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ABSTRACT. In this paper we consider general t-norm in the definition
of fuzzy normed linear space which is introduced by the authors in an
earlier paper. It is proved that if t-norm is chosen other than "min” then
decomposition theorem of a fuzzy norm into a family of crisp norms may
not hold. We study some basic results on finite dimensional fuzzy normed
linear spaces in general t-norm setting.
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1. INTRODUCTION

Theory of fuzzy sets was introduced by Zadeh [19] in 1965. After the pioneering
work of Zadeh, there has been a great effort to obtain fuzzy analogues of classical
theories. Among other fields, a progressive developments are made in the field of
fuzzy metric spaces and fuzzy normed linear spaces [3, 4, 6, [7, 8, 9, [11]. The notion
of intuitionistic fuzzy set has been introduced by Atanassov [1] as a generalized fuzzy
set. J.H.Park [14], who first introduced the idea of intuitionistic fuzzy metric space
and studied some basic properties. On the other hand, Saadati & Park [15] have an
important contribution on the intuitionistic fuzzy topological spaces. They have also
introduced the notion of intuitionistic fuzzy normed linear space and studied some
basic properties in such spaces. There have been a good amount of work done in
intuitionistic fuzzy set such as T.K. Mandal & S.K.Samanta [12,[13], N. Thillaigovin-
dan et al.[I7]. Recently Vijayabalaji et al.[18] introduced a concept of intuitionistic
fuzzy n-normed linear space and developed some results. T.K.Samanta et al. [16]
considered a fuzzy normed linear space which was introduced by Bag & Samanta
[2, 5] and defined an intuitionistic fuzzy normed linear space in general setting (
taking * and ¢ as t-norm and t-co-norm respectively ). They mainly studied differ-
ent results on finite dimensional intuitionistic fuzzy normed linear space. But their
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results depend on the decomposition theorem of the intuitionistic fuzzy norm into
a family of pairs of crisp norms for which they have taken the additional conditions
on t-norm and t-conorm as a * ¢ = a and ada = a Va € [0, 1] which resulted
x=min and a{)a=max. So effectively the generality of the t-norm and t-conorm are
lost. On the other hand, because of the relation M (z,t) + N(x,t) < 1, some of the
conditions involving the functions M (z,t) and N(x,t) in the definition considered
by T.K.Samanta et al.[16] led to such a situation that in some definitions and results
related to convergence and Cauchyness of a sequence statements involving one of the
functions M and N follows from the other.

To avoid these triviality, in this paper, we have modified the definition of intu-
itionistic fuzzy normed linear space introduced by R. Saadati et al. [15] and study
finite dimensional intuitionistic fuzzy normed linear space. In our definition both
the conditions viz. (1) a*xa = a, ada = a and (2) M(z,t) + N(z,t) < 1 are waived.
In our present approach we have avoided the decomposition technique which is very
much dependent on the restricted t-norm viz. min and t-conorm viz. maz.

The organization of the paper is as in the following:

Section 1 comprises some preliminary results. In Section 2, we introduce a definition
of intuitionistic fuzzy normed linear space. Some basic results on completeness and
compactness are established in finite dimensional intuitionistic fuzzy normed linear
spaces in Section 3.

2. PRELIMINARIES

Definition 2.1 ([10]). A binary operation *: [0, 1] x [0, 1] — [0, 1] is a t-norm
if it satisfies the following conditions:

(1) = is associative and commutative;

(2)axl=a Yael0, 1];

(3) axb < cxd whenever a < c and b < d for each a,b,c,d € [0, 1].

If % is continuous then it is called continuous t-norm. Following are exam-
ples of some t-norms that are frequently used as fuzzy intersections defined for all
a, be [0, 1].

(i) Standard intersection: a * b = min(a, b).

(ii) Algebraic product: a * b = ab.

(iii) Bounded difference: a x b = maz(0, a +b—1).
(iv) Drastic intersection:

a forb=1
axb= b fora=1
0 for otherwise.

The relations among these t-norms are
a * b(Drastic)< maz(0, a +b—1) < ab < min(a, b).

