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1. INTRODUCTION

I 1965, L. A. Zadeh [7] introduced the notion of a fuzzy subset of a set as a
method for representing uncertainty. Then, in 1971, A. Rosenfeld [5] used the notion
of a fuzzy subset of a set to introduce the notion of a fuzzy subgroup of a group.
Rosenfeld’s paper inspired the development of fuzzy abstract algebra. After these
studies, many mathematicians studied these subject. For more details, see [2].

In 2004, X. Yuan and E. S. Lee [6] presented a new kind of fuzzy group based
on fuzzy binary operation. Recently, H. Aktag and N. Cagman [I] considered, by
the use of X. Yuan and E. S. Lee’s definition of fuzzy group based on fuzzy binary
operations, a new type of fuzzy ring. Also, in 2010, M. A. Oztiirk, Y. B. Jun and H.
Yazarh [3] introduced a new kind of fuzzy gamma ring and discussed related results
(see [4]).

In this paper, an example of a new kind of fuzzy group [6] and a new kind of
fuzzy ring [1] is presented. Moreover, homomorphism theorems between two fuzzy
rings are proved.
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2. PRELIMINARIES

In this section, we summarize the preliminary definitions that will be required in
this paper.

Definition 2.1 ([6]). Let G be a nonempty set and R be a fuzzy subset of G x G x G.
R is called a fuzzy binary operation on G if
(i) For all a,b € G, there exists ¢ € G such that R (a,b,c) > 0;
(ii) For all a,b,c1,¢0 € G, R(a,b,c1) > 0 and R (a,b,ca) > 0 imply ¢; = ca,
where 6 € [0, 1) is fixed real number.

Let R be a fuzzy binary operation on G. Then we have a mapping R : F (G) x
F(G) — F (G) defined by R (A, B) where

F(G)={A|A:G —[0,1] is a mapping }

and
(2.1) R(A,B)(c)=\/ (A(a)AB(b)AR(a,b,c))
a,beG
for all c € G.
Let A= {a}, B = {b} and let R(A, B) be denoted as a o b. Then

(2.2) (aob)(c) =R(a,b,c)

for all ¢ € G. Also,

(2.3) ((aob)oc)(z) = \/ (R(a,b,d) AR (d,c,z))
deG

and

(2.4) (ao(boc)(z) =\ (R(be,d)AR(a,d z))
deG

for all z € G.

Definition 2.2 ([6]). Let G be a nonempty set and R be a fuzzy binary operation
on G. Then (G, R) is called a fuzzy group if the following conditions are true:

(Gy) For all a,b,¢,z1,20 € G, ((aob)oc)(z1) >0 and (ao (boc))(z2) > 6 imply
21 = 223

(G2) There exists e, € G such that (e, 0a)(a) > 6 and (aoe,) (a) > 6 for all
a € G (e, is called the identity element of G);

(G3) There exists b € G such that (aob)(e,) > 6 and (boa)(e,) > 0 for all
a € G (bis called the inverse of a and denoted as a™1).

Remark 2.3 ([6]). Let (G, R) be a fuzzy group. Then
R(a,b,c) >0 =R (c, b_l,a) > 0 and R(a_l,c, b) > 0.

Let H be a nonempty set and R a fuzzy binary operation on H. Then R is a
fuzzy subset of H x H x H. Let S be a fuzzy binary operation on H. In this case,
we may regard S as the mapping

S:F(H)x F(H) — F(H), (A,B)— S(A,B)
880
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where
F(H)={A|A: H —[0,1] is a mapping }
and
(2.5) S(A,B)(c) = \/ (A(a) AB(b)AS(a,b,c))
a,beH
for all c € H.

