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1. INTRODUCTION

The theory of fuzzy sets was introduced by L. A. Zadeh [7] in 1965. A satis-
factory theory of 2-norm on a linear space has been introduced and developed by
Gahler [4] in 1964. The notion of 2-fuzzy 2-normed linear space of the set of all fuzzy
sets of a set was introduced by R.M.Somasundaram and Thangaraj Beaula [5]. In-
tuitionistic fuzzy n-normed linear space is briefly established in [6]. The concept of
intuitionistic 2-fuzzy 2-normed linear space of the set of all fuzzy sets of a universal
set was introduced by Thangaraj Beaula and D.Lilly Esthar Rani [2]. The notion of
2-fuzzy inner product space was developed in a different way in [3].

In this paper strong fuzzy continuity, weak fuzzy continuity, sequentially fuzzy
continuity, strong boundedness and weak boundedness are defined for a intuitionistic
2-fuzzy 2-normed linear space. Using these concepts some theorems are proved.
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2. PRELIMINARIES

For the sake of completeness, we list the following definitions

Definition 2.1 ([4]). Let X be a real linear space of dimension greater than one

and let||-, -|| be a real valued function on X x X satisfying the following conditions:
(1) ||x,y]| = 0 if and only if x and y are linearly dependent,
(2) [yl = llyx]|
(3) |lex,y|| =|a| ||x,y]| , where « is real,
(4) [[oy+zl| < [yl + (x|
[|-,-]] is called a 2-norm on X and the pair (X, ||-,+]|) is called a 2-normed linear
space.

Definition 2.2 ([1]). Let X be a linear space over K (the field of real or complex
numbers). A fuzzy subset N of X x R (R,the set of real numbers) is called a fuzzy
norm on X if and only if for all x,u € X and ¢ € K.

(N1) for all teR with t<0, N(x,t)=0

(N2) for all teR with t>0, N(x,t)=1 if and only if x=0

(N3) for all teR with t>0, N(cx,t) = N(x, %‘), if c£0
(N4) for all s, teR , x ,ueX, N(x+u , s+t) > min { N(x,s),N(u,t)}
(N5) N(x,-) is a non decreasing function of R and lim; ., N(x,t)=1
The pair (X,N) will be referred to as a fuzzy normed linear space.

Definition 2.3 ([5]). Let F(X) be a linear space over the real field K. A fuzzy subset
N of F(X)x R,(R, the set of real numbers) is called a 2-fuzzy norm on F(X) if and
only if,

(N1) for all t€ R with t<0, N(f;,£5,t)=0,

(N2) for all teR with t>0, N (fi,f2,t) =1 if and only if f; and f; are linearly
dependent,

(N3) N (f17 fg,t) with t>0, N (fl, cfa, t) =N (fh fg,ﬁ)lf c;«éO, ceK (ﬁeld)

(N4) for all s;teR, N (f; +fa,s,t)>min { N(fy, s),N(fa,t)} ,

(N5) for all S, te R, N (fl, f2 + f3, S +t) > min { N(fl,fg,s), N (f17 f3, t)}

(N6) N (f1,f2,.) : (0, c0) [0,1] is continuous,

(N?) llmtﬂoo N(fl, fQ, t ):1

Then the pair (F(X), N) is a fuzzy 2-normed linear space or (X,N) is a 2-fuzzy
2-normed linear space.

