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ABSTRACT. In this paper, by considering the relationship between
a fuzzy point and a fuzzy set we introduce the notion of (€, € Vg )-fuzzy
filter in C'I-algebras. We state and prove some theorems in (€, € Vqi)-fuzzy
filter of C'I-algebras also we study relationship between (€, € Vgi)-fuzzy
filters and fuzzy filters.

2010 AMS Classification: 06F35, 03G25, 08A72
Keywords: Cl-algebra, Fuzzy Cl-algebra, (€, € Vq)-fuzzy filter.

Corresponding Author: Ameneh Namdar (namdar . amene@gmail.com)

1. INTRODUCTION

In 1966, Imai and Iseki defined a class of algebras of type (2,0) called BCK-
algebras. There exist several generalizations of BC K-algebras such as BC H-algebras,
BC(C-algebras, BH-algebras, d-algebras, BE- algebras, etc.

In 2009, B. L. Meng introduced the notion of a C'I-algebra as a generalization of
BE-algebra and dual BCK/BCI/BC H-algebras[3]. For further study see [2, 4, [5].

The theory of fuzzy sets was first developed by Zadeh|[7] and has been applied
to many branches in mathematics. A new type of fuzzy subgroup, that is, the
(€, € Vq)-fuzzy subgroup, was introduced in an earlier paper of Bhakat and Das [1]
by using the combined notions of ”"belongingness” and ”quasicoincidence” of fuzzy
points and fuzzy sets which was introduced by Pu and Liu [6].

In this paper, we introduce the concept of (€, € Vqy)-fuzzy filter of Cl-algebras
and deal with related properties. We investigate the relationship between (€, € Vg )-
fuzzy filter and fuzzy filters. We give some conditions for a fuzzy set p to be an
(€, € Vqy)-fuzzy filter. We establish characterizations of an (€, € Vqy)-fuzzy filter.
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2. PRELIMINARIES
Let K(7) be the class of all algebras of type 7 = (2,0).

Definition 2.1. An element X € K(7) is called a Cl-algebra if it satisfies the
following axioms:

(al) z*xx =1,

(a2) 1xz ==,

(a3) w5 (y + 2) = y # (w5 2),

for all z,y,z € X. If a Cl-algebra X satisfies:

(ad) xx1=1for all x € X,

Then we say that X is a BE-algebra.

We can define a partial ordering < on X by

Ve,ye X)(z <yeoxzxy=1).

In a Cl-algebra X, the following hold (see[3]);

(b1) g ((y 2) + 2) = 1

(b2) (z+x 1) x(yx1)=(z*xy)*1

M) 1<zx=z=1,

for all z,y € X.

A Cl-algebra X is said to be self-distributive if x * (y * 2) = (x * y) * (z * 2), for
all z,y,z € X. A Cl-algebra X is said to be transitive (see[3]) if it satisfies:

(Vo,y,2 € X)((y*2) * ((xxy) x (x*2)) =1).

A subset F of a CT-algebra X is called a filter of X (see[3]) if it satisfies;

(F1)1eF

(F2) Ve,ye X)(zxye F,e e F=y€F).

Definition 2.2 ([4]). A Fuzzy set u in a Cl-algebra X is called a fuzzy filter of X
if it satisfies;
(F3) (Vo € X)(u(1) = pu()),
(F4) (Vo,y € X)(u(y) = min{u(z «y), p(z)}),
For any fuzzy set 4 in X and ¢ € (0, 1], the set

Ulit) = {o € X | pla) > 1}
is called a level subset of X. A fuzzy set p in a set X of the form

(1) u(y);{ge(o’” if "

is said to be a fuzzy point with support « and value ¢ and is denoted by (z,t).

For a fuzzy point (x,t) and a fuzzy set p in a set X, Pu and Liu[6] introduced the
symbol (z,t)au, where o € {€,q, € Vg, € Aq}. We say that (z,t) € u(resp. (z,t)qu,
it means p(x) > t(resp.u(x)+t > 1), and in this case, (z,t) is said to belong to (resp.
be quasi- coincident whit)a fuzzy set p. To say that (z,t € Vqu(resp.(x,t) € Aqu)),
we mean (z,t) € p or (z,t)qu(resp.(x, t)u) and (x,t)qu.