Definition 2.2 ([10]). A binary operation ¢ : [0, 1]x[0, 1] — [0, 1] is a t-co-norm
if it satisfies the following conditions:
(1) ¢ is associative and commutative;
(2) a0 =a Va0, 1J;
(3) adb < ¢{d whenever a < ¢ and b < d for each a,b,c,d € [0, 1].
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If { is continuous then it is called continuous t-co-norm. Following are some
examples of t-co-norms.
(i) Standard union: a{>b = maz(a, b).
(ii) Algebraic sum: ab = a + b — ab.
(iii) Bounded sum : a{b = min(1, a +b).
(iv) Drastic union:

a forb=0
ab=< b fora=0
1 for otherwise.

Relations among these t-co-norms are ab (Drastic)> min(l , a +b) > a+b—
ab > max(a, b)

Definition 2.3 ([5]). Let U be a linear space over the field F (C or R). A fuzzy
subset N of U x R (R- set of real numbers) is called a fuzzy norm on U if

(N1) Vt e R with t <0, N(z, t) = 0;

(N2) (Vt e R,t > 0,N(z, ¢)=1) iff z = 0;

(N3)Vte R, t >0, N(cx, t)=N(z, %) if ¢ £ 0;

(N4) Vs, t € R; x,u € U;

N(xz+u, s+t)> N(z, s)*N(u, t);

(N5) N(z , .) is a non-decreasing function of R and tlggo N(z, t)=1.

The pair (U, N) will be referred to as a fuzzy normed linear space. In [2], particular
t-norm ”min” is taken for .

Definition 2.4 ([15]). The 5-tuple (V, u, v, %, ) is said to be an intuitionistic fuzzy
normed linear space if V is a vector space, * is continuous ¢t-norm, <) is a continuous
t-conorm and pu, v are fuzzy sets on V x (0, oo) satisfying the following conditions
for every z,y € V and s,t > 0;

(a) p(z,t) + V(x,t) <1

) hm 1/( , t) =0 and }iII(l)l/(.’E, t)=1.

t—o0o

(b) i, ) >

(c) wlz , t) = 1 1fand only if z = 0;

(d) plex , t) = plz , ) if ¢ #0;
(e)u(m u, s+t)> p(w, s)*plu, t);
(f) (, o0) — [0,1] is contlnuous;
(9) Jim p(x, t) =1 and lim p(z , t) = 0;
(h) V( : )<1;

(i) v(z , t) =0 iff 2 = 0;

( )V(CZ’, t):V(xa ||)1fc7£0

(F) (e tu, s+1) < vz, $0v(u, t);
(1) v: (0,00) — [0,1] is continuous;

(m

In

this case (1, v) is called an intuitionistic fuzzy norm.

T.K.Samanta et al. [16] consider the above definition by omitting the conditions
(f) and (1) as in the following.
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Definition 2.5 ([16]). Let * be a continuous ¢-norm, <{» be a continuous t-conorm
and V be a linear space over the field F(R/C). An intuitionistic fuzzy norm ( IFN )
on V is an object of the form A = {((z, t),N(z, t), M(xz, t)): (z,t) € VxR"}
where N.M are fuzzy sets on V x RT, N denotes the degree of membership and M
denotes the degree of non-membership

(i) N(z,t) + M(z,t) <1 Y(z, t) €V xR*;
(ii) N(z , t) > 0;
(iii) N(z , t) = 1 if and only if = = 0;
(iv) N(cx , t) = N(x , ﬁ) ife#0, ceF;
(v) Vs,t e RY; z,u € V;
(x4+u, s+t)> N(z, s)*N(u, t);
(vi) N(z , .) is a non-decreasing function of R and tlirgo Nz, t)=1;
(viil) M(z, t) >0;
(viii) (Vt e R,t >0, M(x , t) =0) iff z = 0;
(ix) M(cx, t)= Mz, ﬁ) ifc#0, ceF;
(x) Vs,t e R"; z,u € V;
Mx+u, s+t)< Mz, s)OM(u , t);
(xi) M(x , .) is a non-increasing function of R* and tlirglo M(z , t)=0.

