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ABSTRACT. In this paper, weak isomorphism, co-weak isomorphism
and isomorphism of neighbourly irregular bipolar fuzzy graphs are defined.
Some results on order, size and degrees of the nodes between isomorphic
neighbourly irregular and isomorphic highly irregular bipolar fuzzy graphs
are discussed. Isomorphisms between neighbourly irregular and highly ir-
regular bipolar fuzzy graphs are proved to be an equivalence relation. Fi-
nally, isomorphism properties of y-complement, self u-complement and self
weak p-complement of highly irregular bipolar fuzzy graphs are stablished.
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1. INTRODUCTION

Graph theory has numerous applications to problems in computer science, elec-
trical engineering, system analysis, operations research, economics, networking rout-
ing, transportation, etc. In 1965, Zadeh [25] introduced the notion of a fuzzy subset
of a set. Since then, the theory of fuzzy sets has become a vigorous area of research in
different disciplines including medical and life sciences, management sciences, social
sciences, engineering, statistics, graph theory, artifical intelligence, expert systems,
decision making and automata theory. In 1994, Zhang [26] initiated the concept of
bipolar fuzzy sets as a generalization of fuzzy sets. A bipolar fuzzy set is an ex-
tension of Zadeh’s fuzzy set theory whose membership degree range is [—1,1]. In a
bipolar fuzzy set, the membership degree 0 of an element means that the element is
irrelevant to the corresponding property, the membership degree (0, 1] of an element
indicates that the element somewhat satisfies the property, and the membership de-
gree [—1,0) of an element indicates that the element somewhat satisfies the implicit
counter-property.
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In 1975, Rosenfeld [16] discussed the concept of fuzzy graphs whose basic idea
was introduced by Kauffman [8] in 1973. The fuzzy relations between fuzzy sets
were also considered by Rosenfeld and he developed the structure of fuzzy graphs,
obtaining analougs of several graph theoretical concepts. Bhattacharya [6] gave
some remarks on fuzzy graphs. The complement of a fuzzy graph was defined by
Mordeson and Nair [9]. Alavi, et al., [4] introduced highly irregular graphs and
investigated several problems concerning the existence and enumeration of highly
irregular graphs. Alavi, et al., [5] introduced k-path irregular graphs and studied
some properties on k-path irregular graphs. Given a positive integer n and a partition
with distinct parts Gnaana Bhragsam and Ayyaswamy [7] suggested a method to
construct a neighbourly irregular graph of order n. Gani and Latha [10] introduced
neighbourly irregular fuzzy graphs, highly irregular fuzzy graphs and a comparative
study between them was studied. Recently, the bipolar fuzzy graphs have been
discussed in [1]-[3].

Talebi and Rashmanlou [21] studied properties of isomorphism and complement
on interval-valued fuzzy graphs. Rashmanlou and Jun defined complete interval-
valued fuzzy graphs [12]. Talebi, Rashmanlou and Mehdipoor defined isomorphism
and some new operations on vague graphs [22, 23].Talebi and Rashmanlou defined
product bipolar fuzzy graphs [24]. Samanta and Pal introduced fuzzy tolerance
graph [17], irregular bipolar fuzzy graphs [19], fuzzy k-competition graphs and
p-competition fuzzy graphs [20], bipolar fuzzy hypergraphs [18] and investigated
several properties. Pal and Rashmanlou [11] studied lost of properties of irregu-
lar interval-valued fuzzy graphs. Also they defined antipodal interval-valued fuzzy
graphs [13], balanced interval-valued fuzzy graphs [14] and isometry on interval-
valued fuzzy graphs [15]. In this paper, weak isomorphism, Co-weak isomorphism
and isomorphism of neighbourly irregular bipolar fuzzy graphs and highly irregular
bipolar fuzzy graphs are defined and isomorphism between neighbourly irregular and
highly irregular bipolar fuzzy graphs are proved to be an equivalence relation.

2. PRELIMINARIES

A graph is an order pair G* = (V, E), where V and E are the sets of vertices and
edges of G*.

