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ABSTRACT. Shabir and Naz in [23] introduced the notion of soft topo-
logical spaces. They defined basic notions of soft topological spaces such
as open soft sets, closed soft sets, soft subspaces, soft closure, soft nbd of a
soft point, soft separation axioms, soft regular spaces, soft normal spaces
and they established their several properties. Min in [17] investigated some
properties of such soft separation axioms. In the present paper, we have
continued to study the properties of soft topological spaces. We introduce
new soft separation axioms based on the semi open soft sets which are more
general than of the open soft sets. We show that the properties of soft semi
T;-spaces (i = 1,2) are soft topological properties under the bijection and
irresolute open soft mapping. Also, the property of being soft semi reg-
ular and soft semi normal are soft topological properties under bijection,
irresolute soft and irresolute open soft functions. Further, we show that
the properties of being soft semi Tj-spaces (i = 1,2,3,4) are hereditary
properties.
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1. INTRODUCTION

Thhe concept of soft sets was first introduced by Molodtsov [19] in 1999 as a
general mathematical tool for dealing with uncertain objects. In [19} 18], Molodtsov
successfully applied the soft theory in several directions, such as smoothness of func-
tions, game theory, operations research, Riemann integration, Perron integration,
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probability, theory of measurement, and so on. After presentation of the oper-
ations of soft sets [15], the properties and applications of soft set theory have
been studied increasingly [4, 11}, 18] 21]. In recent years, many interesting appli-
cations of soft set theory have been expanded by embedding the ideas of fuzzy sets
[1, 3L 5] [7), 13, [14), [15] [16], 18, 20} 22, 25]. To develop soft set theory, the operations
of the soft sets are redefined and a uni-int decision making method was constructed
by using these new operations [8]. Recently, in 2011, Shabir and Naz [23] initiated
the study of soft topological spaces. They defined basic notions of soft topological
spaces such as open soft and closed soft sets, soft subspace, soft closure, soft nbd
of a point, soft separation axioms, soft regular spaces and soft normal spaces and
established their several properties. Min in [17] investigate some properties of these
soft separation axioms mentioned in [23]. Banu and Halis in [6] studied some prop-
erties of soft Hausdorff space.

The main purpose of this paper is to introduce the notion of soft semi separation
axioms. In particular we study the properties of the soft semi regular spaces and
soft semi normal spaces. We show that if zg is semi closed soft set for all x € X
in a soft topological space (X, 7, F), then (X, 7, E) is soft semi Tj-space. Also, we
show that if a soft topological space (X, 7, F) is soft semi T5-space, then V z € X,
xg is semi closed soft set. This paper, not only can form the theoretical basis for
further applications of topology on soft sets, but also lead to the development of
information systems.

2. PRELIMINARIES

In this section, we present the basic definitions and results of soft set theory which
will be needed in the sequel.

Definition 2.1 ([19]). Let X be an initial universe and E be a set of parameters.
Let P(X) denote the power set of X and A be a non-empty subset of E. A pair
(F, A) denoted by F is called a soft set over X , where F' is a mapping given by
F: A — P(X). In other words, a soft set over X is a parametrized family of subsets
of the universe X. For a particular e € A , F(e) may be considered the set of
e-approximate elements of the soft set (F, A). The set of all these soft sets over X
denoted by SS(X)a4.

Definition 2.2 ([15]). Let Fa, Gp € SS(X)g. Then Fj4 is soft subset of Gp,
denoted by FACGp, if

(1): AC B, and

(2): F(e) C Gle), Ve € A.
In this case, F4 is said to be a soft subset of Gp and G is said to be a soft superset
of FA, GB iDFA-

Definition 2.3 ([15]). Two soft subset F4 and Gp over a common universe set X
are said to be soft equal if F4 is soft subset of Gg and Gp is soft subset of F4.

Definition 2.4 ([4]). The complement of a soft set (F, A), denoted by (F, A)¢, is
defined by (F,A)¢ = (F° A), F¢ : A — P(X) is a mapping given by F¢(e) =
X — F(e), Ve € A and F¢ is called the soft complement function of F.
Clearly (F°)¢ is the same as F and ((F, A)°)¢ = (F, A).
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Definition 2.5 ([23]). The difference of two soft sets (F, E) and (G, E) over the
common universe X, denoted by (F, E) — (G, E) is the soft set (H, E) where for all
e€ E, H(e) = F(e) — G(e).

Definition 2.6 ([23]). Let (F, E) be a soft set over X and z € X. We say that
x € (F, F) read as x belongs to the soft set (F, E) whenever z € F(e) for all e € E.

Definition 2.7 ([23]). The soft set (F, E) over X such that F(e) = {z} Ve € F is
called singleton soft point and denoted by zg or (z, F).

Definition 2.8 ([15]). A soft set (F, A) over X is said to be a NULL soft set denoted
by ¢ or ¢4 if for all e € A, F(e) = ¢.