Then we say (V' , A) is an intuitionistic fuzzy normed linear space.

Definition 2.6 ([16]). A sequence {z,} in an IFNLS (V , A) is said to converge to
zeVifgivenr >0, t >0, 0 <7 <1 there exists a positive integer ngy such that
N(xp—2x,t) >l —rand M(z, —2z,t) <r Vn>no.

Theorem 2.7 ([16]). In an IFNLS (V , A), a sequence {x,} converges to x iff
lim N(z, —x , t) =1 and lim M(z, —2, t) =0.

n—oo

Theorem 2.8 ([16]). If a sequence {x,} in an IFNLS (V , A), is convergent, its
limit is unique.

Definition 2.9 ([16]). A sequence {z,} in an IFNLS (V' , A) is said to be a Cauchy
sequence if lim N(zp4p —2p , t) =1 and lim M(z,4p — Tn , t) = 0 uniformly
on p=1,2,...,t>0.

Definition 2.10 ([16]). Let (V' , A) be an IFNLS. A subset P of V is said to be
closed if for any sequence {z,} in P converges to x € P.

Definition 2.11 ([16]). Let (V' , A) be an IFNLS and P C V. Then the closure of
P denoted by P, is defined by P = {x € V' : 3 a sequence {z,} in P converging to

Definition 2.12 ([16] ). Let (V , A) be an IFNLS. A subset P of V is said to
be compact if any sequence {z,} in P has a subsequence which converges to some
element in P.

3. INTUITIONISTIC FUZZY NORMED LINEAR SPACES

Following is our modified definition of intuitionistic fuzzy normed linear space.
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Definition 3.1. Let x be a t-norm, < be a t-conorm and V be a linear space over
the field F(R or C). An intuitionistic fuzzy norm ( IFN ) on V is an object of the
form

=A{((z, t),N(z , t), Mz, t)): (z, t) €V xR} where NM are fuzzy
sets on V x R, N denotes the degree of membership and M denotes the degree of
non-membership (z , t) € V x R satisfying the following conditions:

(IFN1) Vt € R with ¢t <0, N(z , t) = 0;

IFN2) (Vt e R,t > 0,N(x , t) =1) iff z = 0;
IFN3)Vte R, t >0, N(czx, t) = N(z, ﬁ) if ¢ # 0;
(IFN4) Vs, t € R; z,u € U,
Nx+4+u, s+t)> N(z, s)*N(u, t);
(IFN5) tlggo N(z, t)=1.
(IFN6) vVt € R with t <0, M(z , t) = 1;
(IFNT) (Vt e R,t >0, M(x , t) =0) iff z = 0;
(IEFN8)Vt e R, t >0, M(cx , t) = M(z , ﬂ) if ¢ £ 0;
(IFN9) Vs,t € R; z,u € V;
Mx+u, s+t)< Mz, s)OM(u , t);
(IFN10) tlirgo Mz, t)=0.
Then we say (V' , A) is an intuitionistic fuzzy normed linear space.

Remark 3.2. From (IFN2) and (IFN4), it follows that N(z , .) is a non-decreasing
function of R. From (IFN7) and (IFN9), it follows that M (z , .) is a non-increasing
function of R.

P

Example 3.3. Let (V' , || ||) be a normed linear space. Define two fuzzy subsets N
and M:V xR — [0, 1] by
—t fort>||z||
N t) =< tHlall
o= T

IEdl
Mz, t)={ Temer fort>llell
1 for ¢t < ||z||
Take a % b = ab and a{b = min{l, a+b}. Then (V , A) is an intuitionistic fuzzy
normed linear space.

Proof. All the conditions except (IFN4) and (IFN9) are easily verified.
First we verify (IFN4); ie., N(x+y, s+t) > N(z, s)*N(y, t).
Let x,y € V and s,t € R.

Suppose s,t > 0 (Since in other cases (IFN4) is obvious).

