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1. INTRODUCTION

Zadeh introduced the fundamental concepts of fuzzy sets in his classical paper[8].
Fuzzy sets have applications in many fields such as information[4] and control[5]. In
mathematics, topology provided the most natural framework for the concepts of
fuzzy sets to flourish. Chang[1] introduced and developed the concept of fuzzy
topological spaces. The concept of soft fuzzy topological space is introduced by
Ismail U. Tiryaki[6]. Maji, Biswas and Roy[2] presented the definition of fuzzy soft
sets and some applications of this notion to decision making problems. Soft fuzzy
soft topological vector spaces and soft fuzzy soft differentiations are introduced in[7]
and some of their basic properties which are needed for this paper are discussed
in[7].

In this paper the soft fuzzy soft C! atlas is defined on the basis of the definition
of a classical atlas given by Serge lang[3]. Soft fuzzy soft C! diffeomorphisms, soft
fuzzy soft C! atlas, soft fuzzy soft chart, the equivalence relation SFScompatibility
between soft fuzzy soft C! atlases, soft fuzzy soft C' manifolds, soft fuzzy soft tangent
vector and soft fuzzy soft tangent space are introduced and studied. Moreover in
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this paper we proved the soft fuzzy soft differentiable structure is SFScompatible
with a soft fuzzy soft topology and that soft fuzzy soft C! manifolds and soft fuzzy
soft differentiable mappings between them retain some of the properties of classical
manifolds.

2. PRELIMINARIES

Definition 2.1 ([2]). Let U be an intial universe set and E be a set of parameters.
Let F(U) denotes the fuzzy power set of U. Let A C E. A pair (F, A) is called a
fuzzy soft set over U, where F' is a mapping given by F : A — F(U).

Definition 2.2 ([7]). Let X be a nonempty set and E be the set of all parameters.
Let I be the unit interval and P(E) be the power set of E. A soft fuzzy soft set
Ag on X is a function from X to I x P(FE) such that Ag(z) = (M), F') where A
: X —» I, F € P(E). The family of all soft fuzzy soft sets over X is denoted by
SFS(X, E).

Definition 2.3 ([7]). Let A be a subset of X, then the soft fuzzy soft characteristic
function x4 : X — {(1,E), (0,)} is defined as
(LE), ifze A
xa(x) =
(0,¢), otherwise.

Definition 2.4 ([7]). Let X be a nonempty set and E be the set of all parameters.
Let g : X — I x P(E) be a soft fuzzy soft set and x € X, F' € P(E). Define

(6(z), F)(0 < o(z) < 1), ifz=y;
Lop (y) =
0,9), otherwise.

Then the soft fuzzy soft set xs,, is called as the soft fuzzy soft point (in short, SFSP)
of X with support  and value (6(x), F).

Definition 2.5 ([7]). Let X be a nonempty set and E be the set of all parameters.
If the soft fuzzy soft set Ag is such that Ag(z) = (1, E), Vo € X, then Ag is called
the universal soft fuzzy soft set and it is denoted by (1, E)~. If the soft fuzzy soft
set Ag is such that Ag(z) = (0,¢), Yz € X, then Ag is called the null soft fuzzy soft
set and it is denoted by (0, ¢)™.

Definition 2.6 ([7]). Let X be a nonempty set and E be the set of all parameters.
If \g is a soft fuzzy soft set such that Ag(x) = (A(x), A), then the complement of
Ag is denoted by Ag where A (2) = (1, E)~(z) = Ag(z) = (1—-A(x), E\ A), Yz € X.

Definition 2.7 ([7]). Let Ag and pg be any two soft fuzzy soft sets such that Ag(z)

= (M), 4) and pp(z) = (u(z), B). Then
() Ap(2) C pup(z) & A(z) < u(z), Vo € X, AC B.
(i) Ap(x)  pe(r) < Mz) = p(z), Vo e X, A2 B.
(iii) Ag(z) M pe(z) = (min{A(z), u(z)}, AN B), Ve € X.
() Ar(e) U ps(z) = (max{A(z), u(z)}, AU B), ¥ € X.

Definition 2.8 ([7]). Let X be a non-empty set and FE be the set of all parameters.
Let Ag and pug be any two soft fuzzy soft sets. Then
210
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(i) Ap € pp & Ap(x) C pp(z), Vo € X.
(i) Ag 2 pp < Ap(z) I pp(z), Vo € X.
(ii) Ap = pp & Ap(z) = pp(r), Ve € X.

