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ABSTRACT. In the present paper an idea of soft linear functional over
soft linear spaces has been introduced and some basic properties of such
operators are studied. Hahn-Banach theorem along with its various conse-
quences and Uniform Boundedness Principle theorem are extended in soft
set settings. Weak convergence, strong convergences are defined and their
properties are studied. Lastly an analogue of open mapping theorem and
closed graph theorem are furnished in soft set settings.
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1. INTRODUCTION

Molodtsov [21] introduced the concept of soft set as a new mathematical tool
for dealing with uncertainties. He has shown several applications of this theory in
solving many practical problems in economics, engineering, social science, medical
science, etc. Following his work Maji et al. ([18], [19]) introduced several operations
on soft sets and applied soft sets to decision making problems. Chen et al. [4]
presented a new definition of soft set parametrization reduction and some works in
this line have been found in ([22], [17], [25]). Soft group was introduced by Aktas
and Cagman [I] and soft BCK/BCI — algebras and its application in ideal theory
was investigated by Jun ([15], [16]). Feng et al. [12] worked on soft semirings, soft
ideals and idealistic soft semirings. Some works on semigroups and soft ideals over
a semi group are found in ([2], [23]). The idea of a soft topological space was first
given by M. Shabir, M. Naz [24] and consequently H. Hazra et al. [14] and Cagman
et al. [3] introduced new definitions of soft toplogy. Mappings between soft sets
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were described by P. Majumdar, S. K. Samanta [20]. Feng et al. [13] worked on soft
sets combined with fuzzy sets and rough sets. Recently we have introduced soft real
sets, soft real numbers, soft complex sets, soft complex numbers in ([5], [6]). Two
different concepts of soft metric have been presented in ([7], [§]). ’Soft linear (vector)
space’ and ’soft norm’ on an absolute ’soft vector space’ have been introduced in [9].
An idea of ‘soft inner product’ has been given in [10]. In [I1] we proposed an idea
of ‘soft linear operator’ on ‘soft linear spaces’ and studied various properties of such
operators.

In this paper we have extended the four fundamental theorems of functional
analysis in soft set settings. Firstly we introduced a notion of soft linear functional
over soft linear spaces and some of their properties are studied. In section 2, some
preliminary results are given. In section 3, a notion of ‘soft linear functional’ over
a ‘soft linear space’ is given and some properties of such operators are studied. In
section 4, Hahn-Banach theorem, its various consequences and Uniform Boundedness
Principle theorem are established in soft set settings. Weak convergence, strong
convergences are defined and their properties are studied in section 5. An analogue
of open mapping theorem and closed graph theorems are furnished in soft set settings
in section 6. Section 7 concludes the paper.

2. PRELIMINARIES

Definition 2.1 ([21]). Let U be an universe and E be a set of parameters. Let
P(U) denote the power set of U and A be a non-empty subset of E. A pair (F, A)
is called a soft set over U, where F is a mapping given by F': A — P(U). In other
words, a soft set over U is a parametrized family of subsets of the universe U. For
e € A, F(e) may be considered as the set of ¢ — approximate elements of the soft

set (F, A).

Definition 2.2 ([13]). For two soft sets (F, A) and (G, B) over a common universe
U, we say that (F, A) is a soft subset of (G, B) if

(1) AC B and

(2) foralle € A, F(e) C G(e). We write (F, A)C(G, B).
(F, A) is said to be a soft superset of (G, B), if (G, B) is a soft subset of (F, A). We
denote it by (F, A)D(G, B).

Definition 2.3 ([13]). Two soft sets (F, A) and (G, B) over a common universe U
are said to be equal if (F, A) is a soft subset of (G, B) and (G, B) is a soft subset of
(F,A).

Definition 2.4 ([19]). The union of two soft sets (F, A) and (G, B) over the common
universe U is the soft set
(H,C), where C = AU B and for all e € C,

F (e) ifec A-B
H(e)=< G(e) ifee B-A
F(e)UG (e) if ee AN B.

We express it as (F, A)U(G, B) = (H,C).
630
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The following definition of intersection of two soft sets is given as that of the bi-
intersection in [12].

Definition 2.5 ([12]). The intersection of two soft sets (F, A) and (G, B) over the
common universe U is the soft set (H,C), where C = AN B and for all e € C,
H (e) = F(e) NG(e). We write (F, A)N (G, B) = (H,C).

Let X be an initial universal set and A be the non-empty set of parameters. In
the above definitions the set of parameters may vary from soft set to soft set, but in
our considerations, throught this paper all soft sets have the same set of parameters
A. The above definitions are also valid for these type of soft sets as a particular case
of those definitions.

Definition 2.6 ([13]). The complement of a soft set (F, A) is denoted by (F, A) =
(F°,A), where F¢ : A — P(U) is a mapping given by F°(a) = U — F(«), for all
ae A

Definition 2.7 ([19]). A soft set (F, A) over U is said to be an absolute soft set
denoted by U if for alle € A, F(g) =U. A soft set (F, A) over U is said to be a
null soft set denoted by ® if for alle € A, F (¢) = @.

Definition 2.8 ([5]). Let X be a non-empty set and A be a non-empty parameter
set. Then a function € : A — X is said to be a soft element of X. A soft element
e of X is said to belongs to a soft set B of X, which is denoted by e€B, if € (e) €
A(e), Ve € A. Thus for a soft set A of X with respect to the index set A, we have
B(e) ={c(e),c€B}, e € A.

It is to be noted that every singleton soft set (a soft set (F, A) for which F'(e) is
a singleton set, Ve € A) can be identified with a soft element by simply identifying
the singleton set with the element that it contains Ve € A.

Definition 2.9 ([5]). Let R be the set of real numbers and B(R) the collection of
all non-empty bounded subsets of R and A taken as a set of parameters. Then a
mapping F': A — B(R) is called a soft real set. It is denoted by (F, A). If specifically
(F, A) is a singleton soft set, then after identifying (F, A) with the corresponding
soft element, it will be called a soft real number.

The set of all soft real numbers is denoted by R(A) and the set of all non-negative
soft real numbers by R (A)”".

We use notations 7, 3, t to denote soft real numbers whereas 7, 3, f will denote
a particular type of soft real numbers such that 7(\) = r, for all A € A etc. For
example 0 is the soft real number where 0 (\) = 0, for all A € A.

Definition 2.10 ([6]). Let C be the set of complex numbers and ©(C) be the
collection of all non-empty bounded subsets of the set of complex numbers. A be a
set of parameters. Then a mapping

F:A— pC)
is called a soft complex set. It is denoted by (F, A).
If in particular (F, A) is a singleton soft set , then identifying (F, A) with the
corresponding soft element, it will be called a soft complex number.

The set of all soft complex numbers is denoted by C (A).
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Definition 2.11 ([7]). For two soft real numbers 7, § we define

(i). 7<5if 7 (A\) < 5(\), forall X € A.

(i). 7>5if 7 () > §(N\), forall A € A.

(ii). 7<§if 7 (N) < §(N), forall A € A.

(iv). 7>5if 7(A) > §(N), for all A € A.
Definition 2.12 ([6]). Let (F, A), (G, A) € C(A). Then the sum, difference, prod-
uct and division are defined by
(F+G)(N)=z+w;z€ F(A), weG\),YAe€ A4
(F-G)(N)=z—w;z€ F(A\), weG\),Y\e€ 4
(FG)(N\) =zw;z € F(\), we G(A), VA € 4;
(F/G)(N\) = z/w;z € F(X), we€ G(N), YA € A; provided G(X) # @, VA € A.

Definition 2.13 ([6]). Let (F, A) be a soft complex number. Then the modulus
of (F, A) is denoted by (|F|, A) and is defined by |F|(\) = |z|;z € F(\), VA € A,
where z is an ordinary complex number.