Definition 2.4 ([2]). An intuitionistic fuzzy 2- normed linear space (i.f-2-NLS) is
of the form

A = { F(X), N(fy, fa, t), M(f1, f2, t) / (f1, f2) € F[(X)]?} where F(X) is a linear
space over a field K, * is a continuous t-norm, ¢ is a continuous t-conorm, N and M
are fuzzy sets on [F(X)]?x (0,00) such that N denotes the degree of membership and
M denotes the degree of non-membership of (fi, fa, t)€[F(X)]?x (0,00) satisfying
the following conditions:

(1) N (fy, fo, t) + M (f1, 5, t) < 1

(2) N(fy, f2,t) > 0

(3) N(fi, f2, t) = 1 if and only if f;, f5 are linearly dependent

(4) N(fy, £z, t) is invariant under any permutation of f1, f5
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5) N(fy, f2, t) : (0, c0) — [0,1] is continuous in t.
6) N(fl, cfa, t) =N (f17 fg,ﬁ ), if ¢ 7& 0,ce K
) N (f1, f2, 8) * N(f1, f3, t) < N(fy, f3 + f3, s + t) where * is a continuous t-norm
)M (fy, b, t)> 0
) M(f1, f2, t) = 0 if and only if f1, f5 are linearly dependent
0) M (fi, fa, t) is invariant under any permutation of f;, fa
1 M(fl,Cfg,t):M(fl,fg,t )ifC?éO,CEk

Tel
(12) M (fy, f2,8) O M (f, {5, t) > M (f1, f3 + f3, s + t) where ¢ is a continuous
t-co-norm .

(13) M (f1, fa, t) : (0, c0) — [0,1] is continuous in t.

3. INTUITIONISTIC 2-FUZZY STRONGLY WEAKLY CONTINUITY AND BOUNDEDNESS

Definition 3.1. A mapping T from (A, N1, M;) to (B, Na, M>) is said to be intuis-
tionistic 2-fuzzy continuous at fo € A if for given €> 0, o € (0, 1), there exists § =
§(a,e) > 0,8 = B(a,e) € (0,1), such that for every f € A, Ny (f—fo,9:,0) > 1—3 and
Mi(f— fo,9i,0) < B implies No(T f—T fo, gi,€) > 1—aand Mo(T f =T fo, gi,¢) < «
where g; are linearly independent for i=1,2.

Definition 3.2. A linear operator T : A — B where (A, N1, M1), and (B, No, M)
are IF 2-Banach spaces is said to be intuitionistic 2-fuzzy strongly continuous at
fo € A if for each ¢ > 0, there exists 6 > 0 such that for every f € A

No(Tf —T fo,9i,€) > Ni(f — fo,9:i,6) and

My(Tf =T fo,gise) < Mi(f — fo,9i,6)

Definition 3.3. A mapping T : A — B is said to be weakly fuzzy continuous at
fo € Aif for given € > 0, @ € (0,1) there exists § = §(«,€) > 0 such that for every
f € Av Nl(f - vagiv(s) > 1- B and Ml(f - angiaé) < 6 lmphes

No(Tf — Tfo,9i,e) > 1 —a and Mo(Tf — T fo,9i,6) < a where g; are linearly
dependent for i=1,2.

Definition 3.4. A mapping T : A — B is said to be intuitionistic sequentially
2-fuzzy continuous at fo € A if for any sequence { f,} in A,

lim, oo N1(fr. — f0,9i,t) = 1 and lim,, oo M1(fn — f0,9i,t) = 0 for all t > 0
implies lim,, oo No(Tfr, — T fo,9i,t) = 1 and lim,_,oo Ma(Tfr, — T fo, gi,t) = 0 for
all t > 0 If T is intuisionistic sequentially 2-fuzzy continuous at each point of A then
T is said to be intuisionistic sequentially 2-fuzzy continuous on A.

Theorem 3.5. Let T : (A, N1, My) — (B, No, Ms) be a mapping where (A, N1, M)
& (B, Na, My) are intuitionistic 2-fuzzy normed linear spaces. If T is intuitionastic
2-fuzzy strongly contionous then it is intuitionistic sequentially 2-fuzzy continuous.

Proof. This is the proof of Theorem [3.5. Suppose that T is intutionistic 2-fuzzy
strongly continuous at fy € A.
Thus for each ¢ > 0, there exists a 6 > 0 such that for every f € A.