Definition 2.9 ([7]). Let X be a non-empty set and E be the set of all parameters.
Let Ag and pp be any two soft fuzzy soft sets. Then

(i) BE = ()\E LUJ,U,E> = ﬁE(SIL’) = )\E<$) HME(.T),VQT € X.
(ii) v& = Qg Mpg) = ye(r) = Ag(z) M pp(z),Va € X.

Similarly arbitrary union and arbitrary intersection can be defined.

Definition 2.10 ([7]). Let f : X — Y be a function. If A\g is a soft fuzzy soft set in
Y, then its preimage under f is given by f~1(Ag)(z) = Agof(z) = A\g(f(z)) Vz € X.

Definition 2.11 ([7]). Let f: X — Y be a function. If ug is a soft fuzzy soft set
in X, then its image under f denoted by f(ug), is defined as

I—la:Ef*I(y):u'E(z% if fﬁl(y) 7£ ¢5

0,9), otherwise.

flue)y) =

Definition 2.12 ([7]). Let X be a nonempty set. A fuzzy set K. in X is said to be
a constant membership function, if K.(z) = ¢ for all z € X, where 0 < ¢ < 1.

Definition 2.13 ([7]). A soft fuzzy soft topology on a non empty set X is a family
T of soft fuzzy soft sets in X satisfying the following axioms:
(i) For all constant membership function K. in X and forall A € P(E), R, € T
where R, (z) = (Re(z), A) for all z € X.
(ii) For any family of soft fuzzy soft sets \;, € T, j € J = Uje g\, € T.
(ii) For any finite no of soft fuzzy soft sets A\;, € T, j = 1,2,3,4...n =
MjcsAjp €T
Then the pair (X, T) is called a soft fuzzy soft topological space (in short SFSTS).
Any soft fuzzy soft set in T is said to be a soft fuzzy soft open set (in short SFSOS)
in X. The complement of a SFSOS in a SFSTS (X, T) is called as a soft fuzzy soft
closed set denoted by SFSCS in X.

Definition 2.14 ([7]). Let (X, 7) be a topological space. Then X has the usual
soft fuzzy soft topology T given by
T ={xum:YM € 7} U{&., : V constant membership function &, in X
and for all A € P(E)}

Then the pair (X, T) is a soft fuzzy soft topological space.

Proposition 2.15 ([7]). Let f be a function from a set X into Y. If A1, Ao, be
any two soft fuzzy soft sets in X and pi1,, pay be any two soft fuzzy soft sets in'Y.
Then

(1) )\1E S /\QE = f(/\lE) S f()\2E)
(11) M1y € p2g = fﬁl(/j‘lE) S fﬁl(:u‘QE)'
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Definition 2.16 ([7]). Let (X, T) be a soft fuzzy soft topological space and E be
the set of all parameters. A soft fuzzy soft set Ag in X is called a soft fuzzy soft
neighbourhood of a soft fuzzy soft point x5, in X iff there exists a soft fuzzy soft
open set g € T such that x5, € ug € A\g.

Definition 2.17 ([7]). Let (X, T) be a soft fuzzy soft topological space and E be
the set of all parameters. A fundamental system of soft fuzzy soft neighbourhoods
of a soft fuzzy soft point s, is a set B(xs,) of soft fuzzy soft neighbourhoods of zs,,
such that for each soft fuzzy soft neighbourhood Ag of x5, there is a pg € B(zs,)
such that up € A\g.

Definition 2.18 ([7]). Let (X, T), (Y, S) be any two soft fuzzy soft topological
spaces and FE be the set of all parameters. If f is a function from (X, T) into (Y, S),
then
(i) f is said to be soft fuzzy soft continuous iff for each soft fuzzy soft open set
Ag in (Y, S), the inverse image f~1(Ag) is soft fuzzy soft open in (X, T).
(ii) f is said to be soft fuzzy soft open iff for each soft fuzzy soft open set Ag in
(X, T), the image f(Ag) is soft fuzzy soft open in (Y, S).
(iii) f is said to be soft fuzzy soft continuous at a point x € X iff for each soft
fuzzy soft open set ug in (Y, S) and each soft fuzzy soft point ys, € ug,
where ys (5) = (6(y), 4) and g5, = (/(2))ss. (0.6) © (6(y), 4) C (1),
the inverse image f~1(ug) is a soft fuzzy soft open set in (X, T) such that
Trap € f_l(:uE)’ where ‘rAE( ) = (A(x)aF)7 (O7¢) L ()\(Z‘),F) C (5(y)7A)

Definition 2.19 ([7]). Let (X, T), (Y, S) be any two soft fuzzy soft topological
spaces and E be the set of all parameters. A bijective function from (X, T) into
(Y, S) is a soft fuzzy soft homeomorphism iff both f and f~1 are soft fuzzy soft
continuous.