Definition 2.9 ([I5]). A soft set (F,A) over X is said to be an absolute soft set
denoted by A or X4 if for all e € A, F(e) = X. Clearly, we have X§ = ¢4 and
% = Xa.

Definition 2.10 ([15]). The union of two soft sets (F,A) and (G, B) over the
common universe X is the soft set (H,C'), where C = AU B and for all e € C,
F(e), ec A— B,
H(e)=<{ Gl(e), e€ B— A,
F(e)UG(e), ec ANB

Definition 2.11 ([15]). The intersection of two soft sets (F, A) and (G, B) over the
common universe X is the soft set (H,C), where C = AN B and for all e € C,
H(e) = F(e) NG(e).

Note that, in order to efficiently discuss, we consider only soft sets (F, E) over a
universe X in which all the parameter sets E are same. We denote the family of
these soft sets by SS(X)g.

Definition 2.12 ([26]). Let I be an arbitrary indexed set and L = {(F, E);,i € I}
be a subfamily of SS(X)g.

(1): The union of L is the soft set (H, E), where H(e) = |J;c; Fi(e) for each

e€ E . We write J,.,;(F, E); = (H,E).
(2): The intersection of L is the soft set (M, E), where M(e) = (;c; Fi(e) for

each e € . We write (., (F, E); = (M, E).

Definition 2.13 ([23]). Let 7 be a collection of soft sets over a universe X with a
fixed set of parameters F, then 7 C SS(X)g is called a soft topology on X if

(1): X,¢ €7, where ¢(e) = ¢ and X(e) = X, Ve € E,

(2): the union of any number of soft sets in 7 belongs to 7,

(3): the intersection of any two soft sets in 7 belongs to 7.

The triplet (X, 7, E) is called a soft topological space over X.

Definition 2.14 ([9]). Let (X, 7, E) be a soft topological space. A soft set (F, A)
over X is said to be closed soft set in X, if its relative complement (F, A)° is open
soft set.
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Definition 2.15 ([9]). Let(X, 7, E) be a soft topological space. The members of 7
are said to be open soft sets in X. We denote the set of all open soft sets over X by
OS(X, 7, E), or OS(X) and the set of all closed soft sets by C'S(X, 7, E), or CS(X).

Definition 2.16 (]23]). Let (X, 7, E) be a soft topological space and (F,E) €
SS(X)g. The soft closure of (F, E), denoted by cl(F, F) is the intersection of all
closed soft super sets of (F, E) i.e

c(F,E)=N{(H,E): (H,E) is closed soft set and (F, E)C(H, E)}).

Definition 2.17 ([26]). Let (X, 7,E) be a soft topological space and (F,E) €
SS(X)g. The soft interior of (G, E), denoted by int(G, E) is the union of all open
soft subsets of (G, E) i.e

int(G,E) = O{(H,E) : (H, E) is an open soft set and (H, E)C(G, E)}).

Definition 2.18 ([26]). The soft set (F, E) € SS(X)g is called a soft point in Xg
if there exist * € X and e € E such that F(e) = {z} and F(¢’) = ¢ for each
¢/ € E — {e}, and the soft point (F, E) is denoted by z..

Definition 2.19 ([26]). The soft point x. is said to be belonging to the soft set
(G, A), denoted by z.E(G, A), if for the element e € A, F(e) C G(e).

Proposition 2.1 ([24]). The union of any collection of soft points can be considered
as a soft set and every soft set can be expressed as union of all soft points belonging
to 1t.

Definition 2.20 ([23]). Let (X, 7, E) be a soft topological space, (F,E) € SS(X)g
and Y be a non null subset of X. Then the sub soft set of (F, E) over Y denoted by
(Fy, E), is defined as follows:

Fy(e)=Y NF(e) Ve € E.
In other words (Fy, E) = YO(F, E).

Definition 2.21 (][23]). Let (X, 7, E) be a soft topological space and Y be a non
null subset of X. Then

v ={(Fy,E): (F,E) € 1}
is called the soft relative topology on Y and (Y, 7y, E) is called a soft subspace of
(X,7,E).

Theorem 2.1 ([23]). Let (Y, 7y, E) be a soft subspace of a soft topological space
(X,7,E) and (F,E) € SS(X)g. Then
(1): If (F,E) is open soft set in Y and Y € 7, then (F,E) € 7.
(2): (F,E) is open soft set in'Y if and only if (F,E) = YOG, E) for some
(G,E)er.
(3): (F,E) is closed soft set in'Y if and only if (F,F) = YO(H, E) for some
(H, E) is T-closed soft set.

