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ABSTRACT. Pawlak’s Rough set theory was originally proposed as a gen-
eral mathematical tool for dealing with uncertainty in modeling imperfect
knowledge. The purpose of this paper is to introduce the concept of multi-
fuzzy rough sets by combining the multi-fuzzy set and rough set models.
Some operations such as Complement, Union, Intersection etc. are de-
fined for multi-fuzzy rough sets and De Morgan’s laws are proved. Finally,
the concept of multi-fuzzy rough relations and composition of multi-fuzzy
rough relations are introduced and some properties of such relations are
studied.
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1. INTRODUCTION

The concept of a set is fundamental for the whole of mathematics. Theory of
fuzzy sets, theory of rough sets, theory of multisets, theory of multi-fuzzy sets are
some of the popular generalizations of classical set theory. Among these Zadeh’s [19]
fuzzy sets are extensively studied by a number of researchers all over the world and
within the last forty five years, the theory of fuzzy sets has been applied to almost
all the branches of mathematics. Many extensions and generalizations of Zadeh’s
[19] fuzzy set theory were developed, a few among those are intuitionistic fuzzy sets,
L-fuzzy set, rough fuzzy sets, fuzzy rough sets and multisets ([1],[2],[3],[4],[5], [18]).

Rough set theory is a new mathematical approach to imperfect knowledge. It is a
new tool to deal with partial information. Rough set theory was initiated by Pawlak
([7],18],[9]) based on equivalence relations for dealing with vagueness and granularity
in information. Many generalization of Pawlak rough sets were proposed and all
of them deal with approximations of concepts in terms of granules. This theory
deals with the approximation of an arbitrary subset of a universe by two definable



Anitha Sara Thomas et al./Ann. Fuzzy Math. Inform. 7 (2014), No. 5, 807-815

or observable subsets called lower and upper approximations. It has been success-
fully applied to machine learning, intelligent systems, inductive reasoning, pattern
recognition, metrology, image processing, signal analysis, knowledge discovery, deci-
sion analysis, expert systems and many other fields. Rough set theory overlaps with
many other theories. By using an equivalence relation on U, one can introduce lower
and upper approximations in fuzzy set theory to obtain an extended notion called
rough fuzzy set. Alternatively, a fuzzy similarity relation can be used to replace an
equivalence relation. The result is a deviation of rough set theory called fuzzy rough
sets. Theory of multi-fuzzy sets [13] is a generalization of theories of fuzzy sets,
L-fuzzy sets and intuitionistic fuzzy sets. The notion of multi-fuzzy sets provides
a new method to represent some problems, which are difficult to explain in other
extensions of fuzzy set theory. A detailed account of studies on multi-fuzzy sets can
be seen in ([10],[11],[12],[14],[15],[16],[17]).

In this paper we combine the concepts of multi-fuzzy sets and rough sets to obtain
a new hybrid intelligent structure called multi-fuzzy rough sets. The significance of
introducing hybrid set structures is that the computational techniques based on any
one of these structures alone will not always yield the best results but a fusion of two
or more of them can often give better results. This is the motivation for introducing
multi-fuzzy rough sets, which is a combination of multi-fuzzy sets and rough sets. In
section 2, basic definitions and notions regarding multi-fuzzy sets and fuzzy rough
sets are collected. Multi-fuzzy rough sets are introduced in section 3 and various
identities regarding them including the De Morgan laws are proved. Multi-fuzzy
rough relations, their compositions and various properties are studied in section 4.

2. PRELIMINARIES

Definition 2.1 ([1]). Let X be a non empty set and L be a partially ordered set. A
mapping A: X— L is refered as an L-fuzzy set. The family of all L-fuzzy sets on X
will be denoted by LX.

