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ABSTRACT. In this paper, we introduce soft sets over 2V where 2 is the
power set of the universe U, propose some operations on soft sets over 2V
and investigate some types of soft sets over 2V such as keeping intersection
and keeping union. We obtain lattice and topological structures of soft sets
over 2Y. We consider soft rough approximations and soft rough sets, and
obtain structures of soft rough sets.
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1. INTRODUCTION

Most of traditional methods for formal modeling, reasoning, and computing are
crisp, deterministic, and precise in character. However, Many practical problems
within fields such as economics, engineering, environmental science, medical science
and social sciences involve data that contain uncertainties. We cannot use traditional
methods because of various types of uncertainties present in these problems.

There are several theories: probability theory, theory of fuzzy sets [21] and theory
of rough sets [18], which we can consider as mathematical tools for dealing with
uncertainties. But all these theories have their own difficulties. For example, theory
of probabilities can deal only with stochastically stable phenomena. To overcome
these kinds of difficulties, Molodtsov [16] proposed a completely new approach, which
is called soft set theory, for modeling uncertainty.

Recently there has been a rapid growth in soft set theory and its applications.
Maji et al. [14} [15] defined several operations on soft sets, made a theoretical study
on soft set theory and defined fuzzy soft sets by combining soft sets with fuzzy
sets. Aktas et al. [2] introduced the concept of soft groups. Jun [8, [9) [10] applied
soft set theory to BCK/BCl-algebras. Jiang et al. [11] extended soft sets with
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description logics. Roy et al. [19] discussed score value as the evaluation basis to
finding an optimal choice object in fuzzy soft sets. Cagman et al [3, 4] presented soft
matrix theory and uni-int decision making approach. Feng et al. [5, [6] and Ali [1]
investigated the relationship among soft sets, rough sets and fuzzy sets. Ge et al.[7]
discussed the relationship between soft sets and topological spaces. Tanay et al. [20]
investigated the topological structure of fuzzy soft sets. Li et al. [12] 13] considered
topological and lattice structures of intuitionistic fuzzy soft sets. Majumdaret al.
[17] explored softness of soft sets.

The purpose of this paper is to investigate a soft set over 2V and give their lattice
and topological.

2. PRELIMINARIES

Throughout this paper, U denotes initial universe, E denotes the set of all possible
parameters and 2V denotes the power set of U. For A, B C 2V, denote

A= 4,

AeA
ANB={M: M e Aand M € B},
AUB={M:M e Aor M € B},

ANB={ANB:Aec Aand B € B},
AVvB={AUB:Ae€ Aand B € B},
A-B={M:Me¢c Aand M ¢ B}, A°=2" — A.

In this paper, we only consider the case where U and E are both nonempty finite
sets.

2.1. Rough sets. Rough set theory was initiated by Pawlak [18] for dealing with
vagueness and granularity in information systems.

Let R be an equivalence relation on U. The pair (U, R) is called a approximation
space. The equivalence relation R is often called an indiscernibility relation. Using
the indiscernibility relation R, one can define the following two rough approxima-
tions:

R(X)={x€U:[z]gr C X},
RX)={zeU:[zlpnNX # 2}

R(X) and R(X) called the lower approximation and the upper approximation of X,
respectively. In general, we refer to R(X) and R(X) as rough approximations of X.

The boundary region of X, defined by the difference between these rough approx-
imations, that is Bndg(X) = R(X)— R(X). It can easily be seen that R(X) C X C
T(X).

A set is rough if its boundary region is not empty; otherwise, the set is crisp.
Thus, X is rough if R(X) # R(X).
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TABLE 1. Tabular representation of the soft set fa

hl h2 hg h4 h5 hG
el 1 0 1 0 0 0
€2 1 0 1 0 0 1
es 1 0 1 1 1 0
€4 1 1 1 0 0 0

2.2. Soft sets over U.

Definition 2.1 ([16]). Let A C E. A pair (f, A) is called a soft set over U, if f is
a mapping given by f: A — 2Y. We denote (f, A) by fa.

In other words, a soft set over U is a parameterized family of subsets of the
universe U. For e € A, f(e) may be considered as the set of e-approximate elements

of fA.
To illustrate this idea, let us consider the following example.

Example 2.2. Let U = {hq, ha, hs, ha, hs, he} be a set of houses under considera-
tion, where A = {e1, ea,€3,€e4} is a set of parameters for selection of the house. Let
e; stands for expensive houses, es stands for wooden houses, ez stands for houses
located in green surroundings, e4 stands for houses located in the urban area, es
stands for the low cost houses.

We define f4 as follows:

fler) = {h1,hs}, f(e2) = {h1,h3,he}, f(es) = {h1,ha,ha,hs}, f(es) = {h1, ha, h3}.

fa can be described as the following Table 1. If h; € f(a;), then h;; = 1; otherwise
h;j = 0, where h;; are the entries in Table 1.

