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1. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh [15]. Since then the concept
has invaded nearly all branches of Mathematics. Chang [3] was introduced and devel-
oped the theory of fuzzy topological spaces and since then various notions in classical
topology have been extended to fuzzy topological spaces. Atanassov [1] generalised
fuzzy sets to intuitionistic fuzzy sets. On the otherhand, Coker [5] was introduced
the notions of an intuitionistic fuzzy topological space and some other concepts. The
concepts of quasi-coincidence for intuitionistic fuzzy point was introduced and devel-
oped by Francisco Gallego Lupianez [12]. Inheung chon [4] introduced and studied
the concepts of some properties of fuzzy topological groups. Ma Ji Liang and Yu
Chun Hai [13] changed the definition of a fuzzy topological group in order to make
sure that an ordinary topological group is a special case of a fuzzy topological group.
K.Hur, HW.Kang and H.K.Song [9] studied the definition of an intuitionistic fuzzy
subgroup. P.K.Sharma [14] discussed the concept of an intuitionistic fuzzy left and
right coset and also introduced the notions of an intuitionistic fuzzy normal sub-
group. In this paper, fully stratified space, intuitionistic fuzzy topological® group,
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intuitionistic fuzzy topological semigroup are introduced and studied. Some inter-
esting properties are discussed. We also investigate some interesting properties of
an intuitionistic fuzzy subgroup and intuitionistic fuzzy normal subgroup.

2. PRELIMINARIES

Definition 2.1 ([1]). Let X be a nonempty fixed set and I be the closed interval
[0,1]. An intuitionistic fuzzy set(IFS) A is an object of the following form A =
{{z,pa(x),va(x)) : © € X}, where the mappings pa : X — T and y4 : X — I
denote the degree of membership (namely p4(z)) and the degree of nonmembership
(namely vy4(x)) for each element = € X to the set A, respectively, and 0 < p4(x) +
va(z) < 1 for each z € X. Obviously,every fuzzy set A on a nonempty set X is
an IFS of the following form, A = {{z, pa(x),1 — pa(x)) : x € X}. For the sake of
simplicity, we shall use the symbol A = (z,ua,v4) for the intuitionistic fuzzy set
A= {{z jua(e), 1a(x)) 7 € X},

Definition 2.2 ([1]). Let X be a nonempty set. An intuitionistic fuzzy set (IFS,
in short) A is an ordered pair (ua,va) of fuzzy sets in X. Here (pa,va)(z) =
(pa(x),va(x)) and pa(z), va(x) respectively denote the degree of membership and
the degree of non membership of x € X to the set A and 0 < pa(z) +va(x) <1 for
each z € X.

Definition 2.3 ([I]). Let X be a nonempty set and the IFSs A and B in the form
A= {{z,pa(x),va(z)) :x € X}, B={{z,up(z),y5(x)) : x € X}. Then
(i) ACBiff pa(z) < pp(z) and ya(z) > vp(z) for all z € X;

(i) A = {{z.74(2), pa(2)) : v € X}:
(ii)) A1 B = {{z, ja(2) A (@), 74(x) V 15(2)) : 3 € X}
(iv) AUB = {(z, s (2) V (2, 74(2) A5 (2)) - & € X},

Definition 2.4 ([1]). The IFSs 0. and 1. are defined by 0.={(z,0,1) : x € X}
and 1.={(z,1,0) : x € X}.

Definition 2.5 ([I]). Let X and Y be two nonempty sets and f : X — Y be a
function.
(i) If B = {{y,uB),v8(y)) : y € Y} is an IFS in Y, then the preimage of B
under f, denoted by f 1(B)) is the IFS in X defined by
F75B) = ({4 () (2), - (ym) (@) s 2 € X,
(i) If A = {(=, )\A( ),9a(x)) :x € X} isan IFS in X, then the image of A under
f, denoted by f(A), is the IFS in X defined by

F(A) = {( FOaw). (1 = F(1=9a)W) sy €Y},
fAa)) = { supzes 1@ ra(@) (W) £0,

0, otherwise,

1, otherwise.

(1— f(1—92))(y) = { infrep-rlalz) i f7Hy) #0,

For the sake of simplicity, let us use the symbol f_(¢4) for 1 — f(1 — 94).

