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1. Introduction

In the theory of fuzzy sets put forward by Zadeh in 1965, it has been observed
that the operation of complementation of a normal fuzzy set does not explain the
principles of exclusion and contradiction followed by the classical sets. This is due
to the fact that in the Zadehian definition of complementation, membership value
and membership function had been taken to be of the same meaning [1]. In order to
link fuzziness with probability, Zadeh then forwarded Probability-Possibility Consis-
tency Principle. But no consistency between probability and fuzziness was reflected
by that principle and two more Probability-Possibility Consistency Principles were
forwarded thereafter by others. Recently Baruah [2] has introduced the theory of
imprecise sets where these two mistakes in fuzzy sets are absent. Most of the con-
cepts we meet in our day to day life contain uncertainty. Mathematical modeling
of such day to day problems involving uncertainties is of great importance now a
days. The important existing theories e.g. Probability Theory, Fuzzy Set Theory,
Intuitionistic Fuzzy Set Theory, Rough Set Theory etc. that deal with uncertain-
ties have their own difficulties. In fact, the inadequacy of the parameterization tool
do not allow these theories to handle vagueness properly. In 1999 Molodtsov [3]
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introduced the concept of Soft Sets and established the fundamental results of the
new theory. Soft Set Theory is free from parameterization inadequacy syndrome of
Fuzzy Set Theory, Rough Set Theory, Probability Theory etc. Maji [3] studied the
theory of soft sets and initiated some new results. In 2011, Neog and Sut [4] put
forward a new definition of complement of a soft set and showed that the axioms
of exclusion and contradiction are satisfied by the soft sets also. Recently, combin-
ing imprecise sets with soft sets, Neog and Sut [5] have put forward a new model
known as imprecise soft sets and successfully applied the notion of imprecise soft
sets in a decision problem [7]. Topological structure of soft sets have been studied
by many researchers in present times, e.g. [9, 11]. Moreover many researchers have
contributed to the development of fuzzy soft topological spaces, e.g. [6, 8, 10]. In
this work, we have studied the topological structure of imprecise soft sets and some
results have been established. Our work is an attempt to introduce the concepts
on imprecise soft point, imprecise soft neighborhood, imprecise soft closure, impre-
cise soft interior imprecise soft subspace topology and basis for an imprecise soft
topological space.

2. Preliminaries

In this section, we first recall some basic concepts which would be used in the
sequel. The following definitions regarding imprecise sets are due to Baruah [2].

Definition 2.1. An imprecise number [α, β, γ] is an interval around the real number
β with the elements in the interval being partially present.

Definition 2.2. Partial presence of an element in an imprecise real number [α, β, γ]
is described by the presence level indicator function p(x) which is counted from
the reference function r(x) such that the presence level for any x, α ≤ x ≤ γ is
(p(x)− r(x)), where 0 ≤ r(x) ≤ p(x) ≤ 1.

Definition 2.3. A normal imprecise number N = [α, β, γ] is associated with a pres-
ence level indicator function µN (x), where

µN (x) =





Ψ1(x) ifα ≤ x ≤ β
Ψ2(x) ifβ ≤ x ≤ γ
0, otherwise

with a constant reference function 0 in the entire real line. Here Ψ1(x) is continuous
and non-decreasing in the interval [α, β] and Ψ2(x) is continuous and non-increasing
in the interval [β, γ], with

Ψ1(α) = Ψ2(γ) = 0
Ψ1(β) = Ψ2(β) = 1

Here, the imprecise number would be characterized by {x, µN (x), 0 : x ∈ R}, R being
the real line.

Definition 2.4. For a normal imprecise number N = [α, β, γ] with a presence level
indicator function µN (x), where
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µN (x) =





Ψ1(x) ifα ≤ x ≤ β
Ψ2(x) ifβ ≤ x ≤ γ
0, otherwise

such that
Ψ1(α) = Ψ2(γ) = 0,
Ψ1(β) = Ψ2(β) = 1

with constant reference function equal to 0,Ψ1(x) is the distribution function of
a random variable defined in the interval [α, β] and Ψ2(x) is the complementary
distribution function of another random variable defined in the interval [β, γ]. We
are using the term random variable here in the broader measure theoretic sense
which does not require that the notion of probability need to appear in defining
randomness.

Definition 2.5. For a normal imprecise number N = {x, µN (x), 0 : x ∈ R}, the
complement N c = {x, 1, µN (x) : x ∈ R} will have constant presence level indicator
function equal to 1, the reference function being µn(x) for − ∈ fty < x <∈ fty.

Definition 2.6. If a normal imprecise number N = [α, β, γ] is defined with a pres-
ence level indicator function µN (x), where

µN (x) =





Ψ1(x) ifα ≤ x ≤ β
Ψ2(x) ifβ ≤ x ≤ γ
0, otherwise

with

Ψ1(α) = Ψ2(γ) = 0,
Ψ1(β) = Ψ2(β) = 1

the complement N c should have the presence level indicator function µNc(x) , with
µNc(x) = 1,− ∈ fty < x <∈ fty, where µNc(x) is to be counted from Ψ1(x) if
α ≤ x ≤ β, from Ψ2(x) if η ≤ x ≤ γ, and from 0, otherwise. Molodtsov [3] defined
soft set in the following way-

Definition 2.7. A pair (F, E) is called a soft set (over U) if and only if F is a
mapping of E into the set of all subsets of the set U.In other words, the soft set is a
parameterized family of subsets of the set U. Every set F (ε), ε ∈ E,from this family
may be considered as the set of ε - elements of the soft set (F, E), or as the set of ε-
approximate elements of the soft set. The following definitions regarding imprecise
soft sets are due to Neog and Sut [5].