A fuzzy graph with a non-empty finite set V' as the underlying set is a pair
G* = (o,u), where 0 : V. — [0,1] is a fuzzy subset of V, p: V xV — [0,1] is a
symmetric fuzzy relation on the fuzzy subset o, such that

n(z,y) < o(x) Aoly), forall z,yeV

where A stands for minimum. The underlying crisp graph of the fuzzy graph
G = (o, ) is denoted as G* = (o*, u*), where

c*={ueV]o(u) >0} and p* = {(u,v) €V x V| u(u,v) > 0}.

We use the notation zy for an element of E.
A fuzzy graph G is said to be a complete fuzzy graph if u(x,y) = o(z) Ao(y) for all
x,y € o, it is denoted as K, : (o, u).
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Definition 2.1. Let G = (o, u) be a fuzzy graph. The degree of a vertex u is

d(u) = Z p(u,v).

uFv
Definition 2.2. Let G = (o,u) be a connected fuzzy graph. G is said to be
neighbourly irregular fuzzy graph if every two adjacent vertices of G have distinct
degree.

Definition 2.3. Let G = (o, ) be a connected fuzzy graph. G is said to be a highly
irregular fuzzy graph if every vertex of G is adjacent vertices with distinct degrees.

Definition 2.4. The order of a fuzzy graph G is o(G) = Z o(u). The size of a
ueV

fuzzy graph G is S(G) = Z p(u,v).

u,veV
Definition 2.5. The complement of a fuzzy graph G = (o, u) is a fuzzy graph
G = (o,1), where @ = ¢ and Ji(u,v) = o(u) A o(v) — p(u,v) for all u,v € V.

Definition 2.6 ([26]). Let X be a non-empty set. A bipolar fuzzy set B in X is an
object having the form

B ={(z,upr(z),pp~(z)) | 2 € X}
where pgr : X — [0,1] and pg~y : X — [—1,0] are mappings.

Definition 2.7 (|26]). Let X be a non-empty set. Then we call a mapping
A= (par,pgan): X x X —[0,1] x [-1,0] a bipolar fuzzy relation on X such that

par(z,y) € [0,1] and pan (2,y) € [-1,0].

Definition 2.8 ([1]). Let A = (uar,puan~) and B = (upge, g~ ) be bipolar fuzzy
sets on a set X. If A = (ugr,pan) is a bipolar fuzzy relation on a set X, then
A= (uar,pan) is called a bipolar fuzzy relation on B = (uge, upn) if

par(z,y) < min(upr(z), ppr(y)) and pan(z,y) > max(upn(z), pp~(y)) for all
x,y € X. A bipolar fuzzy relation A on X is called symmetric if

par (2, y) = par(y,z) and pan (z,y) = pan (y,z) for all z,y € X.

Definition 2.9 ([1]). By a bipolar fuzzy graph G = (A, B) of a graph G* = (V, E)
we mean a pair G = (A, B), where A = (uyr, pian~) is a bipolar fuzzy set on V and
B = (upr,upn) is a bipolar fuzzy relation on F such that

ppr(zy) < min(par (), par(y)) and ppy (vy) = max(pan (), pax (y)) for all z,y €
E

Throughout this paper, G* is a crisp graph, and G is a bipolar fuzzy graph.

Definition 2.10. Given a bipolar fuzzy graph G = (A4, B), with the underlying set

V, the order of G is defined and denoted as o(G) = ( Z par(x), Z AN (a:)) The

zeV zeV
size of a bipolar fuzzy graph G is

S(G) = (S7(G), SN(@) = (X mmeley), > mpn(ay)).

zFY zFY
z,yeV z,yeVv
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Definition 2.11. Let G = (A, B) be a bipolar fuzzy graph on G*. The open degree
of a vertex u is defined as deg(u) = (d¥ (u),d" (u)), where

df (u) = Z ppr(uv) and dN(u) = Z pp~ (uv).

uFv uFv
veEV veV

Definition 2.12. Let G = (A, B) be a connected bipolar fuzzy graph. G is said to
be a neighbourly irregular bipolar fuzzy graph if every two adjacent vertices of G
have distinct degree.