Definition 2.2 ([13]). Let X be a nonempty set, N the set of all natural numbers
and {L;: i € N} a family of complete lattices. A multi-fuzzy set A in X is a set of
ordered sequences,A = {< x, p1(x), p2(x)... pi(x), ...>: x € X} where p;€ L; X,
for i € N.The family of all multi-fuzzy sets in a non empty set X with value domains
{L; :I € N} is denoted by MF(L;*).
Definition 2.3 ([13]). Let {Li: i € N} be a family of complete lattices;
A={<z, mz), p (@) (x)... > v € X, ;™ € LiX,i € N},
B={<z,mP @), u® @), ... % (x),... >z € X, 1% € L;* i€ N}

be multi-fuzzy sets in a nonempty set X. The following relations and operations are
defined:

(a) A C B if and only if u;*(x) < p;Z(x),¥x € X and for all i € N;

(b) A = B if and only if ;4 (x) = ;% (x),V x € X and for all i € N;

(c) AUB = {<x, 112 (x) V 1 B(x), o (%) V poB (%) i (x) V B (x) ..>:
x € X};

(@) AN B = {<x, A0 A P, 109 A p2P ). () A piP(x) o>
x € X}.
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In general if L;’s are complete lattices, then for a family {A} of multi-fuzzy sets we
have
E = U, A, iff ;% (x) = sup p* (z) ¥x€X and i€N
A

F =, Ay iff 7' (x) = i{\lf 1 (z) vxeX and ieN

In particular if {L;} are all complemented lattices the complement of a multi-fuzzy
set A is defined by " (v) = 1 — pf(z) ; 1 — pf(x) is the complement of 11;4(x)
in L;. The family of all multi-fuzzy sets in a non empty set X with value domains
{L; i€N} is denoted by MF(L;¥).

Definition 2.4 ([6]). Let U be a non empty set. Let B be complete sub algebra
of the Boolean algebra P (U) of power set of U. The pair (U, B) is called a rough
universe.

Definition 2.5 ([6]). Let V= (U, B) be a given fixed rough universe, let R be the
relation defined by: A = (A Ay)e R if and only if Ap as well as Ay € B and A
is a subset of Ay. The elements of R are called rough sets and elements of B are
called exact sets. Let A = (Ap Ay) and let B = (B By) be any two rough sets.
Then

AUB = (AL UBp,Ay U BU)

ANB= (AL NBr,Ay NBy) ACBifandonlyif ANB=A

Thus A C Biff Ay C BL7andAU C By

Definition 2.6 ([6]). Let U be a set and B a Boolean sub algebra of the Boolean
algebra of all subsets of U. Let L be a lattice. Let X be a rough set .Then
X = (XL,XU) € B? with XXy
A fuzzy rough set A= (Ap, Ay) in X is characterized by a pair of maps
par : X, — L and pap:Xy — L with the property that par(z) < pap(z) for all
xe X
For any two fuzzy rough sets A = (Ar, Ay) and B= (B, By) in X we define

(1) A =Biff par (x) = ppr(z) for all xe Xp,

and pay () = ppy(zr) for all xe Xy

(2) ACBiff par(z) < ppr(x) for all xe X,

and pap(z) < ppy(x) for all xeXy

(3) C=AUBIiff ucyp (x) = max{par (z), ppr(z)] for all xeXy,

and poy () = max|uay (), ppu(z)] for all xe Xy

(4) D=ANBiff upr (x) =minjpar, (z), ppr(z)] for all xe X,

and ppy (x) = minjpay (x), ppy(z)] for all xe Xy
More generally, if L is a complete lattice, then for any index set I, if {A; : i€l} is a
family of fuzzy rough sets we have
E=Uc; Ai iff ppr(z) = sug),uALi(x) for all xe Xy, and pgy(x) = su?,uAUi(x) for

ie i€
all xe Xy similarly,
F =Ny Ai iff ppp(z) = %Ielg/mm(a:) for all x€ Xy, and ppy(z) = }rel;MAUi(x) for
all xe Xy
We define the complement A€ of A by the ordered pair (Ar¢, Ay¢) of membership
functions where parc(z) =1— par(z) for all x€ X, and pape(x) =1— pay(z)
for all xe Xy.
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3. MULTI-FUZZY ROUGH SETS