Definition 2.8. Let U be the initial universe and E be the set of parameters. Let
A ⊆ E and P̃ (U) denote the set of all imprecise subsets over the universe U. Then a
pair (F, A) is called an imprecise soft set over U where F : A → P̃ (U) is a mapping
from A into P̃ (U).

Definition 2.9. Let U be the initial universe, E be the set of parameters and P̃ (U)
denote the set of all imprecise subsets over the universe U. Then the pair (F, E) is
called a total imprecise soft set over U where F : A → P̃ (U) is a mapping from E
into P̃ (U).
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Definition 2.10. An imprecise soft set (F, A) over U is said to be null imprecise
soft set (with respect to the parameter set A), denoted by (ϕ̃, A) if ∀ε ∈ A,F (ε) is
the null set ϕ. The Null Imprecise Soft Set is not unique, it depends upon the set
of parameters under consideration.

Definition 2.11. An imprecise soft set (F, A) over U is said to be absolute imprecise
soft set (with respect to the parameter set A), denoted by (Ũ , A) if ∀ε ∈ A, F (ε) is
the absolute set U. The Absolute Imprecise Soft Set is not unique, it depends upon
the set of parameters under consideration.

Definition 2.12. Union of two imprecise soft sets (F, A) and (G,B) over (U,E) is
an imprecise soft set (H,C) where C = A ∪B and ∀ε ∈ C,

H(ε) =





F (ε) ifε ∈ A−B
G(ε) ifε ∈ B −A
F (ε) ∪G(ε) ifε ∈ A ∩B

and is written as (F, A)∪̃(G,B) = (H, C)

Definition 2.13. Let (F, A) and (G,B) be two imprecise soft sets over (U,E). Then
intersection of the imprecise soft sets (F,A) and (G,B) is an imprecise soft set (H,C)
where C = A∩B and ∀ε ∈ C, H(ε) = F (ε)∩G(ε). We write (F, A)∩̃(G,B) = (H, C).

Definition 2.14. For two imprecise soft sets (F, A) and (G, B) over (U, E), we say
that (F, A) is an imprecise soft subset of (G, B), if

(1) A ⊆ B

(2) For all ε ∈ A,F (ε) ⊆ G(ε)and is written as(F, A)⊆̃(G,B)

Definition 2.15. For two imprecise soft sets (F, A)and(G, B)over (U, E), we say
that (F, A) is equal to (G, B), if (F, A)⊆̃(G,B) and (G,B)⊆̃(F, A).

Definition 2.16. The complement of an imprecise soft set (F, A) is denoted by
(F, A)c and is defined by (F, A)c = (F c, A) where F c : A → P̃ (U) is a map-
ping given by, F c(ε) = (F (ε))c

, ∀ε ∈ A. In other words, ∀ε ∈ A, if F (ε) ={
x, µF (ε)(x), 0; x ∈ U

}
, then F c(ε) =

{
x, 1µF (ε)(x); x ∈ U

}
.

3. Topological structure of imprecise soft sets

In order to deal with the topological structure of imprecise soft sets properly,
we would consider the total imprecise soft set (F, E) over U, where E is the set of
parameters under consideration. First we define an imprecise soft topological space
as follows:

Definition 3.1. An imprecise soft topology = on (U, E) is a family of imprecise
soft sets over (U, E) satisfying the following properties.

(1) ϕ̃, Ẽ ∈ =
(2) If (F,E),(G,E)∈ = then (F, E)∩̃(G,E) ∈ =
(3) If (Fα, E) ∈ = for all α ∈ ∆, an index set, then ∪

α∈∆ (Fα, E) ∈ =.

Definition 3.2. If = is an imprecise soft topology on (U, E), the triple (U,E,=) is
said to be an imprecise soft topological space. Also each member of = is called an
imprecise soft open set in (U,E,=).
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Example 3.3. Let U = {a, b, c} and E = {e1, e2, e3, e4}

(F, E) =
{

F (e1) = {(a, 0.4, 0), (b, 0.1, 0), (c, 0, 0)}
F (e2) = {(a, 0.6, 0), (b, 0.5, 0), (c, 0.2, 0)}
F (e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
F (e4) = {(a, 0.2, 0), (b, 0.6, 0), (c, 0.3, 0)}

}

(G,E) =
{

G(e1) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
G(e2) = {(a, 0.5, 0), (b, 0.2, 0), (c, 0.1, 0)}
G(e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
G(e4) = {(a, 0.1, 0), (b, 0.3, 0), (c, 0.2, 0)}

}

We consider a collection = of imprecise soft sets over (U, E) as

= =
{

(ϕ̃, E), (Ũ , E), (F, E), (G,E)
}

.