3. SOFT SETS OVER 2V
3.1. The concept of soft sets over 2V.

Definition 3.1. Let A C E. A pair (0, A) is called a soft set over 2Y, if o is a
mapping given by o : A — 22" We denote (0,A) by o4.

To illustrate the background of Definition 3.1, let us consider the following exam-
ple.

Example 3.2. In Example 2.2, it is easy to see from Table 1 that parameter e; (i
=1, 2, 3, 4) induces an equivalence relation on U, and we denote it by o; (i = 1, 2,
3, 4). Thus, we get the equivalence classes as follows:

for o1 the equivalence classes are {hy, hs}, {ho, ha, hs, h¢},

for oo the equivalence classes are {hy, hs, he}, {ha,h4, hs},

for o3 the equivalence classes are {hy, hs, ha, hs}, {h2,he},

for o4 the equivalence classes are {hy, ha, hs}, {h4, hs, he}.

Put

o(e1) = {{h1, ha}, {ha, ha, hs, he}}, o(e2) = {{h1, s, he},{h2, ha, h5}},

0'(63) = {{hl, h3, h4, h5}, {hg,h(j}}, 0'(64) = {{hl,hg,hg}, {h4,h5,h6}}.
321



Gangqgiang Zhang et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 2, 319-337

Then we obtain a soft set 04 over 2V. That is, a soft set f4 over U induces a soft
set o4 over 2U.

Proposition 3.3. Fvery soft set fa over U may be considered as a soft set o4 over
2V,

Proof. Let fa be a soft set over U. For a € A, put o(a) = {f(a)}. Then o4 is a soft
set over 2V. Thus f4 may be considered as a soft set o4 over 2V. O

Definition 3.4. Let A, B C E and let 04 and 65 be two soft sets over 2U.

(1) 04 and dp are called soft equal, if A = B and o(e) = d(e) for each e € A. We
write o4 = 0.

(2) 04 is called a soft subset of dp, if A C B and o(e) = 6(e) for each e € A. We
write o4 C 0p.

Obviously, o4 = dp if and only if 04 C ép and dg D o4.
3.2. Some types of soft sets over 2.

Definition 3.5. Let o4 be a soft set over 2U.

(1) 04 is called full, if |J o(a)" =U.

acA

(2) o4 is called keeping intersection, if for any a,b € A, M € o(a) and N € o(b),
there exist ¢ € A and Q € o(c) such that M NN = Q.

(3) 04 is called keeping union, if for any a,b € A, M € o(a) and N € o(b), there
exist ¢c € A and @ € o(c) such that M UN = Q.

(4) 0 4 is called uniform keeping intersection, if for any a,b € A, there exists c € A
such that o(a) A a(b) C o(c).

(5) o4 is called uniform keeping union, if for any a,b € A, there exists ¢ € A such
that o(a) V o(b) C o(c).

Obviously,
0 4 is uniform keeping intersection = o 4 is keeping intersection,
0 4 is uniform keeping union = o4 is keeping union.

Example 3.6. Let U = {hq, h2, hs, ha, hs}, let A ={a1,a2,a3,a4} and let 04 be a
soft set over 2V, defined as follows:

o(a1) ={@,{h1}, {h1, ha}}, o(az) = {{h1, ha},{h1, hs}},

o(az) = {{h1, hs}}, o(as) = {{h4, hs5}}.
Then o4 is keeping intersection.

o(az) ANo(as) = {{h1},{h1,h3}} € o(a) for any a € A. Thus o4 is not uniform
keeping intersection.

This example illustrates that

04 is keeping intersection #= o4 is uniform keeping intersection.

Example 3.7. Let U = {hq, ha, h3, ha, hs}, A ={a1,a2,as3,a4} and let o4 be a soft
set over 2V defined as follows:
o(a1) = {{h1, kg, ha},{h1, ha}}, o(az) = {{h1, ho}, {h1, hs}},

o(az) = {{h1, h2, ha}}, {hs,ha}}, o(as) = {{h1,h2, h3, ha}}.
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Then o4 is keeping union.

U(al) Vv U(QZ) = {{hla h27 h37 h4}7 {hh h3a h4}a {hla h2}7 {hl, h27 h3}} g 0(0’) for
any a € A. Thus o4 is not uniform keeping union.
This example illustrates that

0 4 is keeping union #= g4 is uniform keeping union.

Definition 3.8. Let o4 be a soft set over 2U. o4 is bijective, if o4 satisfies the
following conditions:

(i) For any a € A, o(a)” = U;
(i) If M,N € o(a) and M # N for any a € A, then M NN = .

In order to elaborate this concept, we consider the following example.

