subalgebra of
X = (X, %,0). O

The following example shows that the converse of Theorem 4.4/ is not true in
general.

Example 4.5. Consider the KU-algebra X := (X, *,0) which is given in Example
3.2l Let f = (X; fn, fp) be a bipolar fuzzy set in X := (X, %, 0) defined by

£ =1{(0:-0.9,0.8), (1;—0.7,0.8), (2; —0.6,0.5), (3; —0.3,0.4) } .

Then f = (X; fn, fp) is a bipolar fuzzy KU-subalgebra of X' := (X, *,0), but it is
not a bipolar fuzzy KU-ideal of X := (X, *,0) since f,(2*1) = —0.6 > —0.7 =
V{fn(2% (1 1)), fu(1)} and/or fp(2+1) = 0.5 < 0.8 = A{fp(2x (1x1)), f(1)}.

Proposition 4.6. Every bipolar fuzzy KU-ideal f = (X; fp, fp) of X := (X, %,0)
satisfies the following condition:

44)  yrz<a = ful2) < @), @)} fo2) 2 Alfn(@)
forall x,y,z € X.

Proof. Let z,y,z € X be such that y x 2 < z. Then x * (y x z) = 0, which implies
from (4.1), (4.2) and (bl) that

Faly = 2) < \/{faly * (2% 2)), fu(2)}
=\ {fulz # (y*2)), ful2)}
= \/{£n(0), fu(x)
= fn(x),

Folyx2) = N{Up(y * (@ % 2)), fo(2)}
= N{p(@* (y2)), fo(2)}
= N\ {£(0), fp(x)
= fp().

Hence, if we take 2 = 0 in (4.2) and use (a2) then
Fa(2) = Fa0 % 2) <\{fa(0% (y 5 2)), fuly)}
=\/{fuly = 2), fulv)}

<\ {fu(@), fu)}

414



G. Muhiuddin/Ann. Fuzzy Math. Inform. 8 (2014), No. 3, 409-418

Fo(2) = (0% 2) = N {fp(0 (y+2)), fo(¥)}
= /\{fp(y*z)vfp(y)}
> A\ (@), fo(y)}

This completes the proof. O

We now provide a condition for a bipolar fuzzy KU-subalgebra to be a bipolar
fuzzy KU-ideal.

Theorem 4.7. If a bipolar fuzzy KU -subalgebra f = (X; fn, fp) of X := (X, %,0)
satisfies the condition (4.4), then f = (X; fn, fp) is a bipolar fuzzy KU-ideal of
X = (X, %,0).

Proof. Let f = (X; fn, fp) be a KU-subalgebra that satisfies the condition (4.4).
Using (b2) and (3.1), we have f,,(0) < f,(z) and f,(0) > f,(x) for all z € X. Since
(x* (y*x2))x(xx2) <yforall z,y,z € X, it follows from (4.4) that

ful@ s 2) <N A{fn(2x (y+2)), fuy)} and fo(2+ 2) > A{fp(x = (y * 2)), f(y)}

for all ,y,z € X. Therefore f = (X; fn, fp) is a bipolar fuzzy KU-ideal of X' :=
(X, %,0). O

Proposition 4.8. Every bipolar fuzzy KU-ideal f = (X; fn, fp) of X := (X, %,0)
satisfies the following condition:

(1) (Vz,ye X)(z<y = fulz) < fuly), fp(z) = ().
(2) (Vo,y € X) (fulz « (xxy)) < fuly), fr(zx(zxy)) = foly)).

Proof. (1) Let z,y € X be such that < y. Then y x 2 =0, and so
—\/{fn )} = fay),

fo(z) = fp(0%z) = /\{fpo* (yx)), fo(y)}

= N\{£0), W)} = f(v)

by (a2) and (4.2)).
(2) If we put z =z *y in (4.2), then
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Folwx (@) = N{fola* (y* (@ y)), fr(v)}
= N{folaw* (@ (y=))), ()}
=/\{fp(m* (@+0)), fo(v)}
= A\{(0), 1,
= fp(y)
by using (a2), (b1), (b2) and (@&1). 0

Theorem 4.9. For a bipolar fuzzy set f = (X; fn, fp) in X := (X, %,0), the following
are equivalent:
(1) f=(X;fn, fp) is a bipolar fuzzy KU -ideal of X := (X, *,0).
(2) f=(X;fn, fp) satisfies the following assertions:
(i) (Vs € [-1,0)) (N(fn;s) @ = N(fn;s)isa KU-ideal of X).
(i) (Vt€[0,1]) (P(fp;t) #9 = P(fp;t)is a KU-ideal of X).