We see that = is an imprecise soft topology on (U, E) and the triple (U,E,=) is
an imprecise soft topological space. The open sets in (U,E,=) are (ϕ̃, E), (Ũ , E),
(F, E), (G,E).

Definition 3.4. An imprecise soft set over U is called an imprecise soft closed set
in (U,E,=) if its complement (F c, E) is an imprecise soft open set in (U,E,=).

Definition 3.5. An imprecise soft topological space (U,E,=) is called indiscrete if
it contains only (ϕ̃, E) and (Ũ , E) while the discrete imprecise soft topology consists
of all imprecise soft sets over (U, E).

Example 3.6. Let U = {a, b, c} and E = {e1, e2, e3, e4}

(F,E) =
{

F (e1) = {(a, 0.4, 0), (b, 0.1, 0), (c, 0, 0)}
F (e2) = {(a, 0.6, 0), (b, 0.5, 0), (c, 0.2, 0)}
F (e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
F (e4) = {(a, 0.2, 0), (b, 0.6, 0), (c, 0.3, 0)}

}

(G,E) =
{

G(e1) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
G(e2) = {(a, 0.7, 0), (b, 0.2, 0), (c, 0.1, 0)}
G(e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
G(e4) = {(a, 0.5, 0), (b, 0.3, 0), (c, 0.9, 0)}

}

We consider the imprecise soft topologies =1 and =2 on (U, E) as
=1 =

{
((ϕ̃, E), (Ũ , E), (F, E)

}
and =2 =

{
((ϕ̃, E), (Ũ , E), (G, E)

}
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=1 ∪ =2 =
{

((ϕ̃, E), (Ũ , E), (G,E)
}

(F, E)∩̃(G,E) = (H, E) =
{

H(e1) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
H(e2) = {(a, 0.6, 0), (b, 0.2, 0), (c, 0.1, 0)}
H(e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
H(e4) = {(a, 0.2, 0), (b, 0.3, 0), (c, 0.3, 0)}

}

Thus, (F,E), (G,E) ∈ =1 ∪ =2 but (F, E)∩̃(G,E) /∈ =1 ∪ =2. Thus =1 ∪ =2 is not
an imprecise soft topology on (U, E). However =1 ∩ =2 =

{
(ϕ̃, E), (Ũ , E)

}
is an

imprecise soft topology on (U, E). We thus arrive at the following proposition -

Proposition 3.7. If =1 and =2 are two imprecise soft topologies on (U, E) then
=1 ∩ =2 is an imprecise soft topology on (U, E) but =1 ∪ =2 is not necessarily an
imprecise soft topology on (U, E).

Proof. Since =1 and =2 are fuzzy soft topologies on (U, E). (ϕ̃, E), (Ũ , E) ∈ =1 and
(ϕ̃, E), (Ũ , E) ∈ =2. Thus (ϕ̃, E), (Ũ , E) ∈ =1 ∩ =2. Let (F, E), (G,E) ∈ =1 ∩ =2,
then (F, E), (G,E) ∈ =1 and (F,E), (G,E) ∈ =2. As =1 and =2 are fuzzy soft
topologies on (U, E), it follows that (F,E)∩̃(G,E) ∈ =1 and (F, E)∩̃(G,E) ∈ =2

⇒ (F, E)∩̃(G,E) ∈ =1 ∩ =2

Let (Fα, E) ∈ =1∩=2, α ∈ ∆ where ∆ is an arbitrary set. Then (Fα, E) ∈ =1, α ∈ ∆
and (Fα, E) ∈ =2, α ∈ ∆ As =1 and =2 are fuzzy soft topologies on (U, E), it follows
that, ∪

α∈∆ (Fα, E) ∈ =1 and ∪
α∈∆ (Fα, E) ∈ =2. Thus ∪

α∈∆ (Fα, E) ∈ =1∩̃=1.
It follows that =1∩̃=1 is a fuzzy soft topology on (U, E). Also, it is clear from
Example 3.6 that union of =1 and =2 may not be a fuzzy soft topology on (U,
E). ¤

Proposition 3.8. If {=λ : λ ∈ I} is a family of imprecise soft topologies on (U, E),
then ∩

λ {=λ : λ ∈ I} is also an imprecise soft topology on (U, E).

Proof. The proof follows similar lines to proposition 3.7. ¤

Proposition 3.9. Let (U,E,=) be an imprecise soft topological space and Γ denote
the collection of all closed imprecise soft sets in (U,E,=). Then

(1) (ϕ̃, E), (Ũ , E) ∈ Γ
(2) If (F, E), (G, E) ∈ Γ then (F, E)∪̃(G,E) ∈ Γ
(3) If (Fα, E) ∈ Γ for all α ∈ ∆, an index set, then ∩

α∈∆ (Fα, E) ∈ Γ

Proof. (1) We have (ϕ̃, E), (Ũ , E) ∈ =
⇒ (ϕ̃, E)c, (Ũ , E)c ∈ Γ
⇒ (Ũ , E), (ϕ̃, E) ∈ Γ

(2) (F, E), (G,E) ∈ Γ
⇒ (F,E)c, (G,E)c ∈ =
⇒ (F,E)c∩̃(G, E)c ∈ =
⇒ (

(F, E)∪̃(G,E)
)c ∈ =

⇒ (F,E)∪̃(G,E) ∈ Γ
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(3) (Fα, E) ∈ Γ, α ∈ ∆
⇒ (Fα, E)c ∈ =, α ∈ ∆
⇒∪
α∈∆ (Fα, E)c ∈ =
⇒