Example 3.9. Let U = {hq, ho, hs, ha, h5} be a universe consisting of five houses as
possible alternatives, and A = {a1, az,as,a4} C E be a set of parameters considered
by the decision makers, where

ap represents the parameter ”beauty”, we divided it into three grades: ”pretty-
ish”, ”"beautiful” and ”wonderful”;

as represents the parameter ”modernization”, we divided it into two grades:
”plain” and ”modern”;

a3 represents the parameter ”price”, we divided it into two grades: ”cheap” and
”expensive”;

a4 represents the parameter ”in the green surroundings”, we divided it into three
grades: ”a little green”, ”green” and ”much more green”.

Now, we consider a bijective soft set o4, which describes the ”attractiveness of
the houses” that Mr.X is going to buy. In this case, to define the soft set 04 means
to point out classification based on the parameters beauty, modernization and so
on. Consider the mapping ¢ given by classification based on one of the parameters
a; € A. For instance, o(a1) means the classification based on the parameter a;. Let
U = {hi,ha, hg, hy,hs}, A ={a1,a2,as,a4} and let o4 be a bijective soft set over
2V defined as follows

o(a1) = {{h1, ha}, {hs, ha},{hs5}}, o(az2) = {{h1,hs},{ha, ha, h5}},

o(az) = {{h1, ha, ha}, {h3, hs}}, o(as) = {{h1, ha, ha}, {ha}, {hs}}.

Then a bijective soft set o4 is described as the following Table 2.

TABLE 2. Tabular representation of the bijective soft set o4

hy ha hs hy hs
ay prettyish prettyish beautiful beautiful wonderful
as plain modern plain modern modern
as cheap cheap expensive cheap expensive
as alittle green  a little green  a little green green much more green
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3.3. Some operations on soft sets over 2V.

Definition 3.10. Let A, B C E and let 04 and dp be two soft sets over 2V.

(1) he is called the intersection of o4 and dp, if C = AN B and h(e) = o(e) Nd(e)
for each e € C. We write o4 N dg = he.

(2) he is called the union of 04 and ép, if C = AU B and

ol(e), if ec A— B,
h(e) = < d(e), if e€ B— A,
ole)Ud(e), if e€ ANB.
We write o4 U ég = he.

Example 3.11. Let U = {hy, ho, h3}, A = {a1,a2}, B = {az,a3}and let 04 and dp
be two soft sets over 2V, defined as follows:

o(ar) = {{h1,ha, hs}, {h1, ha}}, o(a2) = {{h1, ha}, {h1, h3}}.
5(&2) = {{h27h3}a {hlahQ}}v 5(a3) = {{h23h3}7®}'
(1) Put
g A ﬁ 53 = hc.
Then C =ANDB={az} and h(az) = o(az) Nd(az) = {{h1,ha}}.
(2) Put
g A O 53 = kD.
Then D= AUB = {a1,a2,a3} and
k(a1) = o(a1) = {{h1, ha, ha}, {h1, ha}},

k(az) = o(az) Ud(az) = {{h1, ha}, {h1, ha}, {ha, h3}},
k(as) = 6(a3) = {{h2, hs}, &}

Definition 3.12. Let A C E and let o4 be an soft set over 2Y. The complement of
o4 is denoted by (04)¢ and is defined by 0¢4 or (04)¢ = (0¢, A), where 6¢: A — 22"
is a mapping given by 0¢(a) = 2Y — o(a) for each a € A.

Example 3.13. In Example 3.11, we obtained 0¢4 as follows:
o(a1) = {9, {h1},{h2}, {h3}, {h2, h3}, {h1, h3}},
o(az) = {2, {h1},{ha},{hs}, {h2, hs},{h1, ha, h3}}.

Definition 3.14. Let A, B C E and let 04 and d5 be two soft sets over 2V.

(1) he is called the intersection of o4 and dp, if C = AN B and h(e) = o(e) Ad(e)
for each e € C. We write o4 A 05 = he.

(2) he is called the union of 04 and ép, if C = AU B and

o(e), if ee A-B,
h(e) = < d(e), if e B—A,
ole)Viéle), if e€ ANB.

We write o4 V 5 = he.
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Example 3.15. In Example 3.11, we have
(1) Put
g A K 53 = hc.
Then C = ANB = {ag} and h(ag) = O'((IQ) N (5(&2) = {{hl}, {hg}, {hg}, {hl,hg}}.

(2) Put
gA V 53 = kD.
Then D= AUB = {a1,a2,a3} and

k(a1) = o(a1) = {{h1, ha, ha}, {h1, ha}}.
k(ag) = O'(CLQ) V 5(&2) = {{hl, hg}, {hl, ha, hg}}
k(as) = é(a3) = {{h2, hs}, @}

Proposition 3.16. Let A, B,C C E and let o4, 6 and he be three soft sets over
2V, Then

54V 4= 64.
5,4\/(53— (53\/5,4
)(5AV5B)\/hC— (SA\/((SB\/hc).

)
) (64 065) Uhe = 64 0 (65 U he).
)
)

Proof. (1) and (2) are obvious.
(3) Put
(04 U6B) Uhe = kaubuc, 04U (dp U he)= lausucs
o4 Udp =saup, 6 U he =tpuc.
For any e € AU BUC, it follows that e € A, or e € B, or e € C.

