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ABSTRACT. In this paper, we discuss the properties of soft sets. We
introduce the concept of soft point and its existence is illustrated by suit-
able examples. Also, we characterize some of their properties. We prove
that the intersection of two soft topologies is a soft topology and justify
that union of two soft topologies need not be a soft topology. Further, we
characterize soft basis in terms of soft topology.
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1. INTRODUCTION

Molodtsov [14] introduced the concept of soft sets in 1999 as a mathematical
tool for dealing with uncertain objects. Then the properties and applications of
soft set theory have been studied increasingly in [3, 4, [7, 12| 23]. There are many
approaches to handle the manipulation of imperfect knowledge. The most successful
one is fuzzy set theory by Zadeh [22]. The aim of soft set theory is to provide a tool
with enough parameters to deal with uncertainty associated with the given data,
which is free of the difficulty, mainly inadequacy of parametrization. Soft set theory
has a large scope for application in many directions, some of which are decision mak-
ing, attribute reduction, smoothness of functions, game theory, operation research,
Riemann integration and so on [10} 1T} [15] 21].

Recently, in [2], Aktas and Cagman introduced the notion of soft groups and
obtained some fundamental properties. Shabir and Ali [I8], studied soft semigroups
and soft ideals which characterize (generalized) fuzzy ideals with entrance of a semi-
group. Further, in [1], Acar, et al. introduced the concept of soft ring over a ring.
In [5], soft subrings, soft ideals over a ring and soft subfield over a field has been
introduced. Celik, et. al [8] introduced a new binary relation and some new opera-
tions on soft sets, also they introduced the notion of a subrings (ideals) of a given
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ring. However, in [16], Nazmul and Samanta introduced the basic idea of a soft
topological group, its subsystem and morphism over a topological group.

In [6], Aygiinoglu and Aygiin studied soft continuity, soft product topology, soft
compactness and generalized Tychonoff theorem in soft topological spaces. Further,
Min [13] gave some properties. Also, in [9], Hussain and Ahmad discussed the prop-
erties of soft interior, closure and boundary on a soft topological spaces. The concept
of fuzzy topological spaces was introduced and studied by Tanay and Kandemir in
[19]. Varol and Aygiin [20] introduced soft Hausdorff spaces. They proved that in a
soft Hausdorff space compact soft set is closed. In [23], Zorlutuna et.al introduced
new concepts in soft topological spaces such as interior point, interior, neighbor-
hood. In 2013, Nazmul and Samanta [17] discussed the neighborhood properties of
soft topological spaces.

In this paper, we study in detail about the theory and properties of soft sets and
soft topological spaces. The concept of soft point is introduced. Its existence is
verified with suitable examples and its properties are studied. Now we present the
basic definitions and results of soft set theory which are studied earlier in [3], 4} [7, [12]
23]. Throughout this work, U refers to an initial universe, E is a set of parameters,
p(U) is the power set of U and A C E.

2. PRELIMINARIES

A soft set Fy [7] on the universe U is defined by the set Fiy = {(z, fa(z)) : z €
E, fa(x) € p(U)} where AC FE and f4 : E — p(U) such that fa(z) = @ if = ¢ A.
Here f4 is called an approzimate function of the set F4. The set of all soft sets over
U will be denoted by S(U). fa(z) = @ means that there are no elements in U related
to the parameter x € E. Therefore, we do not display such elements in the soft sets,
as it is meaningless to consider such parameters. Let Fq € S(U). If fa(z) = & for
all z € E, then Fj4 is called an empty soft set [12], denoted by Fg. If fa(z) = U for
all x € A, then Fy is called an A-universal soft set [7], denoted by Fz. If A = E,
then the A-universal soft set is called a universal soft set [7], denoted by Fi. Let Fia,
Fg € S(U). Then Fj4 is a soft subset of Fg, denoted by F4CFpg, if falz) C fp(x)
for all © € E. Also, Fp is called the soft superset of Fy [7]. Let Fa, Fp € S(U).
Then Fj4 is a soft equal of Fp [7], denoted by Fy = Fp, if fa(z) = fp(x) for all
x € E. The soft union [7], denoted by F4UFg, the soft intersection [7], denoted by
F4NFp and the soft difference [7], denoted by Fa\Fp of F4a and Fp are defined by
the approximate functions,
faop(@) = fa(z) U fp(2),