Let A = {a} and B = {b}. Let R(A, B) and S (A, B) be denoted as a o b and
a * b, respectively. We will use the following notation to simplify the calculations:

(2.6) (aod)(c) = R(a,b,c)

and

(2.7) (axb)(c) =S (a,b,c)

for all c € H. Also,

(2.8) ((aob)oe)(z) = \/ (R(a,b,d) AR(d,c,z)),
deH

(29) (ao(boc) (2) =\ (R(b,c.d) AR(a,d,2),
deH

(2.10) ((axb)*c)(z) = \/ (S (a,b,d) A S(d,c,z)),
deH

(2.11) (ax(bxc))(z) = \/ (S (b,e,d) A S(a,d, z)),
deH

(2.12) (ax(boc)(z) = \/ (R(b,cd) 7S (a,d,2)),
deH

(2.13) ((axb)o(axc))(z)= \/ (S (a,b,d) A S(a,c,e) AR (d,e,z)),

d,ec H

(2.14) ((@ob)x¢)(2) = \/ (R(a,b,d)AS(dc,z)),
deH

(2.15) ((axc)o(bxc))(z) = \/ (S (a,e,d) NS (b,c,e) ANR(d,e, 2))
d,ecH

for all z € H.

Definition 2.4 ([1]). Let H be a nonempty set, R and S fuzzy binary operations on
H, all with the same value of §. Then (H, R, S) is called a fuzzy ring if the following
conditions hold:

(Hy) (H, R) is an abelian fuzzy group;

(Hs) For all a,b,c¢, 21,290 € H, ((axb)*c)(21) > 6 and (a * (b*c)) (22) > 6 imply
21 = 223
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(Hs3) For all a,b,c, 21,29 € H,
(i) (ax(boc))(z1) >0 and ((a*b)o(ax*c))(z2) > 6 imply 21 = 22,
(ii) ((aob)xc)(z1) > 0 and ((a*c) o (b*c)) (22) > 6 imply 21 = 2.

The identity element of the fuzzy group (H,R) is called the zero element of
(H, R, S) and denoted by e,. Let (H, R, S) be a fuzzy ring and H’' be a nonempty
subset of H. Let Ry (a,b,¢) = R(a,b,c) and Sy (a,b,¢) = S (a,b,c) for all a,b,c €
H’. In this case, we have

(aod)(c) = Ry (a,b,c) = R(a,b,c)

and
(axb)(c) =Sy (a,b,¢) =S (a,b,c)
for all a,b,c € H'.

Definition 2.5 ([I]). Let (H, R,S) be a fuzzy ring and H’ be a nonempty subset
of H for which

(i) (aobd)(c) > 6 implies c € H' and (a *b) (¢) > 0 implies c € H' for all a,b € H'
and c € H;

(ii) (H', R, S) is a fuzzy ring.

Then (H', R, S) is called a fuzzy subring of (H, R, S).

Proposition 2.6 ([1]). Let (H, R, S) be a fuzzy ring and H' be a nonempty subset
of H. Then (H',R,S) is a fuzzy subring of H if and only if

(i) (aob)(c) > 0 implies ¢ € H' and (axb)(c) > 0 implies ¢ € H' for all
a,be H andce H;

(i) a=* € H' for alla € H'.

Definition 2.7 ([1]). Let (H, R, S) be a fuzzy ring. A nonempty subset I of H is
called a left (right) fuzzy ideal of H if

(i) (aobd)(c)> 60 implies c € I for all a,b € I and ¢ € H;

(ii) a~t eI forallac I;

(iii) (h*a) (¢) > @ impliesc € I ((axh)(c) > @ impliesc € I) foralla e I, he H
and c € H.

Also, a nonempty subset I of a fuzzy ring (H, R, S) is called a fuzzy ideal of H if
I is both a left and a right fuzzy ideal of H.

Remark 2.8 ([1]). From the definition of a fuzzy left (right) ideal of (H, R, S), I is
a fuzzy subring of (H, R, S).

Proposition 2.9 ([1]). Let I; (i € A) be a fuzzy ideal of fuzzy ring (H, R, S), where
A is an index set. Then QAIZ- s a fuzzy ideal of H.

Let I be a fuzzy ideal of fuzzy ring (H, R, S) and A = {aol |a € H}. Define a
relation over A by

aj ol ~agol < Ju € I such that R(a;l,ag,u) > 0.

