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ABSTRACT. In this paper, the notions of soft fuzzy soft set, soft fuzzy
soft homotopy and soft fuzzy soft fundamental group are introduced. Prop-
erties governing these definitions are discussed. Moreover, soft fuzzy soft
manifold and soft fuzzy soft topological foldings on it are introduced. In
this connection, several properties are established with diagrams wherever
necessary.
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1. INTRODUCTION

In order to deal with many complicated problems in the field of engineering, social
science, economics, medical science, etc., involving uncertainties, classical methods
are found to be inadequate in recent times. The concept of fuzzy set was intro-
duced by L.Zadeh [11], which also inadequacy of the parameterization tool of the
theory. So, D. Molodtsov [8] proposed the soft set which is free from parameteriza-
tion inadequacy syndrome of fuzzy set theory, probability theory, etc. The notion of
fuzzy soft set was introduced and discussed by P. K. Maji [6]. The concept of soft
fuzzy open set was introduced by T. Yogalakshmi, E. Roja, M. K. Uma [10]. The
American Mathematician J. W. Alexander[!] was the first to show that knot theory
is extremely important in the study of 3-dimensional topology. Further topological
folding in manifolds was discussed by El-Ghoul et al.[5]

In this paper, the concept of soft fuzzy soft sets is introduced and studied. The
concept of soft fuzzy soft topological spaces is discussed as in [2]. The notions
of soft fuzzy soft homotopy, soft fuzzy soft path connected spaces, soft fuzzy soft
homotopy equivalent spaces are introduced and several properties are established.
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The concept of soft fuzzy soft manifold and its topological foldings is introduced and
some interesting properties are studied.

2. PRELIMINARIES

Definition 2.1 ([11]). A fuzzy set X is a function from a non-empty set X to a
unit interval I = [0,1]. The family of fuzzy sets is denoted by IX.

Definition 2.2 ([3]). A fuzzy topology is a family T of fuzzy sets in X which
satisfies the following conditions:

(1) ¢, X eT.

(2) f A,BeT then ANBeT.

(3) If A; € T for each i € I, then U;A; € T.

Then the pair (X, T) is called a fuzzy topological space.

Definition 2.3 ([3]). Let X be a non-empty set, E be the set of all parameters for
X and A C E. A pair (F, A) is called a soft set over X if F is a mapping defined
by F: A — 2%, where 2% is the power set of X.

Definition 2.4 ([2]). Let A be a fuzzy subset of X. A collection 7 of fuzzy subsets
of \ satisfying

(1) ,xeT.

(2) pervied = V{u:ie€J}er.

3) pAeT=unAIer.
is called a fuzzy topology on .

Definition 2.5 ([9]). Let X be a topological space with topology T'. If Y is a subset
of X, the collection

Ty ={YNU:UeT}
is a topology on Y, called the subspace topology. Then the ordered pair (Y, Ty )
is called a subspace of X.

Definition 2.6 ([9]). Let A be the subset of X. A characteristic function of A,
x4 : X — {0,1} is defined as

1, ifze A,
xa(z) =

0, otherwise.

Definition 2.7 ([7]). Let f,g: X — Y be any two continuous functions. We say
that f and g are homotopic, and denote that by f ~ g, if there exists a continuous
function F : X xI — Y such that F(z,0) = f(x) and F(x,1) = g(x), for each x € X.
The function F is called a homotopy between f and g.

Definition 2.8 ([7]). Given two paths f,g : I — X beginning at zy and ending
at x1, it is said that f and g are path homotopic (notation f=g) if there is a
continuous function F': I x I — X such that
(1) F(t,0) = f(t) and F(t1) = g(¢t) for all t € I;
(2) F(0,8) =x¢ and F(1,s) =z, for all t € I.
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Definition 2.9 ([9]). Euclidean space R, is the set of all real numbers together
with the topology determined by the Euclidean metric, d(x,y) = |z — gy, for all
z,y € R.

Definition 2.10 ([]). Let (X,T) be a topological spaces. The collection T =
{D: D is a fuzzy set in X and Dy € T} is a fuzzy topology on X, called the fuzzy
topology on X introduced by T. (X, T ) is called the fuzzy topological space
introduced by (X, T).

Definition 2.11 ([4]). Let (X,7) and (Y, o) be the fuzzy topological spaces and
(I,&7) be the fuzzy topological space introduced by the Euclidean space (I,er). Let
fyg: (X,7) — (Y,0) be two fuzzy continuous mappings. If there exists a fuzzy
continuous mapping F : (X, 7) x (I,€5) such that F(xx0) = f(zx) and F(zx1) =
g(zy) for every fuzzy point z in (X, 7), then we say that f is fuzzy homotopic to
g. The mapping F' is called a fuzzy homotopy between f and g and write f ~ g.