Definition 2.22 ([10]). Let (X, 7, E) be a soft topological space and (F,E) €
SS(X)g. If (F,E)Ccl(int(F,E)), then (F,E) is called semi-open soft set. We
denote the set of all semi-open soft sets by SOS(X,, E), or SOS(X) and the set
of all semi-closed soft sets by SCS(X, 7, E), or SCS(X).
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Definition 2.23 ([2]). Let SS(X)4 and SS(Y) g be families of soft sets on X and Y
respectively, v : X — Y and p : A — B be mappings. Let f,, : SS(X)a — SSY)s
be a mapping. Then;
(1): If (F,A) € SS(X)a. Then the image of (F,A) under f,,, written as
fou(Fy A) = (fpu(F),p(A)), is soft set in SS(Y)p such that
_ UaEp_l(b)ﬁA u(F(a))7 p_l(b) NnA 7& ¢7
Fou(F)(0) = { o, otherwise.
for all b € B.
(2): If (G, B) € SS(Y)p. Then the inverse image of (G, B) under f,,, written
as fp (G, B) = (f.' (G),p~(B)), is soft set in SS(X)4 such that
i
1 _J v (G@(),  pla) €B,
Fpu (G)(a) = { 0, otherwise.
for all @ € A.

The soft function f,, is called surjective if p and u are surjective, also it is said to
be injective if p and u are injective.

Definition 2.24 ([10, 12, 26]). Let (X, 7, A) and (Y, 72, B) be soft topological
spaces and fpy, 1 SS(X)a — SS(Y)p be a function. Then, The function f,, is said
to be
(1): Continuous soft if f,,}(G,B) e 1V (G,B) € 7.
(2): Open soft if f,u(G, A) e nV(G,A) €.
(3): Semi open soft if f,, (G, A) € SOSY)V (G, A) € 7.
(4): Semi continuous soft function if f,,! (G, B) € SOS(X)V (G, B) € 7.
(5): Irresolute soft if f,.,'(G,B) € SOS(X)Y (G,B) € SOS(Y)[f,.}(F,B) €
SCS(X)V (F,B) € SCS( )]
(6): Irresolute open soft (resp. irresolute closed soft) if f,,(G,A) € SOS(Y)
V (G, A) € SOS(X) (resp. fpu(F,A) € SCS(Y)V (F,A) e SCS(Y)).

Theorem 2.2 ([2]). Let SS(X)a and SS(Y)p be families of soft sets. For the soft
function fp, : SS(X)a — SS(Y)g, the following statements hold,
(): fp' (G, B)%) = (£, (G, B))*V (G, B) € SS(Y ).
(b): fou(fpu (G, B)))C(G,B)Y (G,B) € SS(Y)g. If fou is surjective, then
the equality holds.
(c): (F, A)Cf Y fpu (B A (F,A) € SS(X)a. If fpu is injective, then the
equality holds
(d): fpu(X )CY If fpu is surjective, then the equality holds.
(e): [t (Y) =X and fyu(da) = 5.
(£): 17 (FAC (G, A). then fu(F. A)Cfyu(C,
(©): 1 (F.BIEG.B) thn [y (F (G, B) Y (), (6. B) € S5(Y
(h): £ [(F.B)U(G,B)] = f,,!(F,B)Uf,,} (G, B) and [, '[(F,B)N(G,B)] =
f;;}(FvB)ﬁf;;}(GvB)v< B),(G,B) € SS5(Y)p.
Dz fpul(F,A)U(G, A)] = fpu(Fa A)Ufpu(G, A) and

Foul (F, AYA(G, A fpu(F, A)Nfpu(G, A)

V(F,A),(G,A) € SS(X)a. If fpu is injective, then the equality holds.
309
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3. SOFT SEMI SEPARATION AXIOMS

Definition 3.1. Let (X, 7, E) be a soft topological space and z,y € X such that
x # y. Then (X, 7, F) is called a soft semi T,-space if there exist semi open soft
sets (F, E) and (G, F) such that either z € (F,E) and y ¢ (F, E) or y € (G, E) and
z & (G,E).

Proposition 3.1. Let (X, 7, E) be a soft topological space and x,y € X such that
x #y. If there exist semi open soft sets (F, E) and (G, E) such that either x € (F, E)
andy € (F,E)¢ ory € (G,E) and z € (G, E)¢. Then (X, T, E) is soft semi T,-space.

Proof. Let xz,y € X such that @ # y. Let (F,F) and (G, E) be semi open soft
sets such that either z € (F,E) and y € (F,E)¢ or y € (G,E) and z € (G, E)°.
If € (F,E) and y € (F,E)°. Then y € (F(e))¢ for all e € E, This implies
that, y € F(e) for all e € E. Therefore, y ¢ (F, E). Similarly, if y € (G, E) and
xz € (G,E)°, then z & (G, E). Hence (X, 7, E) is soft semi T,-space. O

Theorem 3.1. A soft subspace (Y, 7y, E) of a soft semi T,-space (X, 1, E) is soft
semi Tp,.