Proposition 2.20 ([7]). If (X, T), (Y, S) be any two soft fuzzy soft topological
spaces, E be the set of all parameters and f is a function from (X, T) into (Y, 5),
then the following assertions are equivalent.
(i) The function f is soft fuzzy soft continuous.
(ii) For each soft fuzzy soft set Ag in X and each soft fuzzy soft neighbourhood
0r of f(Ag), there is a soft fuzzy soft neighbourhood pg of Ag such that
f(pe) € dp.

Definition 2.21 ([7]). Given a family {(X;, T})}, j € J, of soft fuzzy soft topologi-
cal spaces, E be the set of all parameters, thelr product ng ;(Xj, T;) to be the soft
fuzzy soft topological space (X, T'), where X =[] jeg X is the usual set product
and T is the coarsest soft fuzzy soft topology on X for which the projections p; of X
onto X; are soft fuzzy soft continuous for each j € J. The soft fuzzy soft topology
T is called the soft fuzzy soft product topology on X, and (X, T') is the soft fuzzy
soft product topological space.

Remark 2.22 ([7]). Let {X;}, j =1,2,3,...,n, be a finite family of sets and for
each j let A;, be a soft fuzzy soft set in X;. Then the product \g = H 1 Ajp of
the family {\;, } as the soft fuzzy soft set in X = H;Le ;X that has the membershlp
function given by
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)\E($1, T, X3, .. 7.73”) = |_|{)\1E(l'1), )\QE(.'I;2>7 e, >‘7LE (.’lﬁn)}, ($1, To, ... ,.’En> cX.
It follows that if X; has soft fuzzy soft topology T}, j = 1,2,...,n, the soft fuzzy
soft product topology T on X has a base as the set of product soft fuzzy soft sets
of the form HjeJqu, where p;, €1y, 7=1,2,3,...,n.

Definition 2.23 ([7]). A soft fuzzy soft topological space (X, T') is called a soft
fuzzy soft T7 space iff every soft fuzzy soft point is a soft fuzzy soft closed set.

Proposition 2.24 ([7]). A soft fuzzy soft topological space (X, T) is a soft fuzzy
soft Ty space iff for each x € X and each (u(x), P) € I x P(E) there exists ug € T
such that pgp(z) = (1 — w(x), E/P), pe(y) = (L, E), for all y # x.

Definition 2.25 ([7]). Let {\;,}, 7 =1,2,3,...,n, be a finite family of soft fuzzy
soft sets in a vector space V over K with E as the set of parameters. The sum
AE = A1y + Aoy + Az + ...+ Ay, of the family {A;,}, 7 =1,2,3,...,n, is the soft
fuzzy soft set in V whose membership function is given by

Ap(z) =Up 4. qa, = Ag (1) M Ao (2) ... M Az (20)), 2 €V

The scalar product aAg, of @ € K and Ag is a soft fuzzy soft set in V' that has
membership function alg(x), x € V, given by adg(z) = Ag(z/«a) for all o # 0,
zeV. Fora=0,

arg(z) =(0,¢), z#0
= I—l?/EV)‘E(y)v T = 07

Definition 2.26 ([7]). A soft fuzzy soft set Ag in a vector space V over K with E
as the set of parameters is said to be soft fuzzy soft balanced, if aAp € Ag for all
a€eK,|al<l.

Proposition 2.27 ([7]). Let (V, T) be a soft fuzzy soft topological vector space over
K with E as the set of parameters. For every soft fuzzy soft point Os,, such that Os,,
= (6(0),A4), (0,¢) = (6(0),A) C (1, E), there exists a fundamental system of soft
fuzzy soft neighbourhoods B(05,,) in V' for which the following results hold.
(i) For each Ag € B(0s,) there is a pg € B(0s,) with ug + pg € Ag.
(ii) For each \p € B(0s,) there is a pug € B(05,) for which kug € A\g for all
keK, |k|<1.
(ii) Bvery Ag € B(0s,,) is soft fuzzy soft balanced.

Definition 2.28 ([7]). A soft fuzzy soft topological vector space (V, T') is a vector
space V over K with E as the set of parameters equipped with a soft fuzzy soft
topology T such that the two functions

(i) p: VXV =V, <zy>—z+y.

(i) ¥ : K xV =V, <o,z > az.
are soft fuzzy soft continuous where K has the usual soft fuzzy soft topology and
V xV, K xV are the soft fuzzy soft product topological spaces.