Definition 2.13. Let G be a connected bipolar fuzzy graph. G is called a highly
irregular bipolar fuzzy graph if every vertex of G is adjacent to vertices with distinct
degrees.

Definition 2.14. A bipolar fuzzy graph G is called complete if
ppe(zy) = min(par (x), par (y)), pp~ (zy) = max(uan (z), pav (y)) for all zy € E.

Definition 2.15. The complement of a highly irregular bipolar fuzzy graph (neigh-
bourly irregular bipolar fuzzy graph) G = (A, B) of a graph G* = (V, E) is a bipolar
fuzzy graph G = (A,B) of G* = (V,V x V), where A = A = [uar,ua~] and
B = [figr, fig~] is defined by

Apr(zy) = prar(z) A par(y) — ppr(zy) for all z,y € V,

AN (xy) = pav (@) V pan (y) — ppy (zy) for all z,y € V.

3. ISOMORPHIC PROPERTIES OF NEIGHBOURLY IRREGULAR AND HIGHLY
IRREGULAR BIPOLAR FUZZY GRAPHS

Definition 3.1. A homomorphism h of neighbourly irregular bipolar fuzzy graphs
(highly irregular bipolar fuzzy graphs) G and Gs is a mapping h : Vi — V5 which
satisfies the following conditions:

(@) par(ur) < pap(h(ur)), pay(ui) 2 pay (h(ur)) for all uy € Vi,

(0) ppr(uivi) < ppe(h(ur)h(vr)), ppy (uivr) = ppy (h(u1)h(v1)) for all ugvy € E.

Example 3.2. Let Vi = {a,b,¢,d} and V5 = {u, v, 2, w}. Consider two neighbourly
irregular bipolar fuzzy graphs G; = (A1, B1) and G2 = (Asg, By) defined by

a b C d ab bec cd ad
Har 03 03 05 04 LpP 03 01 04 02
Hay -0.5 -0.5 -05 -04 1By -0.3 -0.5 -0.2 -04

u v X w uv VX WX uw
jar |03 04 05 04 |[pge |03 03 04 02
fiay | -05 0.6 -0.5 -0.4 || ppy |-03 -03 -02 -04

2 2
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d el c w Go x
Fig. 1: Homomorphism of neighbourly irregular bipolar fuzzy graphs G; and Go

There is a homomorphism h : V3 — V5 such that h(a) = u, h(b) = v, h(c) = =z,
h(d) = w.

Definition 3.3. A weak isomorphism h of neighbourly irregular bipolar fuzzy graphs
(highly irregular bipolar fuzzy graphs) G and Gy is a bijective mapping h : V1 — V;
which satisfies the following conditions:

(¢) h is homomorphism,

(d) par(ur) = pap(h(u1)), pay (ur) = pay (h(ur)) for all uy € V1.

Example 3.4. Let G; = (A1, B1) and Gy = (A3, Bs) be two highly irregular bipolar
fuzzy graphs defined as follows.

a b

Cc c

G1 GQ
Fig. 2: Weak isomorphism of highly irregular bipolar fuzzy graphs

There is a weak isomorphism h : Vi — V5 such that h(a) =o', h(b) =¥, h(c) = .
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Definition 3.5. A co-weak isomorphism h of neighbourly irregular bipolar fuzzy
graphs (highly irregular bipolar fuzzy graphs) G; and G is a bijective mapping
h : Vi — V5 which satisfies the following conditions:

(e) h is homomorphism,

(f) ppr(uivr) = ppp(h(ur)h(v1)), ppy(urvr) = ppy (h(ur)h(vr)) for all uivy €
E.

Example 3.6. Let G; = (41, B1) and Go = (As, Bs) be two neighbourly irregular
bipolar fuzzy graphs defined as follows.

There is a co-weak isomorphism h : V; — V5 such that h(a) = a’, h(b) = V', h(c) = ¢,
h(d) =d'.