Definition 3.1. Let U be a set and B be Boolean sub algebra of the Boolean algebra
of all subsets of U. Let {L; :ieN} be a collection of lattices. Let X be a rough set.
Then X= (XL,XU) € B? with X C Xy

A multi fuzzy rough set A in X is a pair A = (A, Ay) where Ay, and Ay are multi
fuzzy subsets of X. A is characterized by a pair of maps,

pt Xy — Liie N

pV Xy — Liyie N

with the property that pf(z) <utU(z) for all x € X,
For any two multi fuzzy rough sets A = (A, Ay) and B= (Bz, By) in X we define

(1) A = B iff At (z) =pP* (x) for all x€ Xyand ,i € N

and pAY (x) = pPL(x) for all x€ Xy, i € N

(2) A C Biff pfE(z) <pPF for all xe Xz i € N

and pAY(z) < pPY for all xe Xy i € N

(3) C = A U Biff ufF(z) = max[ulF(z), uPF(z)] for each x€ Xr,i € N

and 'Y (x) = max[ufY (z), uPY(2)] for each x€ Xy, i € N

(4) D = AN B iff uPL(2) = min[uE (z), uBE(z)] for each x€ Xp,i € N

and pPY(z) = min[plY (z), uPY ()] for each x€ Xy, i € N
More generally, if L is a complete lattice, then for any index set I, if {A; :{1€I} is a
family of fuzzy rough sets we have
E =, Aiiff pEl(z) = sullo prE(z) for all x€ X, i € N and pfY(z) = suljo piY (z)

ic ic

for all xe Xy, i€ N
Similarly,
F = Niep Ai iff pfE(z) = 1g prE(z) for all x€ Xp i € N and pf'V(z) = 115 pi (z)
for all x€ Xy, i € N.
We define the complement A€ of A by the ordered pair (Ar¢, Ay¢) of membership
functions where A" (x)=1-p () for all x € X, , i € N and pV" (z) = 1—pV (2)
forallx € Xy ,i€eN.

Lemma 3.2. If A, B, C are multi fuzzy rough sets, then

(1) AnNA=A, AUA=A

(2) AUB=BUA, AnNB=BNA

3) (AnB)NC=An(BNC), (AUB)UC=AU(BUC(),

4) (AnB)UC=(AuC)Nn(BUC), (AuB)NnC=(ANnC)u(BNC)

Proof. : We will show that (ANB)UC = (AUC)N(BUCQC),

Case 1: uft(z) < (ufE(x), uPr(x)) Vie N, Vxe X
Consider membership value of L.H.S
ANB)UCIL AN B)L
p NPV @) = max(u* N (@), 1 ()

= max{min{p!*(z), uP" (x)}, S (2)}



Anitha Sara Thomas et al./Ann. Fuzzy Math. Inform. 7 (2014), No. 5, 807-815

Consider R.H.S = min{max(uL (x), & (), max(uBr(z), u$'t ()}
(3.2)
= min{ptE(x), pBl(@)}
From (3.1) and (3.2) (ANB)UC =(AUC)N(BUCQC)
Case 2: uSt(z) > (ufE(z), uPr(z)) Vie N Vae Xy
el € B L CON T €5)

= max{min{p L (x), uPL(x)}, uFt(x)}

(3.3)
= U )

Consider R.H.S

= min{max(qu(x),M?L(x)),max(ﬂi (), i~ ()}
= min{uicL(a:),uicL(ﬂ?)}

(3.4)

= ()
From (3.3) and (3.4) , L.H.S = R.H.S
Case 3 : ufl(z) < puSl(x) < pPL(z)]ie N Vo e X

ANBUCL Gy = max[u{* N PE (@), uC (2)]

= max{min{uiAL(x),MFL(ZU)},M?L(QU)}
min{p{ (), pd* (2)}

u

(3.5)
= )

Consider R.H.S

= min{max(p;"" (), u§ " (2)), max(u] " (2), u " (2)}
= min{,uiCL(a?),MiBL(x)}

(3.6)
= )

From (3.5) and (3.6), L.H.S = R.H.S
Case 4 : puPL(z) < puft(z) < pfl(z)]ie N Vo € X1,
Proof of Case 4 is similar to Case 3.