(
∩

α∈∆(Fα,E)

)c

∈ =
⇒∩
α∈∆ (Fα, E) ∈ Γ

¤

Definition 3.10. Let =1 and =2 be two imprecise soft topologies on (U, E). We
say that =1 is coarser than =2 or that =2 is finer than =1 if =1 ⊆ =2 i.e. every =1

imprecise soft open set is =2 imprecise soft open set. If either =1 ⊆ =2 or =2 ⊆ =1,
we say that the topologies =1 and =2 are comparable. If =1 6⊂ =2 and =2 6⊂ =1, we
say that the topologies =1 and =2 are not comparable.

Example 3.11. Let U = {a, b, c} and E = {e1, e2, e3, e4}
(F,E) =

{
F (e1) = {(a, 0.4, 0), (b, 0.1, 0), (c, 0, 0)}
F (e2) = {(a, 0.6, 0), (b, 0.5, 0), (c, 0.2, 0)}
F (e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
F (e4) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}

}

(G,E) =
{

G(e1) = {(a, 0.6, 0), (b, 0.1, 0), (c, 0, 0)}
G(e2) = {(a, 0.7, 0), (b, 0.9, 0), (c, 0.5, 0)}
G(e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
G(e4) = {(a, 0.5, 0), (b, 0.3, 0), (c, 0.9, 0)}

}

We consider the imprecise soft topologies =1 and =2 on (U, E) as
=1 =

{
(ϕ̃, E), (Ũ , E), (F, E)

}
and =2 =

{
(ϕ̃, E), (Ũ , E), (F, E), (G,E)

}
. We see

that =1 ⊆ =2 and hence =1 is coarser than =2.

Definition 3.12. The imprecise soft set (F, E) over (U, E) is called an imprecise
soft point in (U, E) denoted by e(F, E), if for the element e ∈ E,F (e) 6= 0, and
F (é) = 0 for all é ∈ E − e.

Example 3.13. Let U = {a, b, c} and E = {e1, e2, e3, e4}. We consider the imprecise
soft set (F,E) over (U, E) as

(F,E) =
{

F (e1) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
F (e2) = {(a, 0.1, 0), (b, 0.2, 0), (c, 0.7, 0)}
F (e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
F (e4) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}

}

Here e2 ∈ E and F (e2) 6= 0 and for é ∈ E−e2, F (é) = 0. Thus (F,E) is an imprecise
soft point in (U, E) denoted by e2(F, E).
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Definition 3.14. The imprecise soft point e(F,E) is said to be in the impre-
cise soft set (G,E) if for the element e ∈ E, F (e) ⊆ G(e). Symbolically we write
e(F, E)∈̃(G,E).

Example 3.15. Let U = {a, b, c} and E = {e1, e2, e3, e4}. We consider the imprecise
soft point cited in Example 3.4 and an imprecise soft set (G,E) over (U, E) as

(G,E) =
{

G(e1) = {(a, 0.1, 0), (b, 0.7, 0), (c, 0.9, 0)}
G(e2) = {(a, 0.1, 0), (b, 0.3, 0), (c, 0.8, 0)}
G(e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
G(e4) = {(a, 0.6, 0), (b, 0.5, 0), (c, 0.2, 0)}

}

Here e2 ∈ E and F (e2) ⊆ G(e2). Thus by our definition,e2(F, E)∈̃(G,E).

Definition 3.16. An imprecise soft set (H,E) in an imprecise soft topological space
(U,E,=) is called an imprecise soft neighborhood (nbd) of the imprecise soft point
e(F, E) if there is an imprecise soft open set (G,E) such that e(F, E)∈̃(G,E)⊆̃(H,E).

Example 3.17. Let U = {a, b, c} and E = {e1, e2, e3, e4}. We consider the im-
precise soft point e2(F, E) given in Example 3.4 and the imprecise soft set (G,E)
over (U, E) given in Example 3.5 above. Consider the imprecise soft topology
= =

{
(ϕ̃, E), (Ũ , E), (G,E)

}
. Now let us consider an imprecise soft set (H,E) over

(U, E) as

(H, E) =
{

H(e1) = {(a, 0.1, 0), (b, 0.8, 0), (c, 0.9, 0)}
H(e2) = {(a, 0.2, 0), (b, 0.3, 0), (c, 0.8, 0)}
H(e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
H(e4) = {(a, 0.7, 0), (b, 0.6, 0), (c, 0.2, 0)}

}

We see that e(F, E)∈̃(G,E)⊆̃(H,E). Thus by our definition, the imprecise soft set
(H,E) is an imprecise soft neighborhood of the imprecise soft point e2(F,E).

Definition 3.18. The neighborhood system of an imprecise soft point e(F, E)∈̃(U,E)
is the family of all neighborhoods of e(F, E) and is written as N= (e(F, E)).

Definition 3.19. An imprecise soft set (H,E) in an imprecise soft topological space
(U,E,=) is called an imprecise soft neighborhood (nbd) of the imprecise soft set
(F,E) if there is an imprecise soft open set (G,E) such that (F,E)⊆̃(G,E)⊆̃(H, E).