3. MAIN RESULTS

In what follows, X is a Cl-algebra and & € [0, 1] unless otherwise specified.
Also we define for a € {€, € Vg }
852
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(i) (x,t)qrp, we mean p(z) +t+k > 1,
(ii) (x,t) € Vgpp, means that (z,t) € p or (z,t)qxu.
For say that (x,t)au, we mean (z,t)au dose not hold.

Definition 3.1. A fuzzy set p in X is called an (€, € Vi )-fuzzy filter of X if it
satisfies

(c1)(z,t) € p= (1,¢) € qrp,

(c2)(z,t) € pand (zxy,r) € u = (y,min{t,r}) € Vgpu for all z,y € Xand
t,r € (0,1].

An (€, € Vgi)-fuzzy filter of X with k = 0 is called (€, € Vq)-fuzzy filter of X.

Example 3.2. Let X = {1,a,b,c} be a set with the following table:

*‘1abc
1/1 a b ¢
all 1 b c
bl a 1 c
clec ¢ ¢ 1

Then (X,*,0) is a Cl-algebra. Define a fuzzy set p : X — [0,1] on X, by
1(1) = 0.8, u(a) = u(b) = 0.4 and p(c) = 0.3 . Then p is a (€, € Vqy)-fuzzy filter of
X.

Theorem 3.3. A fuzzy Set p in X is an (€, € Vqy)-fuzzy filter of X if and only if
it satisfies two conditions:

(03)(V$ € Xv”(l) > min{u(:ﬁ), %})7

(ca)(Vz,y € X, p(y) > min{u(z), p(z * y), 15*}).

Proof. Assume that p is an (€, € Vqi)-fuzzy filter of X, if (¢3) is not valid, then
1(1) < to < min{u(a), 552}, for some a € X and t, € (0, 5%]. Thus (a,t,) € p but
(1,to)€p. Also, p(1) +t, < 2t, < 1—k, ie. (1,t,)grp. Therefore (1,t,) € Vagu,
which is a contradiction. consequently, p(1) > min{u(z), 55} for all z € X.
Assume that (cy) is not valid. Then there exist a,b € X and t € (0, 15%] such
that p(b) < t < min{u(a),p(a = b), 55}, If min{u(a), p(a * b)} < 5E, then
w(b) < t < min{p(a), p(a = b)}, Hence (a,t) € p and (a *b) € p but (y,t)€Epn.
Moreover, pu(b) +¢ < 2t <1 —k, and so (b, t)gru. Therefore (b, t)€ Vi, which is a
contradiction, if min{u(a), p(a+0b) > 155} then (a,15%) € pand (a+b,155) € p
but (b, :55)Ep. Also p(b) + 55 < 155 + 128 =1 — &, ie. (b, 35%)gpu. Hence
(b, 55%)E Vg which is a contradiction. Consequently, p(b) > min{u(a), u(a
b), 155} for all 2,y € X.
Conversely, let p be a fuzzy set in X satisfying (c3) and (c4), Let © € X and
t € (0,1] be such that (z,t) € p. Then p(z) > ¢, and so pu(1) > min{u(z), 155} >
min{t, 355}, If t < 155 then p(1) > ¢, ie, (1,t) € p. If t > 155 then p(1) > 3£,
Thus (1) +¢ > 1;2’“ + % =1—k,ie, (1,t)qxp. Hence (1,t) € Vgiu, which proves
(c1). Let z,y € X and t,r € (0,1] be such that (z,t) € p and (z *x y,r) € p. Then
p(x) >t and p(x +y) > r. It follows from (c4) that p(y) > min{u(z), p(z,y), 155}
min{t,r} if tg% or r<ik

> min{t,r, 1=k .= . 2 0
- {t.r, 5%} {151“ if t>E o r>%
853
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The case p(y) > min{t,r} implies that (y,min{t,r}) € p. From the p(y) > 1~
we have pi(y) + minf{t,r} > 355 + 12 =1 — &,
i.e, (y,min{t,r})qrp. Hence (y,min{t,r}) € Vgru. Therefore the condition (cz)

is valid . Consequently, p is an (€, € Vqy)- fuzzy filter of L. O

Theorem 3.4. A fuzzy set p in L is an (€, € Vqi)-fuzzy filter of L if and only if it
satisfies:
(+)Vt € (0, 555U (ust) # @ = U(u;t) is a filter of L.