Farn () = Fa(@) 0 fi(z) and )

fA(B("T) = fa(z)\fB(z), respectively. The soft complement F§ [3] of F4 is defined
by the approximate function, f4z(z) = f4(x) where f§(z) is the complement of the
set fa(x), that is, f§(x) = U\fa(x) for all x € E.

Let I be an arbitrary index set and Fy € S(U). The soft power set [7] of Fs
is defined by, ]S(FA) = {Fjy, : FAiéFA : 1 € I C N}. Its cardinality is defined
by, ﬁ(FA)‘ = 22 wenlfa@| where |f4(z)| is the cardinality of fa(z). Let {Fa, }ier

be a subfamily of S(U). Then the soft union [23] of these soft sets is the soft set
8
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Fy = OieIFA,L. where f4 = U;erfa, and the soft intersection [23] of these soft sets is
the soft set Fy = ﬁieIFAi where fa = Nierfa,-

Let F4 € S(U). Then the soft topology [7] on F4, denoted by 7, is the collection
of soft subsets of F)4 having the following properties:

(a) Fg, FA eET.

(b) If {F4,CFa | i€ C7, then UjerFa, € 7.

(c) If {F4,CFa|1<i<mn,neN}CT, then N, Fa, € 7.

The pair (F4,7) is called a soft topological space [7]. Every element of 7 is called
a soft open set [7]. From the definition of soft topological space, F and F4 are soft
open sets. Let (F4,7) be a soft topological space and BC7 If every element of 7
can be written as the soft union of elements of B, then B is called a soft basis [7]
for the soft topology 7. The following lemmas will be useful in the sequel. We use
some of the results in [7] and [4] without mentioning it, when the context is clear.

Lemma 2.1 ([3]). Let Fa € S(U). Then (F$) = Fa.

Lemma 2.2 ([7]). Let Fy € S(U). Then the following hold.
(a) FS = F5.

Lemma 2.3 ([23], Proposition 3.3). Let I be an arbitrary index set and {Fa,}icr
be a subfamily of S(U). Then the following hold.

(a) (UierFa,)® = Nicr F§,.

(b) (NicrFa,)" = 01‘61ng~

Lemma 2.4 ([23], Proposition 3.5). Let Fa, Fp € S(U). Then the following hold.
(a) FACFg if and only if FANFp = Fa.
(b) FACFg if and only if FAUFp = Fp.

3. PROPERTIES ON SOFT SETS

The following Example 3.1 shows that for any soft sets F4 and Fg of U with
FAiFB, A need not be a subset of B. Example [3.2] below shows that for any soft
sets Fy and Fg of U with Fy = F, A need not be equal to B. Let F4 € S(U). Then
the approximate set, K 4 of the soft set Fy is defined by K4 = {x € E'| fa(z) # @}.

Example 3.1. Consider the sets U = {hy, ha, hs}, E = {21,292, 23,24, 25}, A =
{@1, 29, 23,25} and B = {x3,24,25}. Clearly, A € B. Suppose fa(z1) = fa(x2) =
@, fa(zs) ={M}, fa(ws)={h2}, fB(xs) ={h1, hs}, f(zs) ={h1}and fp(zs) =
{h1,h2}. Then fa(z) C fp(x) for all x € E and so FACFp.

Example 3.2. Consider the sets U = {hy, ho,hs}, E = {z1,z2, 23}, A = {x1,22}
and B = {x2,x3}. Suppose fa(r1) = @&, fa(x2) = {h1,hs} and fp(xz2) = {h1, hs},
fe(zs) = @. Then Fy = {(x2,{h1,hs3}} and Fp = {(x2,{h1,hs})}. Therefore,
Fa = Fg. But A # B.