Example 3.20. Let U = {a, b, c} and E = {e1, e2, e3, e4}. We consider the imprecise
soft set (G,E) over (U, E) given in Example 3.5 and the imprecise soft set (H,E)
over (U, E) given in Example 3.6 above. Consider the imprecise soft topology = =
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{
(ϕ̃, E), (Ũ , E), (G, E)

}
. Let us consider an imprecise soft set (I,E) over (U, E) as

(I, E) =
{

I(e1) = {(a, 0.1, 0), (b, 0.6, 0), (c, 0.7, 0)}
I(e2) = {(a, 0, 0), (b, 0.1, 0), (c, 0.8, 0)}
I(e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
I(e4) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}

}

We see that (I, E)⊆̃(G, E)⊆̃(H, E). It follows that the imprecise soft set (H,E) is
an imprecise soft neighborhood of the the imprecise soft set (I,E).

Proposition 3.21. In an imprecise soft topological space (U,E,=) the following
hold -

(1) (Ũ , E) ∈ N= (e(F,E)) ∀e(F, E) and (G,E) ∈ N= (e(F,E)) ⇒ e(F, E)∈̃(G,E)
(2) If (G,E) ∈ N= (e(F, E)) and (G,E)⊆̃(H, E) then (H, E) ∈ N= (e(F,E))
(3) If (G,E), (H,E) ∈ N= (e(F, E)) then (G,E)∩̃(H, E) ∈ N= (e(F, E))
(4) If (G,E) ∈ N= (e(F, E)) then there is a (H,E) ∈ N= (e(F, E)) such that

(G,E) ∈ N= (é(M, E)) for each é(M,E)∈̃(H, E).

Proof. (1) Let (Ũ , E) = (H, E). Then ∀ε ∈ E, H(ε) = 1 Now F (e) ⊆ H(e).
It follows that e(F, E)∈̃(H, E)⊆̃(H, E) i.e. e(F, E)∈̃(Ũ , E)⊆̃(Ũ , E). Thus
(Ũ , E) ∈ N= (e(F,E)) ∀e(F, E)
For the second part, we have (G,E) ∈ N= (e(F,E)). So there is a fuzzy soft
open set(H, E) such that e(F, E)∈̃(H, E)⊆̃(G, E). It follows that e(F,E)
∈̃(G,E).

(2) We have (G,E) ∈ N= (e(F, E)). So there is a fuzzy soft open set (I, E) such
that e(F, E)∈̃(I, E)⊆̃(G,E). Also (G,E)⊆̃(H, E).
Thus e(F, E)∈̃(I, E)⊆̃(G,E)⊆̃(H, E) and hence (H, E) ∈ N= (e(F,E))

(3) We have (G,E), (H, E) ∈ N= (e(F, E)). So there are fuzzy soft open sets
(I, E), (J, E) such that e(F,E)∈̃(I, E)⊆̃(G,E) and e(F,E)∈̃(J,E)⊆̃(H,E).
Thus e(F,E)∈̃(I, E)∩̃(J,E)⊆̃(G, E)∩̃(H,E) and since (I, E)∩̃(J,E) ∈ =, it
follows that (G,E)∩̃(H, E) ∈ N= (e(F, E)).

(4) We have (G, E) ∈ N= (e(F, E)). So there is an (I, E) ∈ = such that
e(F, E)∈̃(I, E)⊆̃(G, E). We take (H, E) = (I, E).
Then for each é(M, E)∈̃(H, E), é(M,E)∈̃(H, E)⊆̃(G,E). It follows that
(G,E) ∈ N= (é(M, E)).

¤

Definition 3.22. Let (U,E,=) be an imprecise soft topological space. Let (F, E)
be an imprecise soft set over (U, E). The imprecise soft closure of (F,E) is defined as
the intersection of all imprecise soft closed sets which contain (F,E) and is denoted
by (F,E). We write

(F,E) = ∩̃
{

(G,E) : (G,E)is imprecise soft closed and(F, E)⊆̃(G,E)
}

.

It is obvious that
(1) (F, E) is imprecise soft closed and
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(2) (F, E)⊆̃(F, E)

Example 3.23. Let U = {a, b, c} and E = {e1, e2, e3, e4}.

(F,E) =
{

F (e1) = {(a, 0.4, 0), (b, 0.1, 0), (c, 0, 0)}
F (e2) = {(a, 0.6, 0), (b, 0.5, 0), (c, 0.2, 0)}
F (e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
F (e4) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}

}

(G,E) =
{

G(e1) = {(a, 0.6, 0), (b, 0.1, 0), (c, 0, 0)}
G(e2) = {(a, 0.7, 0), (b, 0.9, 0), (c, 0.5, 0)}
G(e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
G(e4) = {(a, 0.5, 0), (b, 0.3, 0), (c, 0.9, 0)}

}

We consider the imprecise soft topology = on (U, E) as

= =
{

(ϕ̃, E), (Ũ , E), (F, E), (G,E)
}

.

