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1. INTRODUCTION

Inclines are the additively idempotent semirings in which products are less than
or equal to factors. Thus inclines are generalized Boolean algebra, fuzzy algebra and
distributive lattice. The Boolean matrices, the fuzzy matrices and the lattice matri-
ces are the prototypical examples of the incline matrices. Boolean algebra and fuzzy
algebra are applied to automata theory, design of switching circuits, logic of binary
relations, medical diagnosis, etc. Marcov chain, information system and clustering
are instances in which inclines can be applied. Also, inclines are applied to ner-
vous system, probable reasoning, finite state machines, psychological measurement,
dynamical programming, decision theory, etc.

In 1965, Zadeh [21] developed fuzzy set first, then in 1984 Cao et al. [4] developed
incline algebra and its applications. After that several researchers [8] 9} [13] 14} [17]
work on this topics. In 1986, Atanassov [1] introduced intuitionistic fuzzy sets (IFS)
which becomes a popular topics for investigation in the fuzzy sets community. With
max-min operation the fuzzy algebra and its matrix theory are considered by many
authors [3, [0, 15, 18, 19]. Determinant theory, powers and nilpotent conditions of
matrices over a distributive lattice are considered by Zhang [22] and Tan [20] and
the transitivity of matrices over path algebra (i.e., additively idempotent semiring)
is discussed by Hashimoto [10, 11}, [12]. Generalized fuzzy matrices, matrices over an
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incline and some results about the transitive closer, determinant, adjoint matrices,
convergence of powers and conditions for nilpotency are considered by Duan [5] and
Lur et al. [16].

2. PRELIMINARIES
In this section we recall some basic notions of incline and intuitionistic fuzzy sets.

Definition 2.1 (Semiring). A semiring is a set R equipped with two binary opera-
tions + and -, called addition and multiplication, such that
(1) (R,+) is a commutative monoid with identity 0.
(2) (R,-) is monoid with identity 1.
(3) Multiplication distributes over addition.
(4) 0 annihilates R, with respect to multiplication.
ie,0-a=a-0=0foralla € R.

An idempotent semiring (dioid) is one whose addition is idempotent: a +a = a
for all @ € R that is (R, +, ) is a join-semilattice with zero.

Example 2.2. Any bounded distributive lattice is a commutative idempotent semir-
ing under join and meet.

Definition 2.3 (Incline). An incline (algebra) is a set R on which two binary
operations, denoted by + and - are defined, satisfying the following axioms. Let
a,b,ce R

(Al). + is commutative: a +b =0+ a.

(A2). 4 and - are associative: a + (b+¢) = (a + b) + ¢, a(bc) = (ab)c.

(A3). - distributed over +: a(b+ ¢) = ab+ ac, (b+ ¢)a = ba + ca.

(A4). + is idempotent: a + a = a.

(A5). The incline property holds: a 4+ ac = a, ¢+ ac = c.

Thus an incline is a semiring with idempotent addition in which the product with
a suitable ordering is less than or equal to either factor. Products reduce the value
of quantities and make them go down, which is why there structures were named
inclines.

Example 2.4. Let K = {0,a,b,¢,d,1} be a lattice ordered by the Hass graph
shown in Figure 1. Define R X R — R by z -y = d for all z,y € {1,b,¢,d} and
0 otherwise. Then (R,V,-) is an incline which is not a distributive lattice, where
x Vy =mazx{z,y}.

The Hass diagram Fig(1) shows that, it is a lattice. Incline property also holds
since
aV(a-¢) = avV0 = a
and ¢V(a-¢) = e¢vV0 = ¢
AlsobV(c-d)y=bvd=bbut (bVve)-(bvd)=1-b=d.
That is, bV (c-d) # (bVc) - (bVd).
Hence it is not a distributive lattice.