Example 3.3. Let U = {hy, ho, hg, hy}, E = {21,229, 23,24} and B = {x1, 22,23} C
E. Suppose that fp(z1) = {h1}, fe(z2) = {h2} and fp(x3) = @. Then Kp =
{SCl,"EQ}.
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Theorem 3.4. Let Fy € S(U). Then K4 C A and K4 C E.

Proof. By the definition of K4, K4 C E. If z ¢ A, then fa(z) = @. Therefore,
x ¢ Ka. Hence K4 C A. O

Theorem 3.5. Let Fu, Fg € S(U). Then the following hold.
(a) If FACFg, then K4 C Kp.
(b) IfFA = FB, then KA = KB.

Proof. (a) Assume that F4CFg. Let 2 € K4. Then fa(z) # @. Since FAEFB,
faly) C fe(y) for ally € E. Since fa(zx) # &, fp(x) # &. Thus, x € Kp. Therefore,
KiC Kp.

(b) Assume that F4 = Fp. Then fa(z) = fp(z) for all € E. That is, fa(x) C
fe(z) and fg(z) C fa(z) for all 2 € E. Therefore, F4CFp and FgCF4. By (a),
KjsC Kpand K C K4. Hence K4 = Kp. O

The following Example [3.6 shows that the converse of Theorem (3.5 need not be
true in general.

Example 3.6. (a) Consider U = {uy,us,us,uqs}, B = {x1, 229,23}, A = {x3} and
B = {z1,22,z3}. Suppose Fa = {(z3,{u2,us})} and Fp = {(z2, {ua}), (zs3, {wi })}.
Then K4 = {z3} and Kp = {x2,23}. Therefore, K4 C Kp. But FAZFp.

(b) Consider U = {uy,us,us, us}, E = {21,290, 23,24}, A= {x1,29,23} and B =
{xa,x3,24}. Suppose that Fu = {(z2,{uz2}), (z3,{us})} and Fp = {(z2, {us}), (3,
{u1})}. Then K4 = {x9, 235} = Kp. Therefore, K4 = Kp. Clearly, Fx # Fp.

Theorem 3.7. Let Fu, Fg € S(U). Then the following hold.
(a) If FACFp and K4 = A, then A C B.
(b) If Fo = Fg, Ko =A and Kg = B, then A = B.

Proof. (a) Assume that FoCFp and K4 = A. Since FACFg, by Theorem [3.5,
Ki C Kp and so A C Kg. By Theorem 3.4, Ky C B. Hence A C B.
(b) follows from Theorem [3.5(b). O

The following Example 3.8 shows that the converse of Theorem 3.7/ need not be
true in general.

Example 3.8. (a) Counsider U = {uy,us}, E = {x1,xa, 23,24}, A = {21, 22,23} and
B = E. Clearly, A C B. Suppose that Fx = {(x1,{u1}), (x2,{u2})} and Fp = Fj.
Then K4 = {21, 22}. Here FACFp. But K4 # A.

(b) Consider U = {uy,us,us}, E = {x1, 22,23, 24} and A = B = {x1, 22, 23}.
Suppose that F4 = Fg = {(z1,{u1}), (2, {uz})}. Then K4 = {x1, 22} = Kp. Here
Fa=Fpgand A= B. But K4 # A and Kg # B.

Theorem 3.9. Let Fy, Fg € S(U) with FACFg. Then the following hold.
(a) If ANB =g, then fa(x) =@ for all x € A.
(b) If AN B # @, then fa(x) =@ for allx ¢ AN B.

Proof. If FACFg, then fa(x) C fp(x) for all z € E.