We have,
s+t _ st > s+t _ st
stitllz+yll  (s+[leIDE+Yl) = S+t+IIxH+IIyH (s+11=[) E+lyl])
s+t _ s Hy||+(s+t)||va||yH+t Uzl > .

= sty St+tH1ll+SllyH+|le|
where A = (s + 1+ ||z[| + [lyl[) (st +t||$|\ + sllyll + H»”U||||y||)
SoN(x+u, s+t)> N(z, s)*N(u
Next we verify M(z +u , s+t) < M(x , s)OM(u , t).
We only consider the case when s > ||x|| and ¢ > ||y|| (since in other cases (IFN9)
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is obvious).

We have, M(z , s)OM(y , t)—M(z+vy, s+t) = chlﬁlJlrs + Hgﬂs — IIerZJIFIi!H

= [{ll=z I+ lyl]) + |yll(s + [lz[DHlz + yl[ + s + t} — ||z + yll(s + [[z][) (£ + |[y[])]/A
where A = (||z[| +s)(¢ + [[y[D{[|z + yl| + s + t}.

= [(s+ O[]l +[lyl]) + (s + Oyl (s + [[z[]) + |zl |z+ yl| (¢ + ly[]) + [lz+ |1yl (s +
z[[) = Iz + yl[(s + [|2z[[) (¢ + [[y]])]/A

= [(s + Ollz([(t + [lyl]) + (s + Ollyll(s + [[=]]) + [lz|l||z + yl| ¢ + [yl]) + ||z + yl|(s +
DAyl = ¢ = [lyl|}]/A.

= [(s+)[|zl[E+ [yl + (s+Ol[yl|(s +|[z]]) + |z +yl| ¢z + ||z [[y]] — st =] |z|[)] /A.
= [(s +O)|2|[ + [ly[]) + (s + Ollyll(s + [lz[]) + [z [[[ly][||z + y|| — st|lz + y[]]/A.

> [(s+O)lzl|(t+ [lyl]) + (s + Oyl (s + [|2]]) + [zl|[y[[||z + yl| — st|[=|] — st|[y][]/A.
ie. Mz, s)OM(y,t)—M(x+y, s+t) >0.

ie. Mz, s)OM(y, t)>M(z+y, s+1t). O

Note 3.4. In the context of modified Definition 3.1, we consider the same Definition
2.6, Definition 2.9, Definition 2.10, Definition 2.11, Definition 2.12 and it is easy
to verify that the Theorem 2.7 and Theorem 2.8 are wvalid in respect of modified
definition.

4. FINITE DIMENSIONAL INTUITIONISTIC FUZZY NORMED LINEAR SPACES

In this section we study completeness and compactness properties of finite dimen-
sional intuitionistic fuzzy normed linear spaces. Firstly consider the following Lemma
which plays the key role in studying properties of finite dimensional intuitionistic
fuzzy normed linear spaces.

Lemma 4.1. Let (V , A) be an intuitionistic fuzzy normed linear space with the
underlying t-norm x continuous at (1, 1) and the underlying t-conorm < continuous

at (0, 0) and {z1, za, ....... ,Zn} be a linearly independent set of vectors in V. Then

Je1, c2 > 0 and 361, 02 € (0, 1) such that for any set of scalars {a1, ag,........ i}

N(agzy 4+ asza+ ... + Ty, clz|aj|) < 1—96;. (4.1.1a)
j=1

M(aqrz1 + axo + ... + Ty, 022|aj|) > 0o. (4.1.1d)
j=1

Proof. Let s = |ay| + |aa| + ...... + |au).

If s =0 then a; =0Vj =1,2,....,n and the relation (4.1.1a) holds for any ¢ > 0
and 6 € (0, 1).

Next we suppose that s > 0. Then (4.1.1a) is equivalent to

N(Brz1+Goza+...... +BnTn, 1) < 1—0; . (4.1.2a)
for some ¢; > 0 and 01 € (0, 1), and for all scalars 3’s with Z 16| = L.