Note 1. An incline algebra R is said to be commutative if xy = yx for all x,y € R.
20
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1

FI1GURE 1. Intuitionistic fuzzy incline

Definition 2.5 (Intuitionistic fuzzy set). An intuitionistic fuzzy set (IFS) A in E
(universe of discourse) is defined as an object of the following form

A= {{z, pa(z),va(z))|x € B},

where the functions g4 : E — [0,1] and v4 : E — [0, 1] define the degree of mem-
bership and the degree of non-membership of the element x € E in A, respectively
and for every x € E,

0<pa(x)+va(r) <1

Let Z be the set of all real numbers lying between 0 and 1, ie., Z ={z:0<z <
1}. Also let (F) be the set of tuples {(a,b), where a,b € Z and 0 < a+b <1
ie.,
(Fy={(a,b): 0<a+b<1, a,bel}.
The addition and multiplication between any two elements of (F') are defined bellow.

Definition 2.6. Let z = (z,,z,) and y = (y,,y,) are any two elements of (F).
The addition (4) and multiplication (-) between x and y are defined as

Tty = <1‘M,$,,> + <yﬂ7yl/>
<max(gj#a yu)v min(xua yl/)>
<1';L V Yu, Ty A yu>
and -y = (T, %) (Yu:Yo)
<min(xuv yu)’ maa:(q:l,, yu>>
= <$u NYu, Ty V Yu)
In arithmetic operations (such as addition, multiplication etc.) only the values of

membership and nonmembership are needed. So from now we denote IF'S as
A={z=(z,,z,)|x € E}

3. INTUITIONISTIC FUZZY INCLINE (IFT)

In this section first we proved that an intuitionistic fuzzy set is incline.
To prove this we consider an intuitionistic fuzzy set R in F, and let z,y,z € R

where z = <x/u:17u>a Yy= <yu7yu>a = <Zmzu>'
21



Sanjib Mondal et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 1, 19-32

(Al). z+y = (zuz) + Y )
= (maz(z, yu), min(zy, yv))
= <max(yuvxu) min(yuaxu»
= (Y Yo) + (T, T0)
= y+ux
That is, commutative property under addition holds in R.
(A2, @ (y-2) = (@) (W) - (20 2)

(Tu, xu) (Y A Zu) (Yo V 20))
(@u AN W A 2p)s 2o V(Yo V 20))
= <(xu AYu) N Zps (371, V) V2
<(xu A yu)a (mu \4 yz/)> : <ZM>ZV>
Similarly, we can proved that (z +y) + 2z =z + (y + 2).
That is, associative properties under addition and multiplication hold in R.
(A3). x-(y+2) = (@) (Yur Yo) + (2, 2))
= <1‘H,$,,> : <(yu \ Zu) (yv A ZV)>
(@u AN (Yu vV 2u), 00 V (Yo A 20))
= <(m# A y#) (xlt /\ Zu)a (xu \ yu) A (xu \ Zl/)>
= ((@u Ayp), (@0 V) + ((mp A zu), (20 V 20))
= <xuvxu> <yu7yu> + <35me> ) (ZM,ZZ,>
= z-y+x-=z.
Similarly, we can prove that (x4+y)-z=xz-2+y- 2.
That is, multiplication is distributed over addition in R.

(A4). z+z = (zu,2)+ (T4 1,)
= (max(z,,x,), min(z,,z,))
= <x#,:17y>
= .
That is, addition is idempotent.
(A5). z4+ax-z2 = (zu,x)+ (@, 20) (24, 20)

= (zu,xy) + (min(z,, 2,), maz(x,, 2,))
= (max{z,, min(z,,z,)}, min{z,, maz(x,, z,)})
= (zu, )
= .
Similarly, z + z - z = 2.
Thus any intuitionistic fuzzy set is an incline. O
Also z-y = (zp,20) (Y, o)
= (Tu AYpTw VY)
= <yu Ny, Yy V -TV>
= y-x.
That is, the commutative property under multiplication is also hold in R.
Hence any intuitionistic fuzzy set is commutative incline.

Definition 3.1. Let R be an IFI and z,y € R where x = (z,,2,) and y = (yu, )
then x =y if and only if z, =y, and z, = y,..

Definition 3.2. Let R be an IFI and z,y € R where = (z,,2,) and y = (Y., )
then z <y if and only if z, <y, and y, < z,.