Definition 3.7. An isomorphism h of neighbourly irregular bipolar fuzzy graphs
(highly irregular bipolar fuzzy graphs) G; and Gs is a bijective mapping h : Vi — V3
which satisfies the following conditions:

(9) par(ui) = par(h(u1)), pay(ui) = pay (h(ur))

(h) ppr(uivr) = ppr(h(ur)h(v1)), ppy (w1v1) = pgy (h(ur)h(v1)) for all uy € Vi,
uiv, € B

Theorem 3.8. For any two isomorphism neighbourly irregular bipolar fuzzy graphs,
their order and size are same.

Proof. If h from G; to G2 be an isomorphism between the neighbourly irregular
bipolar fuzzy graphs G; and G5 with the underlying sets V7 and V5 respectively
then,

pap () = uap (W), pay () = pay (h(w)) for all weV,

e (u0) = g (W), s (uv) = ppy (h(w)h(v)) for all u,v € V.
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So, we have

oGr) = ( 3 pag (). gvumul))
- ( 3 naghim)), 3 g (h(w)))
- ( 3 naglia), 3 sy (uz)) = o(G)
s@) = ( > plan), 3 iy (w1v))
- ( 3wy (ko)) 3 gy (h(u)h(vn))
= ( SRS l;BZN(uzUz))ZS(Gﬂ-

UV € Ko Uusv2 € Ko

O
Remark 3.9. The above theorem is true for highly irregular bipolar fuzzy graphs.

Corollary 3.10. Converse of the above theorem need not be true for both neighbourly
irreqular and highly irregular bipolar fuzzy graphs. The converse part is proved in
the following example.

Example 3.11. Let G; = (A1, B1) and Gy = (As, Bs) be two highly irregular
bipolar fuzzy graphs defined as follows.

Fig. 4: Highly irregular bipolar fuzzy graphs G; and G4

In both the graphs, o(G1) = o(G3) = (2.2,—2.5) and Size(G) = (1.1,—-1.4). But
(31 is not isomorphic to Gs.
Proposition 3.12. If the neighbourly irregular bipolar fuzzy graphs (highly irregu-

lar bipolar fuzzy graphs) are weak isomorphic then their orders are same. But the
155
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neighbourly irregular bipolar fuzzy graphs (highly irregqular bipolar fuzzy graphs) of
same order need not be weak isomorphic.

Example 3.13. Let Gy = (A1, B1) and G5 = (A3, By) be two neighbourly irregular
bipolar fuzzy graphs defined as follows.

Fig. 5: Neighbourly irregular bipolar fuzzy graphs G; and Go

In both the graphs, o(G1) = (2.5, —2.6) = o(G2), but they are not weak isomorphic.

Proposition 3.14. If the neighbourly irregular bipolar fuzzy graphs (highly irregular
bipolar fuzzy graphs) are co-weak isomorphism their size are same. But the neigh-
bourly irregular bipolar fuzzy graphs (highly irregular bipolar fuzzy graphs) of same
size meed not be co-weak isomorphic.

Example 3.15. Let G; = (A1, B1) and Ga = (Az, B) be two highly irregular
bipolar fuzzy graphs defined as follows.
156
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Fig. 6: Highly irregular bipolar fuzzy graphs G; and Gq

The size of the above two highly irregular bipolar fuzzy graphs are same
(5(G) = (2.3,-3) = 5(G1)).
But they are not co-weak isomorphic.

Theorem 3.16. If G1 and G2 are isomorphic neighbourly irregular bipolar fuzzy
graphs then, the degrees of the corresponding vertices u and h(u) are preserved.

Proof. If h : G — G2 is an isomorphism between the neighbourly irregular bipolar
fuzzy graphs G; and G5 with the underlying sets V4 and V5 respectively then,

ppr (uivr) = pgp (M(u)h(v1)), ppy(uiv1) = ppy (h(ui)h(v1)) for all wy,vi € Vi.

Therefore,
d”(w) = > ppr(wavi)= Y ppp(h(u)h(vr)) = d”(h(ur))
u1,v1€VY uiv1 €V
dVw) = Y ppy(wv)= > ppy(hur)h(vr)) = d¥ (h(us))
u1,v1€V] u1v1€EVY

for all u; € V. That is, the degrees of the corresponding vertices of G; and Go are
the same. 0

Remark 3.17. The above theorem is true for highly irregular bipolar fuzzy graphs.
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Corollary 3.18. Converse of the Theorem|3.16/ and Remark|5.17 need not be true.
This is proved in the following example.