If possible suppose that (4.1.2a) does not hold. Thus for each CJ:>10 andd € (0, 1), 3
a set of scalars {01, B2, ....... , Bn} with z”: |6;] =1 for which

j=1
N(Byx1 + Boxa + ... + Bnpn, ¢) >1—0.
250



T. Bag et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 2, 245-257

Then for c =6 = =, m=1,2,....., 3 aset of scalars {ﬁlm), ém), ....... ,Br(Lm)} with

Z ‘ﬁj(m)| = 1 such that N(yn, , =) > 1— -1 where y,, = ﬁim)xl —|—ﬁém)$2 + oot
j=1
(m)

5 Loy -

Since Z |ﬁj(-m)\ =1, we have 0 < \ﬁ](-m)| <lforj=1,2,.... ST

So for each fixed j the sequence {6J(-m)} is bounded and hence {,6§m)} has a convergent
subsequence. Let 3; denote the limit of that subsequence and let {y1,,} denote the
corresponding subsequence of {y,, }. By the same argument {y1 ., } has a subsequence
{y2,m } for which the corresponding subsequence of scalars {Bém)} converges to [z (
say ). Continuing in this way, after n steps we obtain a subsequence {yy, m } where

Z x-wichh](»m)\:land %(,m)_>5j as m — o0.
j=1
Let y = ﬁlcm + Boxo + ....... + Bnxn.
Now we show that lim N(ynm, —y, t) =1Vt > 0. We have
m—00

n

Nnm =y, )= NQ_ ("™ = B}, 1)

> N(xq, | ("’)—Bll) ....... * N (2, ‘ ("f)—ﬁnl)
So,
4
lim N(ypm—y,t) > lim N(xl,T)* ....... * lim N(x"’T .
meee mee nlyy = meee nlyn" — Bl
= lim N(ypm—y,t) >1x.... x 1 ( by the continuity of t-norm = at (1, 1)).
= lim N(ypm—y,t)=1Vt>0 (4.1.3a).
m—00

Now for k£ > 0, choose m such that % <k.

WehaveN(ynmak) N(yn,nL+Q7%“V‘k_%)zN(yn,ma%)*N(ka_%)
(1——)*N(0 k——)

l.e.N(yn,m,k) (1——)*N(O k—L)y=(1-L)yx1=1-1)

ie. lim N(ynm , k) >

m—0o0

ie. lim N(ypm, k (4.1.4a)
m—00

) =
Now N(y , 2k) = Ny = Ynm + Ynm » k+k) = NY = Ynm » k) * N(Ynm , k)
= Ny, 2k) > n}n)nooN(y — Ynom , k) * "%Enoo N(Yn,m » k) ( by the continuity of
t-norm x at (1, 1)).
= N(y, 2k) > 11 by (4.1.30)&(4.1.4a)
= N(y, 2k) =1x1=1.
Since k > 0 is arbitrary, by (IFN2) it follows that y = 0.

Again since Z |B§m)| =1 and {z1, 2, «ucc.. , Ty} are linearly independent set of
j=1
vectors, so y = f1x1 + Paxa + ....... + Bnxyn # 0. Thus we arrive at a contradiction.

Now we prove the relation (4.1.1b).
If s =0then a; =0Vj =1,2,...,n and the relation (4.1.1b) holds for any ¢ > 0

251



T. Bag et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 2, 245-257

and § € (0, 1).
Next we suppose that s > 0. Then (4.1.1b) is equivalent to
M(Brx14+Boo+ oo APy, c2) > 0o (4.1.20)
n

for some ¢z > 0 and d2 € (0, 1), and for all scalars 8;’s with Z 18] = 1.

j=1
If possible suppose that (4.1.2b) does not hold. Thus for each ¢ > 0and 6 € (0, 1), 3
a set of scalars {1, Ba,....... , Bn} with Z |6;] =1 for which

j=1

M(ﬁlml + 62.1‘2 + o + ﬁnxn; C) S 6.
Then for ¢ = § = %, m=1,2,....., 3 a set of scalars {’y{m), ’yém), ....... ,’yy(lm)} with

n
Z ij)| = 1 such that M(z,, , &) < =+ where z,, = 7§m)m1 + Wém)xg + ot

j=1

(m)