Proof. Let x,y € Y such that x # y. Then z,y € X such that z # y. Hence
there exist semi open soft sets (F, E) and (G, E) in X such that either x € (F, E)
and y & (F,E) ory € (G,E) and z ¢ (G,E). Since € Y. Then z € Y. Hence
z € YQA(F,E) = (Fy,E), (F,E) is semi open soft set. Consider y ¢ (F, E), This
implies that, y ¢ F(e) for some e € E. Therefore, y ¢ YA(F,E) = (Fy,E).
Similarly, if y € (G, E) and = & (G, E), then y € (Gy,E) and = ¢ (Gy, E). Thus,
(Y, 1y, E) is soft semi T,. O

Definition 3.2. Let (X, 7, F) be a soft topological space and z,y € X such that
x # y. Then (X, 7, E) is called a soft semi Tj-space if there exist semi open soft
sets (F,E) and (G, E) such that x € (F,E) and y ¢ (F,E) and y € (G,E) and
z ¢ (G,E).

Proposition 3.2. Let (X, 7, E) be a soft topological space and x,y € X such that

x #y. If there exist semi open soft sets (F,E) and (G, E) such that x € (F, E) and
ye(F,E) andy € (G,E) and xz € (G, E)°. Then (X, 7, E) is soft semi T} -space.

Proof. Tt is similar to the proof of Theorem 13.1. O
Theorem 3.2. A soft subspace (Y, 7y, E) of a soft semi Ty-space (X, 7, E) is soft
semt 1.

Proof. Tt is similar to the proof of Theorem 3.1. O

Theorem 3.3. Let (X, 7, E) be a soft topological space. If xg is semi closed soft
set in T for all x € X, then (X, 7, E) is soft semi T1-space.

Proof. Suppose that x € X and xg is semi closed soft set in 7. Then z% is semi
open soft set in 7. Let z,y € X such that z # y. For x € X and z¢ is semi open
soft set such that x ¢ 2% and y € z%,. Similarly, y% is semi open soft set in 7 such
that y ¢ y§ and = € y§. Thus, (X, 7, E) is soft semi T}-space over X. O

310



A. Kandil et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 2, 305-318

Definition 3.3. Let (X, 7, E) be a soft topological space and z,y € X such that
x #y. Then (X, 7, E) is called a soft semi Hausdorff space or a soft semi Th-space
if there exist semi open soft sets (F, E) and (G, E) such that € (F,E), y € (G, E)
and (F, E)N(G, E) = ¢.

Theorem 3.4. For a soft topological space (X, T, E) we have:
soft semi Ty-space = soft semi Ty -space = soft semi T,-space.

Proof. Straightforward. g

Remark 3.1. The converse of Theorem (3.4 is not true in general, as shown in the
following examples.

Examples 3.1. (1): Let X = {h1,ha}, E ={e1,e2} and
T = {Xa&a (FlaE)v(F27E)a(F3aE)}

where (Fy, E), (Fy, E), (F3, E) are soft sets over X defined as follows:
Fi(er) =X, Fi(e2) = {ha},
Fy(er) ={h}, Fa(e2) =X,
Fi(er) = {l}, Fs(e2) = {ho}.
Then 7 defines a soft topology on X. Also (X, 7, F) is soft semi T}-space
but it is not a soft semi Ts-space, for hi,ho € X and hy # ho, but there is
no semi open soft sets (F, E) and (G, F) such that hy € (F, E), hs € (G, E)
and (F, E)N(G, E) = 6.

(2): Let X = {hy,ha}, E = {e1,es} and 7 = {X, ¢, (F1, E)} where (Fy, E) is
soft set over X defined as follows by Fi(e1) = X, Fi(e2) = {ha}.
Then 7 defines a soft topology on X. Also (X, 7, E) is soft semi T,-space
but not a soft semi Tj-space, since hi,ho € X, hy # hg, but all the open
soft sets which contain hq also contain hs.

Theorem 3.5. A soft subspace (Y, 7y, E) of a soft semi Ty-space (X, 1, E) is soft
semi Ty.

Proof. Let x,y € Y such that x # y. Then x,y € X such that = # y. Hence there
exist semi open soft sets (F, E') and (G, E) in X such that z € (F, E), y € (G, E) and
(F, E)A(G, E) = ¢. It follows that z € F(e), y € G(e) and F(e)NG(e) = ¢ forall e €
E. This implies that, z € YN F(e),y € YNG(e) and F(e)NG(e) = ¢ for all e € E.
Thus, z € YO(F, E) = (Fy, E), y € YA(G, E) = (Gy, E) and (Fy, E)YN\(Gy, E) =
®, where (Fy, E), (Gy, E) are semi open soft sets in Y. Therefore, (Y, 7y, E) is soft
semi Th-space. O

Definition 3.4. Let (X, 7, E) be a soft topological space, (G, E) be a semi closed
soft set in X and x € X such that = ¢ (G, E). If there exist semi open soft sets
(F1, E) and (Fy, E) such that z € (Fy, E), (G, E)C(Fy, E) and (Fy, E)A(Fy, E) = ¢,
then (X, 7, E) is called a soft semi regular space. A soft semi regular Tj-space is
called a soft semi T3-space.