The fuzzy relation ” ~ ” on the set A is a fuzzy equivalence relation by [6, Theorem

4.1]. Let [aol] ={a’ol|ad’ ol ~aol},a={d|a’€Handa' ol ~aol} and

H/I ={[aoI]|ac€ H}. Also, (I, R) is a fuzzy subgroup of (H, R) and since (H, R)

is abelian, (I, R) is a normal fuzzy group of (H, R) by [6, Theorem 3.1]. Hence, H/I
882
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denotes the set of all coset [a o I] such that (ao ) (u) = \/R (a,z,u) for all a € H,
xel

(H/I, R) is a commutative fuzzy group by [6, Theorem 4.2], where

(2.16)

([acf@[boI])(col)=R([acl],[bol],[col]) = V.  R@V.).

(a’,b,c'YEaxbXCT

Theorem 2.10 ([1]). Let (H,R,S) be a fuzzy ring and I be a fuzzy ideal of H.
Then the fuzzy quotient group (H/I, R) is a fuzzy ring with

(lacIl®@[bol])([col])=S([acl],[bol],[col])
= \ S (a,V,¢).

(a’,b,c"YETXDXE
Definition 2.11 ([1]). If (H, R, S) is a fuzzy ring and I is a fuzzy ideal of H, then
the fuzzy ring (H/I,E7 g) is called the fuzzy quotient ring of H by I.

Definition 2.12 ([1]). Let (Hi, Ry, S1) and (Ha, Ra, S2) be two fuzzy rings and ¢
be a function from Hj into Hy. Then ¢ is called a fuzzy homomorphism of H; into
H, if

(i) Ry (a,b,c) > 6 implies Ry (¢ (a),¢ (b)), (c)) > 6 for all a,b,c € Hy;

(ii) Sy (a,b,c) > 0 implies Sy (¢ (a), ¢ (b),¢ (c)) > 0 for all a,b,c € H;.

Definition 2.13 ([1]). A homomorphism ¢ of a fuzzy ring H; into a fuzzy ring Hs
is called

(i) a monomorphism if ¢ is one to one;

(ii) an epimorphism if ¢ is onto;

(iii) an isomorphism if ¢ is both one to one and onto.

If ¢ is an isomorphism of H; onto Hs, then two fuzzy rings H; and Hs are called
isomorphic and we denote this by H; = Hs.

Theorem 2.14 ([1]). Let (Hy, R1,S1) and (Ha, Ra, S2) be two fuzzy rings and let
@ be a fuzzy homomorphism of Hy into Hy. Then

(i) @ (eo) = €., where el is the zero of Hs.

(ii) ¢ (a=) = (¢ (a))~" for alla € Hy.

Theorem 2.15 ([1]). Let (Hy, R1,S51) and (Ha, Ra, S2) be two fuzzy rings and let
@ be a fuzzy homomorphism of Hy into Ho. Then

(i) Kero={a€ Hy|y(a)=c¢.} is a fuzzy ideal of Hy.

(i) Imp = {p(a) | a € H1} is a fuzzy subring of Hs.

Theorem 2.16 ([1]). Let ¢ : (Hy, R1,S1) — (H2, Ra, S2) be a fuzzy epimorphism.
Then Hy/N = Hy, where N = Kero.

3. AN EXAMPLE OF A NEW VIEW OF FUZZY RINGS

In [6], Yuan and Lee introduced concept of fuzzy binary operation and fuzzy
group. In [I], Aktas and Cagman introduced a new fuzzy binary operation on H
and a new fuzzy ring. In this section, we give an example of fuzzy binary operation,
fuzzy group, a new fuzzy binary operation on H and a new fuzzy ring.
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Example 3.1. Let

H={[0 0 0].[T00].[T10].[01 0]}C(Z)ixs
be a nonempty set. We will use the following notation to simplify the calculations:
a=[0 0 0].b=[1 0 0],e=[110].d=[010].