Since the modulus of each ordinary complex number is a non-negative real number
and by definition of soft real numbers it follows that (|F|, A) is a non-negative soft
real number for every soft complex number (F, A).

Let X be a non-empty set. Let X be the absolute soft set i.e., F(\) = X, VA € A,
where (F, A) = X. Let S(X) be the collection all soft sets (F, A) over X for which
F (\) # @, for all A € A together with the null soft set ®.

Let (F, A)(# ®) € S(X), then the collection of all soft elements of (F, A) will be
denoted by SE (F, A) . For a collection B of soft elements of X, the soft set generated
by B is denoted by SS(B).

Definition 2.14 ([7]). A mapping d : SE(X) x SE(X) — R(A)", is said to be a
soft metric on the soft set X if d satisfies the following conditions:

(M1). d(z, )20 for all 7, j€X.

(M2). d(z,7) = 0, if and only if & = §.

(M3). d(z,9) = al(y7 ) for all &, j€X.

(M4). For all Z,7,2€X,d(%,2) <d (Z,7) +d(y,%)

The soft set X with a soft metric d on X is said to be a soft metric space and is
denoted by (X,d, A) or (X,d).

Theorem 2.15. (Decomposition theorem) [[T]] If a soft metric d satisfies the con-
dition:

(M5). For (&,n) € X x X, and A € A, {d(Z,9)(N):2(N\)=&7g(A\)=n} is a
singleton set, and if for A € A, dy: Xx X — R is defined by dx(&,n) = d (Z,7) (\),
where ¥, JEX such that @ (\) = &, 5 (X\) =n. Then dy is a metric on X.

Definition 2.16. Let (X,d) be a soft metric space, 7 be a non-negative soft real
number and @€X. By an open ball with centre & and radius 7, we mean the collection
of soft elements of X satisfying d(&,a)<7.
The open ball with centre a and radius 7 is denoted by B(a,T).
Thus B (a,7) = {#€X;d(%,a)<7} C SE(X).
SS(B (a,r)) will be called a soft open ball with centre @ and radius 7.
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Definition 2.17 ([7]). Let 9B be a collection of soft elements of X in a soft metric
space (X, d). Then a soft element @ is said to be an interior element of B if there
exists a positive soft real number 7 such that @ € B (a,7) C B.

Definition 2.18 ([7]). Let (Y, A) be a soft subset in a soft metric space (X, d).
Then a soft element & is said to be an interior element of (Y, A) if there exists a
positive soft real number 7 such that a € B (a,7) C SE(Y, A).

Definition 2.19 ([7]). Let (X,d) be a soft metric space and B be a non-null col-
lection of soft §lements of X. Then B is said to be ‘open in X with respect to d’
or ‘ open in (X,d)’ if all elements of B are interior elements of B.

Definition 2.20 ([7]). Let (X,d) be a soft metric space and (Y, A) be a non-null
soft subset € S (X) in (X,d). Then (Y, A) is said to be ‘soft open in X with respect
to d if there is a collection B of soft elements of (Y, A) such that % is open with
respect to d and (Y, A) = SS(B).

Definition 2.21 ([7]). Let ()v{, d) be a soft metric space. A soft set (Y, A) € S(X),

is said to be ‘goft closed in X with respect to  d’ if its complement (Y, A) is a
member of §(X) and is soft open in (X,d).

Proposition 2.22. [|7]] Let (X,d) be a soft metric space satisfying (M5). Then
(F, A) is soft open with respect to d if and only if (F, A) (\) is open in (X,dy), for
each \ € A.

We now prove the following proposition which will be required to establish closed
graph theorem in soft set settings.

Proposition 2.23. Let (X,d) be a soft metric space satisfying (M5). Then (F, A)
is soft closed with respect to d if and only if (F, A) ()\) is closed in (X, dy) , for each
Are A

Proof. (F,A) is soft closed < (F, A)“ is soft open < (F, A)° (\) is open in (X,d)),
for each A € A & F°()) is open in (X,d)), for each A € A & F ()) is closed in
(X,dy), for each A € A< (F, A) (\) is closed in (X, d)y), for each A € A. O

Definition 2.24 ([9]). Let V be a vector space over a field K and let A be a
parameter set. Let G be a soft set over (V, A). Now G is said to be a soft vector
space or soft linear space of V over K if G()) is a vector subspace of V, VA € A.

Definition 2.25 ([9]). Let G be a soft vector space of V over K. Then a soft
element of G is said to be a soft vector of G. In a similar manner a soft element of
the soft set (K, A) is said to be a soft scalar, K being the scalar field.

Definition 2.26 ([9]). Let &,y be soft vectors of G and l%be a soft scalar. Then
the addition Z + ¢ of Z,§ and scalar multiplication k. Z of k and Z are defined by
@E+9) N =70 +5(0\), (/;. a:) (\) = E(\).Z(\), YA € A. Obviously, 7 + 7,
k. & are soft vectors of G.

Definition 2.27 ([9]). Let X be the absolute soft vector space i.e., X (\) = X,
VA € A. Then a mapping ||.|| : SE(X) — R(A)" is said to be a soft norm on the

soft vector space X if ||.|| satisfies the following conditions:
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(N1). ||#| =0, for all & € X;

(N2). ||Z|| = 0 if and only if 7 = ©;

(N3). ||a.z|| = \62| |Z]| for all #€ X and for every soft scalar &;

(N4). For all 7,5 X, |5 + gl Z 2] + 3.

The soft vector space X with a soft norm ||.|| on X is said to be a soft normed linear
space and is denoted by (X, .||, 4) or (X,].|}). (N1), (N2), (N3) and (N4) are said

to be soft norm axioms.

Example 2.28 ([9]). Let R(A) be the set of all soft real numbers. We define
|l.Il : R(A) — R(A)" by ||Z|| = |#|, for all Z€ R(A), where |Z| denotes the modulus
of soft real numbers. Then ||.|| satisfy all the soft norm axioms. So, ||.|| is a soft
norm on R(A) and since SS (R(A)) = R, (R, |.|,A4) or (R,|.|) is a soft normed
linear space. With the same modulus soft norm as above, it can be easily verified
that S.S (C(A)) = C is also a soft normed linear space.

Proposition 2.29 ([9]). Let (X, ||.||, A) be a soft normed linear space. Let us define
d: X x X = R(A)" by d(z,7) = ||# — g, for all #,5EX. Then d is a soft metric
[7] on X satisfying

(). d(Z+a, y+a)=d(z,7); )

(ii). d(a.z, a.j) = |a|d(z,7), for all &, JEX and for every soft scalar a.
Theorem 2.30 ([9]). Suppose a soft norm ||.|| satisfies the condition
(N5). For§ € X, and A € A, {||Z]| (\) : £ (N\) = &} is a singleton set.
Then for each X € A, the mapping ||.||, : X — R" defined by |||, = ||Z]| (N), for
allé € X and & € X such that & (\) = £, is a norm on X.

Proposition 2.31. Let (X, |.|, A) be a soft normed linear spaces satisfying (N5),
then the induced soft metric d : X x X — R(A)* by d(z,9) = ||z — ||, for all
&, 9€X; satisfies (M5).

Proof. By Proposition 2.29] it follows that d is a soft metric on X.

Let (£,n) € X x X, and X € A, choose #,%/,7,j/ €X such that & (\) = ¢

=2/ (), 5N =n=7" ().

Then d (z,9) ()\) =1z =gl ) =112 () =g W)lly = 1§ = nlly = |27 (\) =5/ V]|

= [[& =g/ () =d (@, 57) (V)
Therefore, for (§,n) € X x X, and A € A, {d(Z,9)(N):2(N)=&g(\) =n}isa
singleton set. So, d satisfies (M5). O

Definition 2.32 ([9]). A sequence of soft elements {Z,,} in a soft normed linear space
(X, .||, A) is said to be convergent and converges to a soft element  if ||,, — Z|| — 0
as n — oo. This means for every £>0, chosen arbitrarily, there exists a natural
number N = N(£), such that 0< ||Z, — Z|| <&, whenever n > N.

ie, n > N = &, € B(z, €). We denote this by &, — & as n — oo or by
lim, .o Z, = Z. T is said to be the limit of the sequence Z,, as n — oo.