Definition 2.6 ([5]). An intuitionistic fuzzy topology (IFT) in Coker’s sense on a
non empty set X is a family 7 of IFSs in X satisfying the following axioms.
992
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(TI) O~ ~ ET

(Tz) Gy ﬂGg € 7 for any G1,Ge € T

(T5) UG; € 7 for arbitrary family {G;/i € I} C 7

In this paper by (X, 7) or simply by X we will denote the Cocker’s intuitionistic
fuzzy topological space (IFTS). Each IFSs in 7 is called an intuitionistic fuzzy open
set (IFOS) in X. The complement A of an IFOS A in X is called an intuitionistic
fuzzy closed set (IFCS) in X.

Definition 2.7 ([5]). Let A be an IFS in IFTS X. Then

int(A) = U{G | G is an IFOS in X and G C A} is called an intuitionistic fuzzy
interior of A;

cdA =G | Gisan IFCS in X and G D A} is called an intuitionistic fuzzy
closure of A.

Proposition 2.8 ([11]). Let f : (X,T) — (Y,U) be a map. Then the following
statements are equivalent:

(i) f is a continuous map.

(ii) f(cl(A)) Ccl(f(A)) for each IFS A of X.

(iii) cl(f~1(B)) C f~1(cl(B)) for each IFS B of Y .

(iv) f~1(int(B)) Cint(f~(B)) for each IFS B of Y .

Definition 2.9 ([2]). Let (X;,7;), i = 1,2 be two IFTSs, and then the product
IFT 71 X 72 on X; X X3 is defined as the IFT generated by {pl U;) :U; € 74,0 =
1,2} where p; : X1 x X9 — X;, i = 1,2 are the projection maps, and the IFTS
(X1 X Xo,T1 X T2) is called the product IFTS.

This definition can be extended to an arbitrary family of IFTSs as follows:

Let {(X;,7) : i € J} be a family of IFTSs. Then the product intuitionistic fuzzy
topology 7 on X = [[ X; is the one having {pj (U;) : Uj € 15,5 € J} as a subbase
where p; : X — X is the jth projection map. (X, T) is called the product IFTS of
the family {(X;, ) :i € J}.

)

Definition 2.10 ([7]). Let X, Y be nonempty sets and A = (z, pa(x),va(x)),

B = (y,us(y),vs(y )> IFS’s of X and Y , respectively. Then A x B is an IFS of
(4

X xY defined by B)(z,y) = <(x7y)’mm(uA(x),uB(y))vmax(VA(x)ﬁB(y)D

Definition 2.11 ([12]). Let X be a nonempty set and = € X a fixed element in
X. If r € Iy, s € I are fixed real numbers such that r + s < 1, then the IFS
Trs = (Y, xr,1 — x1_4) is called an intuitionistic fuzzy point(IFP) in X, where r
denotes the degree of membership of x, s, s denotes the degree of nonmembership of
zrs and ¢ € X the support of z, 5. The IFP z,  is contained in the IFS A(x, ; € A)
if and only if r < pa(x),s > vya(z).

Definition 2.12 ([10]). Let ¢(a, 8) be an IFP in X and let A = (z, ppa,v4) be an
IFS in X. Then c¢(«, 3) is said to belong to A, written c(«o, 8) € A, if pa(z) > «
and y4(z) < 8. We say that ¢(a, 8) is quasi-coincident with A, written c¢(«, 5)q¢A,
if pa(e) +a>1andya(c) +08 < 1.

Proposition 2.13 ([8]). Let U and V be two IFS’s and c¢(a,b) an IFP in X. Then:
(i) UGV if U<V,
(ii) UqV iff U £V,
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(ii) c(a,b) < U iff c(a,b)qU,
(iv) c(a,b)qU iff c(a,b) £ U.

Definition 2.14 ([12]). Let (X, 7) be an IFTS, and let p be an IFP of X. Say that
an IFS N of X is a Q-neighbourhood of p if there exists an IFOS A of (X, 7) such
that pgA and A C N.

Proposition 2.15 ([12]). Let X,Y be two nonempty sets, let f : X — Y be a map,
let 7 be an IFT in X, and let s be an IFT in'Y. Then, f : (X,7) — (Y,s) is
continuous if, and only if, for each IFP p of X, and for each Q-neighbourhood V of
f(p), there exists a Q-neighbourhood U of p such that f(U) CV.

Proposition 2.16 ([5]). Let (X,7) and (Y, ¢) be ITS’s and f : X — Y a continuous
function. If A is compact in (X, 7), then so is f(A) in (Y, ).

Proposition 2.17 ([6]). Let the IFTSs (X1, 71) and (X2, 2) be fuzzy compact. Then
the product IFTS on X = X1 X X5 is fuzzy compact, too.