Proposition 3.3. Let (X, 7, E) be a soft topological space, (G, E) be a semi closed
soft set in X and x € X such that x ¢ (G,FE). If (X,7,E) is soft semi requ-
lar space, then there exists a semi open soft set (F,E) such that x € (F,E) and
(F,B)A(G, E) = ¢.
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Proof. 1t is obvious from Definition (3.4l O
Proposition 3.4. Let (X, 7, E) be a soft topological space, (F,E) € SS(X)g and
x € X. Then:

(1): x € (F, E) if and only if epC(F, E).

(2): IfxgN(F,E) = ¢, then z & (F, E).
Proof. Obvious. O

Theorem 3.6. Let (X, 7,E) be a soft topological space and x € X. If (X,7,E) is
soft semi reqular space, then:

(1): = & (F,E) if and only if xgN(F,E) = ¢ for every semi closed soft set

(FLE).

(2): z & (G, E) if and only if xtgN(G,E) = ¢ for every semi open soft set
(G,E).

Proof. (1): Let (F, E) be a semi closed soft set such that ¢ (F, E). Since

(X, 7, E) is soft semi regular space. Then by Proposition 3.3 there exists a
semi open soft set (G, E) such that = € (G, E) and (F, E)N(G,E) = ¢. It
follows that z5C(G, E) from Proposition 3.4 (1). Hence zpN(F, E) = ¢.
Conversely, if zgN(F, E) = 6, then z ¢ (F, E) from Proposition 3.4/ (2).
(2): Let (G, E) be a semi open soft set such that ¢ (G, E). If x & G(e)
for all e € E, then we get the proof. If z ¢ G(e1) and © € G(eq) for some
e1,ea € E, then z € G°(e1) and = € G°(eq) for some e1,eo € E. This
means that, 25N(G, E) # ¢. Hence (G, E)¢ is semi closed soft set such
that z ¢ (G,E)°. It follows by (1) 5N (G, E)¢ = ¢. This implies that,
rpC(G, E) and so = € (G, E), which is contradiction with z & G(e;) for
some e; € E. Therefore, 25N\(G, E) = ¢. Conversely, if zxN(G, E) = ¢,
then it is obvious that = ¢ (G, E). This completes the proof.
O

Corollary 3.1. Let (X, 7, E) be a soft topological space and x € X. If (X, 7,E) is
soft semi regular space, then the following are equivalent:
(1): (X, 7, E) is soft semi Ty -space.
(2: Vz,y € X such that x # y, there exist semi open soft sets (F, E) and (G, E)
such that rpC(F, E) and ypO\(F,E) = ¢ and yrC(G, E) and rgN(G, E) =
0.

Proof. It is obvious from Theorem [3.6. O

Theorem 3.7. Let (X,7,FE) be a soft topological space and © € X. Then the

following are equivalent:
(1): (X, 7, E) is soft semi reqular space. )
(2): For every semi closed soft set (G, E) such that xp"\(G, E) = ¢, there exist
semi open soft sets (F1, E) and (F, E) such that xpC(Fy, E), (G, E)C(F, E)

and (Fy, E)A(Fy, E) = .
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Proof. (1) = (2) : Let (G, E) be a semi closed soft set such that xgN(G, E) =
¢. Then z ¢ (G, E) from Theorem 3.6 (1). It follows by (1), there exist semi
open soft sets (Fy, F) and (Fy, E) such that x € (F},E), (G, E)C(Fy, E)
and (Fy, E)A(Fy, E) = ¢. This means that, zpC(F}, E), (G, E)C(Fy, E)
and (Fy, EYA(Fy, E) = 6.

(2) = (1) : Let (G, E) be a semi closed soft set such that z ¢ (G, E). Then
zp0(G, E) = ¢ from Theorem 3.6/ (1). It follows by (2), there exist semi
open soft sets (Fy, E) and (Fy, E) such that g C(Fy, E), (G, E)C(Fy, E) and
(F1, E)A(Fy, E) = ¢. Hence z € (Fy, E), (G, E)C(Fy, E) and (Fy, E)\(Fy, E)
= ¢. Thus, (X, 7, E) is soft semi regular space.

O

Theorem 3.8. Let (X, 7, E) be a soft topological space. If (X,7,E) is soft semi
Ts-space, then ¥ x € X, xg is semi closed soft set.

