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ABSTRACT. The purpose of this paper is to study the concept of topolog-
ical structure formed by soft multi sets. The notion of relative complement
of soft multi set, soft multi point, soft multi open set, soft multi closed set,
soft multi basis, soft multi sub basis, neighbourhoods and neighbourhood
system, interior and closure of a soft multi set etc are to be introduced and
their basic properties are also to be investigated . It is seen that a soft
multi topological space gives a parameterized family of topological spaces.
Lastly the concept of soft multi compact space is also introduced.

2010 AMS Classification: 03E70

Keywords: Soft multi set, Soft multi topology, Soft multi point, Soft multi open
set, Soft multi closed set, Neighbourhood of a soft multi set, Interior of a soft multi
set, Closure of a soft multi set, Soft multi basis, Soft multi compact space.

Corresponding Author:  Anjan Mukherjee (anjan2002 m@yahoo.co.in)

1. INTRODUCTION

In 1999, Molodtsov initiated soft set theory as a completely generic mathematical
tool for modelling vague concepts. In soft set theory there is no limited condition to
the description of objects; so researchers can choose the form of parameters as they
need, which greatly simplifies the decision making process and make the process more
efficient in the absence of partial information. Although many mathematical tools
are available for modelling uncertainties such as probability theory, fuzzy set theory,
rough set theory, interval valued mathematics etc, but there are inherent difficulties
associated with each of these techniques. Moreover all these techniques lack in
the parameterization of the tools and hence they could not be applied successfully
in tackling problems especially in areas like economic, environmental and social
problems domains. Soft set theory is standing in a unique way in the sense that it
is free from the above difficulties.
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Soft set theory has a rich potential for application in many directions, some of
which are reported by Molodtsov [6] in his work. Later on Maji et al.[5] presented
some new definitions on soft sets such as subset, union, intersection and complements
of soft sets and discussed in detail the application of soft set in decision making
problem. Based on the analysis of several operations on soft sets introduced in
[5], Ali et al. [I] presented some new algebraic operations for soft sets and proved
that certain De Morgan’s law holds in soft set theory with respect to these new
definitions. Alkhazaleh et al. [4] as a generalization of Molodtsov’s soft set, presented
the definition of a soft multi set and its basic operations such as complement, union,
and intersection etc. Recently, D.Tokat and I.Osmanoglu ([7],[9]) introduced soft
multi topology . In this paper we study the concept of soft multi topological spaces
in details .

Then the notion of relative complement of soft multi set, soft multi point, soft
multi open set, soft multi closed set, soft multi basis, soft multi sub basis, neigh-
bourhood and neighbourhood system, interior and closure of a soft multi set etc are
to be introduced and their basic properties are investigated. It is seen that a soft
multi topological space gives a parameterized family of topological spaces (see [3],
[8]). Lastly we introduce the soft multi compact space.

2. PRELIMINARIES

Definition 2.1 ([0]). Let U be an initial universe and E be a set of parameters. Let
P(U) denotes the power set of U and AC E. Then the pair (F, A) is called a soft set
over U, where F is a mapping given by F: A— P(U).

Definition 2.2 ([2]). Let {U;: i€I} be a collection of universes such that [;e;U;=¢
and let {Ey, : i€} be a collection of sets of parameters. Let U=II;¢;P(U;) where
P(U;) denotes the power set of U;, E=II;c;Epy, and ACE . A pair (F, A) is called a
soft multiset over U, where F is a mapping given by F: A—U.

Definition 2.3 ([2]). A soft multiset (F, A) over U is called a null soft multi set
denoted by ¢ , if for all acA, F(a)=¢.

Definition 2.4 ([2]). A soft multiset (F, A) over U is called an absolute soft multi
set denoted by A , if for all acA, F(a)=U.

Definition 2.5 ([2]). For any soft multi set (F, A), a pair (ey, j,Fe,, ;) is called a
U;- soft multi part , Vey, j€ay, and Fe,, ;CF(A) is an approximate value set, where
F(A) CU=I;¢/P(U;),ar€A, k={1,2,3,..n}, i€{1,2,3,...m} and j €{1,2,3,..,;r}.

Definition 2.6 (|2]). For two soft multi sets (F, A) and (G, B) over U, (F, A) is
called a soft multi subset of (G, B) if

1. ACB and

2. Vey, j€an, (eu, j.Fey, j)C(ev;,5,Gey, 5)

where ap€A, k={1,2,3,..n}, i€{1,2,3,..,m} and j €{1,2,3,...,r}. This relation is
denoted by (F, A)C(G, B). In this case (G, B) is called a soft multi superset of (F,
A).
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Definition 2.7 ([2]). Two soft multi sets (F, A) and (G, B) over U are said to be
equal if (F, A) is a soft multi subset of (G, B) and (G, B) is a soft multi subset of
(F, A).

Definition 2.8 (]|2]). Union of two soft multi sets (F, A) and (G, B) over U denoted
by (F,A)U(G, B) is the soft multi set (H, C), where C= AUB and Ve€eC,

H(e)= F(e), if ecA-B

= G(e), if e€B-A

=F(e)UG(e), if ecANB

Definition 2.9 (]2]). Intersection of two soft multi sets (F, A) and (G, B) over U
denoted by (F,A)N(G, B) is the soft multi set (H, C), where C= AUB and Ve€C,
H(e)= F(e), if ecA-B
= G(e), if e€B-A
=F(e)NG(e), if ecANB

3. SOFT MULTI SETS AND THEIR BASIC PROPERTIES

In this section, for the sake of simplicity, we restate a few basic definitions e.g.,
Definitions 2.3 and 2.4 etc. in the following form to study a few results of soft
multi topological spaces properly. Let {U;: i€I} be a collection of universes such
that (icrU;=¢ and let {Ey, : i€l} be a collection of sets of parameters. Let
U=II,;¢;P(U;) where P(U;) denotes the power set of U;, E=II;¢ ;Ey, .The set of all
soft multi set over (U,E) is denoted by SMS(U,E).