Definition 2.18 ([9]). AnIFS A = (14,7v4) of a group G is said to be intuitionistic
fuzzy subgroup of G ( in short IFSG) of G if

() palzy) > Min(ua(z), pa))

(i) pa(e) > pua(o)

(ili) ya(zy) < Maz(va(z),va(y))

(iv) ya(z™1) < vya(x), for all 2,y € G.
In other words, An IFS A of X is IFSG of G iff pa(zy=t) > Min(ua(x), pa(y)) and
yalzy™Y) < Maxz(ya(z),va(y)) holds for all z,y € G.

Definition 2.19 ([14]). Let G be a group and A be IFSG of group G . Let x € G
be a fixed element. Then for every element g € G , we define

(i) (zA)(9) = (ksa(g),724(9)) ;where p1z4(g) = pa(z™"g) and 124(g) = va(z ™' g).
Then x A is called intuitionistic fuzzy left coset of G determined by A and z.

(ii) Az(g) = (142(9),742(9)), Where pas(g) = pa(ge™?) and Ya2(g) = yalgz™")
Then Az is called the intuitionistic fuzzy right coset of G determined by A and =x.

Definition 2.20 ([14]). An IFSG A of a group G is IFNSG of G if and only if
xA = Az forall z € G.

3. INTUITIONISTIC FUZZY TOPOLOGICAL* GROUPS

Notation 3.1. Let (X,-) be a group and A = (x1,a,7v4), B = (x2, up,V5) are
two intuitionistic fuzzy sets in X. We define AB and B~! by the respective formula,
(1) 11AB(2) = SUPa—pyrs i (A1), 15 (22)) 80 YA () = 01 forgyagmaz(ya(21),
V8(72)).
(i) pp-1(x) = pp(z~") and yp-1(z) = yp(z~")

Definition 3.2. Let (X,-) be a group and let (X,7) be an intuitionistic fuzzy
topological space. Let A = (x,ua,v4), B = (x,up,vs) and C = {(x, uc,yc) be an
intuitionistic fuzzy sets in X. (X,-,7) is called an intuitionistic fuzzy topological*
group or [FT*G for short if and only if
(i) For all z,y € X and any Q-neighbourhood C' of an intuitionistic fuzzy point
(xy)r,s, there are Q-neighbourhoods A of z, s and B of y, s such that AB C C.
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(ii) For all z € X and any Q-neighbourhood B of an intuitionistic fuzzy point
(z71),. s, there exists a Q-neighbourhoods A of z, s such that A=! C B.

Definition 3.3. Let (S,-) be a semigroup and let (S, ¢) be an intuitionistic fuzzy
topological space. Let B = (z,up,vp), C = (v,uc,vc) and D = (z,up,Vp)
be an intuitionistic fuzzy sets in X. (S,-,¢) is called an intuitionistic fuzzy topo-
logical semigroup or IFTSG for short if and only if for all z,y € S and any Q-
neighbourhood D of an intuitionistic fuzzy point (zy), s, there are Q-neighbourhoods
B of z, s and C of y, , such that BC C D.

Definition 3.4. Let (X, 7) be an intuitionistic fuzzy topological space. Let «, 5 €
[0,1]. An intuitionistic fuzzy set (af)* = {(z, ), Vap)=) : ¢ € X}, where
tap)- (2) = a and y(agy- (x) = B, for every x € X such that pag)- () +Y@p)- () =
1. Then (X, 1) is called a fully stratified space if for every a, 8 € [0,1], (aB)* € 7.

Proposition 3.5. Let {(X;,7;)}, j € J be a family of an intuitionistic fuzzy topo-
logical spaces and (X,7) be an product intuitionistic fuzzy topological space. The
product intuitionistic fuzzy topology T on X has as a base the set of finite intersec-
tions of an intuitionistic fuzzy sets of the form pj_l[Aj], where Aj € 15,5 € J.

Notation 3.6. An intuitionistic fuzzy set A x B is denoted by (A, B)(z,y) = ((x,y),
1(a,5) (T, Y),v(a,5)(2,Y)), where pia p)(,y) = min(pa(z), np(y)) and va,5)(z,y)
= max(’yA(x),’yB(y)), (Aa B) € (X7 T) X (Xa T)'

Proposition 3.7. If there is no intuitionistic fuzzy set in T or intuitionistic fuzzy
topological space (X, T) is a fully stratified space. Let A = (x,ua,v4), B = {x,up,vB)
and C = (z,pc,ye) be an intuitionistic fuzzy sets of X. Then, for all z,y € X
and any @Q-neighbourhood C of an intuitionistic fuzzy point (zy),s, there are Q-
neighbourhoods A of x,s and B of yrs such that AB C C, then the map g :
(X, 7)x (X,7) — (X, 1) defined by g(x,y) = xy is an intuitionistic fuzzy continuous
function.