Definition 2.12 ([1]). A fuzzy subset (A4, u) of a fuzzy manifold (M, u) is called
a fuzzy retraction if there exist a fuzzy continuous function 7 : (M, u) — (A, p)
such that 7(a, u(a)) = (a, u(a)), for all a € A. p € [0,1].

Definition 2.13 ([9]). A manifold is a Hausdorff space X with a countable basis
such that each point z of X has a neighbourhood that is homeomorphic with an
open subset of R™.

Definition 2.14 ([5]). Let (X,T) be a topological space. A map f : (X,T) —
(X, T) is said to be folding of a topological space into itself if f(X) C X and either
foralGeT, f(G)=UCG, UecTorforall GeT, f(G)=G.

3. SOFT FUZZY SOFT SETS

Definition 3.1. Let X be a non-empty set and I be the unit interval. Let P be the
set of all parameters and 27 be the power set of P. A soft fuzzy soft set \p of X
is a function from X to I x 2F such that Ap(z) = (\(x), A) where A : X — I and
A € 2P, The family of all soft fuzzy soft sets over X with parameter P is denoted
by SFS(X, P).

Definition 3.2. Let U be the subset of X and P be the set of all parameters. A
soft fuzzy soft characteristic function of U, xy : X — {(1, P), (0, ¢)} is defined

as
1,P), ifzel,
) =4 00 .

(0,¢), otherwise.

Definition 3.3. Let X be a non-empty set and P be the set of all parameters. Let
z€X,pePanddp: X — I x2F. Define

%M@&M>m<asn,ﬁx=%

zor (y) = (0, 9), otherwise.

Then the soft fuzzy soft set x5, is called the soft fuzzy soft point (inshort.
SFSP).
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Definition 3.4. Let X be a non-empty set and P be the set of all parameters. The
soft fuzzy soft set Ap is called the universal soft fuzzy soft set if Ap(z) = (1, P),
V x € X and it is denoted by (1x, P)~. The soft fuzzy soft set Ap is called the null
soft fuzzy soft set if Ap(z) = (0,¢), V € X and it is denoted by (0x,¢)™.

Definition 3.5. Let X be a non-empty set and P be the set of all parameters.
Let Ap be the soft fuzzy soft set. Then the complement of Ap, denoted by A% is
defined by A% (z) = (1 — A(z), P/A), for all z € X.

Definition 3.6. Let X be a non-empty set and P be the set of all parameters. Let
Ap and pp be any two soft fuzzy soft sets of X such that Ap(z) = (A(x),A) and
wp(x) = (u(z), B) Vo € X. Then

(1) Ap(z) E pp(x) = (\(z) < p(z), A C B).
(2) Ap(z) 3 pp(z) = (A(z) > p(z), A 2 B).
(3) Ap(z) Mpp(x) = (min{A(z), u(2)}, AN B).
(4) Ap(z) U pp () = (max{A(z), p(z)}, AU B).

Definition 3.7. Let X be a non-empty set and P be the set of all parameters. Let
Ap and pp be any two soft fuzzy soft sets of X. Then

(1) Ap € up & Ap(z) C pp(z),Va € X.
(2) Ap 2 pup & Ap(x) D up(z),Va € X.
(3) )\P:,LLP@AP(I) ( ),VSCEX.
(4) )\p@ﬂp@)\p({b)u‘up( ),V:CEX.
(5) ApMpup < Ap(x) Mup(z),Vr e X.

Definition 3.8. Let X and Y be any two non-empty sets. Let P and () be the set
of all parameters over X and Y respectively. Let SFS(X, P), SFS(Y,Q) be the
family of all soft fuzzy soft sets of X,Y respectively and ¥ : P — @ be the function.
Let AC Pand BC Q. If f: SFS(X,P) — SFS(Y,Q) and Ap is a soft fuzzy
soft set of X with Ap(z) = (A(z), A), then the image under f, f(Ap) is defined by
JAP)(Y) = (Va1 A (@), (N)) for each y € Y and N is the second ordinate of
Uge p-1(y)Ap(2). If pg is the soft fuzzy soft set of Y with pug(y) = (u(y), B), then the

inverse image under f, f~!(ug) is defined by f~!(ug)(z) = (no f(x),v " (B))
for each z € X.