Proof. We want to prove that g is semi closed soft set, which is sufficient to prove
that z%, is semi open soft set for all y € {z}°. Since (X, 7, E) is soft semi T3-space,
then there exist semi open soft sets (F, E), and (G, E) such that yzC(F, E), and
wpN(F,E), = ¢ and 25 C(G, E) and ypN(G, E) = ¢. It follows that J, ¢ (. (F, E)y
Cxg. Now we want to prove that 24C U eruye(F E)y. Lot Uyeqp(F E)y =
(H,E), where H(e) = U, e,y F(e)y for all e € E. Since zg(e) = {z} for all e € E
from Definition 2.7, So, for all y € {2} and e € E, 25(e) = {2}° = U e sy {y} =
Uye are yr(e)C Uyeaye F(€)y = H(e). Thus, 1%,C Uyefaye (£, E)y from Definition
2.2l and so z§, = Uye{w}C(F’ E),. This means that, x% is semi open soft set for all
y € {z}°. Therefore, xp is semi closed soft set. O

Theorem 3.9. Fvery soft semi Ts-space is soft semi Ta-space.

Proof. Let (X, 7, FE) be a soft semi T3-space and z,y € X such that x # y. By
Theorem [3.8, yg is semi closed soft set and z ¢ yg. It follows from the soft semi
regularity, there exist semi open soft sets (F1, F) and (F3, E) such that z € (Fy, E),
ypC(Fy, E) and (Fy, E)A(Fy, E) = ¢. Thus, z € (F1,E), y € ypC(Fy, E) and
(Fy, BEYA(Fy, E) = ¢. Therefore, (X, 7, E) is soft semi Th-space. O

Theorem 3.10. A soft subspace (Y, 7y, E) of a soft semi Ts-space (X, 1, E) is soft
semt T3.

Proof. By Theorem 3.11 (Y, 7y, E) is soft semi T3-space. Now we want to prove that
(Y, 1y, E) is soft semi regular space. Let y € Y and (G, E) be a semi closed soft set
in Y such that y € (G, E). Then (G,E) = (Y, E)N(F, E) for some semi closed soft
set (F, E) in X from Theorem 2.1. Hence y ¢ (Y, E)N(F,E). Buty € (Y, E),s0oy &
(F, E). Since (X, 1, E) is soft semi T3-space, so there exist semi open soft sets (Fy, F)
and (Fy, E) in X such that y € (F1, E), (F, E)C(Fy, E) and (Fy, E)\(Fy, E) = 6.
Take (G, F) = (Y, E)N(F1, E) and (Go, E) = (Y, E)N\(Fy, E), then (G1, E), (G2, F)
are semi open soft sets in Y such that y € (G1, E), (G, E)C(Y, EYN\(Fy, E) = (G, E)
and (G4, E)N(Ga, E)C(Fy, E)N\(Fy, E) = ¢. Thus, (Y, 7y, E) is soft semi Ts-space.

O
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Definition 3.5. Let (X, 7, E) be a soft topological space, (F, E), (G, E) be semi
closed soft sets in X such that (F, E)\(G, E) = ¢. If there exist semi open soft sets
(F1, E) and (Fy, E) such that (F, E)YC(Fy, E), (G, E)C(Fy, E) and (Fy, E)N(Fy, E) =
(;NS, then (X, 7, E) is called a soft semi normal space. A soft semi normal T;-space is
called a soft semi Ty-space.

Theorem 3.11. Let (X, 7,FE) be a soft topological space and © € X. Then the
following are equivalent:

(1): (X, 7, E) is soft semi normal space.

(2): For every semi closed soft set (F, E) and semi open soft set (G, E) such
that (F, E)C(G, E), there exists a semi open soft set (Fy, E) such that (F, E)
C(Fy, E), SScl(Fy, E)C(G, E), where SScl(Fy, E) is the soft semi closure
of (F1, E) mentioned in [10].

Proof. (1) = (2) : Let (F,E) be a semi closed soft set and (G, E) be a semi
open soft set such that (F, E)C(G, E). Then (F, E), (G, E)¢ are semi closed
soft sets such that (F, E)A(G, E)¢ = ¢. It follows by (1), there exist semi
open soft sets (Fy, E) and (Fy, E) such that (F, E)C(Fy, E), (G, E)°C(F,, E)
and (Fy, E)A\(Fy, E) = ¢. Now (Fy, E)C(Fy, E)°, so

SScl(Fy, E)CSScl(Fy, E) = (Fy, E)°,
where (G, F) is semi open soft set. Also (Fy, E)°C(G, E). Hence
SScl(Fy, BE)C(Fy, E)°C(G, E).

Thus, (F, B)C(F,, E), SScl(Fy, E)C(G, E).

(2) = (1) : Let (G1, E), (G2, E) be semi closed soft sets such that (G, E) N
(Ga, E) = ¢. Then (G1, E)C(Ga, E)¢, then by hypothesis, there exists a semi
open soft set (Fy, E) such that G1, E)C(Fy, E), SScl(Fy, E)C(Gs, E)¢. So,
(Gq, BYC[SScl(F1, E)¢, G1, E)C(Fy, E) and [SScl(Fy, E)*O(F1, E) = 6,
where (F1, E) and [SScl(F1, E)|¢ are semi open soft sets. Thus, (X, 7, F) is
soft semi normal space.