Proof. Assume that for any Q-neighbourhood C' of an intuitionistic fuzzy point
(xY)r,s, there are Q-neighbourhoods A of z, s and B of y, s such that AB C C and
A, B € 7. For an intuitionistic fuzzy point (z,y),s € (X,7) x (X, 7), from

A,y (@, y) + 17 =min(pa(x), pp(y)) +r
=min(pa(z) +r,up(y) +r)
>1

and

Ya,B) (@, y) + s = maz(ya(x),v5(y)) + s
= max(ya(x) + s,v(y) + )
<1

This implies that, (z,y),sq(4, B), since (A4, B) belongs to the product intuitionis-

tic fuzzy topology. Then By Proposition(3.1), there must be A, B € 7 such that

(A,B) C Aand (A, B) is a Q-neighbourhood of (z,y),,s. Hence g(A,B) = AB C C.

Then g is an intuitionistic fuzzy continuous function at the intuitionistic fuzzy point
995



S. Padmapriya et al./Ann. Fuzzy Math. Inform. 7 (2014), No. 6, 991-1004

(x,y)r,s- Hence By Proposition(2.3), it follows that g is an intuitionistic fuzzy con-
tinuous function. O

Proposition 3.8. Suppose there is no intuitionistic fuzzy set in T or intuitionistic
fuzzy topological space (X, 7) is a fully stratified space. let A = (x,pa,v4) and
B = (z,pup,vyB) be an intuitionistic fuzzy sets of X. Then, for oll x € X and
any Q-neighbourhood B of an intuitionistic fuzzy point (x7'), s, there exists a Q-
neighbourhood A of z, s such that A=' C B if and only if the map h : (X,7) — (X, 7)
defined by h(x) = x~1 is an intuitionistic fuzzy continuous function.

Proof. Necessity: Assume that for any Q-neighbourhood B of an intuitionistic
fuzzy point (z71), s, there exists a Q-neighbourhood A of x, s such that A= C B
and A, B € 7. For an intuitionistic fuzzy point z, s € (X, 7), from

pra-i(@) +r=pale™t) +r
> palx)+r>1
and
Yar(x)+s=7a(z7") +s
<yalz)+s<1

This implies that, z,;qA~!. Hence A™! is a Q-neighbourhood of z, 5. Thus
h(A) = A=! C B. This implies that, h(A) C B. Then h is an intuitionistic
fuzzy continuous function at the intuitionistic fuzzy point z, ;. Hence By Proposi-
tion(2.3), h is an intuitionistic fuzzy continuous function.

Sufficiency: Assume that h is an intuitionistic fuzzy continuous function. Then
h is an intuitionistic fuzzy continuous function at the intuitionistic fuzzy point
7, 5. Therefore for any Q-neighbourhood C' of h(z,s) = z, L. there exists a Q-
neighbourhood A of z, 5 such that h(A) C C. This implies that, A~' € C. Hence
for any Q-neighbourhood C of z, !, there exists a Q-neighbourhood A of x, 5 such

8

that A~1 c C. O

Proposition 3.9. Let (X,-,7) be an intuitionistic fuzzy topological® group and let
(S,+,¢) be an intuitionistic fuzzy topological semigroup.

(i) If U and V are intuitionistic fuzzy compact subsets of S, then UV is an
intuitionistic fuzzy compact.

(i) If W is an intuitionistic fuzzy compact subsets of X, then W= is an intu-
itionistic fuzzy compact.

Notation 3.10. Let (X, 7) be a fully stratified space. Let (X,-,7) be an intuition-
istic fuzzy topological® group and let a* = (, i+, Yar) and o = (&, ftax, Vax) are
an intuitionistic fuzzy set in X.

Note 3.11. Let (X, 7) be a fully stratified space, if A = {A} is a Q-neighbourhood
base of z, s, and o* € 7 for any a € [0,1], then A, = {An. |40, = ANk, a0 =
suplpa(z)] and a® = inflya(z)]|A € A} is also a Q-neighbourhood base of z;

Proposition 3.12. Suppose there is no intuitionistic fuzzy set in 7 or (X, 1) is a

fully stratified space. Let (X,-,7) be an intuitionistic fuzzy topological® group and

let A= (x,pa,7v4), B = (x,up,78), C = (z,uc,vc) and D = (x,up,vp) be an
996
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intuitionistic fuzzy sets of X .Then the mappings f : x — xa, g : * — ax and
h:x — a1 are all intuitionistic fuzzy homeomorphic functions of (X, ) onto itself,
where a € X is a definite point.