Casel e C.
Ife¢ Aand e ¢ B, then k(e) = h(e) = t(e) =

a)
b) If e ¢ A and e € B, then k(e) = s(e) Uh Uh(e) =t(e) =l(e).
c)Ifeec Aand e ¢ B, then k(e) = s(e) Uh(e) = a(e) Uh(e) = a(e) Ut(e) = I(e)
d)Ifec Aand e € B k(e) = s(e) Uh(e) = (o(e) Ud(e)) Uh(e) = o(e) U (d(e) U

h(e)) = o(e) Ut(e) = I(c).

Case 2 e¢ C.

a)If e ¢ A and e € B, then k(e) = s(e) = d(e) =t(e) = I(e)

b) If e € A and e ¢ B, then k(e) = s(e) = a(e) =t(e) = i(e)

c)If e € A and e € B, then k(e) = s(e) = a(e) Ud(e) = o(e) Ut(e) = I(e)

Thus (04 U ég) Uhc =04 U (65 U he).
(4) and (5) are obvious.
(6) Put
(04 V)V he = Kaupues 04V (05 V he) = Usupucs
oa Vg =384p 05Vhce=ts.
For any e € AU BUC, it follows that e € A, or e € B, or e € C.

Casel ec(C.
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a)Ifeg A and e ¢ B, then k'(e) = h(e) =t'(e) =1'(e).

b) If e¢ A and e € B, then k'(e) = s'(e) V h(e) =d(e) V h(e) =t'(e) =1U'(e).
c)Ifee Aand e & B, then k'(e) = s'(e)Vh(e) = a(e)Vh(e) = a(e) V' (e) =1'(e
d) If e € A and e € B, then k'(e) = s'(e) V h(e) = (a(e) V d(e)) V h(e) =

a(e) VvV (d(e) Vh(e)) =ale)Vi'(e)=1(e).
Case 2 e¢ (.

a)Ife¢ A and e € B, then k'(e) = s'(e) = d(e) = t'(e) =1U'(e).

b) If e € A and e & B, then k'(e) = s'(e) = a(e) =t'(e) =1U'(e).

c¢)Ifec Aand e € B, then k'(e) = s'(e) = a(e) Vi(e) = a(e) Vi'(e) =1(e).
ThuS(JAV5B)th=JAQ(5Bth). O

Proposition 3.17. Let A,B,C C E and let o4, g and hc be three soft sets over
2V Then

YoaNoa= 04.

)UAﬁ(SB: (SBﬁO'A.
)(O'A~ﬁ(53)ﬁhc= gA ﬁ( 5Bﬁhc).
oA Noa= 04.

)UAK(SBi 53%0’,4.

Proof. (1) and (2) are obvious.
(3) Put
(04 N ég) N he = kanpnc, oa N (55 N he)) = lansnc:
For any e € AN BNC, it follows that e € A, e € B and e € C. k(e) = (o(e) N
d(e)) Nh(e) =a(e) N (d(e) Nh(e)) =l(e), then (64 N o) N he =04 N (6 N he).
(4) and (5) are obvious.
(6) Put
(04 Adp) A he = Kanpncs 0a A (O A he)) = Uansne:

For any e € ANBNC, it follows that e € A, e € Band e € C. Then k'(e) = (o(e)A
S(e))Ah(e) = a(e)A(6(e)Ah(e)) =1'(e). So (ca AéB) ANhg =04 A (6 Ahg). O

Proposition 3.18. Let A,B,C C E and let o4, g and hc be three soft sets over
2V Then

(1) (04 Udp) Nhe = (04 N he) U (65 N he)
(2) (64 N6) Uhc = (04U hc) N (05U he)
(3) (04 Vo) Ahc C (04 Ahe) V (05 A he)
(4) (64 AN dB) V he C (04 V he) A (0B V he)

Proof. (1) Put
(0a U dB) Nhe = kZAuB)mC’ (0a N hc) U (68 N he) = lemC)u(BmC)-
Obviously, (AUB)NC = (ANC)U (BNC). For any e € (AU B)NC, it follows
that ee ANC,oree BNC.
)Ifeg ANC ande € BNC, thene &€ Aje € Band e € C. So k'(e) =
d(e) Uh(e) =1 (e).
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Q)Ifee AnNCande & BNC, thene € Aje € Band e € C. So K'(e) =
o(e)Uh(e) =1(e).
3)Ifee ANC and e € BNC, then e € Aje € Band e € C. K'(e) =
(c(e)Ud(e)) Nh(e) = (c(e)Nh(e)) U (d(e) Nh(e)) =1(e).
Thus
(O’A L~J (53) ﬁ hc = (O'A ﬁ hc)LNJ (53 ﬁ hc).