Definition 3.1. A soft multiset (F, E)eSMS(U,E) is called a null soft multi set
denoted by ¢ , if for all e€E, F(e)=¢.

Definition 3.2. A soft multiset (F, E)eSMS(U,E) is called an absolute soft multi
set denoted by E , if for all e€E, F(e)=U.

Definition 3.3. The relative complement of a soft multi set (F, A) over (U,E) is
denoted by (F, A)/ and is defined by (F, A)l:(FI,A) , where F':A—U is a mapping
given by F'(e)=U-F(e), VecE.

Example 3.4. Let us consider there are three universes Uy, Us and Ujs.Let us con-
sider a soft multiset (F, A) which describes the ”attractiveness of house”, ”cars” and
"hotels” that Mr. Sen is considering for accommodation purchase, transportation
purchase and venue to hold a wedding celebration respectively. Let Uy={hj, ha, hs,
hy}, Us={cy, c2, c3} and Us={vy, va}. Let {Ey,, Ey,, Ey,} be a collection of sets
of parameters related to the above universes, where

Ey, ={ev, 1=expensive, ey, s=cheap, ey, s=wooden},

Ey,={ev, 1=expensive, ey, s=cheap, ey, s=sporty},

Ey,={ev, 1=expensive, ey, 2=cheap, ey, 3=in Kuala Lumpur},

U=II3_,P(U;), E=II}_,Ey, and

A={ei=(ev, 1, €v, 1, €Uy 1); €2=(ev; 1, €Uy .25 €Uy 1)}

Then the relative complement of the soft multiset

(FaA)/: {(61,({}11, h2}’ {Clv C2}7 {Vl}))’ (627({}137 h4}7 {Clv C3}7 {V2}))} is

(F,A) = {(e1,({hs, ha}, {es}, {v2})), (e2,({h1, ha}, {c2}, {v1}))}

Clearly ¢ =E and E =6.
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Proposition 3.5. If (F, A) and (G, B) are two soft multi sets over (U, E), then
we have the following

(i) ((F, A)B(G7 B))/ = (F, A)/Q(G, B)/

(ii) ((F, A)N(G, B)) = (F, A)U(G, B)

Proof. Straight forward. O

Definition 3.6. A soft multi set(F,A)eSMS(U, E) is called a soft multi point in
(U, E), denoted by e(p, 4), if for the element ecA, F(e)#¢ and Ve eA-{e}, F(e')=p.
Example 3.7. Let us consider there are three universes Uy, Uy and Us. Let us
consider a soft multiset (F, A) which describes the ”attractiveness of house”, ”cars”
and ”hotels” that Mr. Sen is considering for accommodation purchase, transporta-
tion purchase and venue to hold a wedding celebration respectively. Let U;={h;,
ha, hs, hy}, Us={cy, co, c3} and Us={vy, va}. Let {Ey,, Ev,, Ey, } be a collection
of sets of parameters related to the above universes, where

Ey, ={ev, 1=expensive, ey, s=cheap, ey, s=wooden},

Ey,={ev, 1=expensive, ey, s=cheap, ey, s=sporty},

Ey,={ev, 1=expensive, ey, a=cheap, ey, s=in Kuala Lumpur},

U=II3_,P(U;), E=II}_,Ey, and

A={ei=(ev, 1, €v, 1, €Uy 1), €2=(ev; 1, €Uy .2, €Uy 1)}

Then the soft multi set (F,A)= {(e1,({h1, ha}, {c1, c2}, ¢))} is the soft multi
point and it is denoted by e, ,,-

Definition 3.8. A soft multi point e(x 4) e is said to be in the soft multi set (G,
B), denoted by e(r 4)€(G, B), if (F, A)C(G, B).

Example 3.9. The soft multi point ey, ,, as in the example 3.7, in the soft multi

set (GaB): {(elv({hlv hQ}’ {Clv C2}7 {Vl}))v (82’({]33’ h4}7 {Clv 03}’ {VQ}))’ (637({h1>

hs, h4}7 {Clv C3}a {V17 V2}))}7 Le. €(F,A) E(G7 B)
Proposition 3.10. Let e(p ) be a soft multi point and (G, B) be the soft multiset
in SMS(U, E). If e(p.ay €(G, B), then e(r a) ¢(G, B) .

Proof. If e(p ay €(G, B), then (F , A)C(G, B), i.e. for the element e€A, F(e)CG(e).
This implies F(e)ZU-G(e)=G (e), i.e. (F, A)Z(G, B)'. Therefore, we have e(F,A)
¢(G, B). O

Remark 3.11. The converse of the above proposition is not true in general.

Example 3.12. If we consider the soft multi point
e1p a0 =1(e1,({h1, ha}, {c1, c2}, #))} as in example 3.7 and a soft multi set (G,B)=
{(61,({1’11, h3}7 {C27 C3}7 {Vl}))7 (627({}12’ h4}7 {C17 03}7 {VQ}))a (637({}14}7 {Cl}v
R o
Then €(F,A) ¢(G, B) and also C(F,A) ¢(G, B) ={(e1,({he, ha}, {c1}, {v2})),
(627({}11’ h3}7 {CZ}v {Vl}))v (63’({}11» h, h3}’ {027 63}7 {Vl}))}
Definition 3.13. Let (F, A)eSMS(U, E) and x€U; , for some i. Then we say that
x €(F, A) and read as x belong to the soft multiset (F, A) if x€F., ;, Vj.
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Example 3.14. Let us consider the soft multi set (F,A)= {(e1,({h1, ha}, {c1, c2},
{v1})), (e2,({hs, ha}, {c1, c3}, {v2}))}, as in example 3.4 then for the element c; €Uy
we say that c;€(F , A), since cleFeUsz{cl, ce} and c1€F,, 2 ={cy, ¢z} but hy,
hQ ¢(F,A), since hl, hQGFeUi ,j:{hh hg} but hl, h2¢FeU172:{h3, h4}

Remark 3.15. For any x€U;, we say that x ¢(F, A) if x ¢F(ey, ;) for some ey, j€ay,
akEA.