Proposition 3.13. Suppose there is no intuitionistic fuzzy set in 7 or (X, 1) is a
fully stratified space. Let (X,-,7) be an intuitionistic fuzzy topological® group and
let A= {(x,ua,v4) and B = (x,pup,vs) be an intuitionistic fuzzy sets of X. Then
(i) IfIFcl(B) is an intuitionistic fuzzy closed set in T, then pI Fcl(B), I Fcl(B)p,
IFcl(B)™! are all intuitionistic fuzzy closed sets, where p € X is a definite point.
(i) If A is an intuitionistic fuzzy open set in T, then PA, AP, A~ are all intu-
itionistic fuzzy open sets, where P is an mon intuitionistic fuzzy set in X.

Proposition 3.14. Let (X, -, 7) be an intuitionistic fuzzy topological®* group and let
A= (z,pua,v4) and B = (x,up,v5) be an intuitionistic fuzzy sets of X. Suppose
there is no intuitionistic fuzzy set in 7 or (X, 7) is a fully stratified space. Then
IFcl(pAp=t) = pIFcl(A)p~t, where p € X is a definite point.

Notation 3.15.

(i) An intuitionistic fuzzy set I Fcl(A)xIFcl(B) is denoted by (I Fcl(A), IFcl(B))

(33’9) = <(337y),min(MIFcl(A)(w),MIFcl(B)(Z/))7mau’U(’YIFcl(A)( ) VIFcl B)(y )>
(ii) An intuitionistic fuzzy set IFcl(A x B) is denoted by IFcl(A B)(z,y) =

((z,9), min(ufpcz(A,B) (), KIFcl(A,B) (¥)), max(%Fcz(A,B)( ), YIFcl(A,B) (¥)))-

Proposition 3.16. Let (X, ,7) be an intuitionistic fuzzy topological®* group and
let A= {(xz,ua,v4a) and B = {z,up,vp) be an intuitionistic fuzzy sets of X. Sup-
pose there is no intuitionistic fuzzy set in T or (X, 7) is a fully stratified space. If
(IFcl(A),IFcl(B)) CIFcl(A, B),

(i) IFcl(A)IFcl(B~Y) CIFcl(AB™1)

(ii) IFcl(A)IFcl(B) C IFcl(AB)

Proof. (i) Let f: (X,7) x (X,7) — (X,7) be a map defined by f(z,y) = xy~!. By
Proposition(3.2), it follows that f is an intuitionistic fuzzy continuous function.
Since (IFcl(A),IFcl(B)) C IFcl(A,B), f(IFcl(A),IFcl(B)) C f(IFcl(A,B)).
Since f is an intuitionistic fuzzy continuous function, By Proposition(2.1),
fUIFcl(A,B)) CIFcl(f(A,B))
Thus f(IFcl(A),IFcl(B)) C IFcl(f(A,B))
(3.1) IFcl(A)(IFcl(B))™* CIFcl(AB™)
For z € X,
IF(B ) (z)=( () Ki(x)
K;,DB~1
= ianflgBKfl(m_l)
=IFcl(B)(z™")
= (IFcl(B)) ™ (z)
997
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(3.2) IFcl (B~ (x) = (IFcl(B)) (x)
From (3.3), it follows that I Fcl(A)IFcl(B~') C IFcl(AB™1).

(ii) Similarly we may prove IFcl(A)IFcl(B) C IFcl(AB). O

Proposition 3.17. Suppose there is no intuitionistic fuzzy set in 7 or (X, 1) is a
fully stratified space. Let (X,-,7) be an intuitionistic fuzzy topological® group and
let A = (x,pa,74) be an intuitionistic fuzzy set of X and (IFcl(A),IFcl(A)) C
IFcl(A, A). If A is an intuitionistic fuzzy subgroup of an intuitionistic fuzzy topo-
logical* group, IFcl(A) is an intuitionistic fuzzy subgroup of an intuitionistic fuzzy
topological* group.