(3.1) No(Tf —Tfo,9i,€) > Ni(f — fo,9i,0)and
MQ(T.f _Tf()vgias) Z Ml(f_ f079i75)
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where g; are linearly independent for i = 1,2 Let { f,} be a sequence in A such
that f, — fo that is

(3.2) Tim Ni(fo — fo,gi€) = land lim My(fo = fo,:,¢) =0

for all t > 0 and g; are linear independent for i = 1, 2 Now from (3.1) we have ,
NQ(Tfn - Tfo,gi,é‘) > Nl(fn - fo,gi,CS), for Ilzl7 2,

- hmn—»oo NQ(Tfn - TangiaE) > hmn—>00 Nl(fn - f079i76)

= limy, 00 No(Tfrn — T fo,9i,¢) = 1 by (3.2) Since € is arbitrary small number it
follows that T'f,, — T fo. O

Theorem 3.6. Let T : (A, N1, M) — (B, No, Ms) be a mapping where (A, N1, M)
& (B, Na, Ms) are intutionistic 2-fuzzy normed linear spaces. Then T is intuition-
istic 2-fuzzy continuous if and only if it is intuitionistic sequentially 2-fuzzy contin-
UOUS.

Proof. This is the proof of Theorem [3.6. Suppose T is Intutionistic 2-fuzzy contin-
uous at fo € A. Let { f,} be a sequence in A such that f, — fo.

Let € > 0 be given. Choose o € (0,1). Since T is Intutionistic 2-fuzzy continuous
at fo there exists 6 = §(a,e) > 0 and 8 = B(a, €) such that for every f € A.

Ni(f = f0,9i,0) > 1= 3 and My(f — fo,9i,6) <3

implies No(T'f — T fo, g9i,¢) > 1 —a and Ma(Tf — T fo, give) < a.

where g; are linearly independent for i=1,2 since f, — fp in A there exists a
positive integer ng such that Ny(fy fo,9i,6) > 1 — 8 and My(fn — fo,9i,€) < 08 for
all n > ng

Then No(T'f,, — T fo, i) > 1 — a and May(T fr, — T fo, 9i,€) < a for all n > ny.

This implies lim,, oo No(Tfr, — T'f0,9i,€) < 1 and lim, oo Mo(T fr, — T fo, gi, €)
= 0 Thus T'f,, — Tfo in (A, Na, M) since € > 0 is arbitrary.

Next suppose T is intutionistic sequentially 2-fuzzy continuous at fj, there exists
¢ > 0 and « > 0 such that for any 6 > 0 and 8 € (0,1) there exists h (depending on
«, ) such that

(33) Nl(fO — h,gi,(S) >1-— 6 and Ml(fO — h,gi,é) < ﬂ

But No(Tf —Th,g;,e) <1 —«a and My(Tf —Th,g;,€) > .
Thus for 5 = ﬁﬁ = fracn(n + 1), for n=1, 2,...
There exists hn such that Ny (fo — hn, g;, ﬁ) >1-— (n—il),
Ml(fO - hnvgiv ﬁ) < ﬁ
But No(T'fo — Thy, gi,e) <1 —a and Ma(T fo — Thp, gi,€) > «
Taking 6 > 0 ,there exists ng such that —— < &

(n+1)
for all n > nyg

then
Ni(fo — hn,g;,6) > N1(fo — hn, g;, (nil)) >1-— ﬁ
(3.4) = lim Ni(fo — hn,9:,0) — 1
n—o0
But from (1) No(Tfo — Thy, gi,e) <1 —a So
(3.5) No(T fo — Thp, giy€) » lasn — o0
Also M (fo — hn, g, 6) < Ms(fo — hn, g;, (n%l)) < ﬁ ,for alln > N.
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cdimy oo My (fO - hnvgia 6) < limy,— 00 o

(n+1)
(3.6) ie. im My (fo — i, gis8) — 0
But from (3.3)
(3.7 My(Tfo — Thy, give) > (n—?— 0 - 0asn — oo