4. SOFT MULTI TOPOLOGICAL SPACES

Recently, D.Tokat and I.Osmanoglu ([7],[9]) introduced soft multi topology . In
this section we study the notion of relative complement of soft multi set, soft multi
point, soft multi set topology, soft multi closed set, soft multi basis, soft multi sub
basis, neighbourhood and neighbourhood system, interior and closure of a soft multi
set etc are to be introduced and their basic properties are investigated. It is seen
that a soft multi topological space gives a parameterized family of topological spaces.

Definition 4.1. A sub family 7 of SMS(U, E), is called soft multi set topology on
(U, E), if the following axioms are satisfied:

[Ol] st EET,

[O2]. the union of any number of soft multi sets in 7 belongs to 7, i.e. for any
{(F* A*)| keK}C7 = Upe g (FF AF)er,

[03]. If (F, A), (G, B)eT, then (F, A)N(G, B)er.

Then the pair ((U, E), 7) is called soft multi topological space. The members of
7 are called soft multi open sets (or T-open soft multi sets or simply open sets) and
the conditions [O4], [O2] and [Og3] are called the axioms for soft multi open sets.

Example 4.2. Let us consider there are three universes Uy, Ug and Us. Let U;={h;,
ha, hs, hy}, Us={cy, co, c3} and Us={vy, vo}. Let {Ey,, Ev,, Ey, } be a collection
of sets of decision parameters related to the above universes, where

Ey, ={ev, 1=expensive, ey, s=cheap, ey, s=wooden, ey, 4= in green surround-
ings},

Ey,={ev, 1=expensive, ey, s=cheap, ey, s=sporty},

Ey,={ev, 1=expensive, ey, 2=cheap, ey, s=in Kuala Lumpur, ey, 4= majestic},

Let U=II?_,P(U;), E=II?_,Ey, and

Al={ei=(ev, 1, €vs.1, €Us.1), €2=(€U, 1, €U, 2, €U5,1) )

A?={e1=(ep, 1, ev,.1, €Uy 1), e3=(ev, 2, €U, 3, €Uy.1)}

Suppose that

(FlvAl): {(61,({}11, hQ}a {Clv CQ}’ {Vl}))a (627({h37 h4}7 {Clv C3}a {VQ}))}v

(F27A2): {(elv({hlv hg}, {C27 C3}7 {V17V2}))7 (637({}127 h4}7 {Ch CQ}? {VQ}))}7

(F3 A%)=(F1,A)U(F2,A2)

:{(elv({hlv h27 h3}7 {C17 C2, C3}7 {Vlv VQ}))’ (627({}13, h4}7 {C17 03}7
{va})), (es,({h2, ha}, {c1, co}, {va}))},
(F47A4):(F17A1)Q(F2aA2)
:{(elﬂ({hl}» {CQ}v {Vl}))a (627({}137 h4}’ {Clv C3}7 {VQ}))v (63,({h2, h4}7
{c1, co}s {v2}))},
Where A3:A4:A1UA2={61=(6U171, €U2717 eU371), 62:(€U171, eU272, eUS,l), €3—
(eU1,27 €U,,35 eU3,1)}
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Then we observe that the sub family 7'1:{57 E, (FLAY), (F2,A?), (F3A%),
(F4,A%)}

of SMS(U, E) is a soft multi topology on (U, E), since it satisfies the neces-
sary three axioms [O4], [O2] and [O3] and ((U, E), 71) is a soft multi topological
space. But the sub family 7o={¢, E, (F},A1), (F2,A2)} of SMS(U, E) is not a soft
multi topology on of (U, E), since the union (F',A")U(F2,A2) and the intersection
(F1,AM)N(F2,A2) does not belongs to 7.

Definition 4.3. As every soft multi topology on (U, E) must contain the sets qg and
E‘, so the family ]1:{5, E‘}, forms a soft multi topology on (U, E). This topology is
called indiscrete soft multi set topology and the pair ((U, E), I) is called an indiscrete
soft multi topological space.

Definition 4.4. Let D denote family of all the soft multi subsets of (U, E). Then
we observe that I satisfies all the axioms for topology on (U, E). This topology is
called discrete soft multi topology and the pair ((U, E),D) is called a discrete soft
multi topological space.

Proposition 4.5. Let ((U, E), ) be a soft multi topological space over (U, E).
Then the collection T.={F(e):(F, A)€ )} for each e€E, defines a topology on U .

Proof. [04]. Since 5, Eer implies that ¢, UeT,.

[Og]. Let {F*(e): keK}Cr.,for some {(F¥ A*)| keK}Cr.Since

Urer (F¥,AR)er, so Upe gk F¥(e)€T., for each ecE.

[03]. Let F(e), G(e)€Te, for some (F, A), (G,B)er.Since (F, A)N(G,B)eT, so
F(e)NG(e)€ET,,for each ecE. O

Example 4.6. Let us consider the soft multi topology 71:{5, E, (FL A1), (F2,A?%),
(F3 A3) (F,A")} as in the example: 4.2, where

F'(e1)=({hi, ha}, {c1, ca}, {v1}),
F'(e2)=({hs, ha}, {c1, c3}, {va}),
F2(e1)=({h1, hs}, {co, c3}, {v1,v2}),

F2(e3)=({hz, ha}, {c1, ca}, {V2}),

F3(el) ({hl, hg, hg} {Cl, Co, Cg} {Vl, VQ})
F3(ez)=({hs, ha}, {c1, ca}, {v2}),

3(63) ({h2, ha}, {c1, e}, {v2}),

F(er)=({h1}, {ca}, {v1}),

F(ez)= ({hs, ha}, {c1, c3}, {v2})),

F4(e3)=({h2, hu}, {c1, co}, {v2}).