Definition 3.9. Let X be a non-empty set and P be the set of all parameters.
Let Ap be any soft fuzzy soft set of X and J be an indexed set. A soft fuzzy
soft topology on X is a family 7, of soft fuzzy soft subsets of Ap satisfying the
following axioms :

(1> (OXa ¢)Na )‘P € Tap-

(2) For any family of soft fuzzy soft sets {(Ap);}jcs € Tar, = Ujes(Ap); € T,\P

(3) For any finite number of soft fuzzy soft sets {(Ap);}7_; € Ta, = M} (Ap); €

Txp-

Then the pair (X, 7y, ) is called a soft fuzzy soft topological space. The members
of 7). is said to be a soft fuzzy soft open set. The complement of a soft fuzzy
soft open set is a soft fuzzy soft closed set.
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Definition 3.10. Let (X, 7)) and (Y, 0,,) be any two soft fuzzy soft topological
spaces. A function f is said to be a soft fuzzy soft continuous function if the
inverse image of every soft fuzzy soft open set is soft fuzzy soft open.

4. ON SOFT FUZZY SOFT CONTRACTIBLE SPACES

Definition 4.1. Let (X, T) be a topological space and @ be the set of all parameters
over X. Let U be the subset of X and yy be the soft fuzzy soft characteristic
function of U. Then the soft fuzzy soft topology introduced by T is w(T)gq = {xv :
U € T} and the pair (X,w(T')g) is said to be a soft fuzzy soft topological space
introduced by (X, T).

Note 4.2. Let I be the unit interval and @) be the set of all parameters over I. Let
¢ be an Euclidean topology on I and (I,w(€)g) be a soft fuzzy soft topological space
introduced by the Euclidean space (I,§).

Definition 4.3. Let (X, 7),) be a soft fuzzy soft topological space. If YV is the
subset of X and xy is the characteristic function of Y, then the collection 7y, |y =
{pplY = pup M xy : pp € Tap} is a soft fuzzy soft topology on Y, called the soft
fuzzy soft subspace topology and the pair (Y, 7y, |y) is called a soft fuzzy soft
topological subspace of (X, 7),).

Definition 4.4. Let (X,7),) and (Y,0,,) be any two soft fuzzy soft topological
spaces and (I, w(§)q) be a soft fuzzy soft topology introduced by the Euclidean space
(1,8). Let f,g9: (X,7xp) — (Y,0u,) be any two soft fuzzy soft continuous functions.
If there exists a soft fuzzy soft continuous function H : (X, 7x,) X (I,w(§)g) —
(Y,0,,) such that H(zs,,0) = f(zs,) and H(x5,,1) = g(x5,), for each soft fuzzy
soft point x5, of X, then f is said to be a soft fuzzy soft homotopic to g.
Moreover, the function H is said to be a soft fuzzy soft homotopy between f and
g, denoted as f ~ g.

Proposition 4.5. Let (X, 7\,) and (Y,0.,) be any two soft fuzzy soft topological
spaces. Let U and V be the subsets of X. Let Ap = Ap|U U Ap|V, where Ap|U and
Ap|V are the soft fuzzy soft open sets in (X,7r,). Let [ : (U, Txpu) — (Y,0u5)
and h : (V,Tx,v) — (Y,0u,) be any two soft fuzzy soft continuous functions. If
flUNV)=h|(UNV), then g: (X,7r,) — (Y,0.5) is defined by

) flx), =xzeU
9(@) = {h(w), zeV
s a soft fuzzy soft continuous function.

Proof. Let pgr be a soft fuzzy soft open set in (Y, 0,,). Let Ap|U and Ap|V be the
soft fuzzy soft open sets in (X, 7y, ). Now
97 (ur) = 97 (ur) M Ap
=g~ (ur) M (Ap|U U AP|V)
= (97 (ur) MAP[U) U (g7  (ur) M Ap|V)

= [N ur) YR (ur)
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Since f and h are the soft fuzzy soft continuous functions, f~1(ur) and h=1(ug) are
the soft fuzzy soft open sets in (U, 7, v7) and (V, 7y, v ) respectively. Thus g~ (ur)
is a soft fuzzy soft open set. Hence g is a soft fuzzy soft continuous function. O

Proposition 4.6. The relation ~ is an equivalence relation.

Proof. Proof is clear. a

b2 b2

Note 4.7. The equivalence class of ” f” under the equivalence relation ” ~ 7, is
denoted by [f].

Proposition 4.8. Let (X, 7,), (Y,0,,) and (Z, p,) be the soft fuzzy soft topolog-
ical spaces. Suppose that fi and fo are the soft fuzzy soft homotopic functions from
(X,7xp) to (Y,0,,) and that g1 and go are the soft fuzzy soft homotopic functions
from (KGMQ) to (va’yR)' Then g1 0 f1 =~ g2 0 fa.

Proof. Proof is clear from the following steps : (i) g10f1 ~ gi0fo2; (ii) g10f2 ~ goo fo;
(iii) transitivity of (i) and (ii). O

Proposition 4.9. Let (X, 7,), (Y,0.,) and (Z, p,,) be the soft fuzzy soft topolog-
ical spaces. Let f,g: (X, 7xp) — (Y,0u,) be the soft fuzzy soft continuous functions
such that f ~g. If h: (Y,0u,) — (Z,pyz) 15 a soft fuzzy soft continuous function,
then hof, hog: (X, Txp) — (Z, pyr) are soft fuzzy soft continuous and ho f ~ hog.