Example 3.19. Consider two neighbourly irregular bipolar fuzzy graphs G; =
(A1, By) and G = (As, Bs) defined as follows.

Go
Fig. 7: Neighbourly irregular bipolar fuzzy graphs G; and G4 with same degrees

deg(a) = deg(a’) = (1.2, -1.2), deg(b) = deg(b) = (1, —1.1),
deg(c) = deg(c') = (0.8,—1), deg(d) = deg(d’) = (1,—1.1).

In both the graphs the degrees of the corresponding vertices are the same, but G;
and G2 are only co-weak isomorphic but not isomorphic.

Example 3.20. Consider two highly irregular bipolar fuzzy graphs G; = (41, By)
and Gy = (Ag, Bs) defined as follows:

Fig. 8: Highly irregular bipolar fuzzy graphs G; and G4 with same degrees
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Here,
deg(a) = deg(a’) = (1,—1), deg(b) = deg(b') = (1.2, —1.2),

deg(c) = deg(c') = (1.2, -1.2), deg(d) = deg(d’) = (1,-1).

From the above two graphs, it is clear that the degrees of the corresponding nodes
are the same. G; and G4 are not isomorphic, but only co-weak isomorphic.

Theorem 3.21. Isomorphism between neighbourly irreqular bipolar fuzzy graphs is
an equivalence relation.

Proof. Let G1 = (A1, B1), G2 = (Ag, B) and G3 = (As, Bs) be neighbourly irregu-
lar bipolar fuzzy graphs with vertex sets Vi, V5 and V3 respectively.

Reflexive: (i.e) To prove G ~ G.

Consider the identity map h : V — V such that h(u) = u for all u € V. Clearly h is
a bijective map satisfying par (u) = par(h(w)), panv(u) = pav (h(w)) for all u € V
and ppr(uv) = pugre(h(u), h(v)), g~y (uww) = ppn (h(w), h(v)) for all u,v € V.
Therefore h is an isomorphism of the neighbourly irregular bipolar fuzzy graph to
itself. Hence h satisfies reflexive relation.

Symmetric: To prove, if G; ~ G5 then Go ~ G7.

Assume G1 ~ Go. Let h : Vi — V5 be an isomorphism of G; onto G5 such that
h(u1) = ug for all uy € V4. This h is a bijective map satisfying

(31)  par(w) =par(h(w)), pav(ui) = pay(h(ur)) for all ug € V4

and
(3.2)
ppr(uivr) = ppr(h(ur), h(v1)), ppy (u1v1) = ppy ((u), h(v1)) for all uy, vy € V3.

Since h is bijective, inverse exists. (i.e.) h™!(uz) = uy for all us € Vs.

From (3.1) and (3.2) we have

frar (h™(u2)) = pap (u2), pran (W= (u2)) = pay (u2) for all uy € Va and

pupr (W (u2)h = (v2)) = ppp (u2v2), ppy (W1 (uz)h ™ (v2)) = ppy (uzv2)

for all us, vy € V5.

Thus A= : V3 — V; is a 1-1, onto map which is an isomorphism from G5 to G;.

Therefore, isomorphism satisfies symmetric relation.

Transitive: To prove if G; ~ G5 and Gy ~ G3 then Gy ~ G3.

Assume G1 ~ Gy. Let h : Vi — V5 be an isomorphism of G; onto G5 such that

h(u1) = us for all uy € Vi satisfying pipr (u1) = par (h(u1)),

an (u1) = pay (h(ur)) for all ug € Vi and

ppr(uivy) = ppp(h(u)h(vi)) = ppp(ugvs), ppy(uivy) = ppy (h(ur)h(vy)) =

1By (ugus) for all uy, v, € V4.

Assume Go ~ G3. Let g : Vo — V3 be an isomorphism of G5 onto G3 such that

g(u2) = us for all us € V3 satisfying pyr(u2) = par(g9(u2)) = par(us),

tiay (uz) = 1ay (9(u2)) = iay (ug) for all up € V3 and

ppr(u2v2) = ppr(g(u2)g(ve)) = ppr(usvs), ppy(usve) = ppy(g(uz)g(va)) =

gy (ugvs) for all up, v € Va.