It can be easily seen that

Telz{% U7 ({h17 h2}7 {Cla C2}7 {Vl})v({hh h3}7 {C27 C3}a {VlvVQ})v ({hl}v {C2}7
{vi}), ({h1, ho, ha}, {c1, co, es}, {vi, va P},

TGQZ{SDv U? ({h37 h4}a {Clv C3}7 {VQ})} and

Tes={p, U, ({ha, ha}, {c1, c2}, {v2})} are topologies on U.
Definition 4.7. Let ((U, E), 71) and ((U, E), 72) be two soft multi topological
spaces. If each (F, A)er1=(F, A)€ry, then 75 is called soft multi finer (stronger)
topology than 71 and 71 is called soft multi coarser (or weaker) topology than 79

and denoted by 7 57'2.
924
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Two soft multi topologies, one of which is finer than other, are said to be compa-
rable.

Example 4.8. The indiscrete soft multi topology on (U, E) is the soft multi coars-
est (weakest) and discrete soft multi topology on (U, E) is the soft multi finest
(strongest) of all topologies of (U, E). Any other soft multi topology on (U, E) will
be in between these two soft multi set topologies.

Example 4.9. If we consider the topologies 71 as in the example 4.2 and 7'3:{;5,

E, (F1, A1)} on (U, E) . Then 71 is soft multi finer topology than 73 and 73 is soft
—

multi coarser topology than 71 i.e. 73C 7.

Theorem 4.10. Let {7;: i€} be arbitrary collection of soft multi topologies on
(U,E). Then their intersection (\ic1T; is also a soft multi topology on(U,E).

Proof. [O4]. Since é, Eer; , for each i€, hence ¢, EEﬂie]Ti.

[02]. Let {(F¥,A*)| keK} be an arbitrary family of soft multi sets where

(F* AF)eMieri for each keK. Then for each i€l, (F*,A¥)er; for keK and since
for each i€l, 7; is an topology, therefore Ugc g (F¥,A¥)er;, for each icl. Hence
Urer (FF,AR)eNicrTi.

[Os]. Let (F,A) and (G,B)€(icr7i, then (F,A),G,B)er;, for each i€l and since 7;
is a soft multi topology for each i€l, therefore (F,A)N(G,B)€er; for each i€l. Hence
(F,A)ﬁ(G7B)EﬂieITi.

Thus (;e17; satisfies all the axioms of topology. Hence ();ec;7; forms a topology.
But union of topologies need not be a topology; we can show this with following
example. O

Example 4.11. The union of two soft multi topologies may not be a soft multi
topology. If we consider the example 4.2, then the sub families 73:{5, E, (FL AL}
and 74:{(;, E, (F2,A%)}are the soft multi topologies set on (U,E). But their union
rsUrs={¢, E, (F1,A1), (F2,A2)} =7, which is not a soft multi topology on (U,E).
Definition 4.12. Let ((U, E), 7) be a soft multi topological space over (U, E). A
soft multi subset (F, A) of (U, E) is called soft multi closed if its relative complement
(F, A) is a member of 7.

Example 4.13. Let us consider example: 4.2, then the soft multi closed sets in ((U,
E), 71) are (9) =E,(E) =6,

(F17A1),: {(elv({hi’n h4}7 {03}7 {VQ}))7 (627({h1’ h2}7 {02}7 {Vl}))}’

(F27A2):: {(617({}127 h4}7 {Cl}v ¢))7 (QSa({hlv h3}, {63}a {Vl}))}a
{ (f‘)?;v}A?)) = {(617({h4}7 b, ¢))7 (e2ﬂ({h17 h2}7 {C2}7 {Vl}))7 (637({h17 h3}7 {C3}7
Vi 5

(F47A4),: {(61,({}12, h37 h4}7 {Cla C3}7 {VQ}))7 (627({}117 h2}7 {CQ}’ {Vl}))’ (637({}11’
ho}, {es}, {vi})},
Proposition 4.14. Let ((U, E), 7) be a soft multi set topological space over (U, E).
Then

(1) (¢) and E are soft multi closed sets over (U, E).

(2) The intersection of arbitrary collection of soft multi closed sets is a soft multi
closed set over (U, E).
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(3) The union of any two soft multi closed sets is a soft multi closed set over (U,

Proof. Straight forward O

5. SOFT MULTI BASIS AND SOFT MULTI SUB BASIS

In this section soft multi basis and soft multi sub basis are to be introduced.

Definition 5.1. Let ((U, E), 7) be a soft multi set topological space on (U, E) and
B be a subfamily of 7. If every element of 7 can be express as the arbitrary soft
multi set union of some element of B, then B is called soft multi basis( in short base)
for the soft multi topology 7.

Definition 5.2. A collection SC7 is called a multi soft sub basis (in short sub
base)for the topology 7 if the set B(S) consisting of finite intersections of elements
of S forms a multi soft basis for 7.

Example 5.3. In the example: 4.2 for the topology 71 the sub family 183:{57 E,
(FLAY), (F2,A2), (F%,A%)} of SMS(U, E) is a multi soft basis for the topology 1
and S:{(E, E, (FLAY), (F2,A?)} is a multi soft sub basis for the topology 71, since
B(S)={¢, E, (F!,A'), (F2,A2%), (F* A*)} is a multi soft basis for the topology 7.

Theorem 5.4. Let ((U, E), 7) be soft multi topological space on (U, E). A subfamily
B of T forms a base for a topology T if and only if

(1) E =0{(G, B): (G, B)eB}

(2) For every (G1, By), (Ga, B2)EB, (Gy, By )N (Ga, Bs) is the union of members
of B.