O

Theorem 3.12. A semi closed soft subspace (Y, 7y, E) of a soft semi normal space
(X, 7,E) is soft semi normal.

Proof. Let (G1, E), (G2, E) be semi closed soft sets in Y such that (G, E)N(Ga, E) =
¢. Then (G, E) = (Y,E)A(Fy,E) and (G2, E) = (Y, E)A(F,, E) for some semi
closed soft sets (Fy, E), (F3, E) in X from Theorem 2.1l Since Y is sa semi closed
soft subset of X. Then (G1, E), (G2, E) are semi closed soft sets in X such that
(G1, E)N(Gy, E) = ¢. Hence by soft semi normality there exist semi open soft
sets (Hy,E) and (Ho, E) such that (Gy,E) C (Hy,E), (G2, E) C (Hy, E) and

(Hi,E) O (Hy, E) = . Since (G1,E), (G2, E) C (Y,E), then (G1,E) C (Y, E)
N (Hy, E), (G2, E) C (Y, E) N (Hy, E) and [(Y, E)N(Hy, E)N[(Y, E)N(Hz, E)] = ¢,
where (Y, E)N(Hy, E) and (Y, E)N\(Ha, E) are semi open soft sets in Y. Therefore,

(Y, 7y, E) is soft semi normal space. O
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Theorem 3.13. Let (X, 7, FE) be a soft topological space. If (X, T, E) is soft semi
normal space and xg is semi closed soft set in T for all x € X, then (X, 7, E) is soft
semi T3-space.

Proof. Since xp is semi closed soft set for all x € X, then (X, 7, F) is soft semi
T;-space from Theorem 3.3l Also (X, 7, F) is soft semi regular space from Theorem
3.7 and Definition [3.5. Hence (X, 7, F) is soft semi T3-space. O

4. SOME TYPES OF SOFT FUNCTIONS

Theorem 4.1. Let (X,71,A) and (Y, 72, B) be soft topological spaces and fp, :
SS(X)a — SS(Y)p be soft function which is bijective and irresolute open soft. If
(X, 71, A) is soft semi T,-space, then (Y, 72, B) is also a soft semi T,-space.

Proof. Let y1,y2 € Y such that y; # y2. Since f,, is surjective, then 3,22 € X
such that u(z1) = y1, u(x2) = y2 and x1 # x5. By hypothesis, there exist semi open
soft sets (F, A) and (G, A) in X such that either zy € (F,A) and z2 & (F,A) or
x2 € (G, A) and z1 & (G, A). So, either x1 € Fu(e) and xo & Fa(e) or 2 € Ga(e)
and x1 € Ga(e) for all e € E. This implies that, either y; = u(z1) € u[Fa(e)] and
yo = u(zz) & ulFa(e)] or yo = u(za) € ulGa(e) and g1 = u(wy) & ulGa(e)] for
all e € E. Hence either y1 € fp(F, A) and yo & fpu(F, A) or y2 € fpu(G, A) and
y1 & fpu(G,A). Since fp, is irresolute open soft function, then fp, (F, A), fpu (G, A)
are semi open soft sets in Y. Hence (Y, 2, B) is also a soft semi T,-space. O

Theorem 4.2. Let (X,71,A) and (Y, 72,B) be soft topological spaces and fp, :
SS(X)a — SS(Y)p be soft function which is bijective and irresolute open soft. If
(X, 71, A) is soft semi Ty-space, then (Y, 72, B) is also a soft semi T} -space.

Proof. It is similar to the proof of Theorem 4.1. O

Theorem 4.3. Let (X,71,A) and (Y, 72, B) be soft topological spaces and fp, :
SS(X)a — SS(Y)p be soft function which is bijective and irresolute open soft. If
(X, 71, A) is soft semi Ty-space, then (Y, 72, B) is also a soft semi Th-space.

Proof. y1,y2 € Y such that y; # y». Since fp, is surjective, then Jzi,20 € X
such that u(z1) = y1, u(x2) = y2 and x1 # x9. By hypothesis, there exist semi
open soft sets (F,A) and (G,A) in X such that ;1 € (F,A), 22 € (G,A) and
(F,A)A(G,A) = ¢a. So, z1 € Fale), x5 € Ga(e) and Fu(e)NGa(e) = ¢ for
all e € E. This implies that, y1 = u(z1) € u[Fa(e)], y2 = u(z2) € u[Ga(e)]
for all e € E. Hence y1 € fpu(F,A), y2 € fou(G,A) and fpu(F, A)Nfpu(G, A) =
Foul(F; AA(G, A)] = fpuldpa] = p from Theorem 2.2. Since fp, is irresolute open
soft function, then f,,(F, A), fpu(G, A) are semi open soft sets in Y. Thus, (Y, 72, B)
is also a soft semi T5-space. O