Let (V4, T1) and (Va, T») be any two soft fuzzy soft topological vector spaces
over K with E as the set of parameters and let o be a function from (V;, T3) into
(Va, Ts). Let p(t) denote any function of a real variable ¢ such that lim;_.¢ p(t)/t = 0.
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Definition 2.29 ([7]). The function o is said to be soft fuzzy soft tangent to 0 if
given a soft fuzzy soft neighbourhood ug of 05, where 05,(0) = (6(0), 4), (0,¢) C
(6(0), A) C (1, E), in V5 there exists a soft fuzzy soft neighbourhood Ag of 0., where
O’YE (O) - (’7(0)7F)’ (O,(,ZS) C (’7(0)7F) c (5(0)7*4) in V; such that

O'(t)\E) S p(t)/J,E

for some function p(t).

Definition 2.30 ([7]). Let (V4, T1) and (Va, T2) be any two soft fuzzy soft topo-
logical vector spaces over K with E as the set of parameters, each of them is a soft
fuzzy soft T; space. Let f : Vi — V5 be a soft fuzzy soft continuous function. f is
said to be soft fuzzy soft differentiable at a point x € V if there exists a linear soft
fuzzy soft continuous function w of V; into V5 such that

fl@+y)=flx)+uly) +oly), yeh
where o is soft fuzzy soft tangent to 0. The function u is called the soft fuzzy soft

derivative of f at z. The soft fuzzy soft derivative is denoted by f (z); it is an
element of set of all linear soft fuzzy soft continuous function from V; into V5.

Proposition 2.31 ([7]). Let (Vi, T1), (Va, Ta), (Va, T3) be any three soft fuzzy
soft topological vector spaces over K with E as the set of parameters, f a soft fuzzy
soft continuous function from Vy into Va, and g a soft fuzzy soft continuous function
from Vy into V3. Let x € Vi and y = f(x). If f is soft fuzzy soft differentiable at
x and g is soft fuzzy soft differentiable at y, then the composition h = g o f is soft
fuzzy soft differentiable at x.

’

Further the soft fuzzy soft derivative of go f at 2 € V is ¢ (f(z)) o f ().

3. SOFT FUZZY SOFT C! DIFFEOMORPHISM

Definition 3.1. Let X be a nonempty set and E be the set of all parameters. Let
T be a soft fuzzy soft topology on a set X. A Subfamily % of T is called a base for
T if each member Ag of T can be expressed as @J)\jEegg)\jE.

Proposition 3.2. Let X be a nonempty set and E be the set of all parameters. A
family B of soft fuzzy soft sets in X is a base for a soft fuzzy soft topology on X if
it satisfies the following conditions.
(1) uAjEG@{)‘jE(‘r)} = (17E)7 VzelX.
(ii) [f/\lE, )\2E € A then )\1E m )\2E € A.
(iii) For every constant membership function K. in X and every A\g € B, R, M
g € B.

Proof. Let T be the family of soft fuzzy soft sets then each Ap expressed asUy; ey
From condition (i), (1,E)~ € T, and it is obvious that if A\;, € T, j € J, then
UjcsAjp € T. Let {y;,} and {1, } be subfamilies of # (j and 1 ranging in index
sets J and L, respectively) and let yg(z) = Uj{p;,(x)} and dg(z) = Ui{m, ()},

xz € X. Then
ve(2) Nop(z) = (Wi (2)}) 1 (Wi{ps (2)})

= Lljvl{qu(x) M ;U'lE(x)}? z e X.
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This shows that if yg, g € T, then vg Mg € T. Finally, it is necessary to prove
that R., € T.for all constant membership function in X. Condition (iii) implies
that for each constant membership function K. in X , the soft fuzzy soft set with
membership function

Uppea{fes (@) Mpp(r)}, © € X,

belongs to T. By condition (i), for each z € X and for each constant membership
function &, in X, there exists a soft fuzzy soft set up € £ with membership pg(z) 3
Rep(x). Then Uy, pez{Rey () Mup(x)} = Rep(z), for all z € X and for all constant
membership function K. in X, which shows that K., € T. Hence the proof. d

Proposition 3.3. Let (X, T), (Y, S) and (Z, R) be any three soft fuzzy soft
topological spaces. Let f be a soft fuzzy soft continuous (resp. soft fuzzy soft open)
function from (X,T) into (Y,S) and g be a soft fuzzy soft continuous (resp. soft
fuzzy soft open ) function from (Y,S) into (Z,R). Then the composition go f is a
soft fuzzy soft continuous function (resp. soft fuzzy soft open) function from (X, T)
into (Z, R).