Definition 2.33 ([9]). A sequence {Z,} of soft elements in a soft normed linear
space (X,|.]|,A) is said to be a Cauchy sequence in X if corresponding to every
£50, there exists m € N such that ||#; — &;|| <&, V i,5 > m i.e., ||# — &;|| — 0 as
1, — 00.
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Definition 2.34 ([9]). Let (X,]|.||, A) be a soft normed linear space. Then X is
said to be complete if every Cauchy sequence in X converges to a soft element of X
. Every complete soft normed linear space is called a soft Banach Space.

Theorem 2.35 ([9]). Every Cauchy sequence in R(A), where A is a finite set of
parameters, is convergent, i.e., the set of all soft real numbers with its usual modulus
soft morm with respect to a finite set of parameters, is a soft Banach space.

Definition 2.36 ([9]). Let {a1,ds,...,a,} be a set of soft vectors of a soft vector
space G such that a; (A\) # 6 for any A € A and i = 1,2,..,n. Then {ay, o, ...,0,}
is said to be linearly independent in G if for any set of soft scalars ¢1, €2, ..., ¢Cn,
51. &1—1-62. a2—|——|—&n &n =0 implies 51 = 52 = .- :En :6

Proposition 2.37 ([9]). A set S = {a1,q2,...,a,} of soft vectors in a soft vector
space G over V is linearly independent if and only if the sets
SA) ={ay1(N\),aa(N\),...,a, (M)} are linearly independent in V, VA € A.

Definition 2.38 ([9]). A soft linear space X is said to be of finite dimensional if
there is a finite set of linearly independent soft vectors in X which also generates X,
i.e., any soft element of X can be expressed as a linear combination of those linearly
independent soft vectors.

The set of those linearly independent soft vectors is said to be the basis for X and
the number of soft vectors of the basis is called the dimension of X.

Lemma 2.39 ([9]). Let Z1,%o,.....,&, be a linearly independent set of soft vectors
in a soft linear space X, satisfying (N5). Then there is a soft real number ¢>0 such
that for every set of soft scalars ay, s, ... .., a, we have

G121 + Qo + - + Andn|| 2E (|G| + [2| + -+ + |an) -
Definition 2.40 ([9]). A soft subset (Y, A) with Y (X) # @, VX € A, in a soft normed

linear space (X,~||H ,A) is said to be bounded if there exists a soft real number k
such that ||Z| <k, VZ € (Y, A).

Definition 2.41 ([9]). A sequence of soft real numbers {3, } is said to be convergent
if for arbitrary £>0, there exists a natural number N such that for all n > N,
|5 — 5, | <€. We denote it by lim,, s §, = §.

Definition 2.42 ([11]). Let T : SE(X) — SE(Y) be an operator. Then T is said
to be soft linear if

(L1). T is additive, i.e., T (%1 4+ Z2) = T (Z1) + T(Z2) for every soft elements
F1,00€X,

(L2). T is homogeneous, i.e. for every soft scalar ¢, T (¢x) = ¢T'(x), for every soft
element 7€X.

The properties (L1) and (L2) can be put in a combined form T (¢1% 4 CoZa) =
&T (#1) 4 &T(Z2) for every soft elements #;,Z2€X and every soft scalars 1, é.

Definition 2.43 ([11]). The operator T : SE(X) — SE(Y) is said to be continuous
at #oeX if for every sequence {Zn} of soft elements of X with @, — o as n —
oo, we have T(z,) — T(Zg) as n — oo i.e., ||Z, — gl — 0 as n — oo implies
|T(2,) — T(Zo)|| — 0 as n — oo. If T'is continuous at each soft element of X, then
T is said to be a continuous operator.
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Definition 2.44 ([I1]). Let T : SE(X) — SE(Y) be a soft linear operator, where
X,Y are soft normed linear spaces. The operator T is called bounded if there exists
some positive soft real number M such that for all Z€X, | T(z)|| <M ||| .

Theorem 2.45 ([11]). Let T : SE(X) — SE(Y) be a soft linear operator, where
XY are soft normed linear spaces. If T is bounded then T is continuous.

Theorem 2.46 ([11]). (Decomposition Theorem). Suppose a soft linear operator
T:SE(X) — SE(Y), where X,Y are soft vector spaces, satisfies the condition
(L3). For £ € X, and A € A, {T'(Z)(\) : & €X such that & (\) = ¢} is a singleton
set.

Then for each A € A, the mapping Ty : X — 'Y defined by T\(§) = T (&) (N), for all
€ € X and 2€X such that T (\) = &, is a linear operator.

Theorem 2.47 ([11]). Let X, Y be soft normed linear spaces which satisfy (N5) and
T:SE(X) — SE(Y) be a soft linear operator satisfying (L3). If T is continuous
then T is bounded.

Theorem 2.48 ([11]). Let X,Y be soft normed linear spaces which satisfy (N5)
and T : SE(X) — SE(Y) be a soft linear operator satisfying (L3). If X is of finite
dimension, then T is bounded and hence continuous.

Definition 2.49 ([11]). Let T be a bounded soft linear operator from SE(X) into
SE (Y). Then the norm of the operator 7' denoted by |||, is a soft real number
defined as the following:

For each A\ € A, |T|| (\) = inf{t € R;||T(%)| (\) < t.||Z|| (\), for each & EX}.

Theorem 2.50 ([I1]). Let X,Y be soft normed linear spaces which satisfy (N5) and
T satisfy (L3). Then for each X € A, ||T|| (A) = ||Tal,, where | Tx||, is the norm of
the linear operator Ty : X — Y.

Theorem 2.51 ([11]). |T(2)|| <||T|| ||Z||, for all ZEX.
Theorem 2.52 ([11]). Let X,Y be soft normed linear spaces which satisfy (N5) and
T:SE(X)— SE(Y) be a soft linear operator satisfying (L3). Then

(i) 170 ) = sup {IT @I ) : 17 T} = [Tl for each A € A;

(i), 11| (3) = sup LT @) () : |5l = T} = |Tally, for cach X € 4

(i) 171 (A) = sup { IFERL ) ] (1) # 0, for all jr A} = |[T3]], for cach

A€ A

Theorem 2.53 ([I1]). Let X, Y be soft normed linear spaces which satisfy (N5).

Let T : SE(X) — SE(Y) be a continuous soft linear operator satisfying (L3). Then
T is continuous on X for each \ € A.

Theorem 2.54 ([11]). Let X, Y be soft normed linear spaces which satisfy (N5)
over a finite set of parameters A. Let {Tx;\ € A} be a family of continuous linear
operators such that Ty : X — Y for each \. Then the operator T : SE(X) — SE(Y)
defined by T (A) =Ty, Y\ € A; is a continuous soft linear operator satisfying (L3).

We now prove the following results which will be useful in this paper.
636
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Theorerfl 2.55. Lvet X, Y be soft normed linear spaces which satisfy (N5). Let
T:SE(X)— SE(Y) be a bounded soft linear operator satisfying (L3). Then T is
bounded on X for each \ € A.