Let us define R and S fuzzy binary operations on H, all with the same value of
0 = 0.7, as follows:

R(a,a,a) =09 R(ba,a)=0.2 R(c,a,a)=0.2 R(d,a,a)=0.4
R(a,a,b) =03 R(bya,b)=0.9 R(c,a,b)=0.3 R(d,a,b)=0.1
R(a,a,c) =02 R(ba,c)=04 R(c,a,¢)=09 R(d,a,c)=0.2
R(a,a,d)=0.0 R(bya,d)=0.2 R(c,a,d)=02 R(d,a,d)=0.8
R(a,b,a) =02 R(bb,a)=0.8 R(c,b,a)=04 R(d,b,a)=0.1
R(a,b,b) =0.8 R(bbb) =02 R(c,bb)=01 R(d,bb)=0.4
R(a,b,c) =02 R(bb,c)=0.1 R(c,b,c)=09 R(d,bc)=03
R(a,b,d) =02 R(b,bd) =03 R(cbd) =04 R(dbd) =09
R(a,c,a) =01 R(bc,a)=04 R(c,c,a)=0.8 R(d,c,a)=0.2
R(a,c,b) =03 R(b,c,b)=0.9 R(c,e,b)=0.1 R(d,c,b)=0.1
R(a,c,c) =09 R(bc,c)=04 R(c,e,c)=0.0 R(d,c,c)=03
R(a,c,d)=0.1 R(b,c,d)=0.1 R(c,c,d)=0.3 R(d,c,d)=0.9
R(a,d,a) =04 R(b,d,a)=02 R(c,dya)=0.2 R(d,d,a)=0.8
R(a,d,b) =01 R(bd,b)=09 R(c,db)=01 R(ddb)=04
R(a,d,c) =03 R(b,d,c)=0.3 R(c,d,c)=09 R(d,d,c)=0.2
R(a,d,d) =09 R(bd,d) =01 R(c,dd) =03 R(ddd) =0.1
(H, R) is a fuzzy group, since the following conditions are true:

(G1) ((aob)oc)(z1) > 0.7 and (ao(boc))(z2) > 0.7 imply 21 = 2z for all
a,b,c,z1,20 € H;

(G2) There exists e, € H such that (e, o a) (a) > 0.7 and (a o e,) (a) > 0.7 for all
a € H (e, is called an identity element of H);

(G3) There exists b € H such that (aob)(e;) > 0.7 and (boa) (e,) > 0.7 for all
a € H (b is called an inverse element of a and denoted as a™1).

Furthermore,
S(a,a,a) =0.8 S(b,a,a)=0.9 S(c,a,a) =09 S(d,a,a)=0.8
S(a,a,b) =0.1 S(b,a,b) =03 S(c,a,b) =02 S(d,a,b)=0.1
S(a,a,¢) =03 S(b,a,c)=0.1 S(c,a,¢)=0.4 S(d,a,c)=0.3
S(a,a,d) =05 S(b,a,d) =02 S(c,a,d) =03 S(d,a,d)=0.2
S(a,b,a) =0.9 S(b,b,a)=0.8 S(¢,b,a) =08 S(d,b,a)=0.9
S(a,b,b) = 0.2 S(b,b,b) = 0.4 S(c,b,b) =03 S(d,b,b) = 0.2
S(a,b,c) =04 S(b,b,c)=0.2 S(c,b,c)=02 S(d,b,c)=0.4
S(a,b,d)=0.1 S(bb,d)=0.1 S(c,b,d) =04 S(d,b,d)=0.1
S(a,c,a) =09 S(b,c,a) =08 S(c,c,a)=0.8 S(d,c,a)=0.9
S(a,c,b) =0.1 S(b,¢,b) =0.5 S(c,¢,b)=0.1 S(d,e,b) =0.3
S(a,c,e) =02 S(b,c,c)=0.1 S(c,¢c,c) =02 S(d,e,c) =0.5
S(a,c,d) =04 S(b,c,d)=0.2 S(c,c,d)=0.3 S(d,c,d)=0.2
S(a,d,a) =0.8 S(b,d,a)=0.9 S(c,d,a)=09 S(d,d,a)=0.8
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0.4 S(b,d,b)=0.3 S(c,d,b)=04 S8(d,d,b)=0.1
3 S(b,d,c)=01 S(c,d,c)=0.1 S5(d,d,c)=0.3
0.1 S(b,d,d)=04 S(c,d,d)=03 S(d,d,d)=04

S(a,d,b)
S(a,d,c)
S(a,d,d) =

(H, R, S) is a fuzzy ring, since the following conditions are hold:

(H1) (H, R) is an abelian fuzzy group;

(Hs) For all a,b,¢,2z1,20 € H, ((axb)*c)(21) > 0.7 and (a* (bx*c)) (22) > 0.7
imply z1 = 22;

(H3) For all a,b, ¢, 21,29 € H,

(i) (a*x(boc))(z1) > 0.7and ((axb)o (axc))(z2) > 0.7 imply 21 = 29,

(ii) ((aob)*¢c)(21) > 0.7 and ((a*c) o (b*c)) (22) > 0.7 imply 23 = 2o.

4. HOMOMORPHISM THEOREMS

Theorem 4.1. (Hy, R1,51) and (Hs, Ry, S2) be fuzzy rings and let ¢ be a fuzzy
homomorphism of Hq into Hy. Then

(i) If J is a fuzzy ideal of Ho, then =1 (J) is a fuzzy ideal of Hy containing
Kerep.

(i) If I is a fuzzy ideal of Hy containing Kero, then o=t (p(I)) = I.

(iii) If ¢ is surjective and I is a fuzzy ideal of Hy, then ¢o(I) is a fuzzy ideal of
Hs.

(iv) ¢ induces a one-one inclusion preserving correspondence between the fuzzy
ideals of Hy containing Kery, and the fuzzy ideals of Hy in such a way that if I is
a fuzzy ideal of Hy containing Kerp, then ¢ (I) is the corresponding fuzzy ideal of
Hy and if J is a fuzzy ideal of Hy, then ¢~ (J) is the corresponding fuzzy ideal of
H;.

Proof. (i) Let J be a fuzzy ideal of Hs. Since ¢ (eo) =€l € J, e € =1 (J) and so
0 Y (J)# 2. Let 21,75 € =1 (J) and h € H; such that Ry (w1, x2,h) > 6. Since ¢
is a fuzzy homomorphism, we have Rs (¢ (z1),¢ (22),¢ (h)) > 6. Therefore, from
the hypothesis, ¢ (h) € J and so h € =1 (J).

Let # € o1 (J). Then ¢(x) € J and so (¢ (x))” € J from the hypothesis.
In that case, since ¢ is a fuzzy homomorphism, we get ¢ (xfl) € J. Thus 27! €
e~ (J).

On the other hand, let 2 € =1 (J) and h,h’ € H; such that S; (z,h',h) > 6.
Since ¢ is a fuzzy homomorphism, we obtain Sz (¢ (z),¢ (R'), ¢ (h)) > 6. From the
hypothesis and ¢ (z) € J, ¢ (h) € J and so h € ¢~ ! (J). Similarly, if z € =1 (J)
and Sy (h',z,h) > 0 for all h,h' € Hy, then h € ¢~ (J). Therefore p~1 (J) is a fuzzy
ideal of Hy. Moreover, let « € Kere. Since J is a fuzzy ideal of Ha, ¢ (x) =€, € J
and so z € ¢~ ! (J). Hence Keryp C ¢t (J).

(ii) Since ¢ (x) € ¢ (I) forallx € I, wehave x € =1 (¢(I)). Thus I C p~! (¢(1)).

Let © € ¢! (p(I)). Therefore ¢ (z) € ¢ (I) and so there exists a € I such that
¢ (x) = ¢ (a). Since ¢ (x) = ¢ (a), we get Ra(p (a), (¢ (x))™",€.) > 6. Since Hy is
a fuzzy ring and a,x € Hi, there exists ¢ € H; such that R (a,x’l,c) > 6. Since ¢
is a fuzzy homomorphism, we obtain

Ry (p(a),¢ (¢7"),9(c)) = Ralp (a), (0 ()", (c)) > 6.
Hence ¢ (c) = e, that is, ¢ € Kery. Since Kerp C I, we have ¢ € I. Since I is a
fuzzy ideal of Hy and Ry (a,z7!,¢) > 6, we get z € I. Hence ¢~ (¢(I)) C I.
885
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(iil) Let ¢ is surjective and I is a fuzzy ideal of H;. Since e, € I and ¢ (e,) = e,
el € o(I) and so p(I) # @. Let y1,y2 € ¢ (I). Then there exist z1,29 € I
such that y; = ¢ (z1) and yo = @ (z2). Since I is a fuzzy ideal of Hj, there exists
x € I such that Rj (z1,z2,2) > 0. Since ¢ is a fuzzy homomorphism, we obtain
Ry (¢ (1), ¢ (22), ¢ (x)) > 0 and ¢ () € ¢ (I).