Proof. Let (I,w(§)q) be a soft fuzzy soft topological space introduced by the Eu-
clidean space (I,£). Since h, f, g are the soft fuzzy soft continuous functions, h o f,
h o g are the soft fuzzy soft continuous functions. Furthermore, f ~ ¢ implies that
there is a soft fuzzy soft continuous function G : (X, 7x,) x (I,w(§)q) — (Y,0u,)
such that G(z5,,0) = f(zs,), G(zs,,1) = g(xs,), for each soft fuzzy soft point
x5, of X. Now, H : (X,7\,) X ([,w(§)g) — (Z,pyg) is given by H(xs,,t) =
h(G(xs,,t)). Since h, g are the soft fuzzy soft continuous functions, H = hog is a
soft fuzzy soft continuous function. Moreover H satisfies the following conditions :

H(m5P70) = h(G($5P70)) = h(f(l‘ap)) = (h o f)(xép)
H(ZE&P? 1) = h(G(I(SPa 1)) = h(g(z(sp)) = (h © g)(xtsp)

Hence, ho f ~hog. O

Definition 4.10. Two soft fuzzy soft topological spaces (X, 7x,) and (Y,0,,,) are
said to be a soft fuzzy soft homotopic equivalent spaces, if there exist soft
fuzzy soft continuous functions f: (X, 7x,) — (Y,0,.,) and g : (Y,0,,) — (X, 7rp)
such that fog ~i0y and go f ~ id0x, where i0x and i0y are the identity functions
of X and Y respectively.

Definition 4.11. Let (X, 75,) and (Y,0,,) be any two soft fuzzy soft topological
spaces. If the bijective function f: (X, 7x,) — (Y,0,,) and its inverse function are
soft fuzzy soft continuous functions, then the function f is said to be a soft fuzzy
soft homeomorphism. Moreover (X, 7,) and (Y, 0,,) are said to be soft fuzzy
soft homeomorphic spaces.

Proposition 4.12. Fvery soft fuzzy soft homeomorphic spaces are the soft fuzzy
soft homotopic equivalent spaces.
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Proof. Proof is obvious. O

Definition 4.13. A soft fuzzy soft topological space (X, 7y, ) is said to be a soft
fuzzy soft contractible space, if the identity function idx : (X, 7x,) — (X, 7xp)
is soft fuzzy soft homotopic to a constant function.

Proposition 4.14. A soft fuzzy soft topological space (X, Tr,) is a soft fuzzy soft
contractible space if and only if (X, Txp) is a soft fuzzy soft homotopic equivalent to
a soft fuzzy soft single-point space.

Proof. Suppose that the soft fuzzy soft topological space (X, 7y, ) is a soft fuzzy
soft contractible space. Then there exists a constant function ¢ : SFS(X,P) —
SFS(X, P) defined by ¢(z5,) = x5, for each soft fuzzy soft point x5, of X such that
iox ~c Let (Y,0,,) = {z,, } be a soft fuzzy soft single-point space with parameter
Q C Pand f:(X,7\,) — (Y,0,,) be a soft fuzzy soft continuous function. Then
an inclusion function ¢ : (Y, 0,,) — (X, 7,) defined by «(z},,,) = zj, is a soft fuzzy
soft continuous function and to f = ¢, f ot = i0y. Since idx ~ ¢ and ~ is an
equivalence relation, i0x ~ to f and f ot~ idy. Hence (X, 7y, ) is a soft fuzzy soft
homotopic equivalent to a soft fuzzy soft single-point space (Y, 0y, ).

Conversely, suppose that (Y,0,,) = {z(,,} is a soft fuzzy soft single-point space
with parameter @ C P and (X, 7),) is a soft fuzzy soft homotopic equivalent to a
soft fuzzy soft single-point space (Y, 0,,,). Then there exist soft fuzzy soft continuous
functions f: (X, 7x,) — (Y,0,.,) and g : (Y,0,,) — (X, 7x,) such that fog~idy
and gof ~ i0x, where id x and i0y are the identity functions of X and Y respectively.
Since (Y,0,,) is a soft fuzzy soft single-point space, f(xs5,) = x,,, for each soft
fuzzy soft point s, of X. Let g(z;,,) = xj,. Now, it is clear that go f = ¢
and ¢ ~ idx, where ¢ is a constant function. Hence (X, 7y,) is a soft fuzzy soft
contractible space. O

Proposition 4.15. The soft fuzzy soft two-point space is not a soft fuzzy soft con-
tractible space.