Proof. Let A € A. Since T is bounded, there exists a positive soft real number M such
that for all ZEX, | T(2)[| <M [|Z]] . Le., [T (@)]| () < (M ||55||> (A) =M (A) - [IZ[I(A),

VEEXTA(E (W) y < 5 () E )y, VE Q) € X, e, [Ta@)ly < M ().l
Vz € X. This shows that T} is bounded on X. Since A € A is arbitrary,
T) is bounded on X for each \ € A. O

Theorem 2.56. Let X, Y be soft normed linear spaces which satisfy (N5). Let
{T\; A € A} be a family of bounded linear operators such that Ty : X — 'Y for each
A\. Then the soft linear operator T : SE(X) — SE(Y) defined by (T (%)) (\) =
T\ (Z (X)), YA € A; is a bounded soft linear operator satisfying (L3).

Proof. By Theorem [2.54, it is obvious that T is soft linear. For each A, since
Ty : X — Y is bounded, there exists a positive real number M) such that for all
z e X, Ty (@)l < Myl N i

Let us consider a positive soft real number M such that M (A) = My, VYA € A.
Then we have for all 72X, | (2)]| (\) = [IT3(z (V) |, < Mall(E (V)]

= N1zl () = (B 211) (1), VA € A,

i.e., for all ZEX, ||T(Z)|| <M ||#|| . Therefore, the soft linear operator T is bounded.
Obviously T satisfies (L3). O

We now re-established the Theorem [2.54, without finiteness restriction on the
parameter set.

Theorem 2.57. Let X, Y be soft normed linear spaces which satisfy (N5). Let
{T; A € A} be a family of continuous linear operators such that T : X — Y for
each \. Then the soft linear operator T : SE(X) — SE(Y) defined by (T (Z)) (\) =
TX(Z (M), YA € A; is a continuous soft linear operator satisfying (L3).

Proof. For each A, since Ty : X — Y is continuous it is bounded. By Theo-
rem 2.56, the soft linear operator 7' : SE(X) — SE(Y) defined by (T ()) (\) =
Tx(Z (M), YA € A4; is a bounded soft linear operator satisfying (L3). Since by The-
orem [2.45] for a soft linear operator boundedness implies continuity, it follows that
T is a continuous soft linear operator satisfying (L3). O

With the help of this theorem, we have the following results of soft linear operators
without finiteness restriction on the parameter set.

Definition 2.58. (Soft linear space of operators) Let X,Y be soft normed linear
spaces satisfying (N5). Consider the set W of all continuous soft linear operators
S, T etc. which satisfy (L3) each mapping SE(X) into SE (V). Then using The-
orem [2.53], it follows that for each A € A, Sy, T) etc. are continuous soft linear
operators from X to Y. Let W (A\) = {In(=T (N\));T € W}, for all A € A. Also
using 2.53/ and Theorem 2.57, it follows that,W () is the collection of all continuous
linear operators from X to Y. By the property of crisp linear operators it follows
that W (\) forms a vector space for each A\ € A with respect to the usual operations
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of addition and scalar multiplication of linear operators. It also follows that W ()
is identical with the set of all continuous linear operators from X to Y for all A € A.
Thus the absolute soft set generated by W (\) form an absolute soft vector space.
Hence W can be interpreted as to form an absolute soft vector space. We shall
denote this absolute soft linear (vector) space by L(X,Y).

Proposition 2.59. Fach element of SE (L (X, Y)) can be identified uniquely with
a member of W i.e., to a continuous soft linear operator T : SE(X) — SE (Y)

Theorem 2.60. L(X, Y) 1s a soft normed linear space where forf e SE (L (X', Y)) ,
we can identify f to a unique T € W and HfH is defined by Hf” AN =T\ =

sup {||T @A) = |12 %T} , for each A € A.

Definition 2.61. Let S,,, S € W. Then ||S, — S| (N

= sup{[|(S,, = S) (@[ (M) : |z]| <1}

— sup{[|(S,, (#) — S (@)l (\): 7] ZT}, for each A € 4.

If |S, — S| — 0 as n — oo, then we say that the sequence of operators {S,}
converges in norm to the operator S and we write S,, — S (in norm).

Definition 2.62. Let fn,f €L (X,Y), then fn,f can be identified uniquely to
S,, S € W. We define f, — f (in norm) if S,, — S (in norm).

Theorem 2.63. Let X,Y be soft normed linear spaces which satisfy (N5) over a
finite parameter set A. If Y is a soft Banach space, then L (X,Y) is also a soft
Banach space with respect to the above identification.

Definition 2.64 ([I1]). An operator T : SE(X) — SE (Y) is called injective or
one-to-one if T'(Z1) = T(Z2) implies T; = Zo. It is called surjective or onto if R (T') =
SE(Y). The operator T is bijective if T is both injective and surjective.

3. SOFT LINEAR FUNCTIONALS

Definition 3.1. A soft linear functional f is a soft linear operator such that f :
SE(X) — K where X is a soft linear space and K = R(A) if X is a real soft linear
space and K=C (A) if X is a complex soft linear space.

It follows that the difference between a soft linear operator and a soft linear
functional is that in the case of soft linear functional, the range is the set of all soft
real numbers or the set of all soft complex numbers. Since SS (R(A)) = R and
5SS (C(A)) = C are soft normed linear spaces, the definitions and theorems for soft
linear operators over soft normed linear spaces remain true for soft linear functionals.
We state, without proof, the following theorems for soft linear functionals, where in
each case we shall assume that X is a soft normed linear space and f is a soft linear
functional on X as defined in Definition [3.1.

Exan}ple 3.2. Cpnsider the absolute soft set generat~ed by Cla, b] and let us denote
it by Cla, b]i.e.,(C[a,b]) (A) = C[a,b] , VA € A. Then C|a, b] is an absolute soft vector
space. For Z€C[a, b] let us define ||Z| (X) = |2 (V)| = 22, ., |1Z (N) ()], VA € A.
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Then it can be easily verified that |.|| is a soft norm on C[a,b] and consequently
Cla, b] is a soft normed linear space.
Let g be a fixed element of Cl[a, b]. For 2€C][a, b], let us define

b
F@IO) = / (V) (8) G0 (V) (£)dt, VA € A.

Then for ZEC[a, b], [f (2)] () is a real number for each A\ € A and hence f (%) is a
soft real number. We also have,

[f (»’51 +93“2)] (A) = [, @+ j2)( )(t) Go (V) ()t = [ (1 (V) +F2 (V) (8) Jo (N) (B)at
= [, @ )G (V) (D)t + [} T2 () (8) 0 (V) (Bt = [f (@3)] (V) + [f (32)] (V) =
[f (Z1) + (xz)} (N, VAe A

ie, f(Z1+&2) = f(Z1) + f (Z2), and for any soft scalar &,

+
P @) (V) = [, (@) () (1) Go (V) ()t = TN [ 7 N) (1) o (M) (1)t
=[af(@)](N), VA€ A Le, f(aT) =af (2)

So, f(Z) is a soft linear functional on Cla, b].

Theorem 3.3. If a soft linear functional f is continuous at some soft element Fo€X
then f is continuous at every soft element of X.

Definition 3.4. The soft linear functional f is called bounded if there exists some
positive soft real number M such that for all ZEX, || f(2)| <M ||Z]| .

Theorem 3.5. A soft linear functional f is continuous if it is bounded.

Theorem 3.6. Let X be a soft normed linear space which satisfy (N5) and f :
SE(X) — K be a soft linear functional satisfying (L3). If f is continuous then f is
bounded.

Theorem 3.7. Let X be a soft normed linear space which satisfy (N5) and f :
SE(X) — K be a soft linear functional. If X is of finite dimension, then f is
bounded and hence continuous.

Definition 3.8. Letf be a bounded soft linear functional. Then the norm of the
functional f denoted by [|f|[, is a soft real number defined as the following:
For each X € A, || f|| (A) = inf{t € B; || f(Z)|| (\) < t.||Z]| (\), for all ZEX}.

Theorem 3.9. Let X be a soft normed linear space which satisfy (N5) and f satisfy
(L3), then for each X € A, ||f|| (X) = ||fall,, where |[fr|l\ is the norm of the linear
functional f) on X.