Proof. Necessity: Let B be a base for a topology 7 on (U, E).

(1) Since Eer, we have E =U{(G, B): (G, B)eB}.

(2) If (G1, B1), (Ga, B2)€B, then (Gq, By), (G2, Ba2)eT, since B subfamily of 7
and since 7 is a topology on (U, E), therefore (G1, B1)N(Gy, By)€r and thus (Gq,
B1)N(Ga, By) is the union of members of B.

Sufficiency: Let B be a family with the given properties and let 7 be the family
of all unions of members of B. Now if we can prove that 7 is a topology on (U, E),
then it is obvious that B is a base for this topology. B

[04]. &, Ee€r, since ¢€T is the union of empty sub collection from B (i.e. ¢
=U{(G, B): (G, B)€¢CB} ) and Eer, by condition (1), E =0{(G, B): (G, B)eB}.

[Og]. Let (F¥ AF)er for all k. By definition of 7, each (FF,A¥)= U{(G, B): (G,
B)€B}, hence Uy (F* A*)= U, (U{(G, B): (G, B)€B}) is also the union of members
of B and so belongs to 7. Thus 7 satisfies [Oq].

[03]. Let (F1,A1), (F2,A?)er. By definition of 7, (F!,A1)=U{(G, B): (G, B)cB}
and (F2,A%)= U{(H, C): (H, C)eB},

hence (F1, AN (F?,A%)= (U{(G, B): (G, B)eB})N(U{(H, C): (H, C)eB}) = U{(G,
B)N(H, C): (G, B), (H, C)cB}).

Condition (2) implies that (F',A1)N(F2,A?) is the expressible as the union of the
member of B and hence is a member of 7.
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The topology T obtained as above, forms a base is called the topology generated
by the base B. Since the base, defined as above is a subfamily of 7, i.e. members of
base are open, it is called an open base. O

6. NEIGHBOURHOODS AND NEIGHBOURHOOD SYSTEMS

We introduce neighbourhoods and neighbourhood systems in a soft multi topo-
logical space.

Definition 6.1. Let 7 be the soft multi topology on (U , E ) . A soft multi set (F,
A) in SMS(U , E ) is a neighbourhood of a soft multi set (G, B) if and only if there
exists an 7-open soft multi set (H ,C)i.e. (H,C)er such that (G,B)C(H,C)C(F,A).

Example 6.2. Let us consider there are three universes Uy, Uy and Us. Let Uy={h;,
ho, hs, hy}, Us={cy, co, cg} and Us={vy, va}. Let {Ey,, Ev,, Ey, } be a collection
of sets of decision parameters related to the above universes, where

Ey, ={ev, 1=expensive, ey, a=cheap, ey, s=wooden, ey, 4= in green surround-
ings},

Ey,={ev, 1=expensive, ey, s=cheap, ey, s=sporty},

Ey,={ev, 1=expensive, ey, 2=cheap, ey, 3=in Kuala Lumpur, ey, 4= majestic},

Let U=IT}_,P(U;), E=IT}_,Ey, and let

A:{elz(eUl,lv €Uy, 1, eUsJ)a e2:(eU171’ €U3,25 eUs,l)a e3:(eU1,27 €U, ,35 eU3,1)7

es=(ev, 2, €u, 3, €Uy ,2)

B={e1=(ev, 1, €v,,1, €Us,1)s

e2=(eu, 1, €U, .2, €Us,1) ),

C={e1=(ev, 1, e, 1, eus,1)s

ea=(eu, 1, €U 2, €Us,1),

63:(€U1,2, €U5,35 eUg,l)}a

In agofz multi topology

T:{¢’ E, {(elv({hh hQ}v {Clv C2}7 {Vl}))v (627({}137 h4}7 {Clv C3}7 {VQ}))v (633({}117
hy, ha}, {ca, cs}, {va}))}}

the soft multi set

(FvA):{(elv({hla h, h3}7 {Clv CQ}’ {Vl}))7 (627({h27 hs, h4}7 {C17 C3}7 {Vlv V2}))7
(637({}117 ha, h3}a {CQ’ C3}7 {VQ})), (647({h1}7 {CQ}v {VQ}))}

is a neighbourhood of the soft multi set

(GvB): {(elﬂ({hl}v {62}7 {Vl}))v (62’({}14}7 {017 03}’ {V2}))}7

because there exists an 7 - open soft multi set

(ch):{(ela({hlv h2}7 {Cla C2}7 {Vl}))7 (egj({hg, E4}’ {C17 C3}a {VQ}))a (635({h17
ho, hs}, {co, c3}, {va}))}€T such that (G,B)C(H,C)C(F,A)

Theorem 6.3. A soft multi set (F, A) in SMS(U, E) is a soft multi open set if and
only if (F, A) is a neighbourhood of each soft multi set (G, B) contained in (F, A).

Proof. Straight forward. O

Definition 6.4. Let ((U,E),7) be a soft multi topological space on (U, E) and (F,
A) be a soft multi set in SMS(U, E). The family of all neighbourhoods of (F, A) is
called the neighbourhood system of (F, A) up to topology and is denoted by N 4).

927



Anjan Mukherjee et al./Ann. Fuzzy Math. Inform. 7 (2014), No. 6, 919-933

Theorem 6.5. Let ((U,E),7) be a soft multi set topological space. If Nip, 4y is the
neighbourhood system of a soft multi set (F,A). Then,
1 N(r,ay is non empty and (F,A) is soft multi subset of the each member of N(p, ).
2 The intersection of any two members of N(r ay belong to N(p a)-
3 Each soft multi set which contains a member of N(p 4y belong to N(p, 4)-

Proof. Straight forward. 0

Definition 6.6. Let ((U,E),7) be a soft multi topological space on (U , E ) and (F,
A) be a soft multi set in SMS(U, E) . A collection B(x 4)SSMS(U, E) subsets of all
containing the neighbourhood of (F, A) is called a neighbourhood basis of (F, A) if
(1) Every element of B(p, 4 is a neighbourhood of (F, A);
(2) Every neighbourhood of (F, A) contains an element of B 4) as a subset.