Tn T
n

Then by same argument as above, we obtain a subsequence {z,, ,,} where

n n
Zn,m = anm)xj with Z |n§m)| =1 and U](‘m) — 1); as m — 00.
j=1 j=1

Thus Z Injl =1
j=1
Let z =max1 + neze + ....... + N X,
Then we have lim M(z,m—2, t) =0Vt > 0. (4.1.3b)

m—0o0

Now for k£ > 0, choose m such that% < k.
We have M (zp,m , k) = M (2n,m +0, %—i—k—%)SM(Zn)m, %)*M(Q, k—%)
g%*M(Q,kf%).

ie. M(znm , k) < 2OM(O, k—L)=2100=1.
ie. lim M(znm , k) <0
ie. lim M(zpm , k) =0. (4.1.4b)

Now M(z, 2k) = M(z — znm + 2nm » k+ k) < M(z—2pm , E)OM(2nm , k)
= M(z, 2k) < lim M(z— zpm , k)& lim M(zym , k) ( by the continuity of

t-conorm <» at (0 , 0)).

= M(z , 2k) < 000 by (4.1.3b)&(4.1.4b)

= M(z, 2k) =000 =0.

Since k > 0 is arbitrary, by (IFNT) it follows that z = 0.

n
Again since Z |nj(-m)| =1 and {z1, 22, ....... , Ty} are linearly independent set of
j=1
vectors, SO z = 1 T1 + N2x2 + ceeeeee + Npxy # 0. Thus we arrive at a contradiction.
This completes the lemma. O
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Theorem 4.2. Fvery finite dimensional intuitionistic fuzzy normed linear space
(V, A) with the continuity of the underlying t-norm x at (1 , 1) and t-co-norm
at (0, 0) is complete.

Proof. Let (V, A) be an intuitionistic fuzzy normed linear space and dimV =k (say

). Let {e1, ea, ....... ,€r} be a basis for V and {z,,} be a Cauchy sequence in V.
Let z,, = /Bﬁn)el + Bén)ez + . + ﬂén)ek where /BYL), é”), ..... , ,(cn) are suitable
scalars.
So lim N(zpm—xz,,t)=1Vt>0 (4.2.1a)
m,n— oo
and lim M(zp—2,,t)=0Vt>0 (4.2.1b)
m,n— oo
Now from Lemma 4.1, it follows that Je;, co > 0 and 81,02 € (0,1) such that
k k
NOZBM =er e Y218 =pM)) < 1-4:. (4.2.2a)
i=1 i=1
k k
MY (B =B ei s 218 =B > 6 (4.2.20)

i=1 i=1
Again for 1 > 6; > 0, from (4.2.1a), it follows that 3 a positive integer ng(d1,t) such
that,

k

NO B =8M)ei 1) > 1-61 Vim,n > ng(1,1). (4.2.3a)
Noév:%rom (4.2.2a) and (4.2.3a), we have,
N — 6 0 > 1- 6 > N — 6, @31 -
ﬂl(nl)T)l Ym,n > ng(d1,t) - -

k

=0 Z |ﬂi(m) - ﬁi(n)| < tVYm,n > ng(d1,t) ( since N(z,.) is nondecreasing in t ).
i=1

k
(m) _ 5(n) L
= S 3 < — VYm,n> o1,t
;\@ B o Yman = no(o )
= |ﬂi(m) — ﬁi(n)| < i VYm,n > ng(d1,t) and i = 1,2, ... k.
Since t > 0 is arbitrary, from above we have,
lim 3™ — 8™ =0fori=1,2,....k