Thus combining (3.4) and (3.6) we get h,, — fo but combining (3.5) and (3.7) we get
Th, - T fy which is a contradiction to our assumption. Hence T is Intuitionistic
2-fuzzy continuous at fy. O

Definition 3.7. LetT : (A, Ny,M;) — (B, Ny, M) be a linear operator where
(A, N1, My) and (B, Ny, M>) are Intuitionistic 2-fuzzy normed linear spaces.
T is said to be intuitionistic 2-fuzzy strongly bounded if and only if there exists
a positive real number M such that for every f € A and for every t € R.,
No(Tf,gi,t) > Ni(f,9i,77) and Ma(T'f,gi,t) > Mi(f,gi, 7) where g; are lin-
early independent

Definition 3.8. T : (A, Ny, M) — (B, N2, M) be a linear operator where (A, Ny,
M) and (B, Na, M) are Intuitionistic 2-fuzzy normed linear spaces.

T is said to be Intuitionistic 2-fuzzy weakly bounded on A if for any o € (0,1)
there exists M, > 0 such that for every f € A, for all t € R N1(f, gs, Mia) >1—«

- NQ(T.ﬂgut) >1—aand Ml(fagiv MLQ) <«

= M>(Tf, gi, Mia) < « where gi are linearly independent.

Theorem 3.9. let T : (A,N1,M1) — (B, N2, Ms) be a linear operator where
(A, N1, M7) and (B, N2, Ms) are Intuitionistic 2-fuzzy normed linear space. If T is
intutionistic strongly 2-fuzzy bounded then it is Intuitionistic 2-weakly fuzzy bounded.

Proof. This is the proof of Theorem [3.9. suppose T is intuitionistic 2-fuzzy strongly
bounded , there exists M > 0 such that for f € A and for all t € R we have,
No(Tf,gi,t) = Ni(f, gi> 77) and Ma(Tf, gi,t) < Mi(f, i, 57)
Thus for any « € (0, 1), there exists M, (= M) > 0 such that
Ni(f,9631) 21— a
= No(Tf,gi,t) >1—cand Mi(f, 9, MLO) <
= M>(Tf, gi, MLQ) <aforall fe Aandt e R.
This implies T is intuitionistic 2-fuzzy weakly bounded. 0

Theorem 3.10. Let (A, N1, M) and (B, N2, M) be two Intuitionistic 2-fuzzy normed
linear spaces. Let T be a linear operator from A to B. Then

i. T is intuitionistic strongly 2-fuzzy continuous on A of T is intuitionistic
strongly 2-fuzzy continuous at fy € A.

ii. T is intuitionistic strongly 2-fuzzy continuous if and only if T is intuitionistic
strongly 2-fuzzy bounded.

Proof. This is the proof of Theorem [3.10. Since T is intuitionistic strongly 2-fuzzy
continuous at fy € A for each € > 0 there exists § > 0 such that for f € A, we have
No(Tf=Tfo,gi,e) > Ni(f = fo,9i,6) and Ma(T'f =T fo, gi,€) < Mi(f — fo, i, 6)
Taking any h € A and replacing f by f+ fo — h
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we get, No(T'(f + fo — h) —Tfo,9i,€) > N1(f + fo — h — fo,9i,0)

= No(Tf+Tfo—Th—Tfo,9,¢) > Ni(f — h,gi,0)

— NQ(Tf — Th,gi,é‘) > Nl(f — h,gi,(S)

and Ma(T(f + fo —h) — Tfo,9i,€) < Mi(f + fo —h — fo,gi,0)

= Mx(Tf+Tfo—Th—Tfo,9i¢) < Mi(f —h,gi,0)

— MQ(Tf — Th,gi,E) < Ml(f — h,gi,(S)

Since h is arbitrary, it follows that T is intuitionistic strongly 2-fuzzy continuous
on A. O
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