Theorem 4.4. Let (X,71,A) and (Y, 72, B) be soft topological spaces and fp, :
SS(X)a — SS(Y)g be soft function which is bijective, irresolute soft and irresolute
open soft. If (X, 71, A) is soft semi reqular space, then (Y, T, B) is also a soft semi
regular space.
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Proof. Let (G, B) be a semi closed soft set in Y and y € Y such that y & (G, B).
Since fpy is surjective and irresolute soft , then 3z € X such that u(z) = y
and f,!(G,B) is semi closed soft set in X such that = ¢ f,,'(G,B). By hy-
pothesis, there exist semi open soft sets (F, A) and (H,A) in X such that z €
(F,A), f}(G,B)C(H,A) and (F,A)N(H,A) = ¢a. It follows that z € Fale)
for all e € E and (G,B) = fpu[f;ul(G,B)]pru(H, A) from Theorem 2.2 So,
y = u(r1) € u[Fa(e)] for all e € E and (G, B)C f,u(H, A). Hence y € f,u(F, A) and
(G, B)C fpu(H, A) and fpu(F, A)Nfpu(H, A) = foul(F, A)N(H, A)] = fpulda] = ¢5
from Theorem[2.2l Sincef,, is irresolute open soft function. Then f,,(F, A), fpu(H, A)
are semi open soft sets in Y. Thus, (Y, 72, B) is also a soft semi regular space. O

Theorem 4.5. Let (X,7,A) and (Y, 72, B) be soft topological spaces and fp, :
SS(X)a — SS(Y)p be soft function which is bijective, irresolute soft and irresolute
open soft. If (X, 11, A) is soft semi Ts-space, then (Y, 72, B) is also a soft semi T5-
space.

Proof. Since (X, 71, A) is soft semi T3-space, then (X, 71, A) is soft semi regular
Ty-space. It follows that (Y, 72, B) is also a soft semi T3j-space from Theorem 4.2
and soft semi regular space from Theorem 4.4l Hence, (Y, 72, B) is also a soft semi
Ts-space. O

Theorem 4.6. Let (X,m,A) and (Y, 72, B) be soft topological spaces and fp, :
SS(X)a — SS(Y)p be soft function which is bijective, irresolute soft and irresolute
open soft. If (X, 11, A) is soft semi normal space, then (Y, 19, B) is also a soft semi
normal space.

Proof. Let (F, B), (G, B) be semi closed soft sets in Y such that (F, B)\(G, B) = ¢p.
Since fp, is irresolute soft, then f,.!(F, B) and f,.!(G, B) are semi closed soft set
in X such that f,.!(F, B)A\f,, (G, B) = f,.}[(F,B)A\(G,B)] = f,.l[é5] = da from
Theorem 2.2l By hypothesis, there exist semi open soft sets (K, A) and (H, A) in X
such that f'(F, B)C(K, A), fod (G, B)C(H, A) and (F, A)A(H, A) = ¢ 4. It follows
that (F, B) = fpu[f;;}(Fa B)]éfpu(K7 A) (G, B) = fpu[fp_ul(G7 )]éfpu(Ha A) from
Theorem 2.2 and fpu(K7 A)ﬁfpu(Ha A) = fpu[(K7 A)ﬁ(H’ A)] = fpu[&A] = J)B from
Theorem [2.2. Since f,, is irresolute open soft function. Then f,, (K, A), fpu(H, A)
are semi open soft sets in Y. Thus, (Y, 72, B) is also a soft semi normal space. [

Corollary 4.1. Let (X,71,A) and (Y, 72, B) be soft topological spaces and fp, :
SS(X)a — SS(Y)p be soft function which is bijective, irresolute soft and irresolute
open soft. If (X, 71, A) is soft semi Ty-space, then (Y, 72, B) is also a soft semi Ty-
space.

Proof. Tt is obvious from Theorem 4.2] and Theorem 4.6. g

5. CONCLUSION

Topology is an important and major area of mathematics and it can give many
relationships between other scientific areas and mathematical models. Recently,
many scientists have studied and improved the soft set theory, which is initiated
by Molodtsov [19] and easily applied to many problems having uncertainties from
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social life. In this paper, we introduce the notion of soft semi separation axioms.
In particular we study the properties of the soft semi regular spaces and soft semi
normal spaces. We show that if zg is semi closed soft set for all z € X in a soft
topological space (X, 7, F), then (X, 7, E) is soft semi Tj-space. Also, we show
that if a soft topological space (X, 7, E) is soft semi Ts-space, then V = € X, =g
is semi closed soft set. Also, we show that the property of being semi T;-spaces
(¢ = 1,2) is soft topological property under a bijection and irresolute open soft
mapping. Further, the properties of being soft semi regular and soft semi normal are
soft topological properties under a bijection, irresolute soft and irresolute open soft
functions. Finally, we show that the property of being semi T;-spaces (i = 1,2, 3,4)
is a hereditary property. We hope that the results in this paper will help researcher
enhance and promote the further study on soft topology to carry out a general
framework for their applications in practical li
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