Example 3.10. Consider the absolute soft set generated by C[0, 1] and let us denote
it by C[0,1]. Then C[0, 1] is an absolute soft vector space. For ZEC|0, 1] let us define
1ZF ) =12 My = oi<a|Z (V) (O], VA € A.

Then it can be easily verified that ||.|| is a soft norm on C[0,1] and consequently
C[0,1] is a soft normed linear space. Also C[0, 1] satisfies (N5).

For Z€C[0,1], let us define

1
[f(@)](\) = /0 (N (t)dt, Y € A.
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Then in a similar procedure as in Example [3.2] it can be easily verified that f(Z) is
a soft linear functional on C10,1]. Also f(Z) satisfies (L3).

Also |f @) (V) = | [y & () (t)dt‘ <ot lB ) @O = 12 My = 2] (A), VA € A.

ie., |f ()| <|Z|, for every ZEC[0, 1]. Hence f is bounded and therefore continuous
soft linear functional on C/0, 1].

Since C[0, 1] satisfies (N5) and f(&) satisfies (L3), it follows by Theorem [3.9] that,
AT = 1[Aally = 1, for all A € A. So, [|f]| = 1.

Theorem 3.11. ||f(2)|| <||f|| |||, for all ZEX.

Theorem 3.12. Let X be a soft normed linear space which satisfy (N5) and f :
SE(X) — K be a soft linear functional on X satisfying (L3). Then

- 17110 = sup {[1f @] )« 12l ST} = Il for cach A € A;
(). A1) = sup {[l7 @A) < [#]) =T} = |fally. for cach X € A
(i) £ (3) = sup { L ) < 2] (1) # 0, for all e A} = [Ifally, for cach
A€ A

Theorem 3.13. Let X be a soft normed linear space satisfying (N5). Let f :
SE(X) — K be a continuous soft linear functional on X satisfying (L3). Then fi
is continuous linear on X for each A € A.

Theorem 3.14. Let X be a soft normed linear space satisfying (N5). Let {fa; A €
A} be a family of continuous linear functionals such that f : X — R or C for each
A. Then the functional f : SE (X) — K(=R(A) or C(A)) defined by (f (Z)) (\) =
(@ (N), YA € A and VEEX, is a continuous soft linear functional satisfying (L3).

Definition 3.15. (Conjugate spaces) Let X be a soft normed linear space satisfying
(N5). Let W be the collection of all continuous soft linear functionals f which satisfy
(L3) each mapping SE(X) — K. Let W (X\) = {fa(= f(\); f € W}, for all A € A.
Then as the case of soft linear operators we can easily verify that the absolute soft
set generated by W (\), A € A, form an absolute soft vector space and also a soft
normed linear space. This soft normed linear space is called the conjugate space of
X. This is denoted by X*.

Remark 3.16. The conjugate space X* of X is not a soft Banach space in general,
since completeness of X* cannot be obtained without finiteness restriction on the
parameter set. However, if X be a soft normed linear space satisfying (N5) over a
finite parameter set then conjugate space X* becomes a soft Banach space.

Proposition 3.17. The conjugate space X* of X is a soft normed linear space
satisfying (N5).

Proof. By Definition [3.15, it follows that the conjugate space X* of X is a soft
normed linear space.
To show that X* satisfy (N5), we have to prove that for any crisp linear functional
u on X and for any A € A,
{HfH (A) : fFEX* with f(\) = u} is a singleton set.
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Let 4 € A and w be any crisp linear functional on X. 3
Let f, geX* such that f(u) = g(u) = w. Then we can identify f, § to unique
continuous soft linear functionals f, g respectively both of which satisfies (L3), also

FO) = 70,500 =g for all A € Aand |[7]| (3) = LA, 131 ) = llgll (V)

for all A € A. So in particular, f(u) = f (1) = §(u) = g(n) = w and HfH () =
AN (), Nl () = [lgll (w) -

Since X satisfy (N5) and f, g satisfies (L3), we get by Theorem [3.9,
7] 6 = 070 G0y = 05 Gl = ol = g G, = Tl () = gl o)

= {HfH () : fEX* with f () = w} is a singleton set.
= X* satisfy (N5). O

4. HAHN-BANACH THEOREM AND ITS CONSEQUENCES

Definition 4.1. Let X be a soft normed linear space and G be a soft subspace of X.
Suppose that f be a continuous soft linear functional defined only for soft elements

#in G. Let |f]lo (\) = sup {|f @) (\) : 3EG, || gi} , for each \ € A.

A continuous soft linear functional F' defined on X is called an extension of f onto
the whole space X if f (%) = F(%) for all ZE€G.

Theorem 4.2. Let X be a real soft normed linear space satisfying (N5). Let f be
a continuous soft linear functional on a soft subspace G of X satisfying (L3). Then

there exists a continuous soft linear functional F defined on X satisfying (L3), such
that

(). f (%) = F() for all T€G; and
(). [ fllg = 1Flx = [1F]-

Proof. Since X is a soft normed linear space satisfying (N5) and f is a continuous
soft linear functional over G satisfying (L3), then by Theorem [3.9 and Theorem
3.13], it follows that for each A € A, fy is a continuous linear functional on the crisp
subspace G(A) of X and || f|| (A\) = || x|\, where || fx][ is the norm of fy in G ()). By
the Hahn-Banach Theorem in crisp sense there exists a continuous linear functional
F\(z) defined on X such that

(i). fa(x) = Fx(z) for all z € G; and
(i) [ llgay = IEAx = [IFx]l5-

Since each F) is continuous, by Theorem3.14, it follows that the soft linear functignal
F (&) defined on X such that (F (%)) (A) = Fx(Z (\)), for each A\ € A, and VZEX; is

a continuous soft linear functional on X satisfying (L3). Again we have,

(). f(@) ) =£H03)N) = Ex((®)(\) = F(Z) (\) for each A € A, for all €G]
ie., f(Z) = F(%) for all Z€G; and

). fleN) = lfxllgny = IExlx = IFlx (A) and [[fllc (A) = [[fxllgny =
IFxl\ = [[F]| (A), for each A € A4; i.e.,

Ille = 1Fllx = IIF]-
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Theorem 4.3. Let X be a real soft normed linear space which satisfy (N5). Let Zg
be an arbitrary soft element of X such that To (X)) # 0, for any A € A and let M
be an arbitrary positive soft real number. Then there exists a continuous soft linear

functional f defined on X such that ||f|| = M and f (Zo) = ||f| .|| Zo.

Proof. We have for each X € A, (X, ]|.||,) is a normed linear space, &g (\) # 0, M (\)
is an arbitrary positive real number. Then there exists a continuous linear functional
fx defined on X such that |[f]l, = M (A) and f2((70) (A)) = [fallx-lE0) (V)]
Let us consider a functional f on X such that (f (Z)) (A) = fa(Z (N)), for each X € A,
and VZ€X. Then f is a continuous soft linear functional on X.

Again, ||f]| (A) = |£fall, = M (N), for each X € A

and ([ [1Zoll) (A) = A2 l5-[1GZ0) (M[x = fx ((F0) (A)) = (f (Z0)) (A), for each
Ae A .

Hence || || = ¥ and f (o) = |I£] . o]l O

Definition 4.4. Let X be a real soft normed linear space satisfying (N5). A con-
tinuous soft linear functional f on X is said to be a non-zero continuous soft linear
functional if it satisfies (L3) and f) are non-zero for each A € A i.e., for each A € A,
there exists x) € X such that fy(zy) # 0.