22
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Definition 3.3. Let R be an IFI and z,y € R where = (z,,2,) and y = (Y., y»)
then x < y if and only if z < y and = # y.

Theorem 3.4. The relation <’ is partial order relation in an IFL

Proof. Let R be an IFT and x,y, 2z € R where = (2, %), Y = Yu, Yo ), 2 = (2u, 20)-
I. Since z, < z,, and z, < z,, then we write that x < x for all x € R

i.e., the relation ’<’ is reflexive.
IT. Let z <y and y < x for any x,y € R. Then

o < Yus Yo <=z, and Yo S Ty, T S Yy
=z, =y, and x, =y,
==y
Thus x <y and y <z = x =y for any =,y € R.
That is, the relation ’<’ is antisymmetric.
II. Let <y and y < z for any z,y,z € R. Then

xpgyua Yo STy andyugzua Zy <Yy
=z, <y,<z,and z, <y, <z,
=z, <z, and z, <7,

=x < z.

Thus ¢ <y and y < z =z < 2z for any x,y,z € R.
That is, the relation "<’ is transitive. Hence the relation <’ in an IFT is a partial
order relation. O

Atanassov [2] proposed that an intuitionistic fuzzy set is a lattice with respect to
the operation ’C’ (inclusion) which is the same with the relation <’ we defined.

Definition 3.5 (Zero element). The zero element of an IFI is denoted by ¢ and is
define by ¢ = (0, 1).

Definition 3.6 (Unit element). The unit element of an IFI is denoted by I and is
defined by I = (1,0).

Cao et al. [4] and Golan [7] proved some propositions in incline algebra. In IFI
these are also true.

Proposition 3.7. Let R be an IFI and z,y,z € R then
(a)p <z <I.
b)ifex<ythenzx+z<y+z 2z <yz and zz < zy.
(¢c) x < x+y and x + y is the least upper bound of x and y. In other words, if
there is an element z satisfying x < z and y < z then x +y < z.
(d) zy <z, zy <y. That is, xy is a lower bound of x and y.
(e) zzy < zy.
fz+y=90ifand onlyifc =p=y.
(g zy=Tifand onlyifx =1=y.

Proof. (a) Here = (z,,2,), ¥y = (Yu, Y») and z = (z,, 2,). Since 0 < z, 2, < 1.
Therefore ¢ < z < I.
(b) Let <y then z, <y, and y, < ,.
Therefore max(x,, 2,) < max(yu, z,) and min(y,, z,) < min(zx,, z,). Thus x + 2z <
23
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y+z.
Also min(z,, z,) < min(y,, z,) and maz(y,, 2,) < maz(x,, z,). Thus vz < yz.
Similarly, zz < zy.

(c) We know that z, < maz(z,,y,) and min(z,,y,) < x,. Soz <z +y.
Similarly, y < x +y.
Thus z + y is the upper bound of z and y.
If possible let z # = 4+ y be the least upper bound of = and y then

r<zandy<z
e, T, <24, 2 < xy and y, < 2y, 20 < Yy

Therefore max(z,,y,) < z, and z, < min(z,,y,).

Thus

(3.1) z+y<z.

Also, since x + y is the upper bound of x, y; and z is the least upper bound so
(3.2) z<zx+y

From equation (3.1)) and (3.2)) it can be written as ¢ +y = 2
i.e., x + y is the least upper bound of x and y.
(d) Similarly, we can prove that zy is the greatest lower bound of x and y.
(e) We know that min(z,, z,,y,) < min(z,,y,) and maz(z,,y,) < maz(z,, 2u, Yo ).
Therefore xzy < xy.
(f)Letc+y=090
ie., (max(zy, yu), min(z,,y,)) = (0,1).
Therefore, max(z,,y,) = 0 and min(z,,y,) = 1.
Also 0 <z, yu, v, yy < L.
Hence z, =0=y, andz, =1 =y,.
Therefore = (z,,x,) = (0,1) = ¢ and
Y= <yu7il/z/> = <O’ 1> = 0.
(g) Let xy =1
ie., (min(x,,y,), maz(z,,y,)) = (1,0).
Therefore, min(z,,y,) = 1 and maz(z,,y,) = 0.
Also 0 <z, yu, v,y < 1.
Hence z, =1=y, and z, = 0=y,.
Therefore = (x,,2,) = (1,0) =T and y = (yu, y) = (1,0) = I.
Thus under the relation <’ an IFT is a partial order set, every pair of which has
a least upper bound and greatest lower bound in IFI. So an IFT is a lattice. 0

Definition 3.8 (Inverse element). Let R be an IFI and € R where z = (z,,z,)
the inverse element x is denoted by = € R and defined by
r+x- = ¢ foraddition (max-min)
and x-x~ = 1 for multiplication (min-max).