Let y € ¢ (I). Thus there exists x € I such that y = ¢ (). Since I is a fuzzy
ideal of Hy, z=! € I and so R; (x,x_l,eo) > 6. In that case, since ¢ is a fuzzy

homomorphism, we have

Ry (p(x), 0 (x7"),0(e0) =Ra(p(x),0(z7"),el) >0

from Theorem 2.14. Then y~! = ¢ (m_l) € ¢ ((I).

Let y € ¢ (I) and h,h’ € Hy such that Sy (R',y,h) > 6. Since y € ¢ (I) and ¢ is
surjective, there exist « € I and k¥’ € H; such that y = ¢ (z) and b’ = ¢ (k). Since
I is a fuzzy ideal of Hy, there exists k € I such that Sy (K, z, k) > 6. Thus ¢ (k) €
@ (I). Also, since ¢ is a fuzzy homomorphism, we get Sa (¢ (k') , ¢ (z), ¢ (k)) > 6.
Then h = ¢ (k) € ¢ (I) since Sy is a fuzzy binary operation on Hs. Hence ¢ (I) is a
left fuzzy ideal of H,. Similarly, it can be shown that ¢ (I) is a right fuzzy ideal of
Hs. Therefore p(I) is a fuzzy ideal of Ha.

(iv) Let N7 be the set of all fuzzy ideals of Hy containing Kerg and Ny be the set
of all fuzzy ideals of Hy. Let ¢ be a mapping of Ny into Ny defined by ¢ (I) = ¢ (I)
for all I € Nj. Since ¢ is well-defined, 1 is well-defined. Let ¢ (I1) = ¢ (I3) for
I1, I € Ni. Now, ¢ (I1) = ¢ (I2) for I, Is € Ny. Since o=t (p(I1)) = ¢! (p(12)),
we obtain I; = I from (ii). Therefore 1 is one-one. Let J € Ny. Then o=t (J) € N
from (i). Let y € ¢ (¢! (J)). Thus there exists z € ¢~ (J) such that y = ¢ (z).
Since y = ¢ (), that is, ¢ (x) € J, we have ¢ (¢! (J)) C J. On the other hand,
let « € J. Since x € J C Hy = ¢ (Hy), there exists a € Hy such that ¢ (a) = z.
Therefore ¢ (a) € J and so a € ¢~ (J). Hence z = ¢ (a) € ¢ (¢~ (J)) and so
JCo (et (J)). Thus ¢ (¢ (J)) = ¢ (¢~ (J)) = J. Hence v is surjective.

Let I and I3 be fuzzy ideals of Hy such that Iy C I5. Then ¢ (I1) C ¢ (I3), that
is, ¥ (I) C ¢ (I2). ¢ (I1) = ¢ (1), then I; = I since the mapping ¢ : Ny — Ny is
one-one. This is a contradiction. Hence v (I7) # ¢ (I2). Therefore ¢ (I7) C ¢ (I2).

Conversely, let 1 (I1) C 1 (I2), that is, ¢ (I1) C ¢ (I2). Therefore =1 (o(I1)) C
0 (p(I2)). From (i), I; C Iy. Since ¢ (I1) C ¢(I2), we get I # I. Hence
I C L. g

Let (H, R,S) be a fuzzy ring, I} and I be fuzzy ideals of H. Then
Lioly:={ce H|(aj0a3)(c)>6,Va, € I and Vay € Ir}.

Lemma 4.2. Let (H,R,S) be a fuzzy ring, Iy and I be fuzzy ideals of H. Then
Iy oI5 is a fuzzy ideal of H.

Proof. Since Iy and I are fuzzy ideals of H, e, € I and e, € I5. Since (e, 0 €5) (€5) >
0,ec € l1olyand so [y oIy # @.