Then imprecise soft closed sets are

(F, E)c =
{

F c(e1) = {(a, 1, 0.4), (b, 1, 0.1), (c, 1, 0)}
F c(e2) = {(a, 1, 0.6), (b, 1, 0.5), (c, 1, 0.2)}
F c(e3) = {(a, 1, 0), (b, 1, 0), (c, 1, 0)}
F c(e4) = {(a, 1, 0), (b, 1, 0), (c, 1, 0)}

}

(G,E)c =
{

Gc(e1) = {(a, 1, 0.6), (b, 1, 0.1), (c, 1, 0)}
Gc(e2) = {(a, 1, 0.7), (b, 1, 0.9), (c, 1, 0.5)}
Gc(e3) = {(a, 1, 0), (b, 1, 0), (c, 1, 0)}
Gc(e4) = {(a, 1, 0.5), (b, 1, 0.3), (c, 1, 0.9)}

}

We consider an imprecise soft set (H,E) over (U, E) as

(H,E) =
{

H(e1) = {(a, 1, 0.5), (b, 1, 0.3), (c, 1, 0.2)}
H(e2) = {(a, 1, 0.7), (b, 1, 0.5), (c, 1, 0.4)}
H(e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
H(e4) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}

}
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Then

(H,E) = Intersection of all imprecise soft closed sets containing (H, E)

= (F, E)c∩̃(Ũ , E)
= (F, E)c

=
{

F c(e1) = {(a, 1, 0.4), (b, 1, 0.1), (c, 1, 0)} ,

F c(e2) = {(a, 1, 0.6), (b, 1, 0.5), (c, 1, 0.2)}
F c(e3) = {(a, 1, 0), (b, 1, 0), (c, 1, 0)} ,

F c(e4) = {(a, 1, 0), (b, 1, 0), (c, 1, 0)}
}

Definition 3.24. Let (U,E,=) be an imprecise soft topological space. Let (F,E)
be an imprecise soft set over (U, E). The imprecise soft interior of (F,E) is defined
as the union of all imprecise soft open sets contained in (F,E) and is denoted by
(F, E)◦. We write

(F, E)◦ = ∪̃
{

(G,E) : (G,E)is imprecise soft open and(G,E)⊆̃(F, E)
}

.

It is obvious that
(1) (F, E)◦ is imprecise soft open.
(2) (F, E)◦⊆̃(F,E)
(3) (F, E)◦ is the largest imprecise soft open set contained in (F, E).

Example 3.25. Let U = {a, b, c} and E = {e1, e2, e3, e4}.
(F,E) =

{
F (e1) = {(a, 0.4, 0), (b, 0.1, 0), (c, 0, 0)}
F (e2) = {(a, 0.6, 0), (b, 0.5, 0), (c, 0.2, 0)}
F (e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
F (e4) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}

}

(G,E) =
{

G(e1) = {(a, 0.6, 0), (b, 0.1, 0), (c, 0, 0)}
G(e2) = {(a, 0.7, 0), (b, 0.9, 0), (c, 0.5, 0)}
G(e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
G(e4) = {(a, 0.5, 0), (b, 0.3, 0), (c, 0.9, 0)}

}

We consider the imprecise soft topology = on (U, E) as

= =
{

(ϕ̃, E), (Ũ , E), (F, E), (G,E)
}

.

We consider an imprecise soft set (H,E) over (U, E) as

(H,E) =
{

H(e1) = {(a, 0.6, 0), (b, 0.3, 0), (c, 0.2, 0)}
H(e2) = {(a, 0.7, 0), (b, 0.5, 0), (c, 0.4, 0)}
H(e3) = {(a, 0.2, 0), (b, 0.8, 0), (c, 0.6, 0)}
H(e4) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}

}
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Then

(H,E)◦ = Union of all imprecise soft open sets contained in (H, E)
= (F,E)∪̃(ϕ̃, E)
= (F,E)

=
{

F (e1) = {(a, 0.4, 0), (b, 0.1, 0), (c, 0, 0)} ,

F (e2) = {(a, 0.6, 0), (b, 0.5, 0), (c, 0.2, 0)}
F (e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)} ,

F (e4) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
}

Proposition 3.26. Let (U,E,=) be an imprecise soft topological space. Let (F,E)
be an imprecise soft set over (U, E). Then (F,E) is an imprecise soft closed set if
(F, E) = (F, E).

Proof. Let (U,E,=) be an imprecise soft topological space. Let (F,E) be an imprecise
soft set over (U, E) such that (F, E) = (F,E). To prove that (F,E) is imprecise soft
closed. We have

(F,E) = ∩̃
{

(G,E) : (G,E)is imprecise soft closed and(F, E)⊆̃(G,E)
}

.

(F, E) is imprecise soft closed, being an arbitrary intersection of imprecise soft closed
sets. Also (F,E) is imprecise soft closed and (F,E) = (F,E) ⇒ (F, E) is imprecise
soft closed. Conversely, suppose that (F,E) is imprecise soft closed in (U,E,=). To
prove that (F, E) = (F, E).It is clear from definition that any imprecise soft closed
set (G,E), (F, E)⊆̃(G,E) ⇒ (F,E)⊆̃(G,E). Since (F, E)⊆̃(F, E) ⇒ (F, E)⊆̃(F,E)
and (F, E)⊆̃(F,E) (from definition), it follows that (F, E) = (F, E). ¤
Proposition 3.27. Let (U,E,=) be an imprecise soft topological space. Let (F,E)
be an imprecise soft set over (U, E). Then is an imprecise soft open set if (F, E)◦ =
(F, E).