Proof. (i) Let z,p € X. Then

pa(z) = palpp™'2)
> min(pa(p), pa(p™'z))

Thus
1a(2) = supz—apmin(pa(a), pa(b))
> paa(z)
Hence pa(2) > paa(z). Thus
(3.3) Brrei(A)(2) = firpe(aa(2)

By Proposition(3.9(ii)), IFcl(A)IFcl(A) C IFcl(AA). That is, pirpaayrreay(z) <
HIFcl(AA) (2)
From (3.4), prpei(ay(2) > trraayrreay(2)

BrreiA) (TY) = prreayrrea)(Ty)
> SUPgy=abMin(firpei(ay(a), hrrei(a)(b))
> min(prrea)(®), brrecay(y))

and

Ya(z) =valpp~'2)
< maz(ya(p),valp~'2))

v4(2) < infozapmaz(ya(a),va(b))
< 7a4(2)
Hence va(z) < y44(2). Thus

(3.4) Yrrei(a)(2) < Yrrecaa(z)

By Proposition(3.9(ii)), I Fcl(A)IFcl(A) C IFcl(AA). That is, yrpeayrreiay(z) >

YIFcl(AA) (2)
998
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From (3.4), vrrea(a)(2) < Vrra(ayrea)(2)
Yirea)(®y) < Vireaayrrea) (zy)
< infoy=abmaz(Vrpea) (@) Vireay (b))
< maz(Vrre(a) (T), Yirea)(v))

(ii) Since A is an intuitionistic fuzzy subgroup of X, pa(z) > pa(z7!) =
pa-1(z) for all z € X. This implies that pa(x) > pa-1(x). Hence prpeaa)(z) >
prrea-1y(w). By Equation(3.4), prpea-1)(z) = precay-1(z). This implies
that prpeca)y(€) > frracay-1(z) and Hence IFcl(A) and va(z) < ya(z™!) =
Ya-1(z) for all x € X. This implies that ya(z) < y4-1(z). Hence vyypeay(z) <
Yrre(a-1)(w). By Equation(3.4), Yrpeia-1)(2) = Y(rrei(ay)-1 (z). This implies that

Yire(A)(®) < Y(are(ay-1 (x). Hence IFcl(A) is an intuitionistic fuzzy subgroup of
X. O

Proposition 3.18. Suppose there is no intuitionistic fuzzy set in T or (X, 1) is a
fully stratified space. Let (X,-,T) be an intuitionistic fuzzy topological* group and let
B = (z,up,vB) be an intuitionistic fuzzy set of X and B is an intuitionistic fuzzy
subgroup of X. If B is an intuitionistic fuzzy normal subgroup of an intuitionistic
fuzzy topological® group, then IFcl(B) is an intuitionistic fuzzy normal subgroup of
an intuitionistic fuzzy topological® group.

Proof. Let B be an intuitionistic fuzzy normal subgroup. Then 2B = Bz for x € X.

tarre()(2) = prracs)(z'z)(since the left coset pi,p(2) = pp(z~'2)) (3.7)

trraB)z(2) = prras) (20~ ") (since the right coset ppa(z) = pp(za™"))

= prpe(p) (2" 2)(since the associative law zy = yz) (3.8)
From (3.7) and (3.8), pgrrei(B)(2) = phrre(B)z(2) and

Verre(B)(2) = Vrracs) (x712)(since the left coset v,5(2) = vp(z7'2)) (3.9)

Vire(B)z(2) = Vrras) (227 1) (since the right coset vp,(2) = yp(2271))
= Yrre(n) (2~ 2)(since the associative law zy = yx) (3.10)
From (3.9) and (3.10), Varrei(B)(2) = ViFei(B)z(2). This implies that, 1 Fcl(B) =

IFcl(B)z. Hence IFcl(B) is an intuitionistic fuzzy normal subgroup of an intuition-
istic fuzzy topological* group. O

Notation 3.19. Let (X,-) be a group and let e be an identity of X. Let A =
(y, 144,774} be an intuitionistic fuzzy set in X. Let z,, be an intuitionistic fuzzy
point in X. We define z, ;A by the respective formula,
xr,sA = <',I"7/'[/’I’A7’YSA>7 where ,U/TA(Z) = SUPz:xymin<T($)7MA(y)) and
VsA(2) = infr=gymaz(s(z),va(y)) for every x € X.