Proof. (1) = (2). Let s € [—1,0] be such that N(f,;s) # @. Then there exists
y € N(fn; ), and so f,(y) < s. It follows from (4.1)) that f,(0) < fn.(y) < s so that
0€ N(fn;s). Let ,y,z € X such that x* (y*z) € N(fn;s) and y € N(fn;s). Then
falzx (y*2)) < sand f,(y) < s. Using (4.2), we have

which implies that 2 z € N(f,;s). Therefore N(fy;s) is a KU-ideal of X. Assume
that P(fp;t) # @ for t € [0,1], and let a € P(fp;t). Then f,(a) > t, and so f,(0) >
fpla) >t by (4.1). Thus 0 € P(fp;t). Let x,y, 2z € X such that x* (y*z) € P(fp;t)
and y € P(fp;t). Then fp(x* (y*2)) >t and fp(y) > t. It follows from (4.2)) that

folwxz) > N{fplax(y=2)), )} >t

so that o x z € P(fp;t). Hence P(fp;t) is a KU-ideal of X.
(2) = (1). Assume that there exist a € X such that f,,(0) > f,(a). Taking

=3 (fu(0) + fu(a))

implies f,(a) < so < fn(0). This is a contradiction, and thus f,(0) < f,(y) for all
y € X. Suppose that

for some x,y,z € X and let
=1 (Falwx2) + \ (o s 02 2), fal0)})
Then V {fn(z * (y % 2)), fun(y)} < s1 < fn(z*z), which is a contradiction. Therefore

for all z,y,z € X. Now, if f,(0) < f,(y) for some y € X, then f,(0) <ty < f,(y) for
some to € (0, 1]. This is a contradiction. Thus f,(0) > f,(y) for all y € X. If

fp(x * Z) < /\{fn(x * (y * z)),fn(y)}
416
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for some x,y, z € X, then there exists ¢; € (0,1] such that

Folaxz) <tr < N\ {fulex (y*2)), fa()} -

It follows that x * (y * 2) € P(fp;t1) and y € P(fp;t1) but & z ¢ P(fp;t0), a
contradiction. Consequently, f,(z*z) > A {fo(z* (y* 2)), fu(y)} forall z,y, z € X.
Therefore f = (X; fn, fp) is a bipolar fuzzy KU-ideal of X. O

Let AT and A be nonempty subsets of [0, 1] and [—1, 0], respectively.
Theorem 4.10. Let {Gy | k € A¥ U AN} be a finite collection of KU-ideals of X
such that

(1) X = (U{G, |t € APHU (U{G; | s € AN},
(2) (Ym,n € AP UAN) (m >n <= G,, C G,).
Then a bipolar fuzzy set f = (X; fn, fp) in X := (X, *,0) defined by
(4.5) fo(x) =V{t e AT |z € Gi}, fulw) = Ns € AV |2 € Gy}
for all x € X is a bipolar fuzzy KU -ideal of X.
Proof. Let (s,t) € [-1,0] x [0, 1] be such that P(f,;t) and N(f,;s) are non-empty.

We claim that P(fp;t) and N(f,;s) are KU-ideals of X. We consider the following
two cases:

(i) t=\/{reA”|r<t} and (i) t#\/{re A" |r<t}.
First case implies that
(4.6) r € P(fp;it) <= z€G, forall r <t <= zen{G, |r <t}

so that P(fp;t) = N{G, | r < t}, which is a KU-ideal of X. For the second case, we
claim that P(fp;t) = U{G, | r > t}. If z € U{G, | r > t}, then z € G, for some
r > t. It follows that f,(x) > r > t so that x € P(fp;t). If z ¢ U{G, | r > t},
then x ¢ G, for all r > t. Since t # \/{r € AT | r < t}, there exists £ > 0 such
that (¢t —e,t) N AY = @. Hence x ¢ G, for all r > t — &, which means that if
z € Gy then r <t —e. Thus fp(z) <t—e < t, and so x ¢ P(fp;t). Therefore
P(fp;t) = U{G, | r > t} which is a KU-ideal of X since {G}} forms a chain. Next
we show that N(f,;s) is a KU-ideal of X. We also consider the following two cases:

(iii) s:/\{qGAN\s<q} and (iv) s;é/\{quN|s<q}.
For the case (iii), we get
(4.7 € N(fn;8) < z€ Gy forall ¢g>s << zen{G,]|s<q},

and so N(fn;s) = N{Gq | s < q}, which is a KU-ideal of X. For the case (iv), we
prove that N(f,;s) = U{Gy | ¢ < s}. If z € U{G, | ¢ < s}, then = € G, for some
q < s. Tt follows that f,(x) < ¢ < s so that € N(f,;s). Hence

U{Gq | q< 5} - N(fn;s)'
Conversely, if z ¢ U{G, | ¢ < s} then = ¢ G, for all ¢ < s. Since

s# Nge AV |s<q},
417
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there exists ¢ > 0 such that (s, s +¢) N AN = @, which implies that = ¢ G, for all
g < s+ ¢. This says that if ¢ € G, then ¢ > s+ ¢. Thus f,(z) > s+¢e > s, and so
x & N(fn;s). Therefore N(fy,;s) CU{G, | ¢ < s}, and consequently

N(fni8) =U{Gq | ¢ < s}

which is a KU-ideal of X. Therefore, using Theorem 4.9, f = (X; f,, fp) is a bipolar
fuzzy KU-ideal of X. O
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