Proposition 4.5. Let X be a real soft normed linear space which satisfy (N5). Then
for every Z€X,

{<|]|c|(fi|\)|> (A\); f is non — zero on X} = {|w||(i(‘|’1))| ;w is non—zero on X}, for each
Ae A

Proof. Lett € {(Iﬂﬁ‘”) (A); f is non — zero on X} Then there is a non-zero con-

tinuous soft linear functional f on X such that t = (‘]Ic\(fﬁl)‘) (A\). By Definition [4.4]
f satisfies (L3) and fy are non-zero for each A € A.
St = (Iﬂ(ﬁl)') AN = Ulf‘(ﬁl)(‘g\))‘) = ‘fﬁgfi(‘l};))l and fy is a non-zero continuous linear

functional on X.

w (Z (V)]

(4.1) Ste {2 w is non — zero on X}
[[wllx
Again let s € { [w(@())] ;w is non— zero on X }. Then there is a non-zero continuous

lwlly
linear functional v on X such that s = ‘uﬁz(“’\ DI Let us consider a functional g on
A

X defined by (g (%)) (\) =u(Z(N\), VA € A and 2E€X.
Then by Theorem 3.14 and Definition 4.4, ¢ is a non-zero continuous soft linear

functional on X and gy = u,V\ € A.

— @) _ 2@ _ e@IN) _ (l9@)]
57 TR T Teal T Taloy T ( llgll )()‘)

(4.2) oL SE {(1%”) (A); f is non — zero on X}

From 4.1l and 4.2} it follows that {(lf(i)l) (A); f is non — zero on X}
642
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={ HwHA ;w is non — zero on X}, for each A € A. ]
A

Theoremv 4.6. Let X be a real soft normed linear space which satisfy (N5). Then for
every T€X, ||| (\) = sup{(|f (@)| /| f]l) (N\)}, for each X\ € A; where the supremum
is taken over all non-zero continuous soft linear functionals f.

Proof. For every €X,7 (\) € X and we have || (\)]||, = sup{|w(& (\))|/[Jw]|,},for
each A\ € A; where the supremum is taken over all non-zero continuous linear func-
tionals w over X.

For all non-zero continuous soft linear functionals f on X, we have by Proposition
4.5,

{(lf(i”) (N\); f is non — zero on X} = {lw”(i(u/\))l'w is non — zero on X}, for each

A1 A
Are A i
.. sup {(lﬂ(fr”)') (\); f is non — zero on X}
= sup {W,w is non — zero on X} =z (M), = |Z]| (A), for each A € A. O

Theorem 4.7. Let X be a real soft normed linear space which satisfy (N5). Let G
be a soft subspace of X and let jo€X be such that o (\) ¢ G (X\), VA € A. Let d>0
be such that d(\) = inf {||go — Z|| (\); Z€G} , for each X\ € A. Then there exists a
continuous soft linear functional f defined on X such that
(i). f (%) =0 for €G,
(ii). f (%) =1 and
(ii). I/ = 1.

Proof. For each A € A,jo(\) € X — G(\); d(\) = inf {||go — Z||(\); ZEG} =
inf {[|go (A) =2 (N)[l\;2(A) € G(A)} = inf {[|go (A) —z[[y;z € G(N)} and G(}) is
a subspace of X. Then there exists a continuous linear functional f) defined on X
such that

(0) fa(@) =0 forz € G(N), (iH). f((Fo) (V) = L and (i) [[£lly = 755

Let us consider a functional f on X such that (f (Z)) (\) = fa(Z (\)), for each A € A,
and VZ€X. Then f is a continuous soft linear functional on X.

Also, (i). for Z€G, (f(Z))(A\) = fr(Z(N) =0, for each A € A = f (%) = 0 for
TEG,

(i). £ (50) (A) = fal(@o) () =1 for each A € A = f (fo) = 1; and

( u
(iii). [IF1(A) = Ifally = 5555 for each A € A= || f| = ;

d(X) =

1
d
Theorem 4.8. Let X be a real softvnormed linear space which satisfy (N5). Let G
be a soft subspace of X and let To€EX be such that To (\) & G ()\), VA € A. Suppose
for some soft real number h,h (X\) = inf {||Zo — Z|| (\);ZEG} > 0, for each \ € A.
Then there exists a continuous soft linear functional f defined on X such that

(). Il =T and

(iii). f (%) =0 for #€G.
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Proof. For each A\ € A, (\) € X — G(\); h()\) = inf {||o — Z|| (\);ZEG} =
inf {{|[Zo (A\) —Z (N)[[,;Z(A\) € G(A)} and G (A) is a subspace of X. Then there
exists a continuous linear functional f) defined on X such that

(i) £2((Fo) (V) = B (N, (i) £l = L and (i) fa(x) = 0 for 2 € G (A).

Let us consider a functional f on X such that (f (2)) (A) = fa(2 (N)), for each X € A,
and VZ€X. Then f is a continuous soft linear functional on X. )

Also, (i). f(Zo) (A) = fo((Zo) (N)) = h(A) for each A € A = f (Zo) = h;

(i) [[f[[(A) = l#ally = 1 for each A € A = ||| = 1; and ~
(iii). for zeG, (f(@)(N) = fa(@(N) =0, for each A € A = f(z) = 0 for
TeG. O

Definition 4.9. (Second Conjugate Spaces) Let X be a soft normed linear space sat-
isfying (N5). Then the conjugate space X* is also a soft normed linear space satisfy-
ing (N5). We can therefore construct successively the spaces (X*)* = X, (X**)* =
X*** and so on.

Each of these spaces is a soft normed linear space. The space X** is called the
second conjugate space of X. The space X** is, therefore, can be identified with the
space of all continuous soft linear functionals defined on X*.

If Z€X is fixed and fEX* is variable, then for each fEX*, by Proposition 2.59]
we can identify f to a unique continuous soft linear functional f which satisfy (L3)
and (f(2)) (\) = fr(Z (), for each A € A, and VZ€X. Then for different fEX*,
identifying f with f, we obtain different values of f (Z). Therefore, the expression
f (&) where Z is fixed and f is variable, represents a certain functional Fj, say over

X*. So, we write

(4.3) Fz (f) = [ (@)

where 7 is fixed and f is variable.
We show that Fj is a continuous soft linear functional over X*.
We have I (fi + f2) = (fi + f2) (2) = f1 (%) + f2(2) = F5 (fr) + Fz (f2),
Fz(e.f)=(e.f) (&) =¢.f (&) = é.Fz (f), where ¢ is a soft scalar.
And |F (f)] = | (8) 12| ][ 7] for every f.
Therefore, F; is soft linear and bounded and so is continuous soft linear functional.
So, for every fixed Z€X there corresponds a unique continuous soft linear functional
F; given by [4.3.
We now prove that F; € SE(X**).
In the construction of first Conjugate Space (X*), the underlying vector space is
W () which is identical with the vector space of all continuous linear functionals on
X with respect to usual addition and scalar multiplication of linear functionals i.e.,
the vector space X* for all A € A. The corresponding absolute soft vector space is
X,
Similarly in the construction of second Conjugate Space (X **), according to the
Definition 4.9, the underlying vector space is identical with the set of all continuous
linear functionals on X* i.e., the vector space X** for all A € A. The corresponding
absolute soft vector space is X**.
Now we have by Equation [4.3| of Definition 4.9]

644



Sujoy Das et al./Ann. Fuzzy Math. Inform. 7 (2014), No. 4, 629-651

F; (f) = f (&), where Z is fixed and f is variable.
Therefore, for A € A, [Fz (£)](A) =[f (@)] (N)