= {ﬁl-(n)} is a Cauchy sequence of scalars for each ¢ = 1,2, ....., k.
So each sequence {ﬁl-(n)} converges.
k
Let lim ﬁi(n) =B fori=1,2,....k and z = Zﬁiei. Clearly z € V
n— 00 =
Now Vt > 0,
k k k
Nz, —x,t)= N(Zﬂi(n)ei - Zﬂiei , 1) = N(Z(@(n) —Biei , t).
i=1 i=1 i=1
. . t t
ie. N(xz, —x, tt) > N(ey , klﬁi")—ﬁll) * N(eg , k\ﬁé’”—ﬁz\) *
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When n — oo then W — oo ( since Bz(n) — B;) fori=1,2,....,k and Vt > 0.
From (4.2.4a) we get, Gsing the continuity of t-norm * at (1, 1),

lim N(z, —x, 1) > 1x1x*..... *1Vt>0

= lim N(x,—z,t) =1Vt >0. (4.2.5a)

Now from (4.2.2b) and (4.2.3b), we have

k
MO (B =BM)ei t) < by < M(Z(ﬂ(m —B"es | c22|ﬁ<m> B)) vm,n >
i=1 i=1 i=1
mo (5, t)
k
= cy Z |Bi(m) - ﬁfn)\ < tVm,n > ng(da,t) ( since M(x,.) is non-increasing in t )

k
(m) (n) t
= B < — VY > 0o, 1
;\@ G < o vmin 2 (0o, 1)
= |ﬁi(m) - ﬂl-(n)| < é Vm,n > ng(d2,t) and ¢t = 1,2, ...., k.
Since t > 0 is arbitrary, from above we have,
lim 3™ =™ =0fori=1,2,.....k

7fL77l—’OO
= {6 n) tisa Cauchy sequence of scalars for each i = 1,2, ....., k.
So each sequence {ﬁ } converges.

k
Let lim ﬁi(") =g, fori=1,2,....,k. and z = Zﬂiei. Clearly z € V.

Now Vt > 0, =
k k
M (z, — Z Z@ez ) =M B = e, 1),
i=1 =1 =1
ie. M( s ) M( €1 , k|ﬁ(n) Bl|)<>M(62 s m)o
OM (e ). (4.2.4b)

kl,@“‘) Br
When n — oo then m — oo ( since Bi(n) — 0;) for i =1,2,.....k and Vt > 0.

From (4.2.4b) we get, using the continuity of t-co norm ¢ at (0 , 0),
lim M(z, —x, t) <0*0x........ *0 Vvt >0

= lim M(z,—z,t) =0Vt >0. (4.2.5b)
From (4.2.5a) and (4.2.5b), we have z,, — = as n — oo. Hence (V , A) is com-
plete. O

Definition 4.3. Let (V' , A) be an intuitionistic fuzzy normed linear space and
F C V. F is said to be bounded if for each r, 0 < r < 1, 3t1, to > 0 such that
Nz, t1) >1—rand M(z, t2) <r Vze F.

Theorem 4.4. In a finite dimensional intuitionistic fuzzy normed linear space
(V, A) in which the underlying t-norm x is continuous at (1, 1) and t-co-norm <
is continuous at (0, 0), a subset F is compact iff it is closed and bounded.
Proof. First we suppose that F is compact. We have to show that F is closed
and bounded.
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Let x € F. Then 3 a sequence {x,,} in F such that lim x, = z.
n—0oo

Since F'is compact, 3 a subsequence {xn,} of {xn} converges to a point in F.
Again {zn} — x so {xn, } — « and hence x € F. So F is closed.

If possible suppose that F is not bounded. Then drg with 0 < rq < 1 such that for
each positive integer n, Iz, € F such that N(z, , n) <1—r¢ or M(x, , n) >1p.
So there exists a subsequence of {x,} ( without loss of generality we assume {x,}
to be that subsequence ) for which at least one of the relations

N(zp, , ng) <1—19 VneN (4.4.1a)
M(2n, , ng) =10 VR EN (4.4.1b)
holds.

First we assume that (4.4.1a) holds.

Now fort > 0,

1—7r9> N(xp, , ng) = N(an, —z+2z, np—t+1t) wheret >0
=1—79>N(zy, —2, t)*N(x, ng—1)
=1-—r9> lim N(z,, —x, t)* lim N(z, ng—t)

k—oo k—oo
=1—r9g>1x1=1 (using the continuity of t-norm at (1, 1))
= rg < 0 which is a contradiction.
In case (4.4.1b) holds, by considering the function M(xz , t), proceeding as above,
we arrive at a contradiction. Hence F is bounded.
Conversely suppose that F is closed and bounded and we have to show that F is
compact.