Proof. Let (U,E,=) be an imprecise soft topological space. Let (F,E) be an imprecise
soft set over (U, E) such that (F, E)◦ = (F, E). To prove that (F,E) is imprecise
soft open. We have

(F, E)◦ = ∪̃
{

(G,E) : (G,E)is imprecise soft open and(G,E)⊆̃(F, E)
}

.

(F, E)◦ is imprecise soft open, being an arbitrary union of imprecise soft open sets.
Also (F, E)◦ is imprecise soft open and (F, E)◦ = (F, E) ⇒ (F, E) is imprecise soft
open.

Conversely, suppose that (F, E) is imprecise soft open in (U,E,=). To prove
that (F,E)◦ = (F,E). It is clear from definition that any imprecise soft open
set (G,E)⊆̃(F,E) ⇒ (G,E)⊆̃(F,E)◦. Since (F,E)⊆̃(F, E) ⇒ (F,E)⊆̃(F, E)◦ and
(F, E)◦⊆̃(F, E)(from definition), it follows that (F,E)◦ = (F,E). ¤
Proposition 3.28. Let (U,E,=) be an imprecise soft topological space. Let (F,E)
and (G,E) be two imprecise soft sets over (U, E). Then

(1) (ϕ̃, E) = (ϕ̃, E)
188



Tridiv Jyoti Neog et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 2, 177–192

(2) (F, E)⊆̃(F, E)
(3) (F, E)⊆̃(G,E) ⇒ (F, E)⊆̃(G,E)
(4) (F, E)∪̃(G,E) = (F, E)∪̃(G,E)
(5) (F, E)∩̃(G,E) = (F, E)∩̃(G,E)
(6) (F, E) = (F, E)

Proof. (1) (ϕ̃, E) is an imprecise soft closed set ⇒ (ϕ̃, E) = (ϕ̃, E)
(2) By definition, (F,E) is the smallest imprecise soft closed set containing

(F,E). Thus (F, E)⊆̃(F, E).
(3) Let (F,E)⊆̃(G,E). Then (F, E)⊆̃(G,E)⊆̃(G,E)

(F, E)⊆̃(G,E)
Since closure of an imprecise soft set is closed and so (G,E) is an imprecise
soft closed set containing (F,E). Also (F, E) is the smallest imprecise soft
closed set containing (F,E). In what follows (F, E)⊆̃(G, E).

(4) (F, E)⊆̃(F, E)∪̃(G,E), (G, E)⊆̃(F, E)∪̃(G,E)
⇒ (F,E)⊆̃(F,E)∪̃(G, E), (G,E)⊆̃(F, E)∪̃(G,E)
⇒ (F,E)∪̃(G,E)⊆̃(F,E)∪̃(G, E)
Also (F,E)⊆̃(F, E), (G,E)⊆̃(G,E). This ⇒ (F, E)∪̃(G,E)⊆̃(F, E)∪̃(G,E)
Now (F, E), (G,E) are closed and hence (F, E)∪̃(G,E) is an imprecise soft
closed set containing (F, E)∪̃(G,E). Also (F, E)∪̃(G,E) is the smallest im-
precise soft closed set containing (F, E)∪̃(G,E).
In what follows

(F, E)∪̃(G,E)⊆̃(F, E)∪̃(G,E) i.e. (F,E)∪̃(G,E) = (F,E)∪̃(G,E)

(5) (F, E)∩̃(G,E)⊆̃(F, E), (F,E)∩̃(G,E)⊆̃(G,E)
⇒ (F,E)∩̃(G,E)⊆̃(F,E), (F, E)∩̃(G,E)⊆̃(G,E)
⇒ (F,E)∩̃(G,E)⊆̃(F,E)∩̃(G, E)

(6) We have, (F, E) is closed. Also (G,E) is closed iff (G, E) = (G, E). Putting
(G,E) = (F, E) we have,(F,E) = (F,E).

¤
Proposition 3.29. Let (U,E,=) be an imprecise soft topological space. Let (F, E),
(G,E) be two imprecise soft sets over (U, E). Then

(1) (ϕ̃, E)◦ = (ϕ̃, E)
(2) (Ũ , E)◦ = (Ũ , E)
(3) (F, E)⊆̃((G,E) ⇒ (F,E)◦⊆̃((G,E)◦

(4) ((F, E)◦)◦ = (F,E)

Proof. (1) (ϕ̃, E) is an imprecise soft open set ⇒ (ϕ̃, E)◦ = (ϕ̃, E)
(2) By definition, (Ũ , E)◦ is an imprecise soft open set ⇒ (Ũ , E)◦ = (Ũ , E)
(3) Let (F, E)⊆̃(G,E) Any imprecise soft point e(H, E) ∈ (F, E)◦ ⇒ e(H, E) is

an interior point of (F,E)
⇒ There is an imprecise soft open set (I,E) such thate(H,E)∈̃(I, E)⊆̃(F,E)
⇒ e(H, E)∈̃(I, E)⊆̃(F,E)⊆̃(G,E)
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⇒ e(H, E)∈̃(I, E)⊆̃(G, E) and (G,E) is an imprecise soft open.
⇒ e(H, E)∈̃(G,E)◦