The following theorem says that the inverse of any element of an IFI dose not

exist under max-min and min-max operations.

Theorem 3.9. The inverse of the elements of IFI does not exist under '+’ and ™,
except the unit elements.

24
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Proof. Let R be an IFT and let z = (z,,z,) # ¢ be any element of R. If possible let
Y = (Yu, Y») be the inverse of z in R under +.
ie,r+y=09.
Then by using Proposition 3.7(f) we get £ = ¢ = y, which contradict that x # .
Thus inverse element does not exist except the additive identity @.

Similarly, we can prove that the inverse element does not exist except the multi-
plicative identity I for multiplication. O

4. INTUITIONISTIC FUZZY INCLINE MATRIX (IFIM)

The set of square matrix of order n over an IFI R is denoted by M,,(R). The zero
matrix O, = [{0,1)] and the identity matrix I,, (whose main diagonal elements are
all T and all other elements are ¢) of order n are defined as if R were a field. For
matrix A = [aij] = [(aiju,aijl,ﬂ and B = [b”] = [<biju,bijy>] in M»,L(R), define the
operations A + B = [a,;j + bU] = [(amt \ bij/u Qijy A biju>]

and AB — Lé aikbkj} _ [<\k/(ai,m Ak, Nk kajy)ﬂ.

Theorem 4.1. M, (R) is an additively idempotent semiring under matriz addition
and multiplication with additive identity O,, and multiplicative identity I,,. But no
longer an incline.
Proof. Let A, B,C € M,,(R) where A = [a;;], B = [b;;] and C' = [¢;;] also a;j, bij, ;5 €
Rforalli,je{1,2,3,--- ,n}.
(Al) Now A+ B = [aij + bij]
= [bij + a;;] [By commutative property of IFI]
= B+ A
That is, commutative property holds under addition.

(A2). A(BC) [ai;] LG:1 bmcm}
[where d;; = i bikCrj]
k=1

ai( Y blkckj):|
k=1

Il
L
£
2

o

[
=

N
Il
_

Il
M=
M=

ailblkckj:|

N

<
I
i
I

[
ij
M=

ailblk)ckj:|

el
Il
—

=1

|
NM3

n
eikckj] [where e;r, = Y aibi]

Lk=1 =1

= [eij][ci]
= | X aubu} [ciz]
Li=1
= (AB)C.
Also A+ (B + C) = [aij + (b” + Cij)}
= [(aij + bij) + ¢i;] [By associative property of IFI]
= (A+B)+C.
That is, associative properties hold for the addition and multiplication.
25
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(A43). AB+C) = laijlbij + cijl

= | X au(br; + %‘)]
L k=1

= > (aikbr; + aikckj)] [By distributive property of IFI]
L k=1

= | aikbkg‘] + [Z aikckj]
k=1 k=1

= AB+ AC.

Similarly, we can prove that (A + B)C = AC + BC. That is, multiplication is
distributive over addition.
(A4) A + A = [aij + Cl,‘j]
= [a;;] [By idempotent property of IFI]
A

That is, addition is idempotent.

Hence the set of square matrices of order n over an IFI R i.e., M, (R) is a semiring
under matrix addition and multiplication.

To show that M, (R) is not an incline we follow:

(45). A+ AC = [aij]%élaikckj}

n
= |:aij + > aikcr;j
k=1
7 lai] = A
Definition 4.2. The partial order relation '<’ over M, (R) is defined as A < B if
and only if a;; < b;; for all ¢, € {1,2,3,--- ,n}.