Proof. Let Ag be a soft fuzzy soft open set in (Z, R). Since g is soft fuzzy soft
continuous, g~!(Ag) is soft fuzzy soft open set in (Y, S). Since f is soft fuzzy soft
continuous, f~1(g71(\g)) is soft fuzzy soft open set in (X, T). That is (go f) " (Ag)
is soft fuzzy soft open set in (X, T). Hence go f is a soft fuzzy soft continuous
function.

Let pp be a soft fuzzy soft open set in (X, T'). Since f is soft fuzzy soft open,
f(ug) is soft fuzzy soft open set in (Y, S). Since g is soft fuzzy soft open, go f(ug) is
soft fuzzy soft open set in (Z, R). Hence go f is a soft fuzzy soft open function. O

Proposition 3.4. Let {(X;, T;)},es be a family of soft fuzzy soft topological spaces,
(X, T) be the soft fuzzy soft product topological space and f is a function from a soft
fuzzy soft topological space (Y, S) into (X, T). Then f is soft fuzzy soft continuous
iff pjo f is soft fuzzy soft continuous for each j € J, where p; is the projection map
of j*" coordinate.

Proof. Proof is simple. O

Proposition 3.5. Let {(X;, Tj)}jer, {(Y), Sj)}jes be two families of soft fuzzy
soft topological spaces and (X, T), (Y, S) be the respective soft fuzzy soft product
topological spaces. For each j € J, let f; be a function from (X;, T;) into (Y;, S;).
Then the product mapping f = [[;c; f; + (z;) — (fj(x;)) of (X, T) into (Y, S) is
soft fuzzy soft continuous if f; is soft fuzzy soft continuous for each j € J.

Proof. The function f can be written as x — (f;(p;(x))), where x = (z;) and is
therefore soft fuzzy soft continuous by Proposition 3.4. Hence the proof. g

Proposition 3.6. Let {(X;, Tj)} i<j<n, {(Y;, Sj)}i<j<n be two finite families of
soft fuzzy soft topological spaces and let (X, T), (Y, S) be the respective soft fuzzy
soft product topological spaces. For each j, 1 < j < n, let f; be a function from
(X;, Tj) into (Y;,vS;). Then the product function f = H;.L:l fi s (zj) = (f(z;))
of (X, T) into (Y, S) is soft fuzzy soft open if f; is soft fuzzy soft open for each j,
1<j<n.
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Proof. Let Ag be a soft fuzzy soft open set in (X, T'). Then there exists soft fuzzy
soft open sets \jn,, in (X;, Tj), me€ M, j=1,2,3,...,n such that

n
A =Unem H Xjmp
j=1
The image f(Ag) has membership function for all y € Y,

f(Ae)(y) Umenm H )‘]mE

—|—|z€f 1(y meMH/\JmE

= umeM(uzeffl(y) H /\ij(Zl, 22y Zn)

j=1
= umGM{(l—lzlefl_l(yl))‘lmE (Zl)) M...m (l—lz an_l(yn))‘nmE (Zn))}
= Umem{f1(Mmg) 1) T 1 fr(Amp ) (Yn) }

= Umenm H fj ()‘ij)(y)

Jj=1

Since each f; is soft fuzzy soft open, f(Ag) is soft fuzzy soft open set in (Y, S).
Hence f is soft fuzzy soft open function. O

Proposition 3.7. Let (V, T) = (V1, T1) x (Va, Tz) be the soft fuzzy soft product
topological vector spaces of two soft fuzzy soft topological vector spaces (Vi, Ti),
(Va, T). Each soft fuzzy soft neighbourhood A\g of 05, where 0s5,(0) = (5(0), A),
(0,¢) C (6(0),A) C (1, E) in Vo such that Ap D pi1, X pa, where p, and pa, are
soft fuzzy soft neighbourhoods of 0, where 0,,(0) = (v(0), F) in V1, Va, respectively,
for every (v(0), F), (0,¢) C (v(0), F) C (6(0), A).

Proof. Since Mg is a soft fuzzy soft neighbourhood of 05, there exists a soft fuzzy
soft open set piy, in V such that 05, € pj € Ap. The set uj can be expressed as

Uier Vi X V5, where v;,, and v;, are soft fuzzy soft open sets in Vi, V5 respectively.
jeJ
Hence,

’

1g(0) = '—'jzjg[%r (0) M, (0)] 2 (6(0), A).