Proof. Proof is clear. O

5. ON SOFT FUZZY SOFT PATH CONNECTED SPACES

Definition 5.1. Let (I,w(§)qg) be a soft fuzzy soft topological space introduced by
the Euclidean space (1, ) and (X, 7y, ) be a soft fuzzy soft topological space. Let x5,
and 2/, be any two soft fuzzy soft points of X. A soft fuzzy soft path nin (X, 7),)
from x5, to x’, is a soft fuzzy soft continuous function 7 : (I,w(§)q) — (X, 7x.)
such that 7(0) = x5, and n(1) = 2/ . Then the soft fuzzy soft points 1(0) and 7(1)
are called the origin and end points of 7.

Definition 5.2. Let (X, 7, ) be a soft fuzzy soft topological space. Let x5, and z’,,
be any two soft fuzzy soft points of X. A soft fuzzy soft topological space (X, 7x,)
is said to be a soft fuzzy soft path connected space if there exists a soft fuzzy
soft path in (X, 7y, ) with origin x5, and end point /.

Definition 5.3. Let (X, 7)) be a soft fuzzy soft topological space and U C X. A
soft fuzzy soft set Ap|U is called a soft fuzzy soft retract of X if there exists a
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soft fuzzy soft continuous function 7 : (X, 7z, ) — (U, 7a,|U) such that 7(z},) = x5,
for each soft fuzzy soft point xgp of U. Moreover the function 7 is said to be a soft
fuzzy soft retraction.

Definition 5.4. Let (I,w(§)q) be a soft fuzzy soft topological space introduced by
the Euclidean space (I,£). Let (X, 7x,) be a soft fuzzy soft topological space and
U C X. A soft fuzzy soft set Ap|U is called a soft fuzzy soft deformation retract
of X if there exists a soft fuzzy soft retraction 7 : (X,7x,) — (U, 7y, v) and a soft
fuzzy soft homotopy G : (X, Tx,) % (I,w(§)g) — (X, Trp) such that G(zs,,0) = zs,,
G(zsp,1) = 7(xs, ), for each soft fuzzy soft point zs, of X and G(usp,t) = us,, for
each soft fuzzy soft point us, of U, t € I. Furthermore, the function G is said to be
a soft fuzzy soft deformation retraction.

Definition 5.5. Let (X, 7y,) be the soft fuzzy soft topological space. Let n and
¢ be the soft fuzzy soft paths in (X, 7\,) from x5, to z},, and z,, to z7/,. The
product of 7 and 0 is the soft fuzzy soft path 70 in (X, 7y, ) from x5, to x7_ is

defined by
n0(t) = {n«zmp),

N~ O

<
<

IA N
—_ D=

t
0((2157 1)0413)’ t
forallt e I.

Definition 5.6. Let 1) be the soft fuzzy soft path in (X, 7, ) from x5, to z,,. The
inverse of 7 is the soft fuzzy soft path in (X,7\,) from ), to x5, defined by
n~tt)=n(1—t) forall t el

Definition 5.7. Let (I,w(€)g) and (I,w(¢)r) be any two soft fuzzy soft topological
spaces introduced by the Euclidean spaces (I,£) and (1, {) respectively. Let (X, 7x,)
be a soft fuzzy soft topological space. Two soft fuzzy soft paths n and 6 in (X, 7y, )
from x5, to x),, are said to be a soft fuzzy soft path homotopy (in short, 7= 0)
if there exists a soft fuzzy soft continuous function G : (I,w({)r) X (I,w(§)g) —

(X, 7xp) such that
G(0,tag) = Tsp and G(1,ta,) =2 for all to, € SFS(I,Q);

= xﬂp

G(t,,0) = n(tsy,) and G(tgn,1) = 0(tgg) for all tg, € SFS(I, R).

Proposition 5.8. Let (X, 7\, ) be a soft fuzzy soft topological space. Let ng, 1, 00,61
be the soft fuzzy soft paths in (X, Tx,) respectively. If ng = ny, Oy = 01 and neby is
defined, then 1161 is defined and n1601 = nybp.