7. INTERIOR AND CLOSURE

Definition 7.1. Let ((U,E),7) be a soft multi topological space on (U , E ) and
(F, A) be a soft multi set in SMS(U, E). Then the union of all soft multi open sets
contained in (F, A) is called the interior of (F, A) and is denoted by int(F, A) and
defined by

int(F, A)=U{(G,B)| (G,B) is a soft multi open set contained in (F,A)}

Example 7.2. Let us consider the soft multi topology 71 as in the example 4.2 and
let

(FaA):{(ela({hly hg, h3}7 {C1~7 C2}a {Vl}))v (e27({h17 h37 h4}v {Cla 03}7 {VQ}))} be
a soft multi set, then int(F,A)=U{(G,B)| (G,B) is a soft multi open set contained in
(F,A)}

:(F17A1)U(F47A4) :{(ela({hb h2}a {C17 C2}> {V1}>)a <62a({h3; h4}7 {C17 C3}7
{va})),(e3,({ha, ha}, {c1, ca}, {va}))}, Since (F},A!) and (F*,A%) are two soft multi
open sets contained in (F,A).

Theorem 7.3. Let ((U,E), ) be a soft multi set topological space on (U,E) and (F,
A) be a soft multi set in SMS(U,E). Then

1 int(F, A) is an open and int(F, A) is the largest open soft multi set contained
in (F, A).

2 The soft multi set (F, A) is open if and only if (F, A) = int(F, A).

Proof. Straight forward. O

Proposition 7.4. For any two soft multi sets (F, A) and (G, B) in a soft multi
topological space ((U,E),7) on (U,E),

(i) (G, B)C(F, A)= int(G, B) C int(F, A)

(ii) intp=¢ and intE=E

(ili) int(int(F, A))= int(F, A)

(iv) int(F, A)Nint(G, B)C int((F, A)N(G, B))

(v) int(F, A)Uint(G, B)C int((F, A)U(G, B))

Proof. Straight forward. 0
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Definition 7.5. Let ((U,E),7) be a soft multi topological space on (U, E) and (F,
A) be a soft multi set in SMS(U, E). Then the intersection of all soft multi closed
set containing (F, A) is called the closure of (F, A) and is denoted by cl(F, A) and
defined by

cl(F, A) =N{(G,B)|(G,B) is a soft multi closed set containing (F, A)}

Observe first that cl(F, A) is a soft multi closed set, since it is the intersection
of soft multi closed sets. Furthermore, cl(F, A) is the smallest soft multi closed set
containing (F, A).

Example 7.6. Let us consider the soft multi topology 71 as in the example 4.2 and
let

(F,A)={(e1,({ha}, {es}, £v21)), (ear({ha}, fead, {v1}))} be a soft multi set, then
cl(F,A)=n{(G,B)| (G,B) is a soft multi closed set containing (F,A)}

:(F17A1) O(F47A4) :{(elﬁ({hi’n h4}; {03}7 {VQ}’))?/ (62’({h1’ h2}’ {C2}> {Vl}))v(e?n
({hy1, ha}, {c3}, {v1}))}, Since (F!,A') and (F*,A%) are two soft multi closed sets
contained in (F,A).

Proposition 7.7. For any two soft multi sets (F, A) and (G, B) in a soft multi set
topological space ((U,E),r) on (U,E),

(i) clp=¢ and clE= E

(i) (F, A))C cl(F, A)

(iii) (F, A) is a soft multi closed set if and only if (F, A)=cl(F, A).

(iv) cl(cl(F, A))=cl(F, A)

(v) (G, B)C(F, A)=cl(G, B)Ccl(F, A)

(vi) el((F, A)N(G, B))C cl(F, ANcl(G, B)

(vii) cl((F, A)J(G, B))= cl(F, A)Jcl(G, B)

Proof. Straight forward. O

Theorem 7.8. Let ((U,E),7) be a soft multi set topological space on (U,E) and let
(F, A) be a soft multi set in SMS(U,E). Then

(i) (cl(F, A)) = int((F, A))

(i) (int(F, A)) = cl((F, A)')

Proof. Straight forward. O

Definition 7.9. Let ((U,E),7) be a soft multi topological space on (U, E) and (G,
B) be a soft multi set in SMS(U, E). The soft multi point e g 4) in SMS(U, E) is
called a soft multi interior point of a soft multi set (G, B) if there exists a soft multi
open set (H ,C), such that e 4y € (H, C)C(G, B).

Example 7.10. Let us consider the soft multi topology 71 as in the example: 4.2
and let
(F,A)={(e1,({ha, ha, h3}, {c1, co}, {v1})), (e2,({ha, hs, ha}, {c1, cs}, {v2}))}
be a soft multi set, then ey . ,,={(e1,({h1}, {c1}, {v1}))} is a soft multi interior
point of the soft multi set (F , A), since there exist a soft multi open set (F!,Al)ery,
such that elmA)é(Fl,AI)i(F,A).
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But ey, , ={(e2,({h1,h2, h3} ¢, ¢))} is not a soft multi interior point of the soft
multi set (F, A), since there does not exists an soft multi open set (H, C), such that

€2(p, A)g (Ha C)E(Fa A)

Proposition 7.11. Let ((U,E),r) be a soft multi topological space on (U, E) and
(G, B) be a soft multi open set in SMS(U, E). Then every soft multi point e(p ay €
(G, B) is a soft multi interior point.