(a) Assume that AN B = @. If © € A, then « ¢ B which implies fp(z) = @
and so fa(z) = @, since fa(z) C fp(x) for all z € E. Since x € A is arbitrary,
fa(z) =@ for all x € A.
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(b) Suppose that ANB # &. Let t ¢ ANB. Thenz ¢ Aorx ¢ B.If v & A,
then fa(z) = @. If ¢ € B, then fp(x) = @. Since fa(x) C fp(z) for all z € E,
fa(xz) = @ for all x € E. Therefore, fa(x) = @ for all x ¢ AN B. O

Theorem 3.10. Let Fy € S(U). If A = &, then Fy = Fg.

Proof. Let Fq € S(U). Since A = @, fa(x) = @ for all x ¢ A. That is, fa(x) =&
forallz € E = A°, since A = @ and A C E. Therefore, by definition, Fy = Fy. O

The converse of Theorem [3.10 need not be true as shown by the following Example
3.11.

Example 3.11. Consider U = {hy, ha, h3, hd}, E = {z1, 22,23} and A = {z1, 22} C
E. Suppose that fa(x1) = fa(xz) = @. Then fa(x) = & for all z € E. By definition,
Fa = Fg. But here A # @.

Theorem 3.12. Let S(U) be the collection of all soft sets over U. Then the following
hold.

(a) Fy is the soft subset of every soft set in S(U).

(b) F is the soft superset of every soft set in S(U).

Proof. (a) Let F4 be any soft set in S(U). Let f4 and fp be the approximate
functions of F4 and Fg, respectively. Then fp(x) = @ for all € E. Since empty
set is a subset of every set, fg(z) C fa(z) for all & € E. Therefore, Fy CF,. Since
F4 € S(U) is arbitrary, Fy is the soft subset of every soft set in S(U).

(b) Let F4 be any soft set in S(U) and fa be its approximate function. Since
Ja(z) € p(U), fa(z) CU for all x € E. Let fr be the approximate function of F.
Then fg(x) =U for all z € E. This implies that f4(x) C fg(z) for all x € E. Hence

FAEFE. Since Fy € S(U) is arbitrary, I is the soft superset of every soft set in
S(U). O

Theorem 3.13. Let F;, Fp € S(U) where B C A. Then FB§FA.

Proof. Suppose that f4 and fp are the approximate functions for the soft sets I';
and Fp, respectively. Then fa(z) = U for all € A. Let (z, fp(z)) € Fp. Then
x € E and fp(x) € p(U). If x € B, then © € A and hence fa(x) = U D fp(z).
Therefore, fp(x) C fa(x) for all x € B. Suppose that x ¢ B. Then fp(z) = @ C
U = fa(x). Therefore, fg(x) C fa(x) for all x ¢ B. Hence fg(xz) C fa(x) for all
x € BU B® = E. Therefore, FpCF}. O

Theorem 3.14. Let Fa be any soft set in S(U). Then the following hold.
(a) If Fa = Fy, then every soft subset of Fa is also empty.
(b) If Fg # Fg, then every soft superset of Fa is also non-empty.

Proof. (a) Suppose that F4 = Fg. Then fa(x) = @ for all z € E. Let F be any
soft subset of Fa. Then fp(x) C fa(zx) for all z € E. Since fa(x) =@ for all x € E,
fB(z) = @ for all x € E. Therefore, by definition, Fg = F. Hence every soft subset
of Iy is also empty.

(b) Suppose that F4 # Fg. Then fa(x) # @ for some z € E. Let Fg be any soft
superset of F4. Then fa(z) C fp(x) for all z € E. Since fa(z) # @ for some = € E,
fe(z) # @ for those x € E. Therefore, by definition, Fip # Fy. Hence every soft
superset of F4 is also non-empty. O

11
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Theorem 3.15. Let F4 € S(U). Then the following hold.

Proof. Let Fq € S(U) and fa be the approximate function of Fja.
(a) Let fp be the approximate function of Fp. Then fp(z) = @ for all x € E. For

every x € E, fAKB(m) = fa(@)\fB(z) = fa(x)\@ = fa(z). Therefore, Fy\Fz = Fa.