Since h : Vi — V5 and g : V5 — V3 are isomorphism from G; onto G and G5 onto
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G35 respectively, then g o h is a 1-1, onto map from V; to V5. (i.e.) goh: V3 — V3
where (g o h)(u) = g(h(u)) for all u; € V3. Now

prap(u1) = pap (h(ur)) = pap (uz) = pap(9(uz)) = pap(9(h(w))),
pray (wr) = pay (h(ur)) = pay (ug) = pay (9(u2)) = pay (9(h(uw)))

for all u; € V7 and

KpP (urv1) = MB;f’(h(M)h(ﬁ)) = UBP (ugv2)
= ppr(g(u2)g(v2)) = ppr(g(h(u1)), g(h(v1))),

ppy (uivr) = ppy (h(ua)h(v1)) = ppy (uzv2)
= ppy (9(u2)g(v2)) = ppy (9(h(u1)), g(h(v1)))

for all uy,v; € V7. Hence g o h is an isomorphism between GG; and G3. Therefore,
isomorphism between neighbourly irregular bipolar fuzzy graphs is an equivalence
relation. ]

Theorem 3.22. Let Gy = (A1,B1) and Go = (As, By) be two highly irregular
bipolar fuzzy graphs. G1 and Go are isomorphic if and only if, their complement are
isomorphic. But the complement need not be highly irregular.

Proof. Assume that G; and G5 are isomorphic, there exists a bijective map
h: Vi — Va satistying pyr(z) = par (h()), pax () = pay (h(z)) for all z € Vi,
ppr(zy) = ppp (h(2)h(y)), ppy (xy) = ppy (M(z)h(y)) for all zy € E.

By the definition of complement, we have
fipr (zy) = min(uyr (z), par (y)) — ppr(zy)
=min(usp (h(2)), pap (h(y))) — ppp (h(2)h(y)),

Per (zy) = max(pan (), pav (y)) — ppy (zy)
= max(pay (h(2)), pay (h(y))) — ppy (M(@)h(y))

for all zy € E;. Hence G; = G3. The proof of the converse part is straight
forward. Il

The following example illustrates the above theorem.

Example 3.23. Let G; = (A1, B1) and Ga = (Az, B3) be two highly irregular
bipolar fuzzy graphs defined as follows:
160
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(0.2, —0.4)

C /

G1 G2
Fig. 9: Highly irregular bipolar fuzzy graphs G; and G5 with same degrees

There is an isomorphism h : V3 — V5 such that h(a) = o', h(b) = ¢, h(c) = b and
G1 =2 Gy and G| = Gy, but the complements are not highly irregular bipolar fuzzy
graphs.

a b

Theorem 3.24. Let G and Gz be two highly irregular bipolar fuzzy graphs. If Gy
is weak isomorphism with Go then G1 is weak isomorphic with Gs.

Proof. If h is a weak isomorphism between G; and Go, then h : V; — V4 is a bijective
map satisfies

(33)  pap(@) = pap (@) uap (2) = pay (h(e) for all € i
161
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and
(34)  pop(@y) < pop (M@R(), woy (29) > sy (h()h(y)) for all 2,y € Vi,

As h=! : Vo — V; is also bijective, for every x5 € V3, there is an z; € V; such that
h=1(xy) = 1, using (3.3), we have

fiar (x2) = par (h=(22)), pay (w2) = pay (b~ (22)) for all x5 € V.

Again by (3.3) and (3.4)

fipp(z1y1) = min(pap (21), par (y1)) — ppp(T1y1) 21,91 € V1,

fpr (h™ (x2)h™ (y2)) = min(uap (h(21)), par (h(y1)) —ppr (W(z)h(y1)) 21,91 € Vi,

= min(par (22), par (y2)) — ppr (292)

= @(xgyg) for all x5, y2 € V5,

Le. fipr(z2y2) < @(h_l(ajz)h_l(yg)) for all xo,ys € Vs.