Proposition 3.20. Let (X,-) be a group and let (X,-,7) be an intuitionistic fuzzy
topological* group. Then xA = x, ;A, where a € X is a definite point.
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Proof. Let A= {z € X : pa(xz) = pa(e),va(x) = va(e)} be an intuitionistic fuzzy
set in X and let x, ; be an intuitionistic fuzzy point in X. Let r = 1, s = 0 and
r+s<1. O

Remark 3.21. Suppose there is no intuitionistic fuzzy set in 7 or (X, 7) is a fully
stratified space. Let (X,-,7) be an intuitionistic fuzzy topological* group and let
A= {x,pa,7v4) and B = (z, up,vyp) be an intuitionistic fuzzy sets of X. Then

(i) If IFcl(B) is an intuitionistic fuzzy closed set in 7, then z, I Fcl(B),
IFcl(B)z, s, [Fcl(B)~! are all intuitionistic fuzzy closed sets.

(i) If A is an intuitionistic fuzzy open set in 7, then PA, AP, A=! are all intu-
itionistic fuzzy open sets, where P is an non intuitionistic fuzzy set in X.

Notation 3.22. Let (X,.) be a group and let A = (z, ua,v4) be an intuitionistic
fuzzy subgroup of group X. Let , s be an intuitionistic fuzzy point. Then for every
element z € X,

(i) zrsA(2) = A(z712).

(ii) Az, s(2) = A(zz™1)

Proposition 3.23. Suppose there is no intuitionistic fuzzy set in 7 or (X, 1) is a
fully stratified space. Let (X,-,7) be an intuitionistic fuzzy topological®* group and
let C = (x, nc,ve) be an intuitionistic fuzzy set of X. Let e be an identity of X. If
C is a Q-neighbourhood of e, s, then x1 oC is a Q-neighbourhood of z, .

Proof. Since C' is a Q-neighbourhood of e, ,, there exists an intuitionistic fuzzy
openset A={x € X : pa(x) =pale),va(x) = va(e)} such that r + pa(e) > 1 and
s+ya(e) <1, ACC. Letr=1,s=0and r+s<1

A (2) = $UPa—gemin(r(z), pa(€)) = min(L, j1a(€)) = ua(e) and
Vsa(x) = info—pemaz(s(z),va(e)) = max(0,v4(e)) = val(e)

Since pa(e) >1—r and ya(e) <1 —s.

r+pra(z) =r+pale) >r+1—r=1and
s+ysa(z)=s+7y4a(e) <s+1—-s5=1

Thus 71 0C(2) = C(z712) D A(z7'2) = 21 0A(2) for all z € X, for all z € X. Hence
x1,0C is a Q-neighbourhood of z, s and x10A4 C z1,0C. Therefore By Remark(3.1),
210A is an intuitionistic fuzzy open set. Thus there exists an intuitionistic fuzzy
open set x1 g A such that z; ¢C is a open Q-neighbourhood of z, s and z1 04 C z1,0C.
Hence z,0C is a Q-neighbourhood of z, ;. O

Proposition 3.24. An intuitionistic fuzzy point x, s C IFcl(A) if and only if each
Q-neighbourhood of x, s is quasi-coincident with A.

Notation 3.25. Let X be a nonempty set. An intuitionistic fuzzy set AC is an

ordered pair (1ac,vac) of fuzzy sets in X. Here (nac,vac)(@) = (pac(x),v4c(2)).
That is, AC(x) = (pac(x),vac(x)) for every x € X.

Theorem 3.26. Suppose there is no intuitionistic fuzzy set in T or (X, 1) is a fully

stratified space. Let (X,-,7) be an intuitionistic fuzzy topological® group and let

A = (x,pua,7v4) be an intuitionistic fuzzy subset of X. Let e be an identity of X.
1000



S. Padmapriya et al./Ann. Fuzzy Math. Inform. 7 (2014), No. 6, 991-1004

If x5 C IFCl(A), then (Neegoy AC) (@) = (Neeioy CA) (@) D 0, where {C} is the
system of all Q-neighbourhoods off eqp in X with a <r and b > s.

Proof. Since z, s C IFcl(A), By Proposition (3.13), each Q-neighbourhood of z, 4
is quasi-coincident with A . For any C' € {C}, there exists an intuitionistic fuzzy
open set B = {x € X : up(x) = pp(e),yp(x) = yp(e)} such that up(e) +a > 1
and yg(e) +b<land BC C. Let r =1, s =0 and r + s < 1. By Remark(3.1),

x1,0B~! is an intuitionistic fuzzy open set.
trp—1 () = supg—gemin(r(z), pp-1(e))
— min(1, pp(e ™))
= min(l, pp(e))

= ps(e)

and
VsB-1 (I) = inf:c:zemax(s(x)7 YB-1 (6))