(2) This is similar to the proof of (1).
(3) Put

(64 V 6) A he =kaupyne: (a Ahc)V (65 A he) = lianc)uBno)-

Obviously, (AUB)NC =(ANC)U(BNC). For any e € (AU B)NC, it follows
that e ANC,oree BNC.

)Ifeg ANC and e € BNC, thene ¢ Aje € Band e € C. So k(e) =
d(e) V h(e) =l(e).

2)Ifec ANCande & BNC, then e € A,e ¢ B and e € C. So k(e) =
o(e)V hie) =l(e).

3)Ifeec ANC ande € BNC, thene € Aje € Band e € C. So k(e) =
F(I:Ih(e) Vv d(e)) Ah(e) C (a(e) Ah(e)) V (d(e) Ah(e)) =l1(e).

(O'A V 53) K hc 6 (UA K hc) V (53 K hc).

(4) This is similar to the proof of (3). O
Example 3.19. Let U = {hy, ho,h3}, A = {a1,a2}, B = {az,a3}, C = {a2,a4}
and let 04, g and h¢c be three soft sets over 2V, defined as follows:

0'(&1) = {{hl,hg,h3}7 {h17h2}}7 U(GQ) = {{hl}}
5(a2) = {Q’ {h27h3}}7 6(a3) = {{h27h3}’®}'
h(az) = {{h1},{hs}}, hlas) = {{h1, ha}}.
(1) Put
(UA \7 53) K hC :kD, ((TA K hc) V ( 5]3 K hc) :lN.
Then D=(AUB)NC=(ANC)U(BNC)=N ={az}.

k(az) = (o(az) V é(az)) A hlaz) = {{h},@,{hs}},

l(az) = (o(az) Ah(az)) V (8(az) A h(az)) = {{h1},{h1, hs}, {hs}, @}

7é k(ag).

Thus

(O’A VCSB) th 75 (O’A th) \7(53 th)
(2) Put
(O’A K 53) V hc = le/, ((TA V hc) K ( 53 V hc) :l3\//
Then D'=(ANB)UC=(AUC)N(BUC)=N'={as,a4}.
K (az) = (0(az) A d(az)) V haz) = {{h1}, {ha}},
U'(az) = (o(az) v h(az)) A (6(az) V h(az)) = {{h1}, {h1, hs}, {hs} &}

# K (a2).
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K'(as) = h(as) = {{h1, ha}},
U'(as) = h(as) A h(as) = h(as) = {{h1, ho}} = k'(as).

Thus
(O’A /\(53) V he # (UA \/hc) /\((53 \/hc).
Proposition 3.20. Let A C E and let 04, 64 be two soft sets over 2U. Then

(1) ((04))* = 0a.

(2) oA LJ (UA)C =Ujy.

(3) oa N (O'A)C =J4. B

(4) (04 U 0a)* = (04)° N (6a)°.
(5) (04 71 64)° = (94)° O (54)°
(6) (0a V 04)° D (0a)° A (04)°
(7) (UA AN (5,4)0 D (UA)C vV ((5,4)0.

Proof. (1) For any e € A, (o(e)®)° = o(e). That is, ((c4)°)* =0a4.
(2) Put _
oa U (UA)C = hy.

For any e € A, h(e) = o(e) U f¢(e) = 2V. That is, 04 U(c4)¢ = Ua.
(3) This is similar to the proof of (2).
(4) Put B B

(04 0 64)° = ha, (04)° 7 (64)° = La.
For any e € A, h(e) = (o(e) Ud(e))c =a(e)Nd(e)® =l(e).
That is,

(O’A U 5A)C = (O’A)C N (5A)C.

(5) This is similar to the proof of (4).

(6) Put
(04 V 84)° =Ry, (04)° A (64)° =1y
For any e € A, h'(e) = (o(e) Vi(e)), I'(e) = a(e)® Ad(e)°.
Then h'(e) = (o(e) Vd(e)) D ale)* Ad(e)® =1'(e).
That is,
(G‘A V (5A)C 5 (UA)C /N\ (6A>C.
(7) This is similar to the proof of (6). O

Example 3.21. Let U = {hy,ho,h3}, A = {a1,a2} and let 04 and d4 be two soft
sets over 2V, defined as follows:

o(a1) = {{h1, ha, h3},{h1, h2}}, o(az) = {{h1, ha}, {h1, hs}}.
6(ar) = {{h1, hs}, {h1, ha}}, 0(az) = {{h2, h3}, @}
(1)
U(al)c = {Qa {h’l}v {h2}a {h’3}7 {h27 h3}a {h1, h’3}}7
o(a2)® = {2, {h1}, {ha}, {ha}, {ha, ha}, {h1, ha, h3}},
o(ar) Vo(ar)® = {{h1,ha}, {h1, ha, hs}} # 27,
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0(a2) V 0(a2)° = {{h, ha}, {h1, hs}, {hn, ho, s} # 2V