Proof. Let pu be an (€,€ Vqy)- fuzzy filter of L. Let t € (0,25%] be such that
U(u;t) # @. Obviously, 1 € U(u;t) for all t € (0, 15%]. Let 2,y € X be Such that
x € U(p;t) and z xy € U(u;t). Then p(z) >t and p(z *xy) > t. It follows from
(ca) that p(z+y) > min{u(z), p(z+y), 55} > min{t, 555} = t so that y € U(u; t).
Hence U(p;t) is a filter of X.

Conversely, let u be a fuzzy set in X in which (x) is valid. If there exists a a € X
such that z(1) < min{p(a), 355}, then p(1) < t, < min{u(a), 155} for some t, €
(0, 15£]. Thus (a,t,) € pbut (1,t,)Ep. Also, pu(1)+t, < 2t, < 1—k, ie, (1,t,)qrp.
Hence (1,t,)€ Vg, which is a contradiction. Therefore p(1) > min{u(z), 15%} for
all z € X. Assume that exist a,b € X such that pu(b) < min{u(a), p(a = b), 155}
Then p(b) < t < min{u(a), n(a * b), 55} for some t € (0,25%], and so a € U(u;t)
and axb € U(u;t), but b ¢ U(u;t). Since U(u;t) is a filter of X, it is a contradiction.
Therefore p(y) > min{p(z), p(z * y),%} for all z,y € X. Consequently, we
conclude that p is an (€, € Vg )-fuzzy filter of X by Theorem 3.3l O

Corollary 3.5. A fuzzy set u in X is an (€,€ Vq) fuzzy filter of X if and only if
it satisfies:
Vit € (0,0.5],U(u;t) # @ = U(u;t) is a filter of X.

Theorem 3.6. If A is a filter of X, then a fuzzy set p in X defined by
MZX—?[O,l],.’EZ:{tl Zf -TEAv

to otherwise
where t; € [15%5,1] and t5 € (0,155), is an (€, € Vay)-fuzzy filter of X.

Proof. Note that
. . A Zf re (t2a %]7
Ulpir) '—{ X re(0t)
which is a filter of X. It follows from Theorem 3.4l
That p is an (€, € Vqyg)-fuzzy filter of X. O

Corollary 3.7. If A is a filter of X, then a fuzzy set p in X defined by
. L t1 Zf x e A,
pil—01]a:= ty otherwise
where t1 € [0.5,1] and ty € (0,0.5), is an (€, € Vqx)-fuzzy filter of X.
Theorem 3.8. FEvery fuzzy filter is an (€, € Vqi)-fuzzy filter.
We show that the converse of above theorem is not true in general.

Example 3.9. Let X = {1,a,b,c} be a set with the following table:
854
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*‘1abc
1/1 a b ¢
all 1 b ¢
bl a 1 c
c|l a b 1

Then (X,*,0) is a Cl-algebra. Define a fuzzy set u : X — [0,1] on X, by
1(1) = p(a) = p(b) = 0.6 and u(c) = 0.5 and k = 0.2. Then p is a (€, € Vg )-fuzzy
filter of X but is not a fuzzy filter because p(c) is not > min{u(b), u(c*b)}.

Theorem 3.10. If p is an (€, € Vqi)-fuzzy filter satisfying u(1) < %, then p is a
fuzzy filter.

Proof. Let p be an (€, € Vqy)-fuzzy filter of X such that p(1) < 1%, using (c3) we
have min{u(z), 555} < p(1) < 5% and so p(z) < 5E for all z € X. It follows
from (c3) and (cq) that p(1) > p(x) and p(y) > min{u(x), p(y*xx)} for all z,y € X.