Similarly we can do for upper approximation.
Thus (ANB)UC =(AuC)N(BUC) O

Theorem 3.3. (De Morgan’s Law) Let A and B be two multi-fuzzy rough sets where
the value domains {L;} are complemented lattices then
(1) (AUB)® = A° N B°
(2) (ANB)¢ = A° U B°
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Proof. (1) Let A and B be multi-fuzzy rough sets with ordered pairs of membership
functions (ufl, pAY) and (uP*, uBY)respectively. Then

p{AIE (@) = 1 = pU Y (@) = 1 — max(uV (w), Y (2))i € N,V € Xy

i i
i Y () = min(u Y (@), uP Y (2) = min{1 — pV (2), 1 — PV (2)}
Therefore
Mg(AU BU)* (z) = 'ugAcm BC)U(Q:)Z' € N,Vx € Xy
Similarly
ME(AU B)L)C(:E) = MEACH BC)L(:U)Z' € N,Vz € X,

And this completes the proof of (1) similarly (2) O

Remark 3.4. If {L;} * are complete complemented lattices then for any collection
{A »\} of multi-fuzzy rough sets

(1) (Ux Ax)° = Nx(Ax)°

(2) (M AN = Ux(An)°

4. MULTI-FUZZY ROUGH RELATIONS

Definition 4.1. A multi-fuzzy relation is a sub multiset of the Cartesian prod-
uct. A multi-fuzzy relation R: V to W is a multi fuzzy set of the form R = {<
(x,y),ul(x,y),ug(x,y), Mk(l‘,il/) >z eV and Y€ W} here Hi € LYXW

Definition 4.2. Let X = (X, Xy) and Y = (Y7, Yy) be two rough sets, multi-
fuzzy rough relation R = (Rp, Ry) from X to Y is a multi-fuzzy rough set in X X
Y characterized by the two multi-fuzzy relations

RLZXL—>YL

RU:XU—>YU

with Ry, C Ry, a multi-fuzzy rough relation from X to Y will be denoted by
RX —=Y).

Example 4.3. Let U = {z,y,2} , B = PU), X = (X1, Xv),Y = (Yz,Yy) are
rough sets in U defined as X, = {z}, Xy = {z,y}, Yy = {2} and Yy = {y, 2}. Take
i =2 with Ly = Ly = [0,1] and pq, ue : XxY — [0, 1].A multi-fuzzy rough relation
R = (Rr, Ry) from X to Y may be defined as follows:

Ry : X, — Yy, Ry : Xy — Yy with Ry, = {((#,2),0.3,0.2)} and

R = {((2,9),03,0.1), (2, 2),0.4,03), (4,9),0.5,0.8), (5, 2), 0.4, 0.2)}

Definition 4.4. If A = (AL, Ay) is a multi-fuzzy rough set, R = (Rp,Ry) is a

multi-fuzzy rough relation from X to Y, the composition of R with A is a multi-fuzzy
rough set in Y denoted by B = R oA | and is defined by

(RoA)p(y) = xe\é(L(AiL(X) A RiL(x, y)) foranyy€eYr

(RoA)y(y) = IE\;(U(Ag(X) A RiU(x, y)) foranyy €Yy
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Definition 4.5. Let R (X — Y) and Q (Y — Z) be two multi-fuzzy relation, the
composition R oQ is a multi-fuzzy relation from X to Z, defined by the membership
function