Therefore for each (v(0), F), (0,¢) C (#(0), F) T (5(0), A), there exist i , j such
that 7, (0) 3 (©(0),F), v, (O) (v(0), F). Hence the proof. O

Proposition 3.8. Let (Vi, Th), (Va, Ts), (U1, S1), (Ua, S2) be any four soft fuzzy
soft topological vector spaces. Suppose that f : Vi — Uy and g : Vo — Us are
soft fuzzy soft differentiable. Then f x g : Vi1 x Vo — Uy x Uy is soft fuzzy soft
differentiable.
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Proof. By hypothesis

f@+r) = f(@) = [ (@)(r) +o(r), z,7 € Vi,

9y +5) = 9(y) = 9 W)(5) +1(s), y,s € V&,
where o, 7 are soft fuzzy soft tangent to 0. By Proposition 3.7, each soft fuzzy soft
neighbourhood pg of 05, where 05,(0) = (4(0), A), (0,¢) C (6(0),A) C (1,E), in
Uy x Us such that pg 3 p1, X pag, where pi, and po, are soft fuzzy soft neigh-
bourhoods of 0,, where 0,,(0) = (v(0),F) in Uy, Us for each (v(0), F), (0,¢) C
(v(0), F)" &= (6(0),A). By Proposition 2.27 that ,,, pa, are soft fuzzy soft bal-
anced. Since f and g are soft fuzzy soft differentiable, there are for each 0g,
where 03,(0) = (8(0),G), (0,¢) T (8(0),G) T (v(0),F), in Vi, Va, soft fuzzy
soft neighbourhoods of A1, Az, of Og, in Vi, V5 such that o(th1,) € p1(t)u1,,
N(tAay) € pa(t)ua,. Let p = max{p1, p2}. The product A1, X Aoy is a soft fuzzy
soft neighbourhood 0g,, in V =V} x V5. Let Ap = A1, X Aay. Now o(tA1,) Xn(tAz,)
= (o x N)(t(A1p X A2p)). Hence o(tA1,) x n(the,) = (0 X n)(tAg). Let o x n = (.
Then,

(p() 15 (21) M p(t) 2 (22))
(0(tA1p)(21) Mn(tAz,)(22))
= ((tAp)(2).
where z =< 21,20 >, 21 € Uy, 20 € Us. That is ((t\g) C p(t)ug, where Ag € Vi x V3

and pg € Uy x Us. Hence ( is soft fuzzy soft tangent to 0. Furthermore f,(x) xXq (y)
is soft fuzzy soft continuous and linear by Proposition 3.5. g

p(t)up(z) 3
-

Definition 3.9. Let (Vi, T1), (Va, T3) be two soft fuzzy soft topological vector
spaces. A bijection f of V; onto V5 is said to be a soft fuzzy soft C! diffeomorphism
if f and its inverse f~' are soft fuzzy soft differentiable, and f/ and (f ’1)' are soft
fuzzy soft continuous.

Proposition 3.10. Let (U, T), (V, S), (W, R) be any three soft fuzzy soft topolog-
ical vector spaces. If f is a soft fuzzy soft C' diffeomorphism of U onto V and g is
a soft fuzzy soft Ct diffeomorphism of V' onto W, then go f is a soft fuzzy soft C*
diffeomorphism of U onto W.

Proof. Proof is obtained from Proposition 2.31, Proposition 3.3. g

Proposition 3.11. Let (Vi, Ty), (Va, To), (U1, S1), (Ua, S2) be any four soft fuzzy
soft topological vector spaces. Suppose that f : V3 — Uy and g : Vo — Uy are soft
fuzzy soft C diffeomorphism. Then f x g: Vi x Vo — Uy x Uy is a soft fuzzy soft Ct
diffeomorphism.

Proof. Proof is obtained from Proposition 3.5, Proposition 3.6, Proposition 3.8. [

4. SOFT FUZZY SOFT C! MANIFOLDS

Definition 4.1. Let X be a nonempty set and F be the set of all parameters. A
soft fuzzy soft C! atlas & on X is a collection of pairs (\;,, ;) where j ranging over
some index set, which satisfies the following conditions.
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(i) Each \;, is a soft fuzzy soft set in X and Ujecs{\;,(z)} = (1, E), for all
reX. -

(ii) Each ¢; is a bijection, defined on A;,, which maps A;, onto a soft fuzzy soft
open set in some soft fuzzy soft topological vector space (V;, T;), and for
each [ in the index set, ¢;(A;, MA;,) is a soft fuzzy soft open set in (V}, T}).

(iii) The function ¢; ogpj_l, which maps ¢, (A, M) onto ¢;(A;, MA;,) is a soft
fuzzy soft C' diffeomorphism for each pair of indices j, I.

Each pair ()\j,, ;) is called a soft fuzzy soft chart of the soft fuzzy soft C! atlas.

If a point z lies in A;,, then (A;,, ;) is said to be a soft fuzzy soft chart at .