Thus
oAV (04)° #Ug.
(2)
U(al) A U(al)c = {Qv {h1}7 {hQ}v {h3}a {hQ’h?)}v {h17h3}} e {@}’
o(az) No(az)® = {@,{hi} {ho}, {hs} {h1, ho}, {h1, hs}} # {2}
Thus
oA A (O’A)C#QA.
(3) Put

(O'A V (5,4)c = hA, (O'A)C K (5A)C = ZA.
h(a1) = {@,{h1},{h2},{hs}, {h1, hs},{h2, h3}},
h(az) = {@,{h1},{ha}, {hs}, {ha, hs}}.
lar) = {2, {h1}, {ha}, {h3}, {h1, ho}, {h2, h3}} # h(ar),
laz) = {@,{h1}, {h2}, {hs}, {h1, ha}, {h1, ha}, {h2, hs}, {h1, ha, ha}t} # h(az2).
Thus
(04 V3a)°# (04)° A (34)"
(4) Put
(O'A A 5A)C =k, (O’A)C v (5A)C =t4.
Then
k(al) = {®> {h2}7 {h3}7 {hg, h3}7 {h17h27h3}}a
k(az) = {{h1}, {1, ha},{h1, h3}, {ha, h3}, {h1, ha, hs}}.
t(al) = {@, {h1}7 {hz}, {h3}7 {hh hz}, {hh h3}7 {h27 h3}, {hh ha, h3}} 7é k(a1)>
t(a2) = {{hl}a {hQ}v {h3}7 {hl’h2}v {h17h3}a {hQ’h3}v {h17h27h3}} 7& k(aQ)'
Thus
(O'A V 5A)C 75 (O'A)C K (5A)C.
4. LATTICE STRUCTURES OF SOFT SETS OVER 2V

We denote
S(U,E)={o4:ACE and o4 is a soft set over 2V},
S1(U,E) = {op : o is a soft set over 2V }.

Obviously,

Theorem 4.1. For any o4,0p € S(U, E), define
oA <dp & oa c 53,
cAaVop= o4 U 0B,

cANOB = 04 N 0B.
Then (S(U,E), U, N) is a lattice.

Proof. This is obvious.
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Theorem 4.2. For any o4,0p € S(U, E), define

oq4 <dp & O'Aa(SB,
oAV = UAV(SB,

oANOB = 04 A 0B.
Then (S(U,E), V, A) is a lattice.
Proof. This is obvious.

Theorem 4.3. For any og,gr € S1(U, E), define

op<gr & or C gg,
opVgr = op U gg,

opANge = or N gp.
Then (S1(U,E), U, N) is a Boolean lattice.
Proof. Denote ), = S1(U, E). It is easily proved that
021 =Og and 121 =Ug.

By Proposition 3.18, S1(U, E) is a distributive lattice with 1y~ ~and Oy .

For any o € S1(U, E), (o8) = f§.
Hence (S1(U, E), U, N) is a Boolean lattice.

Theorem 4.4. For any og,dg € S1(U, E), define

UES(SE =4 O’EééE,
op Vo = UE\75E7

opNOg = Of A O0p.
Then (S1(U,E),V,A) is a lattice.
Proof. This is obvious.

Corollary 4.5. (1) (S1(U,E), U, N) is a sublattice of (S(U, E), U, N)
(2) (S1(U,E), V, A) is a sublattice of (S(U, E), V, A).
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5. SOFT ROUGH APPROXIMATIONS AND SOFT ROUGH SETS
5.1. Soft rough approximations.

Definition 5.1. Let 04 be a soft set over 2U. Then the pair P = (U, 04) is called
a soft approximation space. Based on the soft approximation space P, we define a
pair of operations apr ,,, aprp: 2U — 2V as follows:

apr,(X)={z€U:3ae A, Meo(a)st z€MEeo(a) and M C X},
aprp(X)={xeU:3a€ A, Meo(a)st.z e M eo(a) and MNX # &}.
apr ,(X) and @prp(X) are called the soft P-lower approximation and the soft

P-upper approximation of X, respectively.

In general, we refer to apr,(X) and aprp(X) as soft rough approximations of
X with respect to P.

Proposition 5.2. Let 04 be a soft set over 2V and let P = (U,04) be a soft
approzimation space. Then for any X,Y € 2U,

(1) apr (X)=U{M:a€ A, Meo(a) and M C X} C X;
aprp(X)=U{M :a € A,M € o(a) and M N X # &}.