(b) For every x € E, fBKA(x) = fe(@)\fa(x) = @\fa(xr) = @. Therefore,
Fy\Fy = Fy.

(c) Let fr be the approximate function of Fz. Then fr(x) = U for all z € E.
For every = € E, fEKA(a:) = fe(x)\fa(z) = U\fa(z) = fG(z) = fae(x). Therefore,
Fi\Fa = F§.

(d) For every = € E, fAKE(x) = fa(@)\fe(x) = fa(z)\U = @, since fa(x) C U.
Therefore, FAYFE = Fy.

(e) For every x € F, fAKA(w) = fa(z)\fa(z) = @. Therefore, FAYFA = Fg.

(f) For every z € E, fAKAE(x) = fa(@)\fae(z) = fa(@)\fi(z) = fa(z). There-
fore, FA\F& = Fj4.

(g) For every z € E, f o5 4 (x) = fae(@)\fa(z) = fa(x)\fa(z) = f4(2) = fae(2).
Therefore, FESFA = Fg. O

Theorem 3.16. Let Fa, Fp € S(U). Then the following hold.
(a) Fal\Fp = Fy if and only if FA\Fp = Fj.
(b) FANFp = Fy if and only if F5\Fa = Fpg.
(c) FACFg if and only if FAKFB = Fy.

Proof. Let Fy, Fp € S(U). Let f4 and fp be the approximate functions for the soft
sets F)y and F'g, respectively.

(a) FANFp = Fy & farp(z) = @ for all x € E & fa(z) N fp(z) = @ for
all x € E & fa(x)\fp(z) = fa(z) for all x € E & fAKB(x) = fa(x) for all
z € E < Fy\Fp = Fa.

(b) FANFp = Fy < fanp(r) = @ for all z € E & fa(x) N fp(x) = @ for
all x € E < fp(x)\fa(r) = fp(z) for all x € F & fBKA(x) = fp(x) for all
© € E & Fp\Fy = Fg.

(c) FACFp & fa(z) C fp(zx) forallz € E < fa(z)\fp(z) =@ forallz € E &
Faip(@) =@ forall 2 € E & Fa\Fp = Fp. O

Theorem 3.17. Let Fa, Fp € S(U). Then the following hold.
12
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() Fa\Fp = FaNF§
(b) Fa = (FaNFg)0(Fa\Fp).

Proof. Let Fu, Fp € S(U). Let f4 and fp be the approximate functions for the soft
sets F)y and F'g, respectively.

(a) Forevery z € E, f i p(2) = fa(2)\f(2) = fa(@)Nf5(x) = fa(x)N fpe(z) =
fampe(x). Therefore, FAYFB = F4NF%,.

(b) For every o € B, f,yopsat ) () = foars) (@) U f g (@) = [fa(@) O fa@)] U
[fa(@)\fB(x)] = fa(x). Therefore, Fy = (FAﬁFB)G(FAKFB). O

Theorem 3.18. Let Fs, Fi, Fc € S(U). Then the following hold.
(a) FAN(FB\Fc) = (FaNFg)\(FaNFc)
(b) FA~\(FBOFC) = (FA~\FB)ﬁ(FA~\FC)
(C) FA\(FBﬁFc) = (FA\FB)O(FA\Fc).

Proof. Let Fu, Fg, Foc € S(U). Let fa, fp and fc be the approximate functions
for the soft sets Fl4, Fig and F, respectively.

(a) For every z € E, [, o (@) = fa(@) N fyro() = fale) 0 [fo@)\ folx)] =
Fa@) N @)\ [fa(@) 0 fe(@)] = Famp@\Fanc () = fumpyanc () Therefore,
FuRN(Fp\Fc) = (FARFp)\(FARFC).

(b) For every = € E. /4 oy (@) = fal@\fpoe(@) = fa@)\[fs(@) U fo(@)] =
FA@\S3@)] N fa@\fo@)] = £455@) 0 fi50(2) = f it pyacaie (@) Therefore,
Fu\(F5UFc) = (Fa\Fg)A(FA\Fc).