Proof. Let (I,w(§)g) and (I,w({)r) be the soft fuzzy soft topological spaces intro-
duced by the Euclidean spaces (I,&) and (I, () respectively. It is clear that 7,67 is
well-defined. Let G, H : (I,w({)r) x ({,w(§)q) — (X,7r,) be the soft fuzzy soft
path homotopies from 7y to 77 and from 6y to € respectively. Then there exists a
soft fuzzy soft path homotopy E : (I,w({)r) X (I,w(€)g) — (X, 7Trp) from neby to
1m0 is given by

G(2t, th), 0
H2t—1,t5,), 3
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for each th € SFS(1,Q),t € I. By Proposition 4.5., E'is a soft fuzzy soft continuous
function. Hence, 1161 = n96o. O

Proposition 5.9. Let (X,7x,) be a soft fuzzy soft topological space. Let ng and m
be any two soft fuzzy soft paths in (X, 7x,). If no = 1, then 770_1 ~ 771_1

Proof. Let (I,w(§)g) and (I,w({)r) be the soft fuzzy soft topological spaces intro-
duced by the Euclidean spaces (I,£) and (I, () respectively. Let G : (I,w(¢)Rr) X
(I,w(€)g) — (X,7a,) be a soft fuzzy soft path homotopy from 7y to 771. A soft
fuzzy soft path homotopy H : (I,w(¢)r) x (I,w(&)g) — (X, 7xp) from 7y ! to nf is
given by H(t,t5,) = G(1 —t,t5) for each t§ € SFS(I,Q). Hence, ot =gt O

Notation 5.10. ((n)) denotes the set of all soft fuzzy soft paths homotopic to 7;
that is, equivalence class of 7.

Definition 5.11. The product and inverse of the equivalence classes of the soft
fuzzy soft paths  and 6 are defined by ((n)) o ({(8)) = ((nf)) and ({(n))~1 = ((n~1)).

Definition 5.12. Let ¢ : (I,w(§)q) — (X, Ta,) be a soft fuzzy soft path in (X, 7x,),
defined by e(t,,) = x5, for each soft fuzzy soft points t,, and x5, of I and X
respectively. The set of all soft fuzzy soft homotopic equivalence classes of paths
with origin and end x5, is called a soft fuzzy soft fundamental group of X at
x5, if the following conditions are satisfied.

(i) If ((n)) has origin and end x5, , then ((e)) o ((n)) =
(ii) If ({(n)) has origin and end zs,, then ((n))o ({n~1))

(iif) If (nf)x is defined, then ({(n)) o ((0))) o {{r)) = {(n))

Notation 5.13. Soft fuzzy soft fundamental group of X at x5, is denoted by
1 (X, x5p).

Definition 5.14. Let 7 (X, z5,) and m1(Y,y,,) be any two soft fuzzy soft funda-
mental groups. A function f : 71(X,xs5,) — m1(Y,yu,) is said to be a soft fuzzy
soft homomorphism if £(({6)) o (1)) = F(((6)}) o F({(n))) for all ((6)), ((m)) €
m1(X, x5, ). Moreover the soft fuzzy soft homomorphism is said to be a soft fuzzy
soft isomorphism if it is bijective.

Proposition 5.15. Let (X,7x,) be a soft fuzzy soft path connected space. Let
xgp,x;w be any two soft fuzzy soft points of X. Then there exists a soft fuzzy

soft group isomorphism of (X, xs,) onto 7 (X, ), ).

Proof. Proof is obvious. O

Note 5.16. If f: (X,7y,) — (Y, 0.,) is a soft fuzzy soft continuous function and
if ,0 are the soft fuzzy soft paths in (X, 7y,) with n(1) = 6(0), then f(nf) =
(fn)-(f6)-

Definition 5.17. Let (X,7\,) and (Y, 0,,) be any two soft fuzzy soft path con-
nected spaces and f : (X, 7\,) — (Y,0.,) be a soft fuzzy soft continuous function.
Then the function, f.: mi(X,2},,) — m(Y, f(x],,)) is called the soft fuzzy soft

homomorphism induced by fif f.(((n)) = ((fm), for all ((n)) € m(X,x],,).
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Proposition 5.18. Let (X,7x,), (Y,0u,) and (Z, py) be any three soft fuzzy soft
path connected spaces. Let f: (X, 7xp) — (Y,0u,) be a soft fuzzy soft continuous
function and x;w be a soft fuzzy soft point of X. Then f induces a soft fuzzy soft
homomorphism f.: 71 (X, x),,) — (Y, f(z},,.))

a0

Proof. For each ((8)), ((n)) € m (X, 2!, ),

*pp

£ ({(0)) o ((m))) = fu(((Om))
= ({(f(#m))

= (((f0)-(fn)))

= (((f0))) o ({(S))

= [({{8)) o £ ({{m)))

Thus f, is a soft fuzzy soft homomorphism. O

)

Proposition 5.19. Let (X, 7z, ), (Y,0u,), and (Z, pyy) be any three soft fuzzy soft
path connected spaces. Let x5 be a soft fuzzy soft point of X. If g : (X,7xp) —
(Y,ou,) and [ : (Y,0u,) — (Z,pyz) are the soft fuzzy soft continuous functions,
then (f o g)« = fi o gu.