(2) apr,(9) = aprp(@) = 2;  apr,(U) = aprpU) = LEJAO(G)*-

(3
(4) TP p(X UY) = aprp(X) Uaprp(Y).
(5) aprp apr () = apr p(X): - apr (@ (X)) = aprp (X).
Proof. (1) and (2) are obvious.
(3) (i) Suppose that apr ,(X) — apr ,(Y) # @. Pick
z € apr ,(X) —apr ,(Y).
Then there exist a € A and M € o(a) such that z € M € o(a) and M C X. Since

X CY, wehave M CY and z € apr ,(Y). This is a contradiction.
Thus

)X CY = apr (X)C apr,(Y); XCY= aprp(X)C aprp(Y).
)

(#3) Suppose that aprp(X) —aprp(Y) # @. Pick
z € aprp(X) —aprp(Y).
Then there exist a € A and M € o(a) such that x € M € o(a) and M N X # @.
Since X CY, M NY # @. This implies that = € aprp(Y’). This is a contradiction.
Thus
aprp(X) € aprp(Y).
(4) By (3),
aprp(X UY) D aprp(X) Uaprp(Y).
Suppose that aprp(X UY) — (aprp(X) Uaprp(Y)) # @. Pick € aprp(X UY) —
(@apr p(X)Uaprp(Y)). Then there exist a € A and M € o(a) such that z € M € o(a)
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and M N(XUY) # @. This implies that MNX # @ or MNY # &. Sox € aprp(X)
or x € aprp(Y), then © € aprp(X) Uaprp(Y). This is a contradiction. Thus
aprp(X UY) Caprp(X)Uaprp(Y).
Hence
aprp(X UY) =aprp(X) Uaprp(Y).
(5) (1) By (1), apr ,(X) € X. By (3),
apr ,(apr (X)) C apr ,(X).
Suppose that @ € apr,(X). Then there exist a € A and N € o(a) such that

z €N €o(a)and N C X. Since apr ,(X) = H{M :a € A, M € o(a) and M C X},
we have x € N C apr ,(X). This implies that = € apr ,(apr ,(X)). Thus

apr ,(apr (X)) 2 apr ,(X).
Hence
apr p(apr (X)) = apr ,(X).
(#i) Suppose that x € aprp(X), then there exist a € A and N € o(a) such that
a

x €N eo(a)and NNX # @. Since aprp(X) =U{M:a€ A,M € o(a) and M N
X # @}, we have x € N C aprp(X). This implies that € apr ,(aprp(X)). Thus

apr , (@pr (X)) 2 aprp(X).
apr (@7 p(X)) € aprp(X).

apr ,(apr (X)) = apr ,(X).
0

Proposition 5.3. Let 04 be a soft set over 2V and let P = (U,04) be a soft
approximation space. Then

(1) If o4 is full, then apr,(X) C X C aprp(X) for any X € 2V,

(2) If o4 is full, then apr (U) = aprp(U)=U.

(3) If 0 is keeping intersection, then @P(X ny) = @P(X) Q@P(Y) for
any X,Y € 2V,

(4) If o 4 is full and keeping union, then aprp(X) = U for any X € 2V\@.
Proof. (1) By Proposition 5.2, apr,(X) € X. Suppose that X — aprp(X) # @.
Pick

xeX — aprp(X) £ 2.

Since o4 is full, |J o(a)* =U. Soz € M € o(a) for some a € A. Note that r € X.
a€A
Then M N X # @. Thus ¢ € aprp(X) # @. This is a contradiction. Hence

X C aprp(X).

(2) This holds by Proposition 5.2.
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apr ,(X) N apr (V) — apr (X NY) # @. Pick

(3) By Proposition 5.2, apr (X NY) C aprp(X) Naprp(Y). Suppose that

T € @P(X)ﬂ @P(Y)f @P(XQY).

Then there exist a,b € A, M € o(a) and N € f(b) such that M C X , N CY.
Since o4 is keeping intersection, M N N = Q for some ¢ € A and Q € f(c). This
implies that z € @ € f(c) and @ € X NY. Thus z € apr (X NY). This is a
contradiction. Thus

apr (X NY) 2 apr (X)N apr,(Y).

Hence
@P(XHY) = @P(X) N %P(Y).
(4) Suppose that X € 2V\@. Obviously, aprp(X) C U.

Since o 4 is full and keeping union, we claim that there exist a € A and N € o(a)
such that N =U.

Otherwise. Suppose that there is not a € A such that exists N € o(a) and N =U.
Since o4 is full, there exists M;( ¢ € 7 ) such that U;e.M; = U. But o4 is keeping
union. This is a contradiction.

Since aprp(X) =U{M :a € A,M € o(a) and M NX # @}, U Caprp(X).

Hence aprp(X)=U. O

5.2. Structures of soft rough sets.

Definition 5.4. Let 04 be a soft set over 2V and let P = (U,04) be a soft approx-
imation space. X € 2V is called a soft P-definable set if apr ,(X) = aprp(X); X is
called a soft P-rough set if apr ,(X) # aprp(X).
Denote
R ={X €2V : X is a soft P-rough set },
D ={X €2V : X is a soft P-definable set },

r={Xe2V apr,(X) = X},
op={X €2V :aprp(X) = X}.

Proposition 5.5. Let o4 be a soft set over U and let P = (U,04) be a soft approx-
imation space. Then for each X € 2Y,

X eD < aprp(X) CX.