(¢) For every @ € E. f i g (@) = fa(@)\fprc (@) = fa@\[fs(2) N fo(@)] =
Fa@\f5(@)] U [fa@\fe@)] = £, @) U fane@) = fou pooie (@) Thercfore,
FA\(FsNFe) = (FA\Fg)U(Fs\Fc). 0

A soft set P on the universe U is called a soft point if and only if its approximate
function p takes the value & for all y € E except one, say « € E. That is, p(x) =

up fx=
{ {Q} i #Zy/ where p : E — p(U), ¢ € E, and {u} € p(U). Therefore, P =

{(z,{u})}. The class of all soft points in U is denoted by P. Clearly, P # Fg. A soft
point P is said to be in F4, denoted by, PEF4 if and only if p(x) C fa(z) for all
x € E. The following Example [3.19 shows the existence of a soft point.

Example 3.19. Let U = {uj,us} and F = {z1,22}. Then the soft points are

{(@1, fuw D} {21, {ue D}, {2, {ur})} and {(22, {uz})}.

Example 3.20. Let U = {uj,us,u3} and E = {x1,22}. Then the soft points are

{(z1, fua D} {1, {ua )}, {(21, {us )}, {(w2, {un})}, {(w2, {u2})} and {(22, {us})}.
Let Fa = {(x1, {u1,uz2}), (z2, {us})}. Then the soft points of Fa are {(z1,{u1})},

{(z1,{ua})} and {(z2, {us})}.

Theorem 3.21. Every soft set Fa in S(U) can be expressed as the soft union of all
soft points which belongs to Fa. That is, if Fa # Fg, then Fa = DPEFA P.

13
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Proof. Let F4 be any soft set in S(U) and f4 be its approximate function. Assume
that Fiy # Fg. Then for every x € E, fa(x) = Uy,efa@iui}. That is, fa(z) =

u;p ifrz=y
UtuyCia@) (Ui} = Upi@)Ca(pi(e) for all o € B, where p;(x) = {g ) o £y
and p;’s are the approximate function of the soft set P;. Therefore, P;’ s are the soft
points in Fs. Hence Fy = OP@FAPZ». That is, F'y = OPEFAR O

Theorem 3.22. Let Fu, Fg € S(U). Then F4CFg if and only if PEF4 = PEFp
for every P € P.

Proof. Let Fa, Fg € S(U). Assume that FACFp. Let P € P be arbitrary such that
PEF,. Then PCF,. Since FoCFp and PCF4, PCFp. This implies that PEFj.
Since P € P is arbitrary, PEF, implies that PEFp for every P € P. Conversely,
let # € E and u € fa(z). Then {u} C fa(z). If p(y) = { g‘} ig;i
approximate function for the soft point P, then p(z) C fa(z) for all z € E and
hence PEF4 which implies PEFg, by hypothesis. Then p(x) C fg(z) for all z € E.
Thus, {u} C fp(x) for z =y and so u € fp(x). Hence fa(x) C fp(z). Since z € E
is arbitrary, fa(xz) C fg(z) for every x € E. Therefore, F4CFg. O

is the

Corollary 3.23. Let Fu, Fg € S(U). Then Fx = Fg if and only if PEF, < PEFp
for every P € P.

Theorem 3.24. Let Fu, Fp € S(U). Then FACFp if and only if P:éFB = P%FA
for every P € P.