JE>
Notation 4.2. )\AJ; ={z e X;\,(x) 3(0,9)}.

Proposition 4.3. Let X1 , Xo be any two nonempty sets and E be the set of all
parameters. Let & be a soft fuzzy soft C' atlas, with charts (\j,,¢;) on a set Xy,
and let M be a soft fuzzy soft C* atlas, with charts (y;,,, 1) on a set Xo. Then the
collection of pairs (Njp X fug,p; X 1) forms a soft fuzzy soft C' atlas on X1 x Xs.

Proof. (i) For all zy € X1, 2 € Xo, Uj{N;,(21)} = U{mp(z2)} = (1, E), and
Njp X g () = (Njp(21) Mg (22)), € =< 1,22 >. Therefore

Uji(Aje X prg () = Uji(Njp (1) M g (22))
= (Ui (Njp (@1))) N (Wi (kg (22)))
= (17 E)

(i) ¢;(Ajp) and ¥ () are soft fuzzy soft open sets in a soft fuzzy soft topolog-
ical vector spaces (Vj, Tj), (Vi, T;) respectively. It follows that ¢;(A;,) X
Y(wp) is a soft fuzzy soft open set in V; x V; and since ¢;(\;5) X ¥ (i)
= (p; X V1) Njp X ), (@5 X ¥1)(Ajz X ) is a soft fuzzy soft open set in
V; x V. Next consider the soft fuzzy soft sets A\j, M Ay, and iy, @ py, for
each ¢, r. It is obvious that,

(Ajp M Agg) X (pig M pirg) = (Njp X pg) W (Agg X firg)-
But it has proved that (¢; x ¢;)([Ajz MAgg] X [ M prg]) is a soft fuzzy soft
open set in V; x V; because ¢;(\;j, M Ag,) and ¢y (p, M pry,) are soft fuzzy
soft open sets in (Vj, Tj) and (V;, T;) respectively. Hence (¢; x ¢7)([Aj, X
Hig] M [Agp Xty |) 18 a soft fuzzy soft open set in V; x V.
(iii) The last condition of Definition 4.1 is satisfied by Proposition 3.11.
0

Proposition 4.4. Let & be a soft fuzzy soft C' atlas with charts (\j,,¢;) and
suppose that for any soft fuzzy soft open set ug in soft fuzzy soft topological vector
space (Vj, Tj), (p;  (pE), p;) is a soft fuzzy soft chart of &. The family {\;,} of
soft fuzzy soft sets forms a base for a soft fuzzy soft topology on X, and ¢; are soft
fuzzy soft continuous.

Proof. Since (Aj,, ;) is a soft fuzzy soft chart, L;{\;, (z)} = (1, E), for all z € X.

Next if (A, 1), (Amp,©m) are soft fuzzy soft charts then (A, M Amp), 1) is a

soft fuzzy soft chart, since p;(A\j, M A ,) is a soft fuzzy soft open set. This shows

that if A\, Amp € {Ajz} then A, M A, € {Aj,}. Thus the conditions (i) and
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(ii) of Proposition 3.2 are satisfied. Finally, for each | and constant membership
function R, in X, let )\;E: o1 Y Rep M pr(Niy)), then ()\;E,gal) is a soft fuzzy soft
chart, and hence )\;E belongs to {A;,}. The membership function of )\;E is )\;E(x)
= Rep (€)M N, (z), z € X. Thus for every constant membership function & in X,
Rep M A, € {N\jz}. By Proposition 3.2 {);,} is a base. Each function ¢; is soft
fuzzy soft continuous since ;! maps a soft fuzzy soft open set onto a soft fuzzy
soft open set. O

Definition 4.5. Let X be a soft fuzzy soft topological space and Ag be a soft fuzzy
soft open set, (Ag, ) is said to be SFScompatible with the soft fuzzy soft C! atlas
{(\jg, ;) } if each mapping @; o o= of p(Ag M A;,) onto p;(Ag M A;j,) is a soft
fuzzy soft C! diffeomorphism. Two soft fuzzy soft C' atlases are SFScompatible if
each soft fuzzy soft chart of one soft fuzzy soft C! atlas is SFScompatible with each
soft fuzzy soft chart of other soft fuzzy soft C! atlas.

Definition 4.6. The relation of SFS compatibility between soft fuzzy soft C' atlases
is an equivalence relation. Set of all equivalence class of soft fuzzy soft C! atlases on
X is said to be a soft fuzzy soft C' manifold.

Proposition 4.7. Let X, Y be soft fuzzy soft C* manifolds, then the product X x Y
is a soft fuzzy soft C' manifold.