Also,

Py (21y1) = max(uay (x1), pay (Y1) — ppy (z1y1) for all 21,41 € V.

So,

fpy (W H@a)h ™ (y2)) < max(uay (h(21)), pay (R(y1))) — ppy (@) h(y1))
max(pay (22), pay (y2)) — ppy (T2y2)
= Ty (z2y2) for all z2,y2 € V2,

Le. fipy (z2y2) > ,UB{V(h_l(J,‘Q)h_l(yg)) for all xo,ys € Va.
Therefore, h=! : Vo — V; is a weak isomorphism between G; and Ga. O

Remark 3.25. The above theorem is true for neighbourly irregular bipolar fuzzy
graphs.

Theorem 3.26. Let G1 and G2 be two highly irreqular bipolar fuzzy graphs (neigh-
bourly irreqular bipolar fuzzy graphs). If Gy 15 a co-weak 1somorphism with G, then
there exists a homomorphism between G1 and Gs.

Definition 3.27. A bipolar fuzzy graph G is said to be a self complementary if
G~G.

Definition 3.28. A bipolar fuzzy graph G is said to be a self weak complementary
if G is weak isomorphic with G.

Proposition 3.29. A highly irreqular bipolar fuzzy graph need not be self comple-
mentary.

Example 3.30. Consider the bipolar fuzzy graphs G and G defined as follows.
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(0.5,-0.6) (0.4,-0.6)  (0.1,—0.1)

Fig. 10: Bipolar fuzzy graphs G and G

In this example, G is highly irregular bipolar fuzzy graph but not a self complemen-
tary bipolar fuzzy graph.

Theorem 3.31. Let G be a self weak complementary highly irreqular bipolar fuzzy
graph, then

> ppr(zy) me par (), par(y)) and

TFy méy
> g (zy) Zmax pan (), pan (y)).
TH£Y I?éy

Proof. Let G = (A, B) be a self weak complementary highly irregular bipolar fuzzy
graph of G* = (V, E). Then, there exists a weak-isomorphism h : G — G such that
for all z,y € V

par () = MAP(h(x))=u p(9(x)), pa~(z)=Tar(g(z)) = pav (h(z)),
ppr(ry) < @pr(h(2)h(y)), wp~(zy) > I~ (h(z)h(y)).

Using the definition of complement in the above inequality, for all z,y € V we have
ppr(ry) < fpr(h(z)h(y)) = min(par (h(2)), par (h(y))) — per (M(@)h(y))

pp~ (zy) > Tpy (h(2)h(y)) = max(uan (h(z)), pan (h(y))) — pp~ (h(2)h(y))
ppr(zy) + ppe (h(z)h(y)) < min(uar (h(2)), par (h(y)))

ppy (2y) + ppy (h(@)h(y)) > max(pan (h(z)), pav (h(y)))

/_\/\

Y upe(ey)+ Y ppe(h(x <D min(uar (h(x)), par (h(y)))
Ay TH£yY TAY

TS @) + S e (@h(w) > S max(uan (@), s (h(y)
r#y T#y rH#yY
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2 Z ppr(zy) < Z min(par (), par(y))

= T z#Y
2> ppn(zy) > Y max(uan (), pan ().
T#y TFy
Hence,
> g (zy) Z min(par (z), par (y)),
Ty r;ﬁy

> sy (zy) Zmax pan (), pan (y))- O

TFy xiy
4. ISOMORPHISM PROPERTIES OF -COMPLEMENT OF HIGHLY IRREGULAR
BIPOLAR FUZZY GRAPHS

Definition 4.1. Let G = (A, B) be a bipolar fuzzy graph. The u-complement of G
is defined as G* = (A, B*) where B* = (ulyp, 'y x ) and

i (zy) = { par (x) A par(y) — ppe(vy)  if MBP(MJ; i 8

0 if ppr(vy
M (xy) _ HaAN (l‘) V AN (y) — BN (xy) if ppw (xy) <0
T / £ o (ay) <0

Theorem 4.2. The p-complement of a highly irreqular bipolar fuzzy graph need not
be highly irregular.