Proof. For each ((n)) € m (X, x},),

Hence, (f o g)s = fi 0 g«. g

Proposition 5.20. Let h be a soft fuzzy soft homeomorphism between the soft
fuzzy soft path connected spaces (X,7r,) and (Y,0,,). Then h. : m(X,z,,) —
(Y, h(z),,.)) is a soft fuzzy soft isomorphism.

Proof. Let (X,7x,) and (Y,0,,,) be any two soft fuzzy soft topological spaces. Let
vx : (X,m,p) — (X,72,) and 07, (xal, ) m (X, z,,) — m(X,7,,) be any two
identity functions. For each ((n)) € m(X,x},,.), ({0x).({((n))) = ((oxn)) = ((n)) =
wm(X,m;LP)(<<77>>)' Thus, (i0x). = 07, (X2, ). Since there is a soft fuzzy soft
homeomorphism & from (X, 7y,) to (Y,0,,), h is a bijective function. Now, (h=1),0
he = (h=toh), = (idx)« = 0, (X)) and similarly, h, o (h71), = 0r, (Vih(a), )
Since (h.)~! = (h™1). , we have h, is bijective. Therefore by Proposition 5.18., h
induces a soft fuzzy soft homomorphism h, with an inverse (h.)~!. Hence h, is a

soft fuzzy soft isomorphism from m (X, z),.) to 1 (Y, h(z),,.)). O

Proposition 5.21. Let U C X and x5, is a soft fuzzy soft point of U. If Ap|U

is the soft fuzzy soft deformation retract of X, then m (U, xs,) is soft fuzzy soft

isomorphic to w1 (X, Tsp).

Proof. Proof is simple. O
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6. SOFT FUZZY SOFT MANIFOLD AND ITS TOPOLOGICAL FOLDINGS

Definition 6.1. Let (X, 75, ) be a soft fuzzy soft topological space and J be an
indexed set. A collection B of soft fuzzy soft open sets of 75, is said to be a soft
fuzzy soft basis if for every soft fuzzy soft open set pup in 7),, there exists a
subcollection {(vp);}jes of B such that up = U,;c;{(vp);}. If the collection B
containing countable number of soft fuzzy soft open sets, then (X, 7),) is said to be
a soft fuzzy soft second countable base.

Definition 6.2. A soft fuzzy soft topological space (X, 7),) is said to be a soft
fuzzy soft Hausdorff space if for each pair of distinct soft fuzzy soft points x5,
!/

z,, of X, there exist soft fuzzy soft open sets ap 3 z5,, fp 3 x;w such that

ap M OBp = (0, ¢)N
Definition 6.3. Let (X, 7\, ) be a soft fuzzy soft topological space and (R™,w(§)q)
be a soft fuzzy soft topological space introduced by the Euclidean space (R,&). A
soft fuzzy soft manifold having dimension n is a soft fuzzy soft topological space
(X, 7x,) having the following properties:
(1) (X,7rp) is a soft fuzzy soft second countable space.
(2) (X,7r,) is a soft fuzzy soft Hausdorfl space.
(3) The function f : (X, 7x,) — (R",w(£)g) and the inverse function f~! are
the soft fuzzy soft continuous functions.
(4) The function f is bijective, defined on the set {z € X : yp(z) 3 (0,9)},
which maps soft fuzzy soft open set vp in (X, 7),) onto a soft fuzzy soft
open st f(7p) in (R",w(€)q).

Definition 6.4. Let (X, 7),) be a soft fuzzy soft topological space. A function
Y (X, 7xap) — (X,72p) is said to be a soft fuzzy soft topological folding if
Y(X) C X and Vup € 7., either ¥(up) € 7a, or Y(up) = up.

Proposition 6.5. Let 7, and o, be the soft fuzzy soft topologies on the soft fuzzy
soft manifolds M and N respectively. Let A C M, B C N and Ap|A, pug|B be the soft
fuzzy soft deformation retract of M, N respectively. Then (M, 7y, ) and (N,0,,) are
the soft fuzzy soft homotopic equivalent spaces if and only if (A, 7x,a) and (B, 0, )
are the soft fuzzy soft homotopy equivalent spaces.