Proof. Proof follows from Proposition 4.3. O

Definition 4.8. Let X, Y be soft fuzzy soft C! manifolds and let f be a function
from X into Y. Then f is said to be soft fuzzy soft differentiable at a point x € X
if there is a soft fuzzy soft chart (g, @) at € X and a soft fuzzy soft chart (vg, )
at f(z) € Y such that the mapping v o f o p~1, which maps ¢(ug M f~*(vg)) into
Y(vg) is soft fuzzy soft differentiable at ¢(x). The function f is soft fuzzy soft
differentiable if it is soft fuzzy soft differentiable at every point of X, it is a soft
fuzzy soft C' diffeomorphism if ¥ o f o ™! is a soft fuzzy soft C! diffeomorphism.

Proposition 4.9. Let X, Y, Z be soft fuzzy soft C' manifolds, f be a function
from X intoY and g be a function from'Y into Z. If f and g are soft fuzzy soft
differentiable then g o f is soft fuzzy soft differentiable.

Proof. Let (Ag,¢), (uE,v¥), (VE,X) be soft fuzzy soft charts at z € X, f(x) € Y,
g(f(x)) € Z, respectively. Then v o f o ¢! which maps ¢(Ag M f~*(ug)) into
Y(ug), and x o g o p~! which maps ¥((ug) M g~ '(vg)) into x(vg), are soft fuzzy
soft differentiable. Hence yogot~tot o fop ™ = xo(go f)o¢~!, which maps
oA ® f~Hur) ® f1 (g (vE))) into x(vg), is soft fuzzy soft differentiable, by
Proposition 2.31. U

Corollary 4.10. If f and g are soft fuzzy soft C* diffeomorphisms then the compo-
sition g o f is a soft fuzzy soft C' diffeomorphism.

Proof. Proof is clear. O
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5. SOFT FUZZY SOFT TANGENT VECTOR SPACE

Definition 5.1. Let X be a soft fuzzy soft C* manifold and let z € X. Consider
the triples (Ag, ¢, vs,), where (Ag, @) is a soft fuzzy soft chart at x and vs, is a
soft fuzzy soft point of the soft fuzzy soft topological vector spaces in which ¢(Ag)
lies. Two such triples (Ag, ¢, vs,), (b, ¥, wg,) are said to be related, denoted by
(AEy @, Vs5) ~ (E, ¥, way ), if the soft fuzzy soft derivative of 1o p~! at ¢(z) maps

Vs, into wg,. That is (1o ™) (0(x))vsy = wap.

Proposition 5.2. The relation (Ag, ¢, vs,) ~ (g, ¥, wa,) is an equivalence rela-
tion.

Proof. Proof is easily obtained by Definition 5.1. g

Definition 5.3. An equivalence class of triples (Ag,p,vs,) is called a soft fuzzy
soft tangent vector of the soft fuzzy soft C! manifold X at x, and the soft fuzzy soft
tangent space at x, denoted by SFST,(X), is defined as the set of all soft fuzzy soft
tangent vectors at x.

Definition 5.4. The set SFST,(X) can be given the structure of a vector space.
Define the sum of two soft fuzzy soft tangent vectors at x € X as (A1, 1,01, ) +

(A2, 802,1}2@) = (A2g, 2, (20 80171)/@01(33))“15,5 +712,,E)' Define the product of a
soft fuzzy soft tangent vector with a scalar k as k(Ag, p,vs;) = (Ag, @, kvsy).

Proposition 5.5. If
(AlE7§017’015E) ~ (MlEﬂ/}lawlgE) and (>\2E’S027U2BE) ~ (ﬂ?Ead}QangE):
then ()\lEasalv/UlgE) + (AZEasaQavZﬁE) ~ (/ilanhwl(;E) + ((M?M)27w27w25E)'

Proof. From the sums (Ao, @2, (92 0 0171 (¢1(2))v1,, + 02, ),
(255 W2, (Y2 0 b1~ ) (@) wr,, + way, ).
From the related triples, (12 0 3") (02(x))((p2 0 0171) (1 (2))v1,,, +v2,,)
= (2007 ") (pr(@)vr,, + (20927 (wa(@))vay,
= (V20 017) (1(2)) 0 (1091 ™) (1 (2)))wn,, +wa,,
= (12 01 ") (W1 (@) w1y, +wa,,

O
Proposition 5.6. If (Ag, p,vs,) ~ (4, M), ¥, wga,,) then
k(/\E’a 2 U(SE) ~ k((uﬂ M): P, wﬁE)'

Proof. Proof is easily obtained from Definition 5.4. g
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