Let dim V=n and {e1, ,ea,....... ,en} be a basis for V.
Choose a sequence {x} in F and suppose xy = ﬁ{k)el +ﬁ§k)62 + ... +ﬂ7(1k)en where
(k) (k) (k)
By, By, ..., B are scalars.
Now from Lemma 4.1, e¢1, co > 0 and 361, 02 € (0,1) such that
n n
N(Z e e Y18 < 1-6; (4.4.24)
i=1
and
Zﬂ e, c Z 18]) > 6 (4.4.2b)

Agam since F is bounded foré; € (0, 1), 3t; > 0 such that N(z , t1) > 1—0
and Jty > 0 such thatM (z , t2) < & Vx eF.
n

50 N(Z@@@m t1) > 1-6 (4.4.3a)
i=1

and .

M(Z@(’f)ei ; 2) < 6 (4.4.3b)

Fm;rzzl(4.4.2a) and (4.4.5’@) we get,
Zﬁ e , ClZW B <10 <N(Zﬂ(k)€i ; 1)

i=1
n n

$N2ﬁ5k617612|ﬁ )l <NZﬁZ( € , t
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=0 Z |ﬁ < t1 ( since N(z , .) is non-decreasing )

= |ﬂ<k)| <L fork=1,2,...andi=12,..n.
So each sequence {Bi(k)} (i = 1,2,...,n) is bounded. By repeated applications of

Bolzano- Weierstrass theorem, it follows that each of the sequences {ﬁi(k)} has a con-
vergent subsequence say {6;”}, Vi=1,2,.

Let zy, = gkl)el +[3§kl)eg +ore ﬁ(kl)en and {ﬂ;kl)}, {ﬂék’)}, ....... , {ﬂ(m} are all
convergent.

Let B; = llim Bi(kl), 1=1,2,.....,n. and x = [1e1 + Paea + ..... + Bnen.
— 00
Now for t > 0 we have,

N(mkz -z, t) = N(Z?:l(ﬁikl - /81)61 ) t)

>N — ) * N(e, , —wt—

= Nlew igmgy) # e x Nlen s m=5)
= 11m N(zp, —2, t) >1x1....x1 (8" = B; as | — oo) (using the continuity
oftnorm* at (1 1))
= hm N(zp,—x,t) =1 (4.4.4a)

Now fort > 0 we get,
M(xkz T, t) = M(Z?:l(ﬂlkl 7ﬂi)ei s t)

S M(@l s ﬁ)o ........ <>M(€n s m)

= llim Mz, —x , t) < 0008...00 (B — B as | — oo) (since ' — B; as
I — oo and using the continuity of t-co-norm { at (0, 0))

= llim Mz, —z, t) =0. (4.4.4b)
From (4.4.4a ) and (4.4.4b), it follows that x, — x. Thus x € F (since F is closed).
Hence F is compact. This completes the proof.

5. CONCLUSION

In this paper, the definition of intuitionistic fuzzy normed linear space (IFNLS)
introduced by T.K.Samanta et al. is generalized. In the new definition of IFNLS,
the underlying ¢-norm and ¢-conorm are considered in general setting in the sense
that only continuity of t-norm and ¢-conorm at (1 , 1) and (0 , 0) respectively are
used. We are able to establish some basic theorems in finite dimensional IFNLS in
this setting and our approach is fundamentally different because we have not used
the decomposition theorem of intuitionistic fuzzy norm whose validity require a
stringent restriction that t-norm is min and ¢-conorm is max. Also we have only use
the implicit intuitionistic properties among N(x,t) and M (x,t) functions and skip
the explicit restriction N(z,t)+ M (z,t) < 1 for which in several definitions involving
convergence, boundeness both the functions N(z,t) and M (x,t) have equal role. We
think that there is a scope of further work in this setting.
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