Proof. The proof is straight forward. O

Definition 7.12. Let ((U,E),7) be a soft multi topological space on (U, E) and (F,
A) be a soft multi set in SMS(U, E). Then we defined a soft multi set associate with
(F, A) over (U, E) is denoted by (cl(F),A) and defined by cl(F)(e)=cl(F(e)), where
cl(F(e)) is the closer of F(e) in 7, for each e€A.

Proposition 7.13. Let ((U,E),r) be a soft multi topological space on (U, E) and
(F, A) be a soft multi set in SMS(U, E). Then (cl(F),A)Ccl(F, A).

Proof. For any ecA, cl(F(e)) is the smallest closed set in (U, 7.), which contains
F(e). Moreover if cl(F ,A)=(G, B), then G(e) is also closed set in (U, 7.) containing
F(e). This implies that cl(F)(e)=cl(F(e))C G(e). Thus (cl(F),A) Ccl(F, A). O

Corollary 7.14. Let ((U,E),T) be a soft multi topological space on (U, E) and
(F, A) be a soft multi set in SMS(U, E). Then (cl(F),A)= cl(F ,A)if and only if
(cl(F),A) er.

Proof. If (cl(F),A)= cl(F ,A), then (cl(F),A)= cl(F ,A) is a soft multi closed set and
o (cI(F),A) er.

Conversely if (cI(F),A) €7 then (cl(F),A) is a soft multi closed set containing (F,
A). By proposition 7.13 (cl(F),A)Ccl(F ,A) and by the definition of soft multi closure
of (F, A), any soft multi closed set over which contains (F, A) will contain cl(F, A).
This implies that cl(F ,A)C(cl(F),A). Thus (cI(F),A)=cl(F ,A). O

8. SOFT MULTI SUBSPACE TOPOLOGY
In this section we introduce soft multi subspace topology.

Theorem 8.1. Let ((U,E), ) be a soft multi topological space on (U, E) and (F,
A) be a soft multi set in SMS(U, E ) . Then the collection T ay= {(F, A)N(G,
B)|(G, B)eTt} is a soft multi topology on the soft multi set (F, A).

Proof. [01]. Since ¢, Ecr, therefore (F, A)=(F, A)NE

and QS(FA =(F, A)ﬁ(b7 therefore qS(FA (F, A)eT(p,a)-

[O2]. Let {(F*,A*)| keK} be an arbitrary family of soft multi open sets in 7z 4),
then for each k€K, there exist (G*,B¥)er such that (F¥,A¥)=(F,A)N(G*,BF)

Now Upex (FFAF)=Upec x ((F,A)N(G* B*)) =(F,A)N(Ukex(G*B*)) and since
OkeK(Gk,Bk)ETiokeK(Gk,Bk)ET(F,A).

[03]. Let (F',AY)and(F?,A?)are the two soft multi open sets in T(F,4), then for
each i=1, 2, there exist(G?, Bi))ET such that(F?, Ai) (F,A)N(G*BY)).

Now(F?, AL)A(F2,A%)=((F,A)A(G!BY)A((F.A)A(G2,B2))
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=(F,A)N((G1,B)N(G2,B?))and since (G,B})N(G2,B2)eT,hence
(F17A1)5(F27A2)€7—(F,A)
Thus 7 (g, 4) is a soft multi topology on the soft multi set (F,A). O

Definition 8.2. Let ((U,E),7) be an soft multi topological space on (U, E) and
(F,A) be an soft multi set in SMS(U, E). Then the soft multi topology 7 )=

{(F,A)N(G.,B)|(G,B)er} is called soft multi subspace topology and ((F,A),7(r, 4))
is called soft multi topological subspace of ((U,E),7).

Example 8.3. Let us consider the soft multi topological space((U,E),71) given in
the example 4.2 and let a soft multi set be

(F,A)={(e1,({hy, ha}, {c1, es}, {vi})), (es,({ha, h3, ha}, {c1, c3}, {v1, v2}))}

where A={e1=(ev, 1, €v, 1, €v;.1), €a=(€v, 1, €U, 2, €Us,3) },then

(GlaBl):(FvA)ﬁ(FlvAl): {(elv({hl}v {01}’ {Vl}))’ (627({h3’ h4}’ {Clv 03}’ {VQ}))’
(e4,({h2, hs, ha}, {c1, ca}, {v1, v2}))},

(GzaBz):(F’A)ﬁ(F27A2): {(61,({}11}, {03}7 {Vl}))v (637({1127 h4}7 {Cl’ 02}7 {VQ}))a
(847({}127 h3v h4}’ {Clv 63}7 {Vlv VQ}))}v

(G3,B3):(F>A)5<F3’A3): {(617({}11}’ {017 C3}’ {Vl}’))’ (62,({h3, h4}7 {Cla CS}v
{va})), (es,({h2, by}, {c1, c2}, {v2})), (es;({bh2, b3, ha}, {c1, cs}, {v1, vo}))},

(G45B4):(F7A)5(F47A4): {(elv({hl}v b, {Vl}))v (627({}137 h4}7 {C17 03}7 {VQ}))a
(e3,({h, ha}, {e1, ca}, {v2})), (es;({h2, hs, ha}, {1, es}, {v1, va}))},

Then Tl(F,A)): {(b(F,A)v (Fa A)’ (leBl)a (GQ’B2>7 (G3’B3)7 (G4,B4)},

where

B'=AUA'={e1=(ev, 1, evs,1; €Us,1), €2=(€u, 1, €U, 2, €Us,1), €a=(eu, 1, €U, 2
eU373)}7

B2:AUA2:{61:(6U1,1a €U ,15 eU3,1)7 e3:(eU1,27 €U, ,35 eUs,l)’ e4:(eU171’ €U, ,2,
ev,,3)}

B?’:AUA3:B4:AUA4:{81:(6U1,1, €U,,15 eU371), egz(eUl’l, €U,,2, 6U371), e3=
(ety 25 €Uy 35 €Uy 1)s €a=(eu, 1, €Uy .2, €Uy ,3) }

is a soft multi subspace topology for 71 and ((F,A), 71, ,,) is called a soft multi
subspace of ((UE),1).