(i) For all ¢1,c2 € I1 o Iy and ¢ € H, (¢1 0 ¢2) (¢) > 6 implies ¢ € I1 o Is:

Let ¢1,c0 € I1 o I,. Then there exist a1,b7 € I and ag,bs € Iy such that
(a1 0az) (c1) > 6 and (by 0 b2) (c2) > 6. Hence R (a1, az,c¢1) > 60 and R (b1, ba, c2) >
0.
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Since I and I are fuzzy ideals of H, there exist di € I1 and dy € I3 such that
R(a1,b1,d1) > 0 and R (ag,be,d2) > 6. Let t € H such that R (dy,ds,t) > 6. Since
di € I and dy € IQ, telols.

Since R (a1,b1,d1) > 6, we obtain R(dl,bl_l,al) > 0 from Remark 2.3l Let
t1,to € H such that R (as,d1,t1) > 6 and R (t1,b; ', t2) > 0. Then we have

(a2 o (d1 Obfl)) (1) >R (dl,bfl,al) A R(ay,az,¢1) >0
since (H, R) is an abelian fuzzy group, and
((CLQ o dl) o b;l) (tQ) > R(QQ,dl,tl) AR (tl,bil,tg) > 6.
Thus ¢; =ty and so R (c1,b1,t1) > 6.
Let c3 € H such that R (t1,b2,c3) > 0. Then we get
(Cl o (bl o bg)) (C) > R(bl,bQ,CQ) AN R(Cl,CQ,C) >0
and
((Cl o bl) o bg) (03) > R(Cl,bl,tl) A\ R(t17b2,03> > 0.
Therefore ¢ = ¢3 and so R (t1,be,¢) > 6. Also, since
(b2 o ((12 o dl)) (C) > R(ag,dl,tl) AN R(tl,bQ,C) >0
and
((b2 o ag) o dl) (t) > R(ag,bg,dg) A R(dl,dg,f) > 0,

c=t. Hence c € I o I.

(ii) Forallc € [y o Iy, c™t € Iy o Iy:

Since ¢ € Iy o Iy, there exist a; € I; and as € Is such that R (a1,a2,¢) > 6.
Since I and Iy are fuzzy ideals of H, we obtain afl € I; and a;l € I,. Since
R (al_l,agl,c_l) >0, we have ¢! € I o I».

(iii) Forallce oI and h € H, (c+h) (k) > 0 (k € H) implies k € I o I5:

Since ¢ € Ij0ls, there exist a; € I1 and ag € I such that R (a1, a9, c¢) > 6. Since I
and I are fuzzy ideals of H, there exist k1 € I; and ko € I5 such that S (a1, h, k1) > 0
and S (az,h, ko) > 0 for all h € H. Let t € H such that R (kq,ke,t) > 6. Since
k1 €I and ko € I5, we get t € I1 o Is. Then

((a1 o a2) x h) (k) > R(a1,az2,¢) NS (c,h, k) >0
and
((a1 * h) o (a2 * h)) (t) > S(al, h,k‘l) AN S(ag,h,kg)
AR (k‘l,]{ig,t) > 0.

Thus ¢t = k and so k € I o I5. Therefore I oI5 is a right fuzzy ideal of H. Similarly,
it can be shown that I; o I5 is a left fuzzy ideal of H. Hence I o I5 is a fuzzy ideal
of H. O

Definition 4.3. Let (H, R, S) be a fuzzy ring, I and I> be fuzzy ideals of H. Then
Liolb={ce H|(a10az)(c) >0,Vay € I and Vay € 1}

is called a fuzzy addition of two fuzzy ideals of H.
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Theorem 4.4. Let (H, R, S) be a fuzzy ring and I be a fuzzy ideal of H. Then the
mapping Il : H — H/I by Il (a) = [ao I] for all a € H is a fuzzy homomorphism,
called the fuzzy canonical homomorphism.