That is A < B if and only if A+ B = B. A < B denotes A < B and A # B.
Definition 4.3. Let R be an IFI and A € M,,(R). The ij-th entry of square matrix
A™ is denoted by agn), and obviously
(4.1) a = > iy Oy o gy *** Q-

1<ji.g2, . dm—-1<n
A matrix A is said to be nilpotent if A¥ = O,, for some k € N, A is idempotent if
A? = A.

Lemma 4.4. Let R be an IFI and A € M, (R). If m > n, then

A" < ZA’“. (Here A = 1I,,.)

n—1
Proof. Let B =Y. Ak,
k=0

Now av(jz'm) <I=by. [Since ag?) = [.]

If i # j we consider an arbitrary summand of right hand side of equality (4.1)),

Qijy Ajrja Ajoga " Ay 15

26
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Since 14, j1, j2, 3, »im—-1,J € {1,2,3,--- ,n} and m + 1 > n, there are r, s such
that j,. = j, (0 <7 <s<m, jo =1, j, =j). Deleting a; .,
aj,_,j, from the summand a;j;, a;,,0;4,4, - - - @j,,_,j, We obtain

Ajry1jryoPjryairys "

Aijy Ay o Agogs " Qg1 < Qigy Qg1 o Ajogs " " Qg 15, Ajjoyr = gy 15

[By Proposition 3.7(e).] If the number r + m — s + 2 of the subscripts in the right
hand side of the above inequality still more than n, the same deleting method is
used.

Therefore, there is a positive integer ¢ < n — 1 such that

Qijy Qg1 jo Ajags * " Ay 1§ < ity Alyly Qlgly " Qly_qj-

Hence by the definition of A™ we have

(m) ok
Q;j < aij:bij
k=1
n—1
e, A™ < AF
k=0

Remark 4.5. From the above lemma we conclude that A™*! < Y~ Ak,
k=1

Definition 4.6 (Transitive closure). Let R be an IFI and A, B € M,,(R). Matrix
A is said to be transitive, if A2 < A. Matrix B is said to be transitive closure of
matrix A, if B is transitive, A < B and B < C for any transitive matrix C, satisfying
A < C. The transitive closure of matrix A is denoted by t(A).

Theorem 4.7. Let R be an IFI and A € M,(R). Then the transitive closure of

matriz A is given by t(A) = Y. AF.
k=1

Proof. Let B = Y_ A obviously A < B.

k=1
Since M, (R) is additively idempotent, we have
2n 2n
B2 = Y AF< Y Ak
k=2 ) k=1
or B2 < B+ Y A~
k=n-+1

By the Lemma 4.4, A* < 3" Al = B as k > n.
=1
Hence B? < B.
If there is a matrix C such that A < C and C? < C, then A2 < AC < C? < C,
and by induction we have A* < C* < C for all positive integers k.
Hence B < C.

Thus by the definition of transitive closure, we obtain B = t(A) = . Ak. O
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Example 4.8. Let

(0.8,0.1) (0.7,0.3)
A= { (0.5,0.4) (0.6,0.4) ]

That is A € M3(R). Now

42 (0.8,0.1) (0.7,0.3) (0.8,0.1) (0.7,0.3) | | (0.8,0.1) (0.7,0.3)
| (0.5,0.4) (0.6,0.4) ] [ (0.5,0.4) (0.6,0.4) } - [ (0.5,0.4) (0.6,0.4) ]
Therefore
t(A) = A+ A?
_ (0.8,0.1) (0.7,0.3) (0.8,0.1) (0.7,0.3)
(0.5,0.4) (0.6,0.4) + [ (0.5,0.4) (0.6,0.4) }
- (0.8,0.1) (0.7,0.3)
(0.5,0.4) (0.6,0.4)
= A.

Definition 4.9. Let R be an IFT and A € M, (R). A is said to be power-convergent
if AP = AP*! for some positive integer p. If A is power-convergent the least positive
integer p such that AP = AP*! is called the index of A and is denoted by i(A).