(RoQ)r(z,2) = ye\/YL(RL(x,y) ANQr(y,z)) Ve e Xp,z€ 7y,

(RoQ)u(w,2) = e Ru(z,y) ANQuly,2)) Vo e Xy,z€Zy
U
Properties of Multi-fuzzy Rough Relations
The composition of multi-fuzzy rough relation has following important properties:

Theorem 4.6. Let R (U — V), S (V- W), Q (V- W), P (W — Z) be four
multi-fuzzy rough relations, then

(1) (Ro S)o P=Ro(SoP)

(2) Ro(SU Q) =(RoS)U (RoQ), (SUQ)o P=(SoP)U (QoP),

(B) Ro(SN Q) S (RoS)N (RoQ), (SN Q)o PL (SoP)N (QoP),

(4) SC Q= RoSC RoQand SoP C QoP

(5) (Ro S)T' = SToR, (RT)T =R
Where RT (Y — X) is called the reverse of R(Y — X), defined by

R,{(ya (E) = RL(ya x)v Rg(yvx) = RU(y7x)

(6) (Ro S)x=R y08 x,0 < A1. Where R » is called the cut relation of R,
defined by

(Bx)r =A{(z,y)/Rr(z,y) > A w € X,y €Y
(RA)U = {(zvy)/RU(Iay) > A,I € XUay €Yy

Proof. 1) For any u € Uy, z € Zy,
(RoS)oPr(u,z)= V [(RoS)r(u,w)A Pr(w,z)]

weWrp,

N

= oo O (Br(u,v) A Sp(v,w))) A Pr(w, 2)]

= VvV V [(Rr(u,v) ASL(v,w) A Pp(w, z)]

wEWr, vEVYL
= ue\/VL we\{/VL[(RL(u, v) A Sp(v,w) A Pp(w, z)]
= ve\/VL[(RL(u’v) A <we\1//VL SL(v,w)) A Pp(w, z)]
= UGVVL[(RL(u, v) A (S o P)r(v,2)]

= (Ro(SoP))r(u,z2)]

Therefore (R o S) o P) p = (R o(SoP)) 1,
Similarly (R°S)°P)y = (Ro(SP)) v.

2) For any u €U, w € W,
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Ro(SNQ)) r(u w)
[R(u,v) A (SUQ)L(v,w)]
ve\/VL[(RL(U, v) A (Sp(v,w) vV Qr(v,w))]
V [(Rp(u,v) ANSp(v,w)) V (Rr(u,v) A Qr(v,w))]

veVr
- {UEVVL[RL(U,U) A SL(v,w)]} v {UEvVL[RL(u,v) AQr(v, w)]}

=(RoS) L (u,w) V(R OQ) (u, ) = (RoS) U (RoQ))L (u, w)
Then R o(S 1 Q) L =( (R o8) U (R ))
Similarly R o(SN Q)) v= ((R oS) U ( Q)u
Therefore, R o(SU Q) = (R oS) U (R Q),
Similarly 3), 4), 5) can be proved.
6) V(u,w) € (RoS)A)r = (RoS)r(u,w) > A

i.e e\/V (Rp(u,v) A(Sp(v,w)) > A= Jwv, €V such that
VeV,

Rp(u,v1)ASL(v1,w)) > A= Rr(u,v1) > A and Sp(vi,w) > A= (u,v;) € (RA)L
and  (vy,w) € (Ry ) = (u,w) € (Rxo Sy

Then (R o S) ) .C (R x0S \)pL.

Similarly ((R o S) ) vC (R A0S v

SO, (ROS))\ZR)\OS)\ O

5. CONCLUSION

In this paper, the hybrid intelligent structure multi fuzzy rough sets are obtained
by fusing the concepts of multi fuzzy sets [10] and fuzzy rough sets [6]. Besides giving
the basic definitions, some identities including De Morgan type laws are proved.
Further, Relations and Compositions in this context are also investigated. The
introduced hybrid structure has the nice properties of both constituents and hence
can be applied to many application problems in a more effective manner than that
can be achieved by any one of the structures alone.
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