= /(@ (N)
where f) are continuous linear functionals on X.
Let for A € A, F,* be defined by F,* (¢) = ¢ (z),Yp € X*. ThenF,* € X** and
[Fx (NI (A) = fr (@ (V) = Fan™ (/) YA€ A
i.e., Fz (f) can be considered as the parameterized family {Fi(A)A; A € A} of mem-
bers of X**, i.e., a sofﬁ element of X** i.e., a soft element of X**.
Therefore, F; € SE(X**).
Let us define a mapping C' : SE(X) — SE(X™) by C (%) = Fj.
We now verify that C is a bijective soft linear operator between SE(X) and the
range of C, which is a subset of SE(X**).
If @, b be soft scalars, then Fy_ ;. (f) = f (da? n Bg) — af (@) + bf(§) = aFs (f) +
bF; (f) = (aF; + bFy) (f), for every f.
So, C (agz« + Eg) = Fyy 5y = aFs + bF; = aC(3) + bC(7).
Therefore, C is a soft linear operator. By Theorem /4.6 and Theorem [3.12,

150 () = sup { LU ] () # 0¥ € A} VA€ A

= sup {421 £ () # 0, ¥ € A} VA€ A= &) (V) VA € A

(4.4) S EE] = 2]

Now Fs_g (f) = f (& — §) = F (&) — F(§) = F5 (f) — Fy (f) = (Fs — Fy)(f) and this
implies Fz_5 = Fz — Fy, and so by 4.4, |Fz — Fy| = | Fs_g]l = |7 — 9] -

and this shows that if & # ¢ then F; # Fjy, which shows that C' is injective.
Keeping in view that ||Fz|| = ||Z||, we see that C' is bijective.

Definition 4.10. Let X be a soft normed linear space satisfying (N5) over a finite
parameter set A. Then the conjugate space X* is also a soft Banach space satisfying
(N5). Similarly the spaces X X** . are also so. Then using the above iden-
tification and since every element of SE(X**) has its identification with a unique
continuous soft linear functional on X*, in case range of C is all of SE(X ), we
shall say that X is reflexive.

Theorem 4.11. (Uniform Boundedness Principle) Let X be a soft Banach space
and Y be a soft normed linear space both of which satisfy (N5). Let {T;} be a non-
empty sequence of continuous soft linear operators such that Ty : SE(X) — SE(Y)
and T; satisfy (L3) for each i. If the sequence {T; (&)} is bounded in Y for each
TEX, then {|T;||} is a bounded sequence of soft real numbers.

Proof. For each A € A, X (\) = X, Y (\) =Y are respectively a Banach space and

a normed linear space and {T;(\) = T;»} is a non-empty sequence of continuous

linear operators such that T;y : X — Y for each i. Also the sequence {(T; (Z)) (A\) =

Tix ((£) (M)} is bounded in Y for each Z (A\) € X, then by Uniform Boundedness

Principle of normed linear spaces the sequence {||T;|| (A) = || Tir||l,} is a bounded

sequence of real numbers. Then for each A € A, there is positive real number k) such
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that | Tix ()|, < ka, for each = € X. Let us consider a soft real number k such that
k(\) = kx, YA € A. Then for each ZEX, | T5(2)[| (\) = || Tia () V)l < ka = k(\),
for each & (\) € X ie., |T;(2)|| <k, for each Z€X.

“AIT:|I} is a bounded sequence of soft real numbers. O

Since SS (R(A)) =R or SS(C (A)) = C is a soft normed linear space, the following
proposition is a direct consequence of the above theorem.

Proposition 4.12. Let X be a soft Banach space satisfying (N5). Let {f;} be a
non-empty sequence of continuous soft linear functionals on X such that f; satisfies
(L3) for each i and {f; (Z)} is bounded for each Z€X, then {||fi||} is a bounded
sequence of soft real numbers.

Definition 4.13. A soft subset (Y, A) of a soft normed linear space X is said to be

a bounded soft subset if there exists a soft real number k such that ||Z|| <k, for each
TE(Y, A).

Theorem 4.14. Let (Y, A) with Y (\) # @, VA € A, be a soft subset of a soft normed
linear space X satisfying (N5). Let the set {f(@); 7€(Y, A)} be bounded for each
f € X*, then (Y, A) is a bounded soft subset of X.

Proof. For each A € A, Y()A) # @ is a subset of the normed linear space X and fy
is a continuous linear functional defined on X. Also the set {f) (z);z € Y(\)} is
bounded for each fy € X*. Then using the properties of crisp norm linear spaces,
we find that Y'(X) is a bounded subset of X. Thus for each A € A, there is a positive
real number ky such that ||z|, < &y, for each z € Y(A). Let us consider a soft
real number & such that k(\) = ky, YA € A. Then for each Z&(Y, A), ||Z| (\) =
[# (M)l < kx =k (N), for each Z () € X i.e., ||Z]| <k, for each ZE(Y, A). Therefore,
(Y, A) is a bounded soft subset of X. O

5. WEAK CONVERGENCE OF SEQUENCE OF SOFT ELEMENTS

Definition 5.1. Let X be a soft normed linear space satisfying (N5). Suppose that
Zn, Zo€X. The sequence {Zn} of soft elements is said to converge weakly to Z if
for all f € X*, f(Z,) — f(io) as n — co. We write &, »"*&, and we say that i
is a weak limit of the sequence {Z,}.

It is clear that if 5cn—>w’fxo and §,—"*o then &, + J,—"*Zo + o and if & be any
soft scalar and %,—"*%, then é%,—"**éz,.

Theorem 5.2. Let X be a soft normed linear space satisfying (N5). A sequence in
X cannot converge weakly to two different limits.

Proof. Suppose that ,—%*%, and &, —"*J, then for arbitrary f € X*,

f(@n) — f(@0) and f(Zn) — f(fo). So, f(Zo) = f(io) i-e., f(To—Fo) =0
Let A € A be arbitrary. Then we have, f (Zo — go) (A\) =0(A\) =0 i.e.,

(5.1) Ia(@o(A) =90 (X)) =0
Then by a consequence of Hahn-Banach theorem in crisp sense, we choose a u € X*
such that [|ul[, =1 and u (Zo (X) — o (X)) = [[To (X) — Fo (N)]]-
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Replacing fy by w in 5.1, we obtain 0 = u (Zo (A) — 7o (X)) = [|Zo (A) — o (N)]], and
s0 Zo (A) = 7o (A).

Since A € A is arbitrary, Zo (A) = Jo (A), VA € A ie., Zg = §o. Hence {Z,} cannot
converge weakly to two different limits. O

Definition 5.3. We say that a sequence {&,} of soft elements of X converges
strongly or converges in norm to To€X if ||Z, — Zo|| — 0 as n — oc.

Theorem 5.4. Let X be a soft normed linear space satisfying (N5). Then for any
sequence of soft elements in X, strong convergence implies weak convergence.

Proof. Let {Z,} converges strongly to Zg i.e., ||Z, — Zo|| — 0 as n — oo. For
arbitrary f € X*, we obtain
1F ) — £ (o) = £ G — Z)IZ 1] [6n — Fol] — 0 s m— 0o, So, &y, O

Theorem 5.5. Let X be a finite dimensional soft normed linear space which satisfy
(N5). Then strong convergence and weak convergence coincide.

Proof. By Theorem 5.4, strong convergence implies weak convergence. We prove
that in X, weak convergence implies strong convergence. Let {Z,} be a sequence of
soft elements of X such that &,—"*%,. As X is of finite dimensional, there exists
a finite number of linearly independent soft elements €1,€2,....., € In X such that
every #€X can be represented as T = 5161 —l—fgez—i— —|—§kek, Where 51, 62, R Ek are
soft scalars. Therefore we can write xn g(")el —|—§2")e +-- +§k éx,m=1,2,3,...
and Zg = £7¢, + Ve, + - + £V
We now define soft functionals f1, fa, ..., fr over X as follows. If & = glél —|—§gé2 +
-+ fkekGX then f; () = El, i=1,2,...,k. Clearly each f; is a linear functional.
By Theorem 3.7, each f; is bounded and so continuous.