Proof. “=". This is obvious.

“«=". Obviously, apr ,(X) C aprp(X).

Suppose that € aprp(X). Then there exist a € A and N € o(a) such that
xe€Nco(a)and NNX #@. aprp(X)=U{M:ac€ A, M € o(a) and MNX # @
and @prp(X) C X imply N C X. So z € apr ,(X). Thus apr ,(X) 2 aprp(X).

Hence apr ,(X) = aprp(X) and X € D.
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Corollary 5.6. Let o4 be a soft set over U and let P = (U,04) be a soft approxi-
mation space. Then for each X € 2U,

XeR = aprp(X) L X.
The following theorem gives structures of soft rough sets.

Theorem 5.7. Let o4 be a soft set over U and let P = (U,04) be a soft approxi-
mation space.

(1)
RUD=2Y, RND = and o; C D.

(2) If o4 is full, then
R=2U—Uf and D=0y C 74.
(3) If 04 is full and keeping union, then
R=2Y—{2,U} and D={0,U} =0; C 74.
Proof. This holds by Propositions 5.2, 5.3 and 5.5. O

6. TOPOLOGICAL STRUCTURES OF SOFT SETS OVER 2V

Theorem 6.1. Let o4 be a soft set over 2V and let P = (U,04) be a soft approxi-
mation space. If o4 is full and keeping intersection or bijective, then T¢ is a topology
onU.

Proof. This holds by Propositions 5.2 and 5.3. g

Definition 6.2. Let o4 be a full and keeping intersection soft set over 2V and let
P = (U,04) be a soft approximation space. Then 7y is called the topology induced
by 04 on U.

Theorem 6.3. Let 04 be a full and keeping intersection over 2V, let P = (U, 04)
be a soft approzimation space and let Ty be the topology induced by o4 on U. Then

(1)
{aprp(X): X €2V} C 7y = {apr (X)) : X €2V},

(2)
o(a) C71f for any a € A.
(3) apr ,, is an interior operator of Ty.
Proof. (1) By Proposition 5.2, {aprp(X): X € 2V} C 4.
Obviously,
71 € {apr,(X): X CUY.
Let Y € {apr (X) : X € 2V, Then Y = apr ,(X) for some X € 2V. By
Proposition 5.2, apr ,(apr (X)) = apr ,(X). This implies that Y € 7. Thus
7 2 {apr(X): X € 2U1.
Hence
{aprp(X): X €2V} C7p = {apr,(X): X €2V}
(2) Let a € A. Suppose that M € o(a). Obviously, apr (M) C M.
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Let z € M. Then M € o(a) and z € M C M, This implies that = € apr ,(M).
So apr (M) 2 M. Thus apr (M) = M.

Hence o(a) C 74 for any a € A.
(3) Tt suffices to show that

apr ,(X) = int(X) for each X € 2Y.
By (1), apr ,(X) € 7¢. By Proposition 5.2, apr ,(X) € X. Thus
apr ,(X) C int(X).
Conversely, for each Y € 74 with ¥ C X, by Proposition 5.2, ¥ = ﬂp(y) -
apr ,(X). Then
int(X) = J{Y:Y erpand Y C X} Capr (X).

Thus apr,(X) = int(X). O

7. AN APPLICATION IN DECISION MAKING PROBLEMS

In this section, we illustrate an application of soft sets over 2V in decision making
problems by Example 7.1.

» »

Example 7.1. In Example 3.9, if the house is ”wonderful”, ”modern”, ” cheap” and
"much more green surroundings”, then it is said to be satisfied. Let the score of
satisfied houses be 1, the weight of any a € A be 0.25. And

if the house is prettyish, then for a;, the score of it is 0.15;
if the house is beautiful, then for a;, the score of it is 0.20;
if the house is wonderful, then for a;, the score of it is 0.25;

if the house is plain, then for as, the score of it is 0.15;
if the house is modern, then for as, the score of it is 0.25;

if the house is expensive, then for ag, the score of it is 0.15;
if the house is cheap, then for ag, the score of it is 0.25;

if the house is in a little green surroundings, then for a4, the score of it is 0.15;

if the house is in green surroundings, then for a4, the score of it is 0.20;

if the house is in much more green surroundings, then for a4, the score of it is
0.25.

Since

o(ar1) ANo(az) Ao(as) Ao(as) = {{h1},{h2}, {ha}, {ha}, {hs5}},

we have

p = (Ut {ha} {hs} {ha} {hs}
0.70° 0.75° 0.65° 0.90" 0.90
X

where = represents the score of houses in X.

2

Thus, we can conclude that h4 or hs is the best choice for Mr.X.
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8. CONCLUSIONS

In this paper, we considered soft sets over 2V and obtained their lattice and
topological structures. Moreover, We introduced soft rough approximations and
soft rough sets, and gave structures of soft rough sets. We will study applications of
soft sets over 2V in future papers.
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