Proof. Let (M, 75, ) and (N, 0,,) be any two soft fuzzy soft topological spaces. Let
(I,w(&)r) be the soft fuzzy soft topological space introduced by the Euclidean space
(I,€). Since (M, 7x,) and (N,0,,) are the soft fuzzy soft homotopic equivalent
spaces, there exist soft fuzzy soft continuous functions f : (M, 7\,) — (N,0y,)
and g : (N,0,,) — (M,7y,) such that fog ~ idy and g o f =~ idy, where idy,
ion are the identity functions on M, N respectively. Since Ap|A is a soft fuzzy soft
deformation retract of M, there exist a soft fuzzy soft retraction 7y : (M, 7\,) —
(A, 7, a) and a soft fuzzy soft homotopy G : (M, 75, ) X (I, w(§)r) — (M, 7x,) such
that G(zs,,0) = x5, G(zsp,1) = T1(xs,), for each soft fuzzy soft point x5, of M
and G(asp,t) = asp, for each soft fuzzy soft point as, of A, t € I. Since ug|B
is a soft fuzzy soft deformation retract of N, there exist soft fuzzy soft retraction
721 (N,0,,) — (B, 0,,8) and soft fuzzy soft homotopy H : (N, 0,,) x (I,w(§)r) —
(N,0,,) such that H(y,,,0) = 4y, H(Y,,1) = 72(y4, ), for each soft fuzzy soft
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point y,, of N and H(b,,,t) = b,,, for each soft fuzzy soft point b,, of B, t €
I. Now if f' = f|A and ¢’ = g|B, then for each soft fuzzy soft point b,, of B,
((Fof") o (r19"))(by,) = (r2f")(asp) = by, = i0B(b,) and for each soft fuzzy soft
point as, of A, ((r19") o (¥2f"))(as,) = 0a(as, ), where 0, and idp are the identity
functions of A and B respectively. Therefore there exist soft fuzzy soft continuous
functions (72 0 f') : (A, Tapa) — (B,ougs) and (F109') : (B,0,,m) — (A, Tapa)
with (72 f") o (r1g’) =~ idp and (r1g’) o (r2f’) ~ ids. Hence (A, 7x,a) and (B, 0, )
are the soft fuzzy soft homotopy equivalent spaces.

By Proposition 5.21., the converse part is clear. O

Definition 6.6. A soft fuzzy soft knot is a simple closed curve in R3 that can
be broken into a finite number of line segments. That is, a soft fuzzy soft knot is a
subset of R? which is soft fuzzy soft homeomorphic to the circle.

Example 6.7. Figure 1 and Figure 2 are the examples of a soft fuzzy soft knot.

2

FIGURE 1. soft fuzzy soft cloverleaf knot

n i
Yop Xiep Ld > O
n 3@ N, Xop

FIGURE 2. soft fuzzy soft square knot

Definition 6.8. A soft fuzzy soft singular knot is a soft fuzzy soft knot with
self-intersections.

Proposition 6.9. The soft fuzzy soft topological foldings of a soft fuzzy soft knot is
not necessary a soft fuzzy soft knot.
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FIGURE 3. ¢($/\p) = ‘f)\P;w('Til.p) = ilup;w(xzp) = ‘,EH’YP

Proof. Proof is clear by defining ¢ as ¥(zs,) = ¥(z,) = ¥(z};,) = v5, and

() = ¥(n2) = ¥P(n3) = in the Figure 3. 0

Definition 6.10. A soft fuzzy soft cross folding is the soft fuzzy soft topological
folding which folds a soft fuzzy soft point of upper path crossing on a soft fuzzy soft
point of lower path crossing.

Proposition 6.11. FEvery soft fuzzy soft cross folding of a soft fuzzy soft knot into
itself gives a soft fuzzy soft singular knot.

Proof. If K is a soft fuzzy soft knot with soft fuzzy soft topology 7, and ¢ :
(K, 7xp) — (K,7xp) is a soft fuzzy soft cross folding, then ((K,7\,)) is not a
simple closed curve in R3. This implies that, ¢((K, 7y, )) is a soft fuzzy soft singular
knot by the Figure 4, Figure 5, Figure 6.

O

Proposition 6.12. FEvery soft fuzzy soft topological foldings of a soft fuzzy soft
singular knot need not be a soft fuzzy soft singular knot.

Proof. Proof follows from Figure 7 and Figure 8.
O

Proposition 6.13. The limit of soft fuzzy soft topological foldings of a soft fuzzy
soft knot into itself is a soft fuzzy soft point.
137



T. Yogalakshmi et al./Ann. Fuzzy Math. Inform. 8 (2014), No. 1, 125-139

FIGURE 6. ¥(2",,) =2/,

FIGURE 7. 9(n2) = 6

Proof. Applying soft fuzzy soft topological foldings ;, (i = 1,2,...) in a succes-

sive steps on the soft fuzzy soft knot K getting an equivalent soft fuzzy soft knots

successively until reaching a soft fuzzy soft point z;5,. That is, if ¢, : K — K,

Yo 1 Y1(K) — P1(K)seee i 0 Pima(Pi2e(K).) = ic1(him2...(K)...), then

lim (i1 (Yi—a (....(K)...))) = x5, is a soft fuzzy soft point. This is represented

;n i>cohe Figure 8. U
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(A () lim ¢,
Cg—b 0_’ o
n->x P

FIGURE 8.
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