Proof. Let a,b,c € H such that R (a,b,c) > 6. Therefore

R(I(a) T (b),1I(c)) = R([ao ], [bo],[co])

(lact]@[bol])(col)
\/ R(d V)

(a’,b',c')ETXDXT

> R(a,b,c) >0

by 2.16.
Let a,b,c € H such that S (a,b,c) > 6. Then
S(I(a), I (b),II(c)) = S([ao 1], [boI],[coI])
(lacIl®[bol])(col)
\/ S (a', b, )
(a’,b,c')ETXDXT

> S(a,b,c) >0

from Theorem [2.10. Thus II is a fuzzy homomorphism from Definition [2.12. O

Theorem 4.5. Let (H, R, S) be a fuzzy ring, I; and Iy be fuzzy ideals of H. Then
(Il 9 .[2) /IQ = .[1/ (Il N IQ)

Proof. For all a € I, R(eo,a,a) > 0. Thus Iy C I o I3 since e, € I;. Therefore I
is a fuzzy ideal of I o I.

Let o : Iy — ([1 0I) /I, p(a) = [ao Is). It is clear that ¢ is surjective.

(1) Let a = b for a,b € I . Since R(mb‘l,eo) > 0 and e, € I, we obtain
aoly~bol;and so [aoly] =[bols]. Thus ¢ is well-defined.

(2) Let a,b,c € I such that R (a,b,¢) > 0. Then we have

R([ao ), [boly],[col)) = \/ RV, ¢)
(a’,b’,c’YEaxbxe

> R(a,b,c) > 6.

Thus R (¢ (a), ¢ (b) ¢ (c)) > 0.
(3) Let a,b, ¢ € I such that S (a,b,c) > 6. Then we get

S(lao L], [bols],[col)) = \/ S (a', v, )
(a/,b',¢')ETXbXT

> S (a,b,c) > 0.

Thus S (¢ (a) ¢ (b) , ¢ (c) > 0.
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(4)
Kero={ae€l,|y(a)=ec0ls]}
={a€l|[aol]=esols]}
={a€l|aols~e,0ls}
={a€el|R(a " eo,h) >0, for some h € I}
={aeclh|acl}
=5L NI
Therefore we obtain (I o I3) /Io = I/ (11 N I3) from Theorem 2.16. O

Theorem 4.6. Let (H,R,S) be a fuzzy ring, I1 and Iy be fuzzy ideals of H such
that Il - IQ. Then (H/Il)/(lg/ll) = H/IQ

Proof. Let ¢ : H/I; — H/I, ¢ ([aoc I1]) = [ao I3]. Tt is clear that ¢ is surjective.

(1) Let [ao I1] = [bo I1] for a,b € H. There exists h € Iy such that R (a™*,b,h) >
0 since ao Iy ~ bol;. Since I C 12, h € Is. Hence aoly ~ bo Iy and so
[CLOIQ] = [bOIQ}

(2) Let R(Jao I1],[bo I1],[co I1]) > 6. We have that there exist a; € @, b € b,
¢y € ¢ such that R(aj,b1,¢1) > 6. Therefore ayoly ~ aoly, byol; ~boly
and ¢; o Iy ~ co I, and so there exist hy, ha, hy € I; such that R (ay,h1,a) > 0,
R(bl,hg,b) > 6 and R(Cl,hg,c) > 0. AISO, hl,hg,hg € I since 11 C I».

Let w € H such that R (a,b,u) > 0. Similar to the proof of [6, Theorem 4.2],
we get h € Iy such that R(ci,h,u) > 6. Then co Iy ~ uo Iy and consequently,
R(lao L), [bols],[uols]) = R([aols],[boIs],[co I3]) > 6.

_ (3) Let S(laon],[boli],[col]) > 6. Similar to the proof of (2), we obtain
S(lao L], o L), [co L) > 6.
(4)
Kerg = {loo Il € H/T, | ¢ ([ao ) = [eo o L}
={lach]e H/L | [acIr] = [ec o Ip]}
={laoc]€ H/I, |aoly ~e,0 I}
={laol}]€ H/I, | R(a" ", e, h) > 0, for some h € I}
={lao1]€ H/I | a € I}
=1/5
Thus we have (H/I) / (I2/I) & H/I5 from Theorem 2.16. O
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