Definition 4.10. Let R be an IFI and A € M,,(R). A is said to be row-diagonally
dominant if a;; < a;; (1 < 4,5 < n). A is column-diagonally dominant if aj; <
ai; (1<i,5<mn).

Bhowmik and Pal [3] introduced the max-min and min-max compositions over
intuitionistic fuzzy matrices (IFMs). They also investigated the conditions for con-
vergence of ITFM.

Theorem 4.11 ([3]). Let A be an IFM.

(a) If A9 < AP where q < p then A converges.

(b) If for all i,5 < n there exists k < n such that aij, < Qikptij, and aij, >
ik + aijy then A converges to A® where ¢ < (n —1).

From the above theorems we conclude the following result.

Theorem 4.12. Let R be an IFI and A € M, (R). If A? < AP where ¢ <p and A
is row or column diagonally dominant, then A is power convergent and converges to
t(A) i.e., transitive closure of A.

Proof. From above theorem if A? < AP where ¢ < p then A converges, taking
g=1,p=2 we get A < A% Similarly A2 < A3 <A* < ...,
Now t(A) = > A=A+ A2+ A3+ ... + A",
k=1
Also since A is row or column diagonally dominant then A converges to A€ for
some ¢ < n — 1 (see Corollaries 5.3 and 5.4 of [3]), then we get

ASAQSASS"'SAC:AC+1:AC+2:"':ATL.
Therefore t(A) = A°.
Thus A is converge to t(A). O
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5. DETERMINANT OF IFIM

The determinant theory of intuitionistic fuzzy matrix (IFM) was introduced by
Pal [18] is important in IFI. He define some terms related to determinant theory in
IFM and proved some results. Here we introduce these with respect to IFIM.

Definition 5.1. Let R be an IFT and A € M,,(R). The determinant |A| (or perma-
nent) of the matrix A is defined as follows:

Al = Z A16(1)A20(2)430(3) ** " Ano(n)
g€eSy

where S,, denotes the symmetric group of all permutations of the indices {1,2,3,- -,

Definition 5.2 (Adjoint of IFIM). Let R be an IFT and A € M,(R) (n > 2). A
matrix B is said to be adjoint of the matrix A if b;; = |A;;| (1 < 4,5 < n) where Aj;
is the matrix of order n — 1 formed by deleting row j and column ¢ from A. The
adjoint of the matrix A is denoted by adj(A).

Proposition 5.3. Let R be an IFI and A, B € M,(R) then

(a) |A'| = |A|, where A" denote the transpose of A.

(b) |rA| = r|A|, where r € (0,1] and rA = [ra;;] = [(raiju, raij)].

(c) |Ei;Al = |AE;j| = |A|, where E;; (elementary matriz) is the matriz obtain
from the identity matriz I,, by interchanging row i and row j.

(d) |A| = > aij|Aij|, where A;; is the matriz of order n — 1 formed by deleting

j=1

row i and column j from A.

Proof. The proposition (a) and (c) are proved by Khan and Pal [15].
(b) Let |A] = (24, y0)-

Now [rA] = T015(1)T025(2)T036(3) * ** Tno(n)
o€ESy
= % <Ta10(1),u7 Tala(l)u><ra20(2)u7 Ta2o(2)l/> o <71an0(n)p.7 7nana(n)u>~
oeS,

Also after calculating the value of the above determinant, the value must belongs to
(F), whose both the membership and non-membership values are multiplied by 7.
Therefore the value must be (ra,,rz,).

Therefore [rA| = (rzy,rz,)
= r(x,,T,)
= r]A|.
(d) We know that
Al = > 15(1)820(2)330(3) * * * Ono(n)
USS,,L

- Z Z A15(1)A20(2)A35(3) ** " Ano(n)
j=lo€Sn,0(i)=j

= Zaz‘j Z Q1T1(1)A211(2) * * * Bi—1T1(i—1) Ai+1T1(i41) ** * Anll(n)
j=1  TESn;n,
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where n; = {1,2,3,--- ,n}\{i} and S,,,, is the set of all bijections from the set n;
to the set n;. Now by the definition of determinant we see that

\Aij\ = > a1r(1)a2r(2) -« G—111(i—1) Ai4+-111(i4-1) *** Anli(n)-
€S n;
Hence |A| = Z aij|Aij|.
j=1

O

Definition 5.4. Let R be an IFI and A € M,(R). We define A(p = ¢) be the
matrix obtain from A by replacing row ¢ of A by row p of A.