Hence p is a fuzzy filter of X. O

Corollary 3.11. If u is an (€, € Vq)-fuzzy filter satisfying u(1) < 0.5, then p is a
fuzzy filter.

Proposition 3.12. For any ki,ks € (0,1] with k1 < ko, every (€,€ Vi, )-fuzzy
filter is an (€, € Vag, )-fuzzy filter.

Example 3.13. Let X = {1, a,b,c} be a set with the following table:

*‘1abc
1/1 a b ¢
all 1 b ¢
bl a 1 c
c|l a b 1

Then (X,*,0) is a Cl-algebra. Define a fuzzy set p : X — [0,1] on X, by
(1) = p(a) = p(b) = 0.6 and pu(c) = 0.5 and k1 = 0.1. Then uis a (€, € Vqy, )-fuzzy
filter of X. Also by p(1) = p(a) = p(b) = 0.6 and u(c) = 0.4 and ko = 0.4, then p is
a (€, € Vi, )-fuzzy filter of X, but (€, € Vg, )-fuzzy filter is not an (€, € Vg, )-fuzzy
filter.

For any fuzzy set 4 in X and any ¢ € (0, 1], we consider for subsets:
Quit) == {z € X | (z,t)qu}, [u)e == {z € X|(z,t) € vqu},
Q(ust) = {x € X|(x,t)arp}, [uly := {z € X|(z,1) € Varu}
Tt is clear that (e = U (1) U Qs £) and. [} = U (s 1) U Q (15 ).
Theorem 3.14. If ju is an (€, € Vqy)-fuzzy filter of X, then Q*(u;t) is a filter of
X whenever Q*(u;t) # @, for all t € (55,1].

Proof. Assume that p is an (€, € Vg, )-fuzzy filter of X and let ¢t € (15%, 1] be such
that Q" (u;t) # @.Then there exists € Q*(u;t), and so u(z) +t+k > 1. It follows
(c3) that p(1) > min{u(z), 155} > min{l —t -k, 55} =1 -t — &k
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so that 1 € Q¥(u;t). Let o,y € X be such that z € QF(u;t) and xxy € Q¥ (u;t).
Then (z,t)qpp and (z 4y, t)qrp,i-e, p(z)+t+k >1and plxxy)+t+k > 1. Using
(ca), we have pu(y) > min{u(z), p(z *y), 55} > min{l —t —k, 55} =1-t—k
and so (y,t)qru, that is , y € QF(u;t). Therefore Q¥ (u;t) is a filter of X. O

Corollary 3.15. If p is an (€, € Vq) -fuzzy filter of X, then ¥Vt € (0.5,1], Q(u;t) #
= Q(u;t) is a filter of X.

Proof. Tt is obvious by taking k£ = 0 in Theorem [3.14. O

Corollary 3.16. Let k,r € (0,1] with k < r. If p is an (€, € Vqi)-fuzzy filter of X,
then Q" (u;t) is an filter of X whenever Q"(u;t) # @ for all t € (35£,1].

Proof. Tt is clear by Proposition [3.12 and Theorem [3.14L g

Theorem 3.17. For any fuzzy p in X , the following are equivalent:
(1) pis an (€, € \/qk) -fuzzy filter of X.
(2) Vt € (0,1]; [u]k # @ = [u]¥ is a filter of X.

Proof. Assume that p is an (€, € Vg )-fuzzy filter of X and let ¢ € (0, 1] be such
that [u]f # @. Then there exists x € [u]f = U(u;t) JQF(i;t), and so z € U(u;t)
or x € QF(u;t), If z € U(u;t). then (c3) implies that

u(1) > min{u(z), 15} > min{t, 5%

}
[t if  t<igh
Sl BEs1-t—k if  t> 15k
Thus 1 € U(ust) JQ*(ust) = [uly-

Assume that x € Q¥ (p;t). Then (z,t)qpu, ie, p(z) +t+k > 1. Thus if t > 15E
then

, oy @) >1—t—k if op(r) < FE
R P A LR
and so 1 € Q¥(p;t) C [uf. If t < 155 then
(1) > min{u(x), SE } { k > ¢ if ,u(xz) > 1%
which implies that 1 € U(y; )UQk(u,t) = [p]F. Let z,y € X be such = € [u)¥