Thus (F, E)⊆̃(G,E) ⇒ (F, E)◦⊆̃(G,E)◦

(4) (F, E)◦ an imprecise soft open set. Also (G,E) is an imprecise soft open set
iff (G,E)◦ = (G, E)
Putting, (F,E)◦ = (G,E), it follows that ((F,E)◦)◦ = (F, E)

¤

Definition 3.30. Let (U,E,=) be an imprecise soft topological space. Let Y be an
ordinary subset of U and (H,E) be an imprecise soft set over (Y, E) such that ∀εE,

H(ε) =
{

(x, 1, 0), ifx ∈ Y
(x, 0, 0), ifx /∈ Y

Let TY =
{
(H, E)∩̃(G,E) : (G,E) ∈ =}

.
It can be verified that TY is an imprecise soft topology on (Y, E). We would call TY

the imprecise soft subspace topology for (Y, E).

Example 3.31. Let U = {a, b, c} and E = {e1, e2, e3, e4}.

(F,E) =
{

F (e1) = {(a, 0.4, 0), (b, 0.1, 0), (c, 0, 0)}
F (e2) = {(a, 0.6, 0), (b, 0.5, 0), (c, 0.2, 0)}
F (e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
F (e4) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}

}

(G,E) =
{

G(e1) = {(a, 0.6, 0), (b, 0.1, 0), (c, 0, 0)}
G(e2) = {(a, 0.7, 0), (b, 0.9, 0), (c, 0.5, 0)}
G(e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
G(e4) = {(a, 0.5, 0), (b, 0.3, 0), (c, 0.9, 0)}

}

We consider the fuzzy soft topology = on (U, E) as

= =
{

(ϕ̃, E), (Ũ , E), (F, E), (G,E)
}

.

Let Y = a, b ⊆ U We consider the fuzzy soft set (H,E) over (Y, E) as

(H,E) =
{

H(e1) = {(a, 1, 0), (b, 1, 0), (c, 0, 0)}
H(e2) = {(a, 1, 0), (b, 1, 0), (c, 0, 0)}
H(e3) = {(a, 1, 0), (b, 1, 0), (c, 0, 0)}
H(e4) = {(a, 1, 0), (b, 1, 0), (c, 0, 0)}

}

Then
(1) (ϕ̃, E)∩̃(H,E) = (ϕ̃, E)
(2) (Ũ , E)∩̃(H,E) = (Ỹ , E)
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(3)

(F, E)∩̃(H, E) = (J,E)

=
{

J(e1) = {(a, 0.4, 0), (b, 0.1, 0), (c, 0, 0)} ,

J(e2) = {(a, 0.6, 0), (b, 0.5, 0), (c, 0, 0)}
J(e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)} ,

J(e4) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)}
}

(4)

(G,E)∩̃(H,E) = (I, E)

=
{

I(e1) = {(a, 0.6, 0), (b, 0.1, 0), (c, 0, 0)} ,

I(e2) = {(a, 0.7, 0), (b, 0.9, 0), (c, 0, 0)}
I(e3) = {(a, 0, 0), (b, 0, 0), (c, 0, 0)} ,

I(e4) = {(a, 0.5, 0), (b, 0.3, 0), (c, 0, 0)}
}

It is clear that the collection TY =
{
(H, E)∩̃(G,E) : (G,E) ∈ =}

is an im-
precise soft topology on (Y, E).

Definition 3.32. Let (U,E,=) be an imprecise soft topological space and β ⊆ =.
Then β is a basis for = if for each (G,E) ∈ = there exists β́ ⊆ β such that (G,E) =
∪̃β́.

Example 3.33. Let U = {a, b} and E = {e1, e2}.
(F, E) =

{
F (e1) = {(a, 0.2, 0), (b, 0.5, 0)} , F (e2) = {(a, 0.3, 0), (b, 0.9, 0)}

}

(G,E) =
{

G(e1) = {(a, 0.1, 0), (b, 0.5, 0)} , G(e2) = {(a, 0.3, 0), (b, 0.8, 0)}
}

(H, E) =
{

H(e1) = {(a, 0.2, 0), (b, 0.5, 0)} ,H(e2) = {(a, 0.3, 0), (b, 0.9, 0)}
}

(I, E) =
{

I(e1) = {(a, 0.1, 0), (b, 0.5, 0)} , I(e2) = {(a, 0.3, 0), (b, 0.8, 0)}
}

It can be verified that = =
{

(ϕ̃, E), (Ũ , E), (F,E), (G,E), (H, E), (I, E)
}

is an

imprecise soft topology on (U, E). Here β =
{

(ϕ̃, E), (Ũ , E), (F, E), (G,E), (I, E)
}

is a basis for =.

4. Conclusions

In our work, we have studied some properties related to imprecise soft topological
spaces. The notions of imprecise soft point, imprecise soft neighborhood, imprecise
soft closure, imprecise soft interior, imprecise soft subspace topology and basis for an
imprecise soft topological space have been introduced and some related properties
along with examples have been established.
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