Proposition 5.5. Let R be an IFI and A, B € M, (R), then
(x) |A][B| < |AB| |
(b) |A]" + | Alladi(4)| < |A adj(A)
(e) [A[" +[Alladj(A)] < |adj(A)Al.

Proof. (a) We Know that if A = [a;;] and B = [b;;] then AB = {Z aikbkj].
k=1

Therefore,

|AB] = 3 ( a1kbro(1) D A2kbro(2) D A3kbro(3) D ankbka(n)>
o€5n \k=1 k=1 k=1 k=1
= > D A1k, A2k, 3k Ok, Dky 0(1) Dy (2)Phisor(3) - - bkno(n)> :
ki ke, kn \o€Sn
Now,
[A[|B] = > (a1imq)@2m@)asn(s) - - Gnri(n) | Bl)

I1esS,

> Q111(1)A211(2) A3T1(3) * * * Anll(n) > (bla(l)b2a(2)b3o(3)"'bm(n))> .
nes, €Sy

Also we know that for z,y,z € R (an IFI) zzy < xy. So from the above two we
conclude that |A||B| < |AB].

(b) Let B=A ad](A) Then bij = Z aik|Ajk| = |A(Z = ])‘
k=1

Thus |A adj(A)| = Z}g Al = o())[[A2 = c2)I[AB = o(3))]---[A(n = a(n))]
TESH
S A" =1AQ = o()[|ARZ = a(2)[[AB = a(3))] -+ |Aln = o(n))] < |A adj(A)].
Here |[A(i = 0(i))| = |Eixs) Al = |A].
Also we have |Al|ladj(A)| < |A adj(A)| [by Proposition 5.5(a)]. Therefore
[AI" + [Alladj(A)| < [A adj(A)].

(c) Similarly, we can proved that |A|" + |adj(A)||A] < |adj(A)A|. O
Definition 5.6 (Triangular IFIM). Let R be an IFI. A matrix A € M, (R) is called
an upper triangular if a;; = ¢ = (0,1) for all j > i. A is called lower triangular if
a;; =0 = (0,1) for all j < 4. The matrix which is either upper triangular or lower

triangular is called triangular matrix.
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Pal [18] proved that for a triangular IFM A, |A| = []{(aip, Giiv) = ] au-
i=1

i=1

Proposition 5.7. Let R be an IFI and A, B € M, (R) are either both upper trian-
gular or both lower triangular then |AB| = | A||B|.

Proof. Let A and B be both upper triangular and let D = AB = [d;;]. Then
n

dij = Z aikbkj.
k=1

Now for j >4, i>k=j>kthenby; =0=(0,1)
and if 4 <k then a;, =0 = (0,1).

Therefore d;; = > by,
k=1
= Z <aik;u aikv><07 1> + Z <07 1><bkj#v bkjl’>
ki>k kyi<k
= (0,1).
Hence D = AB is upper triangular.
Therefore |AB| = |D|=1]] du
i=1

= didsadss - dpn
= > aigbrr Y aobre Y askbrs - D ankbpn.

k=1 k=1 k=1 k=1
Now aixbri = (@iku, Gikw) (Bkipes Okivs)
<a'ik;maik:1/><07 1>, ifi>k
= <0’ 1><bkiu7 bkiu>7 ifi<k
(@iig, @iin ) (biips bisn), Hi=k
Therefore kzl aipb; = <aim’ aiil/><biiu7 biil/>
= aibi;.
Hence |AB| = ai1bi1 abz assbss- - annbnn
= (a11022a33 - - - Gpp ) (b11b22b33 - - - byry)
= |A]B].
Similarly, we can prove the proposition for lower triangular matrices. O

Remark 5.8. Let R be an IFI and A,B € M,(R) both are lower (or upper)
triangular IFIMs, then AB is lower (or upper) triangular IFIM.
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