Now, f; (Z,) = §in) and f; (Zo) = EZ.(O). Since &, —"*Zo, fi(Z,) — fi(Zo) i.e., 571) —

50) asn — oo fori = 1,2, ..., k. Let us consider a positive soft real number M such
that for each A\ € A, M (\) = max {||&]| (\)} ,i = 1,2,..,k.Let £>0 be arbitrary,
then there exists a positive integer ng such that |5”) §O)|< - for n > ng and
i=1,2,...,k.
Then for n > ng, |2, — Zo|| = HZZ 1 §(n go)) i1 A(") 50)’ M

=¢.
Conseqﬁently, {z,} converges strongly to Zg. d

Theorem 5.6. If a sequence {Z,} of soft elements of X converges weakly then the
sequence of norms {||Z,||} is bounded.

Proof. For féX' *, then can be identified uniquely to a continuous soft linear func-
tional f and we have {f(Z,)} is a convergent sequence of soft real numbers. So let
|f (2,)| <&(f) for all n where &(f) is a soft real number depending only on f. Using
the relation 5.1 of Definition 4.9, we can write _
Fr (f)=f(&n), n=1,2,... So, |Fz, ()] =|f (@) |<e(f) forn=1,2,...
This shows that the sequence {F; (f)} is bounded.
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Since X* is a soft Banach space, the principle of uniform boundedness (Theorem
4.11) implies that || F;,, || is bounded. By relation 4.4l of Definition 4.9} ||F%, || = ||Zx]|
and so the sequence {||Z,||} is bounded. O

6. OPEN MAPPING THEOREM AND CLOSED GRAPH THEOREM

Definition 6.1. Let X and Y be soft metric spaces and f be a mapping of SE(X)
into SE(Y) Then f is called an open mapping if whenever G is soft open in X,

SS(f(G)) is soft open in Y, where f (G‘) = {f(&),zEG}.

Theorem 6.2. (Open mapping theorem) If X andY are soft Banach spaces which
satisfy (N5) and T : SE(X) — SE(Y) is a continuous soft linear operator which
satisfy (L3), then T is an open mapping.

Proof. Since X and Y are soft Banach spaces which satisfy (N5), X,Y are Banach
spaces. By Theorem [2.53] it follows that, for each A € A, T : X — Y is a continuous
linear operator. Then by the open mapping theorem in crisp sense, it follows that
for each A € A, T : X — Y is an open mapping.

Since X and Y are soft normed linear spaces which satisfy (N5), the induced soft
metrics satisfy (M5).[by Prop. 2.31] Let G is soft open in X, then by Proposition
2.22, G(\) is open in X, VA € A. Since Ty : X — Y is an open mapping, Tx(G()\)) is
open in Y. We also have (T (é)) N =Ty (é (A)) ,VA € A. Thus SS (T (é)) (A

is open in Y, Y\ € A. Hence by Proposition 2.22, SS (T (é)) is soft open in Y.
Therefore, T is an open mapping.

Definition 6.3. Suppose that (F,A) and (G, A) are soft sets, (H,A) be a soft
subset of (F, A) and T is a soft linear operator from SE(H, A) to SE(G, A). Then
the collection of ordered pairs Gr = {[Z,T (Z)],2€(H, A)} is called the graph of the
soft linear operator T

Let X and Y be two absolute soft vector spaces. Let X x Y denote the soft
set generated by the collection of all ordered pairs of soft elements [Z, 3] where
#€X and gEY and [7,7] (\) = [# (\),7()\)] for each A € A. Then for each \ €
A, (X X Y) (A\) = X x Y and hence is a vector space. Thus X x Y is an absolute
soft vector space.

If X and Y are soft normed linear spaces, then we can also introduce a soft norm
in X xY. If [£,7]€X x Y then we define ||[Z,7]| = ||Z]| + ||7]l. Tt can be easily
verified that |.| satisfy all the conditions (N1) - N(4) of soft norm. Hence X x Y
becomes a soft normed linear space.

Definition 6.4. Let X and Y be soft normed linear spaces and D be a soft subspace
of X. Then the soft linear operator T : SE(D) — SE(Y) is called closed if the
relations ,€D, &, — %, T(Z,) — ¥ imply that ZED and T (%) = .

Theorem 6.5. If X and Y are soft Banach spaces which satisfy (N5) and over a

finite set of parameters A; T : SE(X) — SE(Y) is a soft linear operator satisfying
(L3). Then T is a closed if and only if Ty : X — Y 1is closed for each A € A.
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Proof. Let T be closed. Let A € A be arbitrary and z,, € X, z, — x, Ta(zn) — y.
Let us consider a sequence &, of soft elements of X such that &, (A) = x,, VA€ A.
We also consider soft elements #, § such that Z(\) = z,5(\) =y, VA € A. Since
Tn — x, Th(xz,) — y and the parameter set A is finite, by Definition [2.32) it
follows that, &, — &, T(#,) — §. Again since T is closed, it follows that F€X
and T@) =9 Sox € X,Th(z) =T(@)(N\) =g\ =yie, Th(x) =y. Thus

: X — Y is closed. Since A\ € A is arbitrary, it follows that T>\ X — Y is closed
for each \ € A.

Conversely, let Ty : X — Y be closed for each A € A. Let Z,€X be such that
Zp — &, T(Zn) — 3. Then Z,, (A\) € X, T (A) = Z(A), (T(Zn))(AN) = 5(N),VA €
Ale, Zp(N) € X, Zn(A) = 2(N), Th (8, (N) — 5(N),VA € A. Since each T
is closed, #(\) € X and (T(2))(\) = Th (Z(\)) = §(A\)YA € A ie., Z€X and
T(Z) =7g. So, T is closed. O

Theorem 6.6. If X and Y are soft Banach spaces which satisfy (N5) and over a
finite set of parameters A; T : SE(X) — SE(Y) is a soft linear operator satisfying
(L3). Let Gt be the graph of T as defined in Definition|6.5. Let SS(Gr) denote the
soft set generated by Gp. Then SS(Gr) is soft closed if and only if T is closed.

Proof. Since X and Y are soft normed linear spaces which satisfy (N5), the induced
soft metrics satisfy (M5). [by Prop. 2.31]

We have G = {[Z,T (&)],Z€X } e, SS(Gr) (\) = SS ({[Z,T (2)],#€X}) (), VA €
A={[z(N),T@) W], 2(\) € XN}, VA€ A={[z(A),Tx (% (A ))]7 (A) € X},
VAe A={[z,T)(x)],zv € X} ,VA€ A=Gp,V\ € A.

Now SS(Gr) is soft closed < SS (Gr) (A) is closed for each A € A < Gr, is closed
foreach A\ € A< T : X — Y is closed for each A € A < T is closed. O

Theorem 6.7. (Closed graph theorem) If X and Y are soft Banach spaces which
satisfy (N5) and over a finite set of parameters A; T : SE(X) — SE(Y) is a

soft linear operator satisfying (L3). Then T is a continuous soft linear operator if
SS(Gr) is soft closed (i.e., T is closed).

Proof. Since X and Y are soft Banach spaces which satisfy (N5), X,Y are Banach
spaces. By Theorem [2.46, it follows that, for each A € A, Ty : X — Y is a linear
operator. Now by Theorem 6.6, SS(Gr) is soft closed implies T is closed and by
Theorem 6.5, if follows that Ty : X — Y is closed for each A € A. Then by the
closed graph theorem in crisp sense, it follows that for each A € A, T : X — Y is
continuous. Since each T : X — Y is continuous by Theorem 2.57, it follows that,
the soft linear operator 7' is continuous. O

7. CONCLUSIONS

In this paper we have introduced a concept of soft linear functional on a soft linear
space. Four fundamental theorems of functional analysis have been established in
soft set settings. Weak convergence and strong convergence of sequence of soft
elements are also studied. There is an ample scope for further research on soft
normed linear space and soft linear functionals.
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