= max(0,yp(e™ 1))

= max (0,75 (e))

=75(e)
Thus

trp-1(x) +r=r+pp(e) = a+pple) >1

and

Ysp-1(2) + s =s+yp(e) <b+yp(e) <1

Hence z10C~1(z) = C~Y(x712) 2 B7Y(27'2) = 2, ,B~!(2). This implies that,
mLOB_l - xl,oC’_l. That is, ml’oC_l is a Q-neighbourhood of x, 5. Since xT’SC_l
and A are quasi-coincident, there exists y € X such that p,.c-1(y) + pa(y) > 1 and
Ysc-1(y) +va(y) < 1. Hence z10C~!(y) > 0 and A(y) > 0. Let r =1, s = 0 and
r+s<1I1.
Hrc-1 (y) = Supy:xxflymin(r(x% He—1 (x_ly»
= min(l, po-1 ()
= pc—(z71y)
= nely™'z)
and
YsCc-1 (y) = infy:wz_lymax(s(‘r)7 Yc-1 (x_ly))
maz(0, pe-1 (2~ 1y))
=c-1(z'y)
=7c(y'z)
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Thus
rac (J?) = S'U/pa;:demin(:uA (d>7 /,Lc(€>)
> min(pa(y), pe(y™'z))
=min(pa(y), tro-1(y))
>0
and

YAC (I) = infz:demax(rYA (d)v ch(e»

< maz(ya(y),vc(y™'z))

= max(’}/A (y)’ VsC—1 (y))
<0

That is, AC(z) D 0 for every C € {C}. Hence (NAC)(x) = infceqcyAC(z) D 0. It
is easy to prove NAC = NCA. g

Theorem 3.27. Suppose there is no intuitionistic fuzzy set in T or (X, 7) is a fully
stratified space. Let (X,-,7) be an intuitionistic fuzzy topological® group and let
A= {x,pa,va) be an intuitionistic fuzzy subset of X. Let e be an identity of X. If
Trs € NeefeyAC = NeegeyCA and v > 0.5, s < 0.5, then s C IFcl(A), where
{C} is the system of all Q-neighbourhoods of eqp, in X with a > r and b < s.

Proof. Let z, , C AC for each C € {C}. Then pac(x) > r and yac(z) < s for
each C € {C}. Let D be an arbitrary Q-neighbourhood of z, s. Then there exists
an intuitionistic fuzzy open set B such that pp(x) +r > 1 and vg(z) + s < 1 and
B CD. Thus D(z) 0. Let r =0, s=1 and r + s < 1. By Remark(3.1), B~z
is an intuitionistic fuzzy open set.

MB*lr(e) = Supe:zflxmin(H’Bfl ($_1)7 ’I"(J?))

= min(pp(z),1)

= pp(2)
and
7B*18(e) = infe:wfla:mam(f}/B*l(xil)a S(l’))
= maz(yp(z),0)
= 78(z)
pp-1-(e) +a=pp(x)+a>pple)+r>1
and

'nyls(e) +b= ’YB(.’IJ) +b < ’YB(.’E) +s<1

Therefore B~1x19(2) = B~ (227!) C D' (227 ') = D~ '2, 4(2). This implies that,
B7'z19 C D7'zy9. That is, D7 21 is a Q-neighbourhood of e,;. That is,
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D7'z1 4 € {C}. Thus pap-1,(x) > r and yap-14(z) < s.
MAD*lr('T) = Supxzexmin(ﬂAD*1(€ ,’I“(l‘))
— min(ap-1 (). 1)

pap-1(e)

and
’YAD*ls(x) = infm:ewma’x(’YADfl (6), S(J?))
= maz(yap-1(e), 1)
= Yap-1(€)

prap-1(€) = supe—pp-rmin(pa(k), pp-1 (k1))
= min(pa(k), po(k))
and
Yap-1(€) = infe—prp—rmaz(ya(k),yp-1 (k1))
= maz(va(k), yp(k))

Thus there exists z € X such that, pap-1(e) = min(pa(2), up(2)) and y4p-1(e) =

)
maz(ya(z),yp(z)). Since pap-1(e) > rand yap-1(e) < s, pa(z) > randya(z) <s
and pp(z) > r and yp(z) < s. Since r > 0.5, s < 0.5,

pa(z)+pp(z) >r+r=2r>1
and
v4(z) +9p(2) < s+s=2s< 1
That is D is quasi-coincident with A. By Proposition(3.13), =, s C IFcl(A). O
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