Theorem 8.4. Let ((U,E),r) be a soft multi topological space on (U , E ) and let
B be a soft multi basis for T and (F, A) be a soft multi set in SMS(U, E) . Then
the family Bpay={(F, A)N(G, B)|(G, B)EB} is a soft multi basis for soft multi
subspace topology T, a)-

Proof. Let (H, D)€T (g, 4), then there exists a soft multi set (G, B)e, such that (H,
D)=(F, A)N(G, B). Since B is a base for 7, so there exists sub collection {(G!,B?)|
i€l} of B such that

(G, B)=U,;¢(G*B?).Therefore (H, D)=(F, A)N(G, B)= (F,A)N(U;c;(G!B?))=
Uier((F,A)N(G",BY)). Since (F,A)N(G*,B*)EB(F, 4), which implies that B(f ) is a
soft multi basis for the soft multi subspace topology 7(r a)- O

Theorem 8.5. Let ((U,E),7) be a soft multi topological space on (U, E) and ((F,
A),7*) be a soft multi topological subspace of ((U,E),r) and ((G, B),7**) be a soft
multi topological subspace of ((F, A),7*). Then ((G, B),m**) is also a soft multi
topological subspace of ((U,E),T).
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Proof. Straight forward. O

9. SOFT MULTI COMPACT SPACES
In this section we define soft multi cover and soft multi compact space.

Definition 9.1. Let ((U,E),r) be a soft multi topological space on (U, E) and let
(F, A) be any soft multi set in SMS(U, E). Then a sub family  of SMS(U, E) is
called a soft multi cover for (F, A) if and only if (F , A)C { (G, B): (G, B)eQ} and
we say that Q covers (F, A).

Definition 9.2. If a sub collection of soft multi cover €2 also covers av F , A aw ,
then it is called an soft multi sub cover of ) for av F | A aw .

Definition 9.3. If the members of soft multi cover 2 are open, then Qis called soft
multi open cover.

Definition 9.4. If the members of soft multi cover €2 are finite in number, then it
is called finite soft multi cover.

Definition 9.5. Let ((U,E),7) be a soft multi topological space on (U, E ) . A soft
multi set &v F | A d&w in SMS (U , E ) is called soft multi compact set if and only if
every soft multi open covers of av F' , A 4w has a finite soft multi sub cover.

Definition 9.6. A soft multi topological space ((U,E),7) is called soft multi compact
space if and only if E is soft multi compact.

Definition 9.7. Let ((U,E),7) be a soft multi topological space on (U, E ) . A
sub family Q of SMS (U , E ) has the finite intersection property if and only if the
interaction of any finite sub collection of €2 is not null soft multi set.

Theorem 9.8. A soft multi topological space ((U,E),T) is soft multi compact space
if and only if for every family of soft multi closed subsets with finite intersection
property has non null intersection.

Proof. Let ((U,E),7) be a soft multi compact space and let {(F¥ A*)| keK} be an
arbitrary family of soft multi closed sets in 7 with finite intersection property.

If possible let ﬁkeK(Fk,A’“):%, then by taking complements, (ﬁkeK(Fk,Ak))l:(@
i.e. Upex (FF,AF)'=E. So that {(F¥,A*)'| keK} forms a soft multi open cover for
E. Since E is compact, there is a finite soft multi sub cover {(F*,A?)| i=1,2,3,.....n},
such that E:O?ﬂ(FﬂAi)/. Then by taking complements,

(E)/:(Ogl:l(Fi7Ai)/)/7 Le. ¢:ﬁ?=1(Fi7Ai>‘

Thus {(F¥,A%)| k€K} does not have the finite intersection property, which con-
trary to our assumption. Hence ﬁkeK(Fk,Ak);éqg.

Conversely let every family of soft multi closed subsets in ((U,E),7) with finite
intersection property has non null intersection in ((U,E),7). Now suppose that
((U,E),7) is not soft multi compact space. Then there is a soft multi open cover
{(G*k B*)'| keK} of E that has no finite soft multi sub cover, i.e. EAU" (G B),
then by taking complements, (E) #(Ur, (G',B%))’, i.e. ¢AM™ (G B?) which im-
plies {(G*,B¥)'| keK} has the finite intersection property. But by soft multi cover
property E=Uyc  (G*,B¥), then by taking complements, M x (GF,B¥) =g, i.e. the
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intersection of all members of the family of soft multi closed sets is null soft multi
set, which contradicting the given condition. Hence ((U,E),7) is soft multi compact
space. O

Theorem 9.9. Let ((U,E),7) be a soft multi compact space and let (F , A) be a
soft multi closed sets in 7. Then the soft multi closed subspace ((F, A),T(r a)) of
((U,E),T) is soft multi compact space.

Proof. Let ((U,E),r) be a soft multi compact space and let (F, A) be a soft multi
closed sets in 7. Let {(F¥,A¥)| keK} be an arbitrary family of soft multi closed sets
in ((F, A),7(r,4)) with finite intersection property. Then soft multi sets (F¥,A¥) for
each k€K are soft multi closed sets in ((U,E),7); since (F, A) is a soft multi closed
sets in 7. Thus {(F* A*)| keK} is a family of soft multi closed sets in ((U,E),7),
possessing finite intersection property and as ((U,E),7) is soft multi set compact,
it follows that Mjc g (F¥,A¥)#6 (by theorem 9.8). This implies that the soft multi
closed subspace ((F, A),7(r ) of ((U,E),) is soft multi compact space. O
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