Proof. Let Fy, Fp € S(U). Assume that FyCFp. Let P € P be arbitrary such

that P¢FB Then p(z) € fp(z) for some z € E. Now p(z) = { {QU} nicfxw:#yy

Since empty set is a subset of every set, {u} ¢ fg(z) for x = y in E which implies
u ¢ fp(x) for x = y in E which in turn 1mphes that u ¢ fa(z) forz =y in E, smce
fa(z) C fe(x )foralleE Hence {u},d_fA forx—ylnEbothatp QfA

for x = y in E. Hence PgéFA Since P € P i ' is arbitrary, P¢FB implies that P¢FA
for every P € P. Conversely, assume that P§§F B 1mp11es P¢F, for every P € P. Let

z € E and suppose that u ¢ fp(z). Then {u} € fp(z). If p(y) = { {gu} gz ;i

is the approx1mate function for the soft point P then p(z) € fp(z) for all z € E
and hence P¢F 5 which implies that P¢F 4, by hypothesis. Then p(z) ¢ fa(z) for
all x € E. Thus, {u} € fa(z) for z = y and so u ¢ fa(z). Hence fa(z) C fB( ).
Since z € FE is arbitrary, fa(z ) C fg(x) for every x € E. Therefore, FuCFg. O

Theorem 3.25. Let Fy € S(U). If P%FA7 then PEFS for every P € P.

Proof. Let Fy € S(U). Let P € P be arbitrary such that PgéFA Then p(z) € fa(x
{u} ifx=y
o ifx#y.
set, {u} € fa(z) for = y in E. This implies u ¢ fa(z) for 2 = y in E which
14
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implies v € f§(z) for x = y in E which in turn implies that u € fz(,) for z =y
in E. Hence {u} C fye(x), for x = y in E. That is, p(z) C fae(z) for v = y in E.
Also, since empty set is a subset of every set, p(z) C fqz(z) for all z € E. Therefore,
PEFS. Since P € P is arbitrary, if P¢F,, then PEFS for every P € P. O

Theorem 3.26. Let I be an arbitrary index set and let {Fa, | i € I} be a family of
soft sets in S(U). Then PEU{Fa, |i € I} if and only if there exists i € I such that
PEFy,.

Proof. Assume that PEU{Fy, | i € I}. Then p(z) C U{fa,(z) | i € I} for every
x € E. Now p(z) = { {@u} ii;z Thus, for z = y, {u} C U{fa,(z) | i € I}
which implies u € U{f4,(z) | ¢ € I} so that u € f4,(x) for some i € I. Therefore, for
x =1y, p(x) C fa,(x) for some i € I. If & # y, then p(z) = @ and so p(z) C fa,(x)
for every i € I. Hence p(x) C fa,(x) for some i € I and for all x € E. Therefore,
PEFAi for some 7 € I. Converse follows from the fact that FAiEGFAi for every

i€l O

Theorem 3.27. Let I be an arbitrary index set. Let {Fa, | i € I} be a family of
soft sets in S(U). Then PEN{Fa, | i € I} if and only if PEFA, for everyi € I.

Proof. Let PEFy, for every i € I. Then p(x) C fa,(z) for every i € I and for all
x € E. Thus, for z =y, {u} C fa,(x) for every i € I so that {u} C N{fa,(x) ]| € I}
and so p(x) € N{fa,(x) | i € I}. Also, p(z) C N{fa,(x) | i € I} for x # y. Hence
p(x) € N{fa,(x) | i € I} for all x € E. Therefore, PEN{F4, | i € I}. Converse
follows from the fact (F4, CF4, for every i € I. O

Theorem 3.28. If (F4,71) and (Fa,T2) are two soft topological spaces, then (Fa, 71N
T2) is a soft topology.

Proof. Let (Fa,71) and (Fa,72) be two soft topological spaces. Since 77 and 75 are
soft topologies on Fu, F4 € 71 and F4 € 75 and so Fq € 71 NT2. Let {FAiEFA |ie
I C N} be arbitrary family of soft sets in 71 N 7. Then for every i € I C N, Fy, € 7
and F4, € T5. Since 71 and T2 are soft topologies, OieIFAi € 71 and OZ-GIFAi € Ty
and so User Fla, € 71 N 7. Let {FAiiFA |1 <i<mn,n €N} be a finite family of soft
sets in 71 N 73. Since 71 and T4 are soft topologies, ﬁ?leAi € 71 and ﬁ?leAi € To.
Thus, ﬁ?leAi € 71 N 72. Therefore, 71 N 73 is a soft topology on Fjy. O

The following Example [3.29 shows that union of two soft topologies on F4 need
not be a soft topology on Fjy.