and x +y € [u]¥. Then
p(x) >tor plz)+t+k>1.
and
plx+y)>torplx+y)+t+k>1
we can consider four cases:
(1) p(x) >t and p(z*+y) > ¢
(2) p(z) >tand plzxy) +t+k > 1,
(3) plx) +t+k>1and plxxy) >t,
(4) ple)+t+k>1and plexy)+t+ k> 1.
for the first case, (c4) implies that
uly) 2 min{u(z), j(x  y). 54} o
> min{t, 155} ;:{ 2 z; t> % 1
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and so pu(y) +t+k > % + % +k=1,1ie, (y,t)qep, or y € U(u;t). Therefore
y € U(ut) JQ"(uit) = [u]f . For the case (3), u(y) = min{u(x), u(a +y), 155} =
min{p(z *y), 355} > 1 -t —k

we have min{u(w +y), 5%} < p(); and p(y) > min{p(z), n(z + y), 5+
p(x) =t ) )

whenever min{u(z * y), 5%} < p(z); and p(y) > min{u(x), p(z * y), 5=

p(x) >t
whenever min{u(zxy), .

that ¢t < 15E Thenl—?ﬁ
y), 55 = mm{u( ), 55}
yGU(u, HUQ" (u;t) = [ﬂ] :

We have similar result of the case (4)7 for the final case , if

}
}
> (). Thusy € U(pst) J Q" (uit) = [u]}. suppose

}
> 12F which implies that u(y) > min{u(z), u(z *
> H

= )
t whenever min{u(z), 5%} > p(z * y) and thus

t>1F thenl—t—k<1-—

uly) > min{u(z), u(x + ), 2’“} = min{p(z), plzxy)} > 1—t—k
hwhenever min{p(z), p(z * y)} < 5E. Hence y € QF(u;t) C [k, If t < L&
then

uly) = min{u(z), p(z +y), 54} = 155 >t

whenever min{u(z), p(z * )} > 155 and

p(y) > min{u(z), p(x +y), 55} = m{u( Jomlzxy)t>1—t—k

whenever min{u(z), p(z *y)} < 15E. Thus y € U(p; t) U Q% (pst) = [ulf, there-

fore [p]F is a filter of X.

Conversely, let u be a fuzzy set in X such that [u]F is a filter of X for all ¢t €
(0,1]. If there exists @ € X such that p(1) < min{u(a), 555}, then pu(1) < t, <
min{u(a), 155} for some t, € (0,25E]. It follows that a € U(u;t,) C [pu]f but
1¢ U(uty). Also, u(1) +t, < 2t, <1 —k, and so (1,t,)qru, ie, 1 ¢ QF ( ta)-
Therefore 1 ¢ [u]f,, which is a contradiction.

Hence p(1) > min{p(z), 155} for all 2 € X. Suppose that there exist a,b € X
such that u(b) < min(u(a), ,u(a #b), 155}, Then

(5) p(b) <ty < min{pu(a), p(axb), 15}

for some t, € (0, 25%], which implies a,a b € U(u;ty) C [1]F so from (bs) that
b e [uf = U(pste) UQF(1;tp) since [u]f is a filter of X. But , (5) implies that
b¢ Uuty) and p(b) +t, < 2ty <1 —kie, b ¢ QF(u;tp). Which is a contradiction.
Therefore pu(y) > min{u(z), p(z * y), 55} for all 2,y € X. By Theorem [3.3, we
conclude that p is an (€, € Vqy,)-fuzzy filter of X. O

Corollary 3.18. For any fuzzy set u in X, the following conditions are equivalent
(1) p is an (€, € Vq)-fuzzy filter of X,
(2) V€ [0,1]; [ule # @ = [u]e is a filter of X.

4. CONCLUSIONS

In this paper, we defined some types of (€, € Vi )-fuzzy filter of Cl-algebra and
investigated the relationship between filters and (€, € Vqy)-fuzzy filter which seems
to be a good support for future study. The other direction of future study is an
investigation of (€, € Vq)-fuzzy filter on interval valued.
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