Proof. To every vertex, the adjacent vertices with distinct degrees or the non-
adjacent vertices with distinct degrees may happen to be adjacent vertices with same
degrees. This contradicts the definition of highly irregular bipolar fuzzy graph. O

Theorem 4.3. Let G1 and Go be two highly irregular bipolar fuzzy graphs. If Gy
and Gy are isomorphic, then p-complement of G1 and Gy are also isomorphic and
vice versa, but the complements need not be highly irregular.

Proof. The proof is similar to Theorem [3.22. O

Remark 4.4. Let G; and G4 be two highly irregular bipolar fuzzy graphs. If G, is
weak isomorphic with G2, then neither py-complement of G is weak isomorphic with
p-complement of G5 nor p-complement of G is weak isomorphic with py-complement

of Gl .
The following example illustrate the above theorem.
Example 4.5. Consider two highly irregular bipolar fuzzy graphs G; and G4 defined

as follows.
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“w
Gi

It is easy to see that G; and G2 are highly irregular bipolar fuzzy graphs and G;
is weak isomorphic with Ga, but p-complement of GGy is not weak isomorphic with
p-complement of Ga.

Theorem 4.6. If there is a co-weak isomorphism between G1 and Ga, then pu-
complement of G1 and G4 need not be co-weak isomorphic, but there can be a ho-
momorphism between p-complement of G1 and Gs.

Proof. 1t follows from Theorem [3.26. 0

Definition 4.7. A bipolar fuzzy graph G = (A, B) is said to be a self y-complementary
bipolar fuzzy graph if G = G*.
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Theorem 4.8. Let G be a highly irreqular and self u-complementary bipolar fuzzy
graph, then

1
Z,qu(uv) =3 —ZMAP A piar(v) and Z/J/BN uv) :§=ZMAN(u)\/
uFv uFv uFv uFv
fran (v).

Proof. Let G = (A, B) be a self y-complementary highly irregular bipolar fuzzy
graph. Since, G = G*, there exists a bijective map h : V' — V such that

par () = plie (h(w)) = par (h(w)),
(4.1) pran (u) = pfyn (h(w)) = pan (h(u)) for all u,v € V

and

(4.2)  ppr(uw) = phe (M(u)h(v), ppy(ww) = phy (h(u)h(v)) for all uwv € E.

By the definition of p-complement of a bipolar fuzzy graph we have
{ prar (u) A par(v) = pge(uv) if pge(uv) >0,
0

" _
Hr (uv) = if pgr(uv)=0.

Therefore, il (h(u)h(v)) = 1y (h(w)) A s (h(0)) = e (h(w)h(v):
From 4.1 and 4.2 we have

ppr(uwv) = par (h(u) A par (h(v)) — pge (h(u)h(v))

ppr(uv) + ppe (A(u)h(v)) = par (h(w) A par (h(v))

Ypigse (u0) = iar (u) A par ().

Taking summation,

23 ppr(ww) =Y par(w) Apar(v). So, > ppe(uv) ZNAP ) A e (v).

uF#v uF#v uF#v u;ﬁv
Similarly, we can show that

Z ppn (uv) Z pran (u) V pran (v).

uFv u;év

Definition 4.9. A bipolar fuzzy graph G = (A, B) is said to be a self weak pu-
complementary bipolar fuzzy graph if G is weak isomorphic with G*.

Example 4.10. Here, G and G* are highly irregular bipolar fuzzy graphs and also
G is weak isomorphic with G*. Thus, G is a self weak p-complementary bipolar
fuzzy graph.
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Fig. 12: Highly irregular bipolar fuzzy graphs G and G*

5. CONCLUSIONS

In this paper, weak isomorphism, co-weak isomorphism and isomorphism of neigh-
bourly irregular bipolar fuzzy graphs and highly irregular bipolar fuzzy graphs are
defined. Some results on order, size and degrees of the nodes between isomorphic
neighbourly irregular and isomorphic highly irregular bipolar fuzzy graphs are dis-
cussed. Finally, isomorphism properties of p-complement, self p-complement and
self weak p-complement of highly irregular bipolar fuzzy graphs are stablished.
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