Example 3.29. Consider U = {uy,us,us}, E = {x1,29,23}, A = {z1, 22}, Fa =

{(@1, {ur,u2}), (2, {uz})}, Fa, = {(z1,{u2})}, Fa, = {(22,{u2})} and Fa, =
{(x17{U1,u2})}. If 7:1 = {F@7FA7FA2} and 7’3 = {F@7FA7FA17FA3}7 then (FAvﬁ)
and (F4, T2) are soft topological spaces on Fu. But 71UTy = {Fg, Fa, Fa,, Fa,, Fa,}
is not a soft topology, since Fa,UF4, = {(x1,{ua}), (z2, {u2})} ¢ 71 U To.

Theorem 3.30. Let (Fa,7) be a soft topological space. Then B be its soft basis if
and only if for every Fg € T and for each PEFyg, there is some Fg € B such that
PeFgCFg.

15
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Proof. Assume that B is a soft basis. Then for every Fg € T, there exists {Fp, }ier
in B such that Uje; Fp, = Fg. If P%Fg, then PE€U;crFp, and so PEFR, for some
i € I. Since OZGIFB = Fg, Fp, CFG for every i € I. Thus, for every Fg € T
with PEFg, there is some Fp, € B such that PEFB CFG Conversely, let Fg € T
and PEFg. Then by hypothesis, there exists some Fg, € B such that PeFBigFg.
Hence PéLNJiGIFBigFg. Since PEF is arbitrary, Fgéoie[FBiiFg. Thus, Fg =
Uier Fg; - O

Theorem 3.31. Let Fx be a non-empty soft set. A family B of soft subsets of
Fa is a soft base for a soft topology T on Fa if and only if (a)Fa = UB and (b)
for every Fo, Fp in B and for each P in FoNFp, there exists Fy in B such that
PEFyCF-NFp.

Proof. Suppose the family B is a soft base for the soft topology 7 on Fa. Since
Fq €7, we have Fy = UB. This establishes (a). Let Fo, Fp € B and PEF-NFp.
Since B C 7, Fo, Fp € 7. Hence FcNFp € 7, since 7 is a soft topology. By
Theorem [3.30, there exists P in B such that PEFyCFoNFp. This establishes (b).
Conversely, suppose that conditions (a) and (b) hold. By (a) Fa € 7 and clearly,
Fy € 7. Let Fo, Fp € 7 and PEF-NFp. Then Fo = UF eBFG so that FGCFC

for every Fg € B. Since PEFC,PEUF cpfe and so PEF; for some Fg € B.

Hence there exists some Fg € B such that PEFLCF,. Similarly, there exists some
Fyg € B such that PEFyCFp. Hence PEFNFyCF-NFp. By (b), we can find
Fyw,in B such that PEFy,CFoNFy. Thus, PEFy, CFoNFp for all PEF-NFp.
Let PEGPEFgﬁFDFWP' Then PéFWP with PEFcﬁFD. Hence GPEFCﬁFDFWPéFC
NFp. Now PEFyy, for PEF-NFp implies that PiFWP for PEF-NFp which implies
that GPEFcﬁFDPEGPEFCﬁFDFWP' Hence by Theorem [3.21, FCﬁFDiOPéFCﬁFD
Fy,. Hence FcNFp = Upgp.ap, Fwp and so FeNFp € 7. Suppose {Fy, | i € I}
be an arbitrary subfamily of elements in 7. Then for every ¢ € I, F4, € T and so
F4, can be expressed as a soft union of members of B. Hence GieIFAi € 7. Thus,
T satisfies the condition for being a soft topology on F4. Hence B is